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Abstract

Within general relativity geometrical and physical properties of the charged rotating
disc of dust, which is an axisymmetric, stationary and reflection symmetric solution of
the Einstein-Maxwell equations, are investigated. A rigid rotation around the axis of
symmetry and a constant specific charge € € [0, 1] are assumed in this model. The disc
solution is given in terms of a post-Newtonian expansion up to the tenth order, where
a “relativity parameter” g € [0, 1] is used as the expansion parameter. It connects the
regime of Newtonian physics, for ¢ < 1, with the ultra-relativistic regime, for g — 1,
where black hole formation is expected.

Inspired by the Ehrenfest paradox, the proper spatial geometry of the charged ro-
tating disc of dust is discussed. Firstly, the ratio of circumference to radius (as seen
by co-rotating and non-rotating observers) is analysed with regard to the paradox,
and secondly, the intrinsic spatial curvature of the disc, i.e. the Gaussian curvature,
is determined and examined in detail (in particular under various limiting cases). An
essential role plays the specific charge, since it effectively serves as a regulator of the
rotation speed of the disc. By decreasing the specific charge from 1 to 0, the rotational
speed of the corresponding disc configurations increases from zero to a maximum value.
A key observation is that such a reduction of the specific charge causes a transition
from positive to negative curvature.

As far as the physical properties are concerned, the surface mass density is addressed
first. Similar to viscous fluids or elastic materials, the charged rotating disc of dust
shows a reaction to an increase of the rotation speed. Furthermore, gravitational and
electromagnetic multipole moments are calculated and discussed. It turns out that the
individual mass, angular momentum, electric and magnetic moments are ordered in
the sense that higher moments have a lower absolute value. For sufficiently relativistic
disc configurations, an ergosphere of torus-like shape forms within the disc. It grows
with ¢ and eventually expands beyond the disc. Finally, equatorial circular orbits of
neutral test particles in the exterior spacetime of the charged rotating disc of dust are
analysed. In addition, for both neutral and charged test particles, general formulae in
closed form for angular velocity, specific energy and specific angular momentum are
derived, which hold for any (exterior) asymptotically flat, axisymmetric, stationary

and reflection symmetric (electro-)vacuum spacetime.
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Kurzfassung

Im Rahmen der allgemeinen Relativitdtstheorie werden geometrische und physikali-
sche Eigenschaften der geladenen rotierenden Staubscheibe untersucht, die eine ach-
sensymmetrische, stationdre und reflexionssymmetrische Losung der Einstein-Maxwell-
Gleichungen darstellt. Es wird eine starre Rotation um die Symmetrieachse und eine
konstante spezifische Ladung € € [0, 1] in diesem Model vorausgesetzt. Die Scheiben-
losung ist durch eine Post-Newtonsche Entwicklung bis zur zehnten Ordnung gege-
ben, wobei als Entwicklungsparameter ein “Relativitdtsparameter” g € [0, 1] verwendet
wird. Er verbindet das Regime der Newtonschen Physik, fiir ¢ < 1, mit dem ultra-
relativistischen Regime, fir ¢ — 1, in dem die Bildung Schwarzer Locher erwartet
wird.

Angeregt durch das Ehrenfest-Paradoxon wird die “wahre” rdumliche Geometrie der
geladenen rotierenden Staubscheibe diskutiert. Zum einen wird das Verhéltnis von Um-
fang zu Radius (aus Sicht von mitrotierenden und nichtrotierenden Beobachtern) im
Hinblick auf das Paradoxon analysiert und zum anderen wird die intrinsische raumliche
Kriimmung der Scheibe, sprich die Gaulsche Kriimmung, bestimmt und eingehend un-
tersucht (insbesondere unter verschiedenen Grenzféllen). Eine wesentliche Rolle spielt
dabei die spezifische Ladung, da sie effektiv als Regulator der Rotationsgeschwindig-
keit der Scheibe dient. Verringert man die spezifische Ladung von 1 auf 0, so steigt die
Rotationsgeschwindigkeit der entsprechenden Scheibenkonfigurationen von Null auf ei-
nen Maximalwert. Eine wichtige Beobachtung ist, dass eine solche Verringerung der
spezifischen Ladung einen Ubergang von einer positiven zu einer negativen Kriimmung
bewirkt.

In Bezug auf die physikalischen Eigenschaften wird zunéchst die Oberflichenmassen-
dichte behandelt. Ahnlich wie bei viskosen Fliissigkeiten oder elastischen Materialien
zeigt die geladene rotierende Staubscheibe eine Reaktion auf eine Erhohung der Rota-
tionsgeschwindigkeit. Weiterhin werden gravitative und elektromagnetische Multipol-
momente berechnet und diskutiert. Es stellt sich heraus, dass die einzelnen Massen-,
Drehimpuls-, elektrischen und magnetischen Momente geordnet sind in dem Sinne,
dass hohere Momente einen niedrigeren Absolutbetrag haben. Fiir hinreichend relati-
vistische Scheibenkonfigurationen bildet sich innerhalb der Scheibe eine Ergosphére von
torusartiger Form. Sie wéachst mit g und dehnt sich letztendlich tiber die Scheibe hinweg
aus. Abschliefend werden dquatoriale Kreisbahnen von neutralen Testteilchen in der
auBeren Raumzeit der geladenen rotierenden Staubscheibe analysiert. Dabei werden,
sowohl fiir neutrale als auch geladene Testteilchen, allgemeine Formeln in geschlosse-
ner Form fiir die Winkelgeschwindigkeit, die spezifische Energie und den spezifischen
Drehimpuls hergeleitet, die fiir jede (4uBere) asymptotisch flache, achsensymmetrische,

stationdre und reflexionssymmetrische (Elektro-)Vakuumraumzeit gelten.






Contents

o

Introduction

Formulation of the disc problem within Einstein-Maxwell theory

2.1 Model of thedisc . . . . . . . . ... .
2.2 Energy-momentum tensor . . . . . .. ... Lo
2.3 Boundary value problem . . . . . ... ... ... L.

2.4 Inverse scattering method . . . . . . . ... ... ... ..

Post-Newtonian expansion
3.1 Relativity parameter . . . . . . . ... ... Lo
3.2 Elliptic coordinates . . . . . . . . ...

3.3 Expansion . . . . . . ...

Ehrenfest’s paradox within special relativity

4.1 Ehrenfest’s paradox . . . . . . . ...
4.2 Kinematic resolution . . . . . . .. ... Lo
4.3 Proper distances . . . . .. . ...

4.4 Spatial geometry . . . ..o

Geometry

5.1 Related questions to Ehrenfest’s paradox . . . . . .. . ... ... ...
5.1.1 Proper spatial line element . . . . . . ... ... ... .....
5.1.2  Newtonian limit . . . . . . .. ... .. ... ... ... ...,
5.1.3 Answering related questions . . . . .. ...

5.2 Curvature . . . . . . . . .

5.2.1 Gaussian curvature of the charged disc of dust . . . . . . . . ..

46

5.2.2 Newtonian theory: Maclaurin discs and their Gaussian curvature 48

5.2.3 Gaussian curvature of a specific ECD-disc configuration

5.2.4  Gaussian curvature of the uncharged disc of dust . . . . . . ..
5.2.5 Visualization . . . . . .. .. ... o
5.2.6  Transition curves . . . . . . . . ...

5.3 Convergence estimate . . . . . . . . ... L Lo

50
53



Contents

6 Physics 61
6.1 Surface mass density . . . . . .. ..o oL 61
6.2 Multipole moments . . . . . . ... 64

6.2.1 Derivation of multipole moments . . . . . . ... ... ... .. 64
6.2.2  Multipole conjecture . . . . . .. ..o 72
6.2.3 Newtonian and ECD-body . . . . . . . .. .. ... ... .... 75
6.3 Ergosphere . . . . . ... 76
6.4 Motion of test particles . . . . . . . ... 79
6.4.1 Circular geodesic orbits of uncharged test particles . . . . . .. 80
6.4.2 Circular orbits of charged test particles . . . . . . . . . ... .. 90

7 Conclusions 95
7.1 SUMMATY . . . . o o 95
7.2 Conclusions and outlook . . . . . .. .. ... o000 96

Appendices 99

A Post-Newtonian expansions 99

A.1 Expansion of the ratio of proper radius to proper circumference and the
normalized Gaussian curvature . . . . . .. ... .. ... 99

A.2 Expansion of the normalized angular velocity, the normalized specific

angular momentum and the specific energy of neutral test particles . . 100
Acknowledgements 105
Bibliography 107
Ehrenwortliche Erklarung 113



1 Introduction

The general theory of relativity
represents probably the most
beautiful of all existing physical

theories.

(Landau and Lifshitz, The
Classical Theory of Fields)

Einstein’s general theory of relativity, also known as general relativity, is not only
aesthetically very appealing, but also one of the most successful theories in physics.
Among other phenomena, it describes black holes, neutron stars, mergers of black holes
and/or neutron stars, the generation and propagation of gravitational waves and the
cosmological evolution of the universe. Over the years, countless experimental tests
have confirmed the theoretical predictions of general relativity with incredible precision,
see, e.g., [1-3].

In general relativity it is, however, rather challenging to find exact solutions to the
Einstein equations that are not only of purely mathematical nature, but also satisfy
concrete physical constraints. As a result there are only a few rigorous physical solu-
tions. With regard to (charged) rotating matter sources the only physically relevant
exact solutions are the rotating black hole solutions, i.e. Kerr [4] and Kerr-Newman
[5], as well as the solution of the uncharged rotating disc of dust by Neugebauer and
Meinel [6, 7].

Using methods from soliton theory, Neugebauer and Meinel were able to rigorously
solve the boundary value problem of an infinitesimally thin, rigidly rotating disc made
of dust. The derived disc solution is axisymmetric, stationary and reflection symmetric
and it is given in terms of hyperelliptic theta functions. The individual dust particles
within the disc travel on geodesics. In astrophysics, it may serve as a basic model for
a rotating galaxy.

Similar to the Kerr-Newman solution that generalizes the Kerr solution by including
an electric charge, the charged rotating disc of dust is a semi-analytic generalization of
Neugebauer and Meinel’s disc solution with a constant specific electric charge.! Due

to the additional electromagnetic field, the motion of the charged dust particles is no

!Even though a (sustained) non-zero net charge is unlikely in an astrophysical setting, the additional
charge parameter can nevertheless be of theoretical interest.



1 Introduction

longer geodesic, but under the influence of the Lorentz force. In the Newtonian limit
each dust particle is in an equilibrium of the gravitational, centrifugal and electric
force. Changing the specific charge, therefore, directly affects the angular velocity of
the disc. As a consequence, in the limiting case of vanishing specific charge the disc of
dust has maximal rotation and in the case of maximal specific charge the disc is static.
In a sense, the specific charge parameter thus serves as a regulator of the rotational
speed of the disc by interpolating between maximal and zero rotation.

Specifically, the charged rotating disc of dust is an axisymmetric, stationary and
reflection symmetric solution of the Einstein-Maxwell equations in terms of a post-
Newtonian expansion up to tenth order, derived by Palenta and Breithaupt [8, 9].
As expansion parameter a “relativity parameter” is used that connects the regimes of
Newtonian and ultra-relativistic physics. In the ultra-relativistic limit the formation
of black holes is assumed.

The goal of this thesis is a detailed analysis of the (spatial) geometrical and physical
properties of the charged rotating disc of dust. Particular emphasis is placed on their
dependence on the specific charge (which also influences the angular momentum) and
the relativity parameter. These include, among others, the disc’s Gaussian curvature,
its gravitational and electromagnetic multipole moments and the circular motion of
test particles in the equatorial plane of the disc. Compared to the uncharged rotating
disc of dust, the additional specific charge parameter offers even richer physics and
allows the study of the impact of a change in angular velocity on the disc’s spacetime.
Results obtained in connection with the charged rotating disc of dust may also give
general insights into the geometrical structure of the spacetime of charged, rotating
bodies.

This thesis is structured as follows. In chapter 2, after a precise definition of the disc
model, the boundary value problem for the charged rotating disc of dust is explicitly
derived from the Einstein-Maxwell equations. It could be solved in terms of a post-
Newtonian expansion that is described briefly in chapter 3. Ehrenfest’s paradox, which
concerns rigidly rotating discs within special relativity, was one of the motivations to
study the proper spatial geometry of the charged rotating disc of dust. A review can be
found in chapter 4. After this, the first of the two major chapters of this thesis follows.
Chapter 5 covers the proper spatial geometry of the disc. First, questions related
to Ehrenfest’s paradox are addressed and then the Gaussian curvature of the disc is
analysed. The second major chapter, chapter 6, focuses on the physical properties of
the disc. Here, the proper surface mass density, multipole moments, the formation
of an ergosphere and circular motion of test particles are investigated. In the end,

chapter 7 concludes the thesis with a summary and an outlook.



The evaluation of the derived equations with the disc solution in terms of the post-
Newtonian expansion was carried out with the help of the computer algebra systems
Maple (primarily) and Mathematica (occasionally).

In this thesis a system of units with G = 1, ¢ = 1 and 4mweg = 1 is used, where G
is Newton’s gravitational constant, ¢ the speed of light and ¢y the electrical constant.
Therefore length, time, mass, energy and electric charge all a have the same unit.

Latin indices denote a summation in the four spacetime dimensions, 7,7 = 1,...,4,
and Greek indices a summation in the three spatial dimensions, «, = 1,2, 3. Spatial
coordinates are specified by @ = (2!, 2%, 2®) and the time coordinate by z*.

Moreover, partial derivatives are abbreviated by a comma and covariant derivatives

by a semicolon.

The compilation of this thesis is solely due to the author. However, chapter 5 is based
on [10] published jointly with Kleinwdchter and Meinel (as co-authors) and section 6.2 is
based on [11] published together with Meinel (as co-author). Chapter J is furthermore
orientated partly on [10] and chapters 2, 3 and 7 partly on [10] and [11]. In the
publications, and also this thesis, Kleinwdchter contributed numerical values (as well
as two equations and a figure) computed from the solution of the uncharged rotating
disc of dust for comparison with the charged rotating disc of dust. Meinel supported the
preparation of the publications and this thesis in an advisory capacity as a supervisor.

See also Ehrenwértliche Erkldrung.






2 Formulation of the disc problem

within Einstein-Maxwell theory

In this chapter the rigidly rotating disc of constantly charged dust in the framework
of Einstein-Maxwell theory is introduced. Exploiting axisymmetry and stationarity,
underlying the disc problem, the electro-vacuum Einstein-Maxwell equations can be
reduced to the Ernst equations. The disc problem can thus be formulated as a boundary
value problem to those Ernst equations. At the end of the chapter, a brief introduction
is given to a powerful analytic tool from soliton theory, the so-called inverse scattering
method, which in principle can be applied here.

A detailed discussion of the problem of the uncharged rigidly rotating disc of dust,
which was solved rigorously by Neugebauer and Meinel [6, 7], can be found in [12] (see
also [13]).!

2.1 Model of the disc

We consider a thermodynamic equilibrium configuration of an infinitesimally thin disc
of dust with constant specific electric charge € = % € [—1,1] that is rigidly rotating
around the axis of symmetry with constant angular velocity 2 [8, 9, 14]. Dust is a
perfect fluid with vanishing pressure and pe and p denote the electric charge density
and the baryonic mass density of the disc, respectively. Due to the constant angular
velocity the disc cannot be arbitrarily large and needs to have a finite coordinate radius
po- The disc is illustrated in fig. 2.1, with coordinates to be introduced shortly.

For an equilibrium configuration, spacetime is stationary, implying the existence
of an associated Killing vector £&. We also demand axisymmetry, characterized by
another Killing vector n that commutes with £&. Furthermore, the problem is reflection
symmetric with respect to the equatorial plane of the disc.

Before thermodynamic equilibrium is reached, we allow for some arbitrarily small
viscosity such that a rigid rotation can be established between the circular layers of
the disc by friction. Without viscosity differential rotation is possible [16]. Excess heat

generated by friction is radiated away until the state of equilibrium with constant €2

!This chapter is partly orientated on [10], [11] and [12].
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Figure 2.1: Infinitesimally thin disc of charged dust rotating rigidly with angular velo-
city Q around the axis of symmetry ¢ (after [15]).

is reached. At equilibrium, the viscosity no longer has any influence and can be set to
zero and the model of the perfect fluid (with vanishing pressure) can be assumed.
Furthermore, any deviation from the circular shape of the disc and therefore from
axisymmetry would result in the generation of gravitational waves until an equilibrium
configuration forms [17].
Using axisymmetry and stationarity the metric of a rotating perfect fluid body, and

thus also of the charged rotating disc of dust, can be written in the form? [19, 20]:
ds? = g;;da'da? = f! [h (dp2 + dCQ) + Wzdgoz} — f(dt+ adgp)2 , (2.1)

where (p, (, ¢, t) are Lewis-Papapetrou coordinates and t and ¢ are adapted to the

Killing vectors, such that
0 0

§=5, and =5, (2.2)

As a consequence, the metric functions f, h, W and a depend on the coordinates p

and ¢ only. Instead of f and h we will also make use of the functions U and k, where
f=¢eY and h=e?. (2.3)

Note that U can be interpreted as a generalized Newtonian potential and we call a the

gravitomagnetic potential.

The timelike Killing vector £ is normalized at spatial infinity according to

¢ — —1 for p* + (% = (2.4)

2 An additional requirement for this Lewis-Papapetrou line element is a “circularity condition” which,

given the two Killing vectors n = % and £ = %, demands that the four-velocity of the fluid and

the electromagnetic four-current density are of the form: u’ = (0,0,u%,u’) and j° = (0,0, j¥, j*)
[18]. This, however, is satisfied for the charged rotating disc of dust, see egs. (2.16) and (2.18).



2.1 Model of the disc

and the spacelike Killing vector ) vanishes along the symmetry axis A:
n=0 atA. (2.5)

Furthermore, orbits of 1 are closed and have a periodicity of 2.

Evaluating the scalar products of the Killing vectors allows for a coordinate inde-

pendent characterization of the metric functions f, W and a:

E&=gu=—f, NNi=gp=Ff"W"—fa*, n&=g.=—"fa. (2.6)

As depicted in fig. 2.1, the symmetry axis A is identified (without loss of generality)
with the (-axis. In other words, p = 0 characterizes A and p and ( define a half-plane:

0<p<oo, —00<(<o0. (2.7)

It can be shown that the following conditions hold on the axis of symmetry, see Stephani
et al. [18]:

w
p—0: a—0, W—0, — —1. (2.8)
pVh

Axisymmetry and stationarity also apply to the electromagnetic field. In summary,
expressed in terms of Lie-derivatives, we can state for both the gravitational and the

electromagnetic field (see also [15]):
Legin =0, Lpgi =0, LeFp =0, LyF,=0. (2.9)
Using Lorenz-gauge the electromagnetic four-potential A, takes the form:
A, =(0,0,A,,A,), (2.10)

where A, and A; depend on the coordinates p and ¢ only. As usual, the field strength

tensor F,, is expressed in terms of the four-potential A,:
Fab = Ab;a - Aa;b = Ab,a - Aa,b . (211>

The electromagnetic field, as well as the gravitational, needs to vanish at spatial

infinity, since the disc is understood as an isolated body3. We therefore demand
PP+ =00 A, =0, A =0 (2.12)

and asymptotic flatness, i.e. that eq. (2.1) attains the Minkowski metric in cylindrical

3The concept of an isolated body relies on the assumption of an isotropic outside world, see e.g. [12].
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coordinates p, ¢ and ¢,
PP+t =00 f=1, h=1, W=p,a—0. (2.13)

With p = rsin6, ¢ = rcos#, the following asymptotic behaviour results [15, 21]:

)

A =200 o6 a=-2io6. (2.14)
.2

f=1-2h06?), o= 06, (2.15)

r

where M is the gravitational mass, J the angular momentum, () the electric charge
and D the magnetic dipole moment.*

A stationary and rigidly rotating perfect fluid has a four-velocity given by:

u=eV(&+Qn), Q= const., (2.16)
where ) = %‘f = Z—f is the angular velocity measured by an observer at spatial infinity.
Evaluating the normalization condition u‘u; = —1 reveals the function V:

e = (& +Qn') (& +Qm)
= f[(1+Qa)* - Q*W?f7?] . (2.17)

As electric currents are generated solely by the circular motion of the charged dust
particles of the disc (the electrical conductivity of the disc is zero), we have a purely

convective four-current density:
J% = pau” = epu®. (2.18)

It should be noted that the mass density u is related to the surface mass density o
via F
p=30(p)d(C), for0<p<py. (2.19)

For p > pg, o and p are identical to zero. In general, the baryonic mass density does
not agree with the mass (or energy) density, however, as we will see in the next section,
for dust they actually do. For this reason, we use the same notation for both here.

A coordinate independent representation of ¢ is given in terms of the proper surface

op = \/%a. (2.20)

Due to the rotation of the disc, in many situations it might be beneficial to discuss

mass density

4A fascinating feature of the charged rotating disc of dust is that, in contrast to the uncharged disc,
even the baryonic mass M}, can be read off from the asymptotic behaviour via M, = Q.

-

10



2.2 Energy-momentum tensor

the geometrical and physical aspects in a co-rotating frame of reference rather than in
the non-rotating frame described by (p, (, ¢,t). Thanks to the rigid rotation we can

globally introduce the co-rotating frame via

P=p, (=¢, ¢=p—u, t'=t. (2.21)

Thereupon, the covariance of the metric and the four-potential imply the following

transformation laws:

f=fl1+Qa)’-Q*W2f2], (1-Qd)f =(1+Qa)f, (2.22a)
% = ; Wi=w, (2.22b)
A=Ay, AL=QA+ A (2.22¢)

Note that with eq. (2.22) the line element (2.1) retains its form. An immediate con-
sequence of the transformation law for f is that the function V' coincides with the

co-rotating potential U’
y=U" (2.23)

Notice, furthermore, that the four-velocity
u' = (0,0,0¢7,¢7) = (0,0,0¢ ) (2.24)
see eq. (2.16), takes the simple form
W' = (0,0,0,e7Y) = (0,0,0, e—U’> (2.25)

in the co-rotating frame.

2.2 Energy-momentum tensor

There are two contributions to the energy-momentum tensor of the charged rotating

disc of dust. On one hand we have the perfect fluid part with
T — g, (2.26)

and on the other hand the electromagnetic part with

1 1
T — = (F. . F°¢ — =g FuF™) . 92.27
ab 47T ( b 4g bLcd ) ( )

11
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Note that p is the energy or mass density here and dust has zero pressure. Due to the
rigidly rotating charged dust, with purely convective currents, both contributions can

simply be added.’? The total energy-momentum tensor for the disc thus reads:
T = T4 7

1 1
= [1q — | FueFy* — = gapFeaF™ ) . 2.28
uuub+47r( b 49b d ) ( )

It should be noted that outside of the disc there is electro-vacuum and the only con-
tribution to the energy-momentum tensor comes from the electromagnetic part, since

i =0 there.

As the electromagnetic energy-momentum tensor is traceless, the trace of T, using
uiu; = —1, is simply:
T:=T"=guT" = —pu. (2.29)

Of course, local energy-momentum conservation must be fulfilled in the disc:
T, =0. (2.30)
The Lorentz force density is given by®
fi= Fjy = =Tlemeb, (2.31)
For the energy-momentum conservation law therefore follows”:
papuu’ + pu®pul + putuby, — fE=0. (2.32)

It can easily be checked (using the antisymmetry of the field strength tensor) that the

Lorentz force density is perpendicular to the four-velocity:
fiua=0. (2.33)
Applying —u, to eq. (2.32), using eq. (2.33), results in:
(uu®)., =0. (2.34)

This is the local mass conservation law or, in other words, due to the constant specific

5In general, this is not true.

SFor the second equality one has make use of the Maxwell equations.

"Generally, the hydrodynamic energy-momentum balance equation is 7'(Perfect fluid) ab, = f2, where
f® is an external force density. In case of the charged rotating disc of dust, the only acting
force is the Lorentz force: f¢ = ff. Thus, together with the electromagnetic balance equation,
Tem)ab = — 2 one evidently obtains 79 = 0.

12



2.3 Boundary value problem

charge ¢, this is equally also the continuity equation®:
j*.=0. (2.35)

Due to eq. (2.34), we can identify (as claimed in the previous section) the mass (or
energy) density with the baryonic mass density.” Nevertheless, the baryonic mass does
not agree with the gravitational mass, of course!'°

By applying the projection tensor he, == geq + Uctly to €q. (2.32) we obtain:

Du®
= Py (2.36)
-
where % = u®yub and u® = %. As a result, the charged dust particles move under

the influence of gravity and the Lorentz force. In the limit of vanishing charge (e = 0),

the dust particles move along geodesics.

2.3 Boundary value problem

Expressed in terms of Lewis-Papapetrou coordinates (p,(,p,t), the domain of the
charged disc of dust (with coordinate radius pyg) is the following two-dimensional surface
2o,

Yo: (=0 (0<p<py), t=-const.. (2.37)

The central equations describing the problem of a rotating disc made of charged dust

in the framework of general relativity are, of course, the Einstein equations
1
Rab — QR GJab = 87TTab, (238)

where R,, and R are the Ricci-tensor and the Ricci-scalar, respectively, and the cov-

ariant Maxwell equations

Fy = dmje . (2.39)

Those are coupled via the metric tensor g,.

Using eq. (2.29), the Einstein equations can equally be written in the form

1
Rab = 87 (Tab + §,ugab> . (240)

Based on the Lewis-Papapetrou metric, eq. (2.1), one can evaluate eq. (2.40) (or

8The continuity equation also follows from the Maxwell equations, of course.

9This simply means that for dust the internal energy density is zero.

10Note that also the gravitational binding energy and the electromagnetic field energy contribute to
the gravitational mass.

13



2 Formulation of the disc problem within Einstein-Maxwell theory

equally eq. (2.38)) and eq. (2.39) and explicitly write down the resulting coupled

Einstein-Maxwell equations.
One of the electro-vacuum equations one finds is (see also [12] and [22]):
W+ Wee = 0. (2.41)
Obviously, if eq. (2.41) holds, so does
W+ We =0, with Wi=W—p. (2.42)

Given egs. (2.8) and (2.13) and another boundary condition, which can be derived from
eq. (2.42) for the domain of the disc (by means of a “pill-box integration”!, details

follow later), we get:

p=0: W =0, (2.43a)
P+t —so00: W0, (2.43b)
Yy : Wlo_ge = 0. (2.43¢)

The only possible solution of the Laplace equation eq. (2.42) that is regular and
fulfils all conditions (2.43) is W = 0, i.c.

w

p. (2.44)

As a consequence, the line element can be expressed globally in terms of

Weyl-Lewis-Papapetrou coordinates:
ds® = f1[h(dp? + d¢?) + p?de?] — f(dt + adp)® . (2.45)

In the electro-vacuum domain this can always be achieved, however, for the rigidly
rotating disc of charged dust the Weyl-Lewis-Papapetrou coordinates can even be in-

troduced globally.!?

To simplify further calculations we set W = p from now on. Recall that f = 2V

and h = e?*. The remaining Einstein-Maxwell equations, expressed in the co-rotating

"Notice that W, + W ¢ = 0 is equivalent to V - (p*IVW) =0.

12The same is true for the uncharged rotating disc of dust.
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2.3 Boundary value problem

frame, are as follows (see also [8] and [22]):

I 1 !
0=V- E e (VAL - a’VAQ)} : (2.46a)
dmece”V'5(¢) =V - %ew,a’ (VA —d'VA)) + e_ZU,VA;] : (2.46Db)
0=V- %ew/Va' — %eZU’A; (VAL — a’VA;)} : (2.46¢)
1 / _ o771 1 / 2
Anod(C) = AU + o eV (Va')? — e (VA — p V' (VAL —dVA4;)”,
(2.46d)
2 2 1 ’ 2 2 1 ’ 2 2
K=o (0" = (U] = e (@) = (@] + 2 | (40,)" = (40)’]
E j} (0 = ea?) [ (41,)" = (410)°] - f, (AL AL, — A cAie)
(2.46e)
ke = 23UV, = o e il + = (A, = 0 AL) (A — A
—2pe 2V A AL (2.46f)

where V and A are meant as operators in 3-dimensional Euclidean space, with cyl-
indrical coordinates p,( and ¢, acting on ¢-independent functions. In particular, for

functions fl = fl(p7C)7 f2 = f2(pa C) and a vector F' = (Fp(pvc)vFC(pa g)’Fw(p7C))
holds:

1
Vfi-Vfy=0,fi0,f2 + O f10: f2 (2.48)
1

Of the above equations, the first two, eqgs. (2.46a) and (2.46b), are the Maxwell equa-
tions and the remaining, eqs. (2.46¢) to (2.46f), are the Einstein equations. Strictly
speaking, however, eq. (2.46¢) is not a “pure” Einstein equation, since eq. (2.46a) was

used to write it in the present form.

On the left hand side of equation (2.46a), —4mweou'?(¢) is actually written, where
u"¥ = 0 in the co-rotating frame. In the non-rotating frame, u? # 0, however! Corres-
pondingly in (2.46¢) the left hand side actually reads 16meou’? A,5(().

By restoring the left hand sides of egs. (2.46a) and (2.46¢) accordingly, egs. (2.46a) to
(2.46f) can trivially be transformed to the non-rotating frame by simply removing the

primes from all the quantities, due to the covariance of the Einstein-Maxwell equations.

In the electro-vacuum region, however, both in the co-rotating and the non-rotating
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2 Formulation of the disc problem within Einstein-Maxwell theory

frame all left hand sides of (2.46a) to (2.46d) vanish, since o is identical to zero there.
Using eq. (2.49), we can rewrite the first of the above listed Einstein-Maxwell equa-

tion, eq. (2.46a), as

0= 162UI (A’ iy a'A;p)}

1 2U/
; o + [;e (AL —dAL)| - (2.50)

P NS

This equation can be read as an integrability condition for a potential 8’ defined via

1 / 1 /
B= L (A h) = (A, - daL) (25
Accordingly, eq. (2.46¢) can be put into the form
1 4U’ 1 I / 1l 1 4U’ 1 I / 1l
U (AL .0 —AB) | + St +2 (A 8 — A8 (2.52)
7p 7<

motivating the introduction of a new potential ' defined by

b, = =l 2 (A8 - A, = e, 2 (A8 - A L (259
Note that the defining equations for 8" and ¥/, eqs. (2.51) and (2.53), expressed in the co-
rotating frame are valid globally, i.e. for both the disc and the electro-vacuum regime.
However, in the non-rotating frame these equations only hold in electro-vacuum. They,
furthermore, retain their form by transforming to the non-rotating frame.

For the following discussion, the idea is now to bring the electro-vacuum Einstein-
Maxwell equations into a more elegant form, utilizing the newly introduced potentials
£ and b, and to derive boundary value conditions for the domain of the disc. In
other words, we want to reduce the disc problem to a boundary value problem for the
electro-vacuum Einstein-Maxwell equations.

Starting with the electro-vacuum equations, we introduce the so-called Ernst poten-
tials

E=(f—|®)+ib and @ =a+is, (2.54)

with a = —A;. Now it can be shown that for axistationary spacetimes the coupled
Einstein-Maxwell equations in electro-vacuum, more specifically egs. (2.46a) to (2.46d),

can be reduced to the Ernst equations [23]:

(Re€ + |®]*) AE = (VE +20V®) - VE, (2.55a)
(Re& +|®]*) AD = (VE +20VD) - V. (2.55b)

The Ernst equations (as they are derived from the Einstein-Maxwell equations) are

covariant and thus retain their form in the co-rotating frame.
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2.3 Boundary value problem

Once the solutions to the Ernst equations are available, egs. (2.51) and (2.53) (in
the non-rotating frame) may be used to obtain a and A, by a path-independent line
integration. The metric function A = €2* can then be determined by a path-independent
line integration, using eq. (2.46e) or (2.46f) (in the non-rotating frame), from the other

functions as well.

Next, we derive boundary conditions for the domain of the disc, 3. To do this, we
first need to discuss reflection symmetry. Obviously, the reflection symmetric nature
of the disc problem must be reflected in the metric functions and consequently, via the

inhomogeneous Maxwell equation (2.46b), also in the electromagnetic four-potential:

f(pa _C) = f(pv C) ) (I(p, _C) = (I(p, C) ’ h(ﬂv _C) = h(p, C) ) (256)
A@(p7 _C) = A@(p7 C) ) At(pa _C) = At(p7 C) . (257)

Their derivatives with respect to ¢ are odd functions in (. Based on egs. (2.51)

and (2.53), this therefore also applies to the potentials § and b:

For the complex Ernst potentials then follows:

where the bar denotes complex conjugation. Notice that reflection symmetry translates

(via the transformation laws) to the co-rotating metric functions and potentials as well.

In the limit ¢ — 0, eqgs. (2.56) and (2.57) imply continuity of the metric functions

and the electromagnetic four-potential:

{f7 a, h7 Acpa At} ‘(=0+ - {f7 a, h7 Agoa At} |<:0— . (260)

Whereas their normal derivatives have a jump on the disc layer Ys:

{f,§7 ag, h,C7 Ag@,(a At,(} |<:0+ == {f,§7 ag, h,C7 Ag@,Ca At,(} |<:0— : (261)

In the electro-vacuum regime their normal derivatives vanish at { = 0, however! (These

statements about the limiting behaviour for ¢ — 0% stay valid in the co-rotating frame.)

Analogous to the procedure for surface charge densities in electrostatics, we can
derive junction conditions via a so-called “pill-box integration” of the Einstein-Maxwell
equations. For this an integration over a small cylinder centred around a section on
the disc surface is performed. By applying Gauss’s theorem the volume integral can be

reduced to an integration over the surface of the cylinder. In the limiting case where
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2 Formulation of the disc problem within Einstein-Maxwell theory

the height of the cylinder shrinks to zero and its upper side encloses the disc from above
and its lower side encloses it from below the only remaining contributions to the surface
integral come from the area elements above and below the disc, dA®P°"® = dAn and
dA®beeow) — dA (—n), respectively. The unit normal vectors to the area elements,
+n, point in £(-direction (n; = eU*k(Sf) and thus single out the (-component of the
integrand.!3
Performing such a “pill-box integration” of the first Einstein-Maxwell equation,
eq. (2.46a), therefore delivers the following junction condition:
0= (Ayc —a'Ai) }g:0+ — (Ap — Ay |<=0— ' (2.62)
Alternatively, one can simply integrate eq. (2.46a) over an infinitesimal (-interval from
—0 to 40, with 6 — 0, to obtain the above junction condition. With the help of

reflection symmetry we can state:

(=0: (A, —dA,) \CZO =0, (2.63)

where “¢ = 0” should indicate that this boundary condition holds in the entire (-plane,
including the disc (33) and the domain beyond it (p > po, ¢ = 0).
Similarly, we obtain from eq. (2.46¢) via a “pill-box integration” (or by means of

lims_, f_Jr; d¢) and reflection symmetry:
(=05 dey=0. 26)

To arrive at eq. (2.64), eq. (2.63) was also used.
From eq. (2.46d) one can derive (with egs. (2.63) and (2.64)) the boundary condition

Yo = 270 . (2.65)

!
¢ | ¢=0%

This means that the surface mass density o is determined by the jump of the normal
derivative of the co-rotating potential U’ and cannot be chosen freely. At the rim of
the disc (p = po,( = 0), the surface mass density has to be regular. As it turns out,
this regularity condition causes the surface mass density ¢ to vanish at the rim.
The second Einstein-Maxwell equation, eq. (2.46b), (together with eq. (2.63) and
(2.65)) implies
Yy - (A; - eeU’> C‘ ~0. (2.66)

A little detour back to Ryy = 8w (71, — %Tgll) reveals (using eq. (2.65)) another

Fi

VIgRF s Fal”

13The unit normal vector to a hypersurface characterized by F(z*) = 0 is defined as: n; =
Here, F =( =0.
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2.3 Boundary value problem

boundary condition:

(=0: K,

ey =0. (2.67)

Finally, eq. (2.46f) (with the help of egs. (2.63), (2.64), (2.66) and (2.67)) delivers a

sixth boundary condition:

=0. (2.68)
¢=0

Yo <eU, — eAQ)
P

Based on the definitions of the introduced potentials § and b, we can also immediately
infer from egs. (2.63) and (2.64) that

(=0: f ]Co—o and b =0. (2.69)

p}g =0

Choosing the integration constants to be zero, such that continuity at p = py is ensured,

as 8 and b are odd functions in ¢, thus implies

(=0: f_,=0 and V| _,=0. (2.70)

|g:0
This concludes the derivation of the boundary conditions from the Einstein-Maxwell

equations in the co-rotating frame.

In summary, the Ernst equations (2.55) together with the (in this regard relevant)

boundary conditions on the disc,

=0,
¢=0

S |, =0, F_,=0. (eU’—eA;>p

=0, (A; — eeU/>
) CZO 7C
(2.71)

as well as the condition of asymptotic flatness (which means for the Ernst potentials
that £ — 1 and ® — 0 for p? + (* — oo) and the regularity condition of the surface
mass density at the rim of the disc, form a well-defined boundary value problem for

the charged rotating disc of dust (see also [8, 14]).

As already mentioned before, once the solution to the boundary value problem is

2k

determined, the functions a, A, and h = e** can be calculated from the found Ernst

potentials £ and ® by a path-independent line integration.

Physically, the first two boundary conditions of eq. (2.71) together ensure that there
is no local surface mass flux density and surface current density in the co-rotating frame
(i.e. there are only purely convective currents) [22]. The third boundary condition of
eq. (2.71) represents the p-component of the equation of motion (2.36). Moreover,
in the Newtonian limit holds U’ = U — 1Q%p* and A} = A, = —U®, where U is the

gravitational and U® the electric potential. Thus, the third boundary condition of
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2 Formulation of the disc problem within Einstein-Maxwell theory

eq. (2.71) reduces in the Newtonian limit to

eUb , = — <U — %Q%Q) : (2.72)
P
Each dust particle in the disc is therefore in an equilibrium of electric, gravitational
and centrifugal force. (Further details follow in subsections 5.2.2 and 6.4.2). Finally,
the last boundary condition of eq. (2.71) establishes a relationship between the surface
charge density and the surface mass density, which results from the introduction of the

constant specific charge € = £ (see also [22]).

2.4 Inverse scattering method

The “inverse scattering method” or “inverse scattering transform” is a powerful tool
for solving nonlinear partial differential equations that was developed in the context
of soliton theory. A general introduction to the method can be found, e.g., in [24].
Within soliton theory, it can be used to tackle initial value problems for nonlinear
partial differential equations of the so-called AKNS class [25]. The method was first
applied to the Korteweg-de Vries equation (which belongs to the AKNS class):

An essential requirement for the method is that there is a linear problem,

Y,=UY, (2.74a)
Y, =VY, (2.74b)
with a corresponding integrability condition Y ;; = Y, that is equivalent to the

nonlinear partial differential equation. Y, U and V are matrices in general and they
are functions of the coordinates x and t and a spectral parameter k.4 Instead of solving
the nonlinear partial differential equation directly - which might be very difficult or even
impossible - it can thus be translated to a linear problem. Typically, it is comparatively
much easier to gain a solution on the level of the linear problem. The solution can then
be transformed back to the original nonlinear partial differential equation. In this
sense, the inverse scattering method can be understood schematically as a nonlinear
analogue of the Fourier transform.!®

In the specific case of the Korteweg-de Vries equation, the associated linear problem

is such that it implies the one-dimensional time-independent Schrédinger equation,

14The matrix U of the linear problem and the metric potential U (where f = €2V) should not be
confused.
15 Another method from soliton theory with a similar procedure is the Bicklund transformation.
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2.4 Inverse scattering method

where —q(z,0) is the potential and k? the energy. (Note, however, that the parameter
t has nothing to do with the time coordinate from quantum mechanics.) It is a standard
problem of quantum mechanics to derive the corresponding “scattering data” from the
potential. This can then be evolved in time. Finally, ¢(x,t) can be determined from
the (time-evolved) scattering data via the solution of the Gel’fand-Levitan-Marchenko
integral equation, representing the inverse problem (i.e. the back transformation). The
term “inverse scattering method” goes back to the described solution procedure for the

initial value problem of the Korteweg-de Vries equation.

In case of axisymmetry and stationarity, the inverse scattering method can also be
applied to boundary value problems for the exterior Einstein and Einstein-Maxwell

equations. For the former, see e.g. [26] and [27].

The linear problem for a boundary value problem within Einstein-Maxwell theory

can be stated in the following form [15]:

( b1 0 C1 0 bl 0
Y. = 0 ag O)+A|la; 0O —¢ Y, (2.75a)
\ dl 0 0 0 d1 0
( b2 0 (&) 1 0 bg 0
Y:= 0 ay 0|+ N a, 0 —cy Y, (2.75b)
\ d2 0 0 0 d2 0
with
_ E.+200, £ +200
a; = by = — 2 —, a2:b1:T, (2.76)
Cc1 = f(jg = (I)7z, Cy = le = (1375, (277)
K —iz
)\ = 2.78
K +iz ( )
and complex coordinates
z2=p+i¢, z=p—iC. (2.79)

Here, the 3 x 3-matrix Y depends on z, z and A and the complex parameter K is
the spectral parameter. This is a modified version of the linear problem published by

Neugebauer and Kramer [28].

It can be shown that the integrability condition Y ,; = Y ;, is indeed equivalent
to the Ernst equations (2.55) [15, 28]. On the other hand, if £ and ® solve the Ernst
equations, Y .z = Y ;. holds and thus Y does not depend on the integration path. The
general idea is now to derive Y as a holomorphic function in A (or alternatively in K)
and subsequently to deduce the entries of the matrices U=Y 'Y, and V=YY ..
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2 Formulation of the disc problem within Einstein-Maxwell theory

They then reveal the solutions for the Ernst potentials £ and @ [12, 26].16

A first step in order to solve the boundary value problem of the charged rotating

disc of dust!”

is to integrate the linear problem along the path ATCA~ to determine
a general'® solution for Y on A%, where A* denotes the upper/lower part of the
symmetry axis 4 and C represents spatial infinity, see fig. 2.2. A useful, resulting
property is that the holomorphic structure of Y (z, z, \) in fact remains unchanged by
an analytic extension to the entire p, (-plane (with 0 < p < pg, ¢ = 0 being excluded).
This gives the solution of the Ernst potentials £ and ® in the entire electro-vacuum

region in the end.

1
1
1
AT | "
1
1
1
1

Figure 2.2: Integration of the linear problem along the path ATCA~B (after [12]).

In the second step, the integration of the linear problem has to be performed along
the surface of the disc, B, defined by p < py, ¢ = 0. Here, the information about the
boundary values of the disc is incorporated into the solution. However, this alone is
not sufficient to determine the coefficients in the linear problem. Due to the fact that
the domain of the disc is a non-(electro-)vacuum region, for which the Ernst equations
are not valid, the linear problem fails at p < pg, ( = 0. This implies that Y jumps
along the contours I'y1: Re K = 0, —py < Im K < pg in the upper/lower sheet of

the two-sheeted Riemann K-surface, see fig. 2.3.1° Off the contour(s), Y is a regular

1610 fact (in a specific case), one may not even need to determine the solution for Y completely,
instead one can simply discuss Y as a holomorphic function in A (or K) and then calculate the
entries of U and V directly.

"Due to the generally similar procedure for solving the boundary value problem, the remainder of
this section is partly orientated on [12, 26].

8This step does not yet involve any specific knowledge about the body.

YNote that A = g;i is double-valued.
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2.4 Inverse scattering method

function in K. Therefore, Y satisfies the (general) Riemann-Hilbert problem:

Kel,: Y.=Y,DK),
Keli: Y. =Y,D(K), (2.80)
K ¢&Ty,: Y analytic in K,

where F specifies the left and right side of the contour(s), respectively.

Im K
°iz
1po
[
Fu/]
Re K
X ¢
—1po
o —iz

Figure 2.3: Two-sheeted K-surface with the contour(s) Iy, and branch points iz and
—iz (after [29]).

By choosing the branch points as Kg = +ipg, the corresponding branch cut between
the two branch points coincides with contours I',;, which thus merge into one contour
I'. Ideally, based on the linear problem (and by also utilising reflection symmetry), a
concrete Riemann-Hilbert problem for the charged rotating disc of dust can then be
constructed.?’ Solving this Riemann-Hilbert problem leads to linear integral equations
from which £ and ® can ultimately be gained.

Note that in this very brief overview of the inverse scattering method (with respect
to both the Korteweg-de Vries equation and, in particular, to the charged rotating disc
of dust), many technical and rather involved details are omitted.

In the case of the uncharged rotating disc of dust, the inverse scattering method
could be applied successfully and an exact solution to the corresponding boundary
value problem could be found [26, 29]. The solution is given in terms of hyperelliptic
theta functions [6, 7.

However, transferring the solution procedure to the problem of the charged rotating
disc of dust has not yet been successful. Unfortunately, it has not yet been possible to

formulate an associated Riemann-Hilbert problem.

20The Riemann-Hilbert problem generally involves free functions that need to be fixed in such a way
that the Riemann-Hilbert problem yields the same solution as the linear problem.
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3 Post-Newtonian expansion

Although it has not yet been possible to successfully apply the inverse scattering
method to the charged rotating disc of dust, the corresponding boundary value problem
could be solved in terms of a post-Newtonian expansion up to tenth order [8; 9].
While an exact analytic solution might be more appealing from a mathematical
point of view, in a lot of situations it is actually more practical to have a semi-analytic

solution in terms of such an expansion.'?

3.1 Relativity parameter

The post-Newtonian expansion used for the charged rotating disc of dust relies on a

relativity parameter v, originally introduced by Bardeen and Wagoner [30]:

vi=1—+/f., with f.==f(p=0,{=0). (3.1)

Equivalently, v can be expressed in terms of the redshift, z., of a photon emitted at

p =0, =0 and observed at p? + (2 — oo:

: (3.2)

where z. = e7Y¢ — 1. From both expressions, (3.1) and (3.2), it is evident that ~y takes
values between 0 and 1. For v < 1 one obtains a Newtonian solution and v — 1
corresponds to the ultra-relativistic limit in which we assume black hole formation [9)].
It should be recalled that U, appearing in f. = €2V, can be interpreted as a generalized
Newtonian potential (see also [8]).

The parameter space of the disc solution is spanned by g € [0,1], € € [0,1] and the
coordinate radius pg, where g := /7. Why in fact g is the correct expansion parameter
instead of v will become clear in section 3.3. Without loss of generality we restrict
to positive charges and pg serves as a scaling parameter. All physical parameters

describing the disc, such as the angular velocity €2, the gravitational mass M and the

'However, in order to make rigorous statements about a (presumed) black hole limit and in particular
to prove that cosmic censorship indeed holds for the charged rotating disc of dust in an ultra-
relativistic limit, one needs an exact solution.

2The discussion in this chapter partly follows [10] and [11].
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3 Post-Newtonian expansion

angular momentum J, are functions of g, € and py only.?

3.2 Elliptic coordinates

A convenient choice of coordinates for solving the boundary value problem of the
charged rotating disc of dust, derived in section 2.3, is given in terms of elliptic co-

ordinates 1 and v, defined through

p=po/(L=12) (1+v2), (= pony, (3.3)

with n € [—1,1] and v € [0, 00]. Additionally normalizing all dimensioned quantities
with suitable powers of py leads to a dimensionless formulation of the disc problem.
The normalized quantities are denoted by *, e.g.,
A
a*zg, AL ==L or QO =pQ.t (3.4)
Po Po
Note that in elliptical coordinates Af; and Vf; - Vfy, where f; and fy are -
independent functions, read:

Af1 =V -Vfi =— [(1—n2)8$f1—277&7f1+(1+u2)8§f1+2V8,,f1} ,

g (n* + v?)
(3.5)
1-— 772 14 2
Vfi-Vf= manflanﬁ + Wauflauﬁ . (3.6)

With egs. (3.5) and (3.6) the Ernst equations (2.55) (in the non-rotating frame) take
the form (see also [22]°):

(Re&E+ @) [(1 = 0°) Epy — 20E 0 + (L4 17) E + 20,

=(1-n") (£, +200,)E,+ (14+17) (€, +20D,) &, , (3.7a)
(Re& + |®*) [(1 = 7n°) @y — 20, + (1 4+ 07) D, + 20D, |
= (1—=7%) (£, +200,) P, + (14+°) (£, +200,) P, . (3.7b)

Additionally, the defining equations for the potentials 8 and b, egs. (2.51) and (2.53),

3 Alternatively, other dimensioned parameters such as the baryonic mass M, the gravitational mass
M or the total proper radius Ry (introduced in chapter 5) can be used as scaling parameter instead
of the coordinate radius pg. Rather unsuitable for our purposes is the angular velocity €, as it is
often interesting to compare disc configurations with different rotation speeds.

4See also [8].

SThere are typos in the reference [22] concerning the formulas expressed in elliptic coordinates.
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3.3 Expansion

read:
(L=7) By =—f (AL, +a"a,) (3.8)
(1 + VQ) Buv=1f (A;m + a*am) (3.9)
and
(1 - 772) by = f2a,*z/ —2 (1 - 772) (B, — Bay) , (3.10)
(L+v°) by = —f2a’, —2(1+ %) (af, — Bay) . (3.11)

2k

In elliptical coordinates, the metric function h = e** can be derived from

(L=7) (7" +°) ky
:_4_}2(1_772) (1+02) [ (1= 12) (£a)* =0 (L4 02) (£)" =20 (1= 1) fuf]

L ) (@) () () — 20 (- ) e

— F[n =) (45,7 =0 (U2 (45,)° = 20 (1= ) 43,47,
5 [0=0) (+7) = )
[ (U= (A = 1 (14 0) (A4)” = 20 (1= 77) Ay Ay,
+2fa* [77 ( —-n ) A:;,nAt,n —-n (1 +v ) A;,VAW —v (1 - ) (A;WA,:,,, + A;,VAM)] .
(3.12)

Finally, the line element (2.45), expressed in elliptical coordinates, takes the form:

2 2
ds? = f~! [pﬁ (n*+v*) h (1(?772 - 1(1/”2) +pp (L=77°) (1+0%) dp?

— £ (dt + poa*dep)® . (3.13)

where f, h and a* are functions of  and v now.

3.3 Expansion

As a starting point of the post-Newtonian expansion we utilize the relation

x 2
QN
1—e€2’

v=-Un(p=0,=0) =

(3.14)

between the Newtonian potential Uy and the angular frequency 2y that holds in

Newtonian limit only. A derivation of this relation follows in subsection 5.2.2. Beyond
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3 Post-Newtonian expansion

the Newtonian limit we therefore get Q** = (1 — €2) v + O(v?). Expanding this relation
implies that Q* is an odd function in g := /7, i.e.

Q=3 Dyg™, (3.15)
k=0

where 03, is a function of 7 and v and Qf = /1 — €25

All the discussed potentials and metric functions can be expanded in Q*. Examin-
ing their symmetry properties reveals a purely symmetric or antisymmetric behaviour
under the transformation Q2* — —Q* that changes the sense of rotation. Therefore,
they can also be written as a series in g, containing only even or odd powers of g,
respectively. It follows that the real parts of the Ernst potentials are even and the

imaginary parts are odd functions:

=1+ Z forg™, a= Z ang™, b= Z borag™t, B = Z Borsrg™ .
k=1 k=1 k=1 k=1

(3.16)
For the remaining functions we get:
h=1+ Z horg®™, a* = Z Ay 197 AL = Z A’;%Hg2kJrl . (3.17)
k=2 k=1 k=1
All the coefficient functions for, ok, bogi1, ... depend on the coordinates 1 and v only.

(See also [8] and [22].)

By means of an iterative procedure it is possible, with the help of a computer algebra
system, to derive solutions for the Ernst potentials of, in principle, arbitrarily high
order. In fact, the boundary value problem for the charged rotating disc of dust at first
order (k = 1) is relatively simple and can be solved. With the obtained solution one
can then solve the boundary value problem at second order (k = 2). These solutions
can in turn be inserted into the third order boundary value problem, and so on. In
reality, of course, this cannot be continued indefinitely, since the computational effort
and thus also the computing time increases exponentially.”

Via this iterative procedure Palenta and Meinel [8] were able to obtain analytic
solutions for those coefficient functions up to eighth order and Breithaupt et al. [9]
later on even up to tenth. The subsequent calculations and discussions of the present
thesis build on Breithaupt’s semi-analytic solution of the charged rotating disc of dust.®

To get an idea of these solutions, the metric functions evaluated on the disc, i.e. for

It turns out that  (appropriately normalized, e.g. by Ry introduced in section 5.1) increases
monotonically with g and decreases monotonically with e. (For both ¢ = 0 and ¢ = 1 it vanishes.)

"A detailed description of the solution algorithm can be found in [8] and [22].

8Petroff and Meinel also provided a post-Newtonian expansion up to arbitrary order of the uncharged
rotating disc of dust [31].
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3.3 Expansion

v = 0, are listed below up to second order?:

fm,0)=1—(1+7%) ¢ — 1 ((45€* — 48) n* — (34€* — 12) * — 11€* 4+ 12) ¢*

24
+0(g") . (3.18)
h(n,0)=1- 21? (1—€) (1= (7> +16) n* — 7> +16) " + O (¢°) , (3.19)

00 = VI=E (=) (174 3) 8+ VT () [ (0776 +102)
(& —4) (' + 7 + 1)} 7

+0(9") - (3.20)

1024

— (334€® — 888) n* — 99¢* + 360) 7 +

Worth mentioning are the global prefactors of the expansions (see also [8] and [22]):

QF ~V1—e2, (3.21)
a~e, b~V1—€n, [~evl—eén, (3.22)
at~VI-(1-n"), Al~eVl—e(1-17). (3.23)

First of all, we see from eq. (3.21) that disc configurations with e = 0 rotate with
maximal angular velocity and ones with e = 1 have no rotation at all. This becomes
obvious in the Newtonian limit where each dust particle in the disc is in an equilibrium
of gravitational, electric and centrifugal force (see section 2.3). The prefactors ensure
that all electromagnetic quantities, i.e. a, § and A7, vanish for € = 0 and that all
quantities related to rotation, i.e. b, 8, a*, A7 and of course Q* ' become zero for
¢ = 1 (no rotation).

Furthermore, as it should be, on the axis of symmetry (7 = £1) a* and A}, vanish

and in the equatorial plane outside the disc (n = 0) b and g.

9The evaluation on the disc reduces the length of the expansions significantly.

ONote that the magnetic field is determined by A7 and is induced by the rotating charged dust
particles (whereas the electric field is derived from A;). The gravitomagnetic potential a* also
vanishes in the static case.
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4 Ehrenfest’s paradox within special

relativity

In 1909 Ehrenfest formulated a famous paradox concerning a rigidly rotating disc (or
a cylinder in the original version) within special relativity [32]. He pointed out that
special relativistic rigidity, introduced by Born [33], easily leads to two contradicting
statements about radius and circumference measured by a non-rotating observer before
and after the disc is set into rotation.

The paradox gave rise to a long lasting debate on how to resolve it, see, e.g., [34].
Numerous physicists came up with solution approaches, however, they turned out to
be wrong in most cases. Grgn presented in 1975 a resolution solely based on kinematics
[35]. Initially, it was not clear whether this would be sufficient or whether a dynamical
treatment would be necessary to solve the problem completely. Today, most physicists
(including the author of this dissertation) accept Gron’s kinematic considerations as

the correct way to resolve Ehrenfest’s paradox.!

4.1 Ehrenfest’s paradox

Ehrenfest showed that rigid rotation of discs (or cylinders) within special relativity
involving a period of angular acceleration inevitably leads to a paradox [32].

The concept of rigidity was originally introduced by Born in the context of special

relativity, however, it is also compatible with general relativity. Born rigidity is defined
for an arbitrarily moving body as follows:
The distance between any two infinitesimally close points of the body, as measured by
instantaneous inertial observers at those points, remains constant during the motion.
Equivalently, for each pair of infinitesimally close particles of the body, the distance
between the corresponding world lines, measured orthogonally to one of the two world
lines, stays constant along it [33, 36-38].

Relying on this definition, Ehrenfest formulated a paradox: A relativistic cylinder
with radius R is given a rotating motion about its axis, which finally becomes constant

- while satisfying Born rigidity at all times. Let R” be the radius of the constantly

IThis chapter is partly orientated on [10].
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4 Ehrenfest’s paradox within special relativity

rotating cylinder measured, like R, by an observer at rest, then two contradicting

requirements need to be fulfilled:
(i) 27R" < 27 R,
(ii) "=R.

As each element of the circumference is parallel to the direction of motion of the disc,
the circumference must be Lorentz contracted relative to its rest length 2w R. The
radius, on the other hand, is not contracted, since each element is perpendicular to the
direction of motion.

At first glance, this might seem like a simple problem. However, this paradox and
related questions led to decades of intensive discussions involving many famous phys-
icists such as Planck [39], Einstein [40], Lorentz [41], Eddington [42], Rosen [43] and
many others.

One particular problem was the correct description of rotating platforms in the
framework of special relativity. Another issue was whether and how to incorporate
material properties into the solution. Furthermore, there was simply no concrete and
physically relevant disc solution available to calculate circumference and radius and
check what actually happens when the disc is set into rotation. In connection with
the original paradox, there is also the question of what co-rotating observers would
measure for circumference and radius compared to non-rotating observers and what

the spatial geometry of the disc would look like accordingly.

4.2 Kinematic resolution

While to this day there is still no common agreement on the solution of Ehrenfest’s
paradox, there is a kinematic resolution by Grgn that most physicists indeed accept
[34, 35, 44]. This section is dedicated to this resolution.

Grgn introduces three different types of observers:
a) an inertial observer S at rest relative to axis of rotation,
b) observers S” co-rotating to the disc and

c) inertial observers Sy (k = 1,...,n) instantaneously at rest relative points on the

periphery of the disc.

Additionally, on the disc’s periphery n light emitters are installed. The instantaneous
inertial observers and the light emitters are arranged alternately along the periphery,
see fig. 4.1. Tt is assumed that n > 1, such that the inertial observers are infinitesimally

close to each other.
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4.2 Kinematic resolution

An essential requirement of Ehrenfest’s paradox is Born rigidity. However, as e.g.
Cavalleri and Spinelli [45] pointed out, Born rigidity is not a material property, but the
result of a carefully designed sequence of acting forces to set a body in motion without
inducing any stresses into the material. Therefore, a rigid motion according to Born,
in which the disc is set in rotation, should be realizable by a sequence of simultaneous
blows at each point on the disc, measured by inertial observers (since each infinitesimal

patch on the disc must remain undeformed).

Figure 4.1: On the rotating disc there are alternately n light emitters and n inertial
frames momentarily at rest around the periphery (based on [35]).

We now address the question of whether simultaneity (with regard to the blows)
can be established in a consistent way among the inertial observers. For simplicity we
restrict the discussion to the periphery of the disc and thus to the inertial observers
Sk. However, the conclusion that is drawn is generally valid.

The blows act on the same points where the light emitters are installed and with
each blow we associate the emission of light.

Assuming that such a simultaneity can be achieved, observer S; measures the light
emission events 1 and 2 simultaneously, observer Sy the events 2 and 3, and so on,
until observer S, who perceives the events n and 1 as simultaneous. As each inertial
observer Sy receives the light signals simultaneously, they must also be emitted in
his/her inertial frame at the same time.

In contrast, from the point of view of the laboratory observer S the events 1 to n
happen not simultaneously. For S to observe the arrival of the light signals from event
k and k + 1 at S; at the same time, the event k has to occur before the event k + 1,
since due to the rotation of the disc, S moves towards the light signal from k + 1 and
away from the one from k. Hence, for S the event 1 happens earlier than 2, 2 earlier

than 3, and so on, up to n — 1 that happens earlier than n. However, the event n
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4 Ehrenfest’s paradox within special relativity

would need to occur before event 1, which would contradict the just established order

of events, as seen by S,ie. 1 <2<3<...<n—1<n.

In conclusion, it is kinematically impossible to synchronize clocks of successive in-
stantaneous inertial observers Si, and thus the blows, around the periphery of the
disc. Setting a disc into rotation while satisfying Born’s rigidity condition at all times
is therefore impossible. This represents Grgn’s kinematic resolution of the Ehrenfest

paradox.

4.3 Proper distances

In general relativity one is free to choose any coordinate system z’ = (z*,t) that is
most suitable to describe a given physical scenario. Associated coordinate intervals dz,
however, do not correspond to actual physical distance or time intervals. To obtain
a physically sensible notion of distance, more precisely a proper distance, we follow
a derivation by Landau and Lifshitz [46]. As we will see, this method does not only

apply to general relativity, but also to rotating frames in special relativity.

First, proper time intervals are defined in the usual way. For an observer at rest

relative to the coordinate frame, i.e. dz® = 0, we obtain
dr? = —ds? = —gydt? (4.1)

and thus
dr = v —944dt, for gaqa < 0. (42)

If the condition g4 < 0 is violated, the reference system cannot be realized by real
bodies.

The proper distance between point A at x® and point B at x® 4+ dz® is determined
via the so-called “radar method”. For this, a light signal is transmitted from B to A,
reflected there and sent back to B along the same path. At point B the proper time
d7 is measured for this process. Accordingly, the proper distance between the two

infinitesimal close points is then defined as

dr

To determine the proper distance do we write the line element as:
ds® = gapdr®da® 4 2gaada®dt + guudt? . (4.4)

As ds? = 0 for light signals, we obtain two possible solutions corresponding two forward
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4.3 Proper distances

and backward propagation:

1
dt/?) = — <—ga4d:ca + \/ (9a1981 — Gapgaa) dmadxﬂ) : (4.5)
944
Let t* be the moment at which the reflection of the light signal at A takes place, then

the total time at B, between emission at t* + dt!") and absorption at t* + dt(?, is:

2
de? —ar) = __\/(9a49,84 = Japgaa) dzdz? . (4.6)
a4

With eqgs. (4.2) and (4.3), we then immediately obtain the proper spatial line element:

Jaa9pa . ( 4.7)

do? = ypda®da” | where .5 = Gop — P
44

An integration of do, however, is only meaningful in case of a time-independent metric.

Note that the quadratic form (4.7) has to be positive definite, which is satisfied if:

Y11 Y12 713

Y11 > 0, det (711 712) > O’ det ’le ’)/22 Y23 > 0 . (48)
Yo1 V22

Y31 V32 V33

Using eq. (4.7), the 4-dimensional line element can be expressed as follows [43, 47,
48]:

ds? =do? —dT?, with dT :=+\/—gu (dt 4 Jod xo‘) . (4.9)
Ga4
dT" corresponds to an infinitesimal time interval measured in a local inertial frame
instantaneously at rest relative to point B (e.g. on an arbitrarily moving object).
Via the same light sending procedure the clocks of A and B can be synchronized.

The moment t* at A and

1
o dt =1+ (dt® +at) |

with dt, = — 2244z (4.10)
944
at B, i.e. halfway between emission and reception of the light signal, are defined as
simultaneous. This is referred to as Einstein synchronization.

According to eqgs. (4.9) and (4.10), the clocks of points A and B are Einstein syn-
chronized if and only if d7" = 0. Therefore, by sending a one-way light signal between
the Einstein synchronized points A and B (by construction of the Einstein synchroniz-
ation the speed of light is isotropic between those points), their proper spatial distance
is measured. (Instead of first synchronizing the clocks and then measuring the distance,

however, it is more practical to use the “radar method” directly to obtain the proper
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4 Ehrenfest’s paradox within special relativity

spatial distance.)

Moreover, in an instantaneous local inertial frame equipped with Einstein synchron-
ized clocks, proper spatial distances are measured as well. On the other hand, simul-
taneity defined by dt = 0 does not lead to the proper spatial line element, but simply
to the spatial part of the 4-dimensional metric, gosdz®dz®.

It should be stressed that d7 is not a perfect differential. In general, it is therefore
not possible to integrate d7' around a closed curve. As a consequence, in case of the
rotating disc, the surface represented by d7" = 0, i.e. the surface characterized by do?,
is discontinuous. This also prevents the Einstein synchronization of clocks momentarily

at rest around the periphery of the rotating disc discussed in section 4.2.

4.4 Spatial geometry

With the radar method, introduced in the previous section, we are well equipped to
determine the proper spatial geometry of a rotating disc within special relativity. Grgn
also discusses the spatial geometry in [35] (in addition to the kinematic resolution of
Ehrenfest’s paradox). We assume that the disc is put into rotation in an arbitrary way.
To describe the spatial geometry, we need to transform to the co-rotating frame of
the disc via ¢’ = ¢ — wt, where w is the disc’s constant angular velocity. Note that this
is a Galilean and not a Lorentz transformation. As opposed to the relative character
of the (constant) linear velocity, the angular velocity is an absolute quantity that can
be measured locally by Foucault’s pendulum and by Sagnac’s experiment [49].
Starting from the non-rotating frame of reference furnished with the Minkowski line

element (evaluated on the disc),
d32|diSC = dr? + rdy?® — dt?, (4.11)
and applying the transformation to the co-rotating frame, results in [35]:
ds?| . = dr? +r2dy? + 2wr?dy/dt — (1 —w?r?) dt?. (4.12)

Co-rotating observers can then apply the radar method of section 4.3 to locally
determine the proper spatial geometry of the disc. The resulting proper spatial line
element, using eq. (4.7), reads [35]:

2

T
daz‘disc = dT2 + m dg0/2 . (413)

Notice that eq. (4.13) is not just the spatial part of metric (4.12). In fact, this would
only be the case if the off-diagonal term in eq. (4.12) would be zero.
The conditions of positive definiteness, eq. (4.8), translate to v, > 0 and 7y > 0,
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4.4 Spatial geometry

and thus to |wr| < 1. This simply means that no particle in the disc can rotate with
a velocity greater than or equal to the speed of light and that the disc has a maximal

possible size, depending on w.

Integration of eq. (4.13) reveals the proper radius
R =r, (4.14)

the proper circumference
27r

Y )

and the proper area
1 —+v1—w?r?

[
A =27 2

(4.16)

Non-rotating observers could also apply the radar method to determine the proper
spatial geometry of their own “rest space” (which differs from the proper spatial geo-
metry of the disc measured by co-rotating observers). However, as there is no off-
diagonal term in the line element (4.11), the proper spatial line element, based on
eq. (4.7), immediately reduces to the spatial part of eq. (4.11). A non-rotating ob-

server thus measures the radius

R=r, (4.17)
the circumference
C =2nr (4.18)
and the area
A=mr?, (4.19)

Notice that the measurement of the radius, as one would expect, agrees in both

frames of reference: R = R =r.

While a non-rotating observer describes the spatial geometry of his/her own “rest

space” as Euclidean,
¢ C
R r
the co-rotating observers in fact measure a non-Euclidean proper spatial geometry for

the disc,

o, (4.20)

C'_C’_ 2
Y

It is also worth mentioning that statements (i) and (ii) of Ehrenfest’s paradox can

(4.21)

be read as a violation of the Euclidean spatial geometry that must be measured in the
inertial frame of the non-rotating observer. Eqgs. (4.20) and (4.21) indeed resolve this
contradiction. Only co-rotating observers see a non-Euclidean geometry, but never

(independent of the rotational state of the disc) a non-rotating observer. The co-
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4 Ehrenfest’s paradox within special relativity

rotating frame of reference is not an inertial frame, so the measurement of a non-
Euclidean geometry is not forbidden.

Already in 1916, Einstein pointed out in his famous article on the general theory
of relativity [40] that observers co-moving to a rotating disc (which is arbitrarily set
into rotation) no longer see Euclidean geometry. Observed in the non-rotating frame,
not the circumference of the disc is being contracted due to rotation (as might be
implied by Ehrenfest’s paradox), but the infinitesimal measuring rods placed along
the circumference. Measuring rods arranged along the radius are perpendicular to the
direction of motion and are therefore not contracted. As a consequence, observers on
the rotating disc measure a circumference to radius ratio larger than 27 (they have to
use more measuring rods along the circumference), while in the non-rotating frame a
ratio of exactly 27 is obtained.

In fact, the Ehrenfest paradox and the realisation of the necessity of a non-Euclidean
geometry for rotating systems inspired Einstein, due to the equivalence principle, to

consider gravity as a geometrical theory.
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5 Geometry

Grgn’s resolution of the Ehrenfest paradox based on kinematic considerations is accep-
ted by most physicists nowadays. As noted in section 4.4, he also gave a mathematical
description of the spatial geometry of rotating discs within special relativity. However,
it lacks any kind of material properties that are to be found in real discs. While it
is fine to solve the Ehrenfest paradox from a purely kinematic point of view, for re-
lated questions about the spatial geometry, material properties are expected to have
a non-negligible influence - especially during the phase in which the disc is set into
rotation.

So the question arises as to how the ratio of circumference to radius of a more
realistic disc solution is observed from the point of view of non-rotating and co-rotating
observers, how those measurements change when the rotation speed is altered and how
the material properties affect that disc.

As the charged rotating disc of dust is a concrete, physically relevant solution of
the Einstein-Maxwell equations, with material-like properties as we will see, we can
tackle the questions related to the geometry, based on this solution, in a very direct
way. This is particularly interesting as the post-Newtonian expansion allows us to go
beyond special relativity and to also study the influence of general relativistic effects.
With the specific charge parameter € we can, furthermore, effectively regulate the
rotation speed of the disc.

Inspired by those geometric investigations, it is obvious to also explore the intrinsic
curvature of the charged rotating disc of dust. Of particular interest is how the intrinsic
curvature, which is simply the Gaussian curvature for a two-dimensional disc, changes
as the specific charge € is altered.

This chapter is based on [10] by Rumler et al..!

5.1 Related questions to Ehrenfest’s paradox

As described in chapter 4, Ehrenfest stated in his famous paradox within special re-
lativity that setting a disc (or cylinder) in rotation while satisfying Born’s rigidity
condition necessarily leads to two contradicting requirements on the disc’s radius and

circumference. Furthermore, Grgn presented a kinematic resolution of the paradox

'http://creativecommons.org/licenses/by/4.0/
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5 Geometry

most physicists agree with. He demonstrated that it is impossible to consistently
synchronize clocks of instantaneous inertial rest frames around the periphery of the
rotating disc.

Despite its resolution, there are still interesting questions related to Ehrenfest’s para-

dox:

1) How does the spatial geometry of an accelerated disc which is initially at rest

evolve as measured by non-rotating and co-rotating observers?

2) What is the spatial geometry of a disc that is already set into rotation as seen

by non-rotating and co-rotating observers?
3) A real disc has material properties, how do they influence the rotating disc?

While those questions were partly addressed by Grgn from a purely kinematic point
of view, see [35, 48], they are most interesting for more realistic disc models that have
some material properties.

Not surprisingly, as a concrete and physically meaningful solution, the charged ro-
tating disc of dust is a good candidate for answering these questions. (We will see
that it does indeed have material-like properties.) Even though the questions will only
be addressed for this particular disc model, the results and conclusions might still be

generally valid (at least to some extent).

5.1.1 Proper spatial line element

In the present section we want to analyse geometric quantities like the proper radius
and the proper circumference of the charged rotating disc of dust and address the above

posed questions. For this purpose, we introduce the following line element:
do? = hyda'da® (5.1)

where
hik = gir + uwiuy, (5.2)

is the projection tensor used in section 2.2. The original line element ds? = g;da’da”

can then be written as
ds? = do? — uupdar'da® . (5.3)

Note that, by construction, for an infinitesimal displacement vector dz’ orthogonal to
u® the line element (5.3) reduces to ds* = do? and for dz’ = u'dr to ds* = —dr?
(where 7 is the proper time). As a result, do? can be utilised to measure infinitesimal

proper distances on the disc. Indeed, in the co-rotating frame of the disc, where only
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5.1 Related questions to Ehrenfest’s paradox

the fourth component of the four-velocity field is non-vanishing (the same applies to
the four-velocity of the co-rotating observers), we recover with
9&49’54

/
a4

do? = P da'*da" = (glaﬂ — > d’*dz’, where o, =1,2,3, (5.4)
the line element (4.7) derived by Landau and Lifshitz [46] using the “radar method”.
Since the spacetime is stationary and the four-velocity field shares this symmetry, the
projection tensor h. 5 is time-independent and eq. (5.4) can be used to calculate finite
proper spatial distances via integration. However, it should be stressed that the four-
velocity field is not hypersurface-orthogonal and the 3-space characterized globally by

the line element (5.4) is not a hypersurface of spacetime either.

From now on we are only interested in the proper spatial geometry of the disc itself,

as a 2-dimensional object - described by the line element da2‘ = {h’a 5 da'*da’® } )

disc disc

This is the geometry observed by a family of “residents” of the disc who apply the

radar method.

In elliptic coordinates the 2-dimensional proper spatial line element of the metric
(3.13) takes the form

2
_ n _
do?| =i 77201772 + 7 o5 (1 = n*)de™. (5.5)

Note that, since v = 0 on the disc, the elliptic coordinates n and v decouple and
dp? = pydn? and p* = p3(1 — n?).

Integration of the line element (5.5) then gives the proper circumference

C'(n) = 2mpor/1 — 2 f 112, (5.6)

the proper area
1
o) = 2mpt [ i (5.7
0

and the proper radius

1 ~
. n _ 1/2
R(n)=po | dij ——— (f'n")" (5.8)
n 1=
of the rotating disc of charged dust. By inserting the post-Newtonian expansions of
the metric functions in the co-rotating frame, using egs. (3.15) to (3.17) and (2.22),

also egs. (5.6) to (5.8) can be written as series expansions in g.

Accordingly, in the non-rotating frame of reference the disc’s circumference, area
and radius are given by C(n) = 27po/1 — n2f Y2, A(n) = 27p3 fnldﬁﬁf_lhl/Q and

R(n) = po fnldﬁ 1372 (f_lh)l/Q, respectively.
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Using the transformation law f/~'h' = f=1h, it follows trivially:

R'(n) = R(n). (5.9)

In agreement with a special relativistic disc, see section 4.4, both co-rotating and non-
rotating observers obtain the same result for the measurement of the radius.

When it is stated that the geometry is “seen” or “measured” by co-rotating observers,
it is actually meant that the co-rotating observers apply the radar method to measure
distances. Since they are at rest relative to the rotating disc (and their four-velocity
field, in accordance with the four-velocity field of fixed particles in the disc, has only a
fourth component in the co-rotating frame), they measure the proper spatial geometry
of the disc. In the non-rotating frame, on the other hand, the non-rotating observers
also use the radar method. However, they are at rest relative to the non-rotating frame
(with a four-velocity field that has vanishing spatial components in the non-rotating
frame) and consequently do not measure the proper spatial geometry of the disc, but

the proper spatial geometry of their own “rest space”.

5.1.2 Newtonian limit

In order to compare the results for C’, A’ and R of the charged rotating disc of dust
with those of a rotating disc within the framework of special relativity (SR), discussed
in section 4.4, we have to take the Newtonian limit. Thus, we require that both the
metric deviate only slightly from the Minkowski metric and that the rotational velo-

cities be small compared to the speed of light.

Charged disc of dust (Newtonian limit): Disc within SR (Newtonian limit):
C' = 27pq {p* + (%Q’{%*Q —~ %f2> p*QQ] : C' = 27r [1 + % (W)2] ,

A =g {p” + GQT%” + % (2 - fz))p”gﬂ : A=’ {1 + i (W)Z] :
RZPO{P*‘F%(‘l—fz)P*QZ}- f=r.

Crucial to the discussion of Ehrenfest’s paradox and the closely related geometric ques-
tions is the ratio of circumference to radius as seen from co-rotating and non-rotating
observers.

Charged disc of dust (Newtonian limit): Disc within SR (Newtonian limit):

C 1 1
=2 {1 + (59’{%*2 -2+ f2)) 92} ,

. = o {1 + % (wr)ﬂ :

!
r
C
— = 2.
r

R
C 1
E:27T |:1—§(2+f2)92:| .

42



5.1 Related questions to Ehrenfest’s paradox

The first-order (k = 1) coefficient function fy is given by fo(n,0) = —1 — n? and
p == T

It should be noted that the above expansions utilise different expansion parameters.
A post-Newtonian expansion in g is used for the disc of dust (see section 3.1) and for
the SR-disc we have an expansion around small rotational velocities wr compared to
the speed of light ¢. Therefore, only in the Newtonian limit, where both g ~ */? <1

and “F <1, a comparison is meaningful.

Grgn discusses only kinematic aspects of the disc and material properties are absent
in [35, 44, 48]. The same is true, of course, for the special relativistic disc studied
in section 4.4. (It is exactly the same disc.) However, a real disc is held together by
attractive forces originating from the rigid material itself. In case of the disc of dust
attractive gravitational forces, mediated through the terms involving fs, play the role
of those material forces.

Taking the different expansions and the appearance of the terms with f5 into account,
the disc of dust agrees with the special relativistic disc in the Newtonian limit.

Furthermore, an interesting observation can be made. The quantities C’, A" and R
of the disc of dust are all larger than those of the special relativistic disc (for n? < 1
and r > 0). Although dust is by definition a pressure-less fluid without any elastic
properties, the rotating disc of dust nevertheless behaves to some extent as if it had

material properties, resulting in a kind of “elastic” expansion.

" —

[\
3 |"
TQ

g N <
S
SRS SSS
=
S

Figure 5.1: Normalized ratio of circumference to radius in the co-rotating (left) and
non-rotating frame (right) as a function of the specific charge ¢ and the
relativity parameter g, plotted for n = 0 (after [10]).

Explicitly writing out the ratios of circumference to radius leads to:

20", A', R, etc. of the special relativistic disc are derived from the corresponding expressions from
section 4.4 by an expansion in wr.
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% — o [1 + é (1 =7 (1 - 36) 92} 7 (5.10)
% — 2 {1 - % (1-7%) 92} : (5.11)

Remarkably, for n? < 1, there is a geometrical transition induced by an alteration

% = 2 for € < % This transition is also present beyond
the Newtonian limit, as can be seen in fig. 5.1 (left). All figures in this thesis are
3

of the specific charge:
created using all available (exact) orders.” For vanishing charge the ratio of proper
circumference to proper radius becomes larger than 2w, just as in the case of the
special relativistic disc.

In the non-rotating frame there is no such transition, instead the ratio of circumfer-
ence to radius is always smaller than 27, independent of the specific charge (excluding
n = +1). This also stays true beyond the Newtonian limit (apart from high values of
g), see fig. 5.1 (right). Within special relativity the ratio is exactly equal to 2w. Those
results, however, do not contradict each other, since values smaller than 27 are caused
by the gravitational correction term involving f;. As discussed above, the kinematic
analysis of the rotating disc within special relativity does not involve corresponding

terms.

5.1.3 Answering related questions

Now, let us address the questions raised in the beginning of this section, starting with
the first one. As discussed in section 3.3, changing the specific charge parameter €
directly affects the rotational velocity €2 of the disc. In particular, by decreasing e
form 1 to 0 we can transition from disc configurations with zero angular velocity to
configurations with maximum rotation speed. This, however, is achieved in a quasi-
stationary way and cannot be seen as setting the disc into rotation, as we alter the
specific charge of the disc and thus the disc itself. Nevertheless, we can compare disc
configurations with increasing rotational velocities with each other and examine the

effect on the spatial geometry. As can be seen in fig. 5.1 (left), for co-rotating observers

Cl
R

In fact, as will be shown in section 5.2, there is also an almost simultaneous transition

the geometric ratio % monotonically increases from values smaller to greater than 2.

from positive to negative curvature. Non-rotating observers also measure increasing

c
values of %,

values of g due to the emergence of an ergosphere (see section 6.3).*
Cl

Concerning the second question, we have seen that the ratio %, that characterizes

the proper spatial geometry and is measured by co-rotating observers, can be less than,

see fig. 5.1 (right). They, however, remain below 2w, apart from high

3With the exception of section 6.4, all quantities calculated in this thesis are given by expansions up
to k = 10.
4Note that inside an ergosphere non-rotating (with respect to infinity) observers no longer exist.
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5.2 Curvature

equal to or greater than 27 depending on the specific charge €. For a ratio equal to
27 the critical value of the specific charge is €.y = \/Lg in the Newtonian limit. With
growing ¢, €. decreases slightly and becomes dependent on the radial coordinate n
(see fig. 5.9). Non-rotating observers, on the other hand, always perceive smaller values

than 27 for % (again, apart from high values of g).

2.4<\
=0.8

2.2

R(n=0) 18
PO

1.6 1

1.2

0o 02 04 06 08 1
€

Figure 5.2: Normalized proper radius, evaluated at the rim of the disc, as a function
of € (after [10]).

Finally, the third question resolves around the influence of material properties present
in a real rotating disc. Indeed, as we have already seen in the Newtonian limit, the
disc of dust mimics “elastic” material properties and shows an “elastic” expansion as
response to the rotational motion. But also beyond Newtonian physics, according to
fig. 5.2, the disc’s total proper radius Ry := R(n = 0) (measured in units of py) grows
with decreasing specific charge € and in turn increasing rotational velocities €.> The

more relativistic the disc, the more pronounced is the effect.

5.2 Curvature

Motivated by the found geometric transition induced by a change of the specific charge
€, we now examine the intrinsic curvature of rotating discs more closely.

As the domain of a rotating disc is simply a two-dimensional spatial surface, denoted
by >, the geometric quantity that describes its intrinsic curvature is the Gaussian
curvature K.

In the following subsections the Gaussian curvature of the charged rotating disc of

SNotice that Ry = [°\/Jpp dp.
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dust (using the post-Newtonian expansion up to k = 10) and various analytic limiting

cases will be calculated. The findings will be compared and reviewed.

5.2.1 Gaussian curvature of the charged disc of dust

By using the derived expressions for the proper radius R and the proper circumference
", egs. (5.6) and (5.8), the proper spatial line element of the charged rotating disc of

dust can be written in the following instructive and simple way:

= dR* + (@)2 dy”, (5.12)

d2
“ 2w

Yo

where at least formally C'(R) = C'(n(R)).

The Gaussian curvature K is an intrinsic and coordinate independent measure of
the curvature of a 2-dimensional surface embedded in R3. In two dimensions, the
sectional curvature, which is generally defined for a plane spanned by two tangent vec-
tors on a n-dimensional Riemannian manifold, is equivalent to the Gaussian curvature.

Exploiting this relation, the Gaussian curvature can be calculated via

(2)
K= —Rmz , (5.13)
det <géb)>

where both the Riemann curvature tensor Rz(jj)cd and the metric gﬁ) correspond to the

2-dimensional surface. Alternatively, the Gaussian curvature can also be calculated by

means of the principle curvatures x; and ko: K = K1ky. For more details see, e.g., [50].

With the above version of the proper spatial line element the Gaussian curvature

takes a very simply form, i.e.
B C'(R) rr
C'(R)

It thus follows immediately that the Gaussian curvature of the charged rotating disc

K = (5.14)

of dust is determined primarily by the second derivative of the proper circumference

C" with respect to the proper radius R.

Even though the above formula for K, eq. (5.14), is quite insightful, it is not that
practical, since we do not know the functional dependence of ¢’ on R. By using the
chain rule we can, however, transform formula (5.14) into the slightly less appealing

but all the more useful form

_3 9
[ 1 (dR) [dR dR

=) =), - —C . 1
O/(n) dT] dn2 C (77)771 dT] C (77)77771 (5 5)

46



5.2 Curvature

Inserting the solutions for the post-Newtonian expansion leads to
1 2 2
K=—|(38-1)g

Po
7 1 1602
+ ((67]2—5) et + <6—8n2) 62—1-37)2—1—5—1— 7:27 (62—1)) q*

+0 (96)] : (5.16)

As can be seen in fig. 5.3 (left), there is a characteristic transition curve in the parameter
space where the curvature K changes its sign. The same transition curve appears in
fig. 5.1 (left) depicting %. Explicitly written out expansions up to fifth order of & and
RZK are listed in appendix A.1.

0,8‘/
e=1

0.6

0.44

RK

0.24

0.2 0.4 0.6 0.8 1

-0.29

-0.4-

e=20

Figure 5.3: Left panel: Gaussian Curvature K normalized by the total proper radius
Ry, shown for n = 0 (after [10]). Right panel: Radial dependence of the
normalized Gaussian curvature for the special cases e = 0 and € = 1, where
g = 0.6 (after [10]).

The right panel of fig. 5.3 shows the radial dependence of RZK for the special cases
e =1 and € = 0. In case of maximal charge, i.e. ¢ = 1, the disc has no rotation at
all and general relativistic effects cause positive curvature. For € = 0 the rotation is
maximal and special relativistic effects are dominant and lead, in accordance with the
special relativistic disc [34], to negative curvature. In both cases the curvature K gets
more positive towards the centre of the disc (where n = 1). This is expected, since in
the non-rotating case general relativistic effects increase towards the centre of a massive
object, where the gravitational potential is the deepest. At maximal rotation, on the
other hand, the rotational speed decreases towards the centre while general relativistic
effects increase.

Interesting to the current discussion is also the functional dependence of C' on R

that is visualized in terms of parametric plots (including appropriate normalizations)
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Figure 5.4: Functional dependence of C" (normalized by 2w Ry) on R (normalized by
Ry) plotted for g € {0,0.2,0.4,0.6,0.8} and € =0 (left), ¢ = 0.5 (middle)
and € = 1 (right) (after [10]).

in fig. 5.4. As can be observed there, C"gr > 0 for small € and C'zp < 0 for large €. In
between there is a transition. Considering formula (5.14), this perfectly coincides with
the plot of the normalized curvature in fig. 5.3 (left). The plots in fig. 5.4 also clearly
show that % is greater than 27 for small values of € and less than 27 for large values,
just like in fig. 5.1 (left). Figure 5.4 thus explains the relationship between the plots
of & and K (left panels of figs. 5.1 and 5.3).

5.2.2 Newtonian theory: Maclaurin discs and their Gaussian

curvature

In the Newtonian limit Einstein and Maxwell equations decouple and reduce to the
Poisson equations for the gravitational and the electric potential. Thus, in Newtonian
theory the disc of dust is fully described by

aMd(p)d(¢) for 0.<p < py

AU = 4rp™Md | with M4 = : (5.17)
0 otherwise
AU = —4epM | (5.18)
and )
eUP , = — (U — 592;}2) , (5.19)
P

where U is the gravitational and U® := a = —A4; the electric potential. Eq. (5.19)
shows (as already mentioned in section 2.3) that the dust particles in the disc are in
an equilibrium of electric, gravitational and centrifugal force.

Rotating discs in the framework of Newtonian theory characterized by eqs. (5.17)
to (5.19) are also known as charged Maclaurin discs.

The solution for the exterior Newtonian gravitational potential of Maclaurin spher-
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5.2 Curvature

oids, in terms of elliptic coordinates, is given by [12]:

M 3 1

U=——2arccotv+ = |v— (v*+ = |arccotv| (1—3n%) ¢ . (5.20)
Po 4 3

In the limit where the spheroid shrinks to a disc, this potential is given everywhere.

As before, we are interested in the solution on the disc itself. On X5, where v = 0, the

gravitational potential reduces to
1 2
Ulyeo = §Uc (1+7n%), (5.21)

with U, = —g? in the Newtonian limit. According to egs. (5.17) and (5.18), U® trivially
follows from eq. (5.21): U® = —¢U.
Furthermore, using the solution for U, eq. (5.19) can be rewritten to the already

known equation,
0%p5
1—¢2’

that was used as a starting point for the post-Newtonian expansion.

U.=—

(5.22)

Integrating eq. (5.17) over an infinitesimal (-interval and exploiting reflection sym-

metry reveals the surface mass density

1 3M
Mid
—U — 5.23
“ o lemo+ 27rp%77 ’ ( )

where M is the mass of the disc. It can be easily verified that
/ L2 o

is the co-rotating potential in the Newtonian limit.
By understanding the Newtonian theory as a limit of the full general relativistic
theory we can reuse the line element. The 4-dimensional line element in the Newtonian

limit, evaluated on the disc, reads

2
n
ds?| = =20 s 5" + (1= 20) i (1 = )

+2Qp5 (1 — %) d'dt — (1 +2U")de>. (5.25)

Using eq. (5.4), the proper spatial line element of the Maclaurin disc follows immedi-

ately:

dn2

_ o 21 2 T
s = 2 () gl h

+ [1 + (2 — ¢ (1 — 772)) gQ] oe (1 — 772) dy?. (5.26)
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As expected, the Gaussian curvature of the Maclaurin disc resulting from eq. (5.26) is
given by:

1
KM = g (3¢ —1) ¢*. (5.27)

In conclusion, the Gaussian curvature of the charged Maclaurin disc is in perfect

agreement with the Gaussian curvature of the disc of dust in the Newtonian limit.

5.2.3 Gaussian curvature of a specific ECD-disc configuration

For general (not necessarily disc-) configurations with e = +1 one obtains electrically
counterpoised dust (ECD), see, e.g., [51]. Those solutions are static. The Papapetrou-
Majumdar class [52, 53] contains such static solutions to the Einstein-Maxwell equa-

tions and the corresponding line element is of the form®
ds? = f71 [(de + dC2) + degoﬂ — fdt*, (5.28)

where

f2=eV =1—ea (5.29)

is the defining relation between the metric function f and the electrostatic potential
a. Due to the static spacetime the electromagnetic four-potential has only one non-
vanishing component:

A, = (0,0,0, —a). (5.30)

Starting from line element (5.28), the Einstein-Maxwell equations reduce to the

surprisingly simple equation

Ae ™V = —4gpFPe=3Y (5.31)
By introducing a new potential V and a redefined mass density uE“P as
Vi=1—eY and pE = FPe™30 (5.32)
eq. (5.31) can be transformed into the Poisson equation
AV = 4gpECP (5.33)

It is a remarkable property of ECD-configurations that the nonlinear Einstein-Maxwell
equations reduce to a single linear Poisson equation and thus a linear superposition of

solutions on the level of the Poisson equation is possible.

6General ECD-configurations do not need to be axisymmetric. However, with regard to an ECD-disc,
this form of the line element is chosen nevertheless.
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5.2 Curvature

The solution of eq. (5.33) can be represented as a Poisson integral and based on its

asymptotic behaviour we can identify the mass:

M= [ 1.0 pdpdpdc. (5.34)

For ECD the mass density uZCP is not predetermined by the theory, but can rather be
freely chosen. As a physically motivated toy model, we consider a specific ECD-disc

configuration equipped with the mass density of a Maclaurin disc:

Note, that this means pEP? = e2VoECP(p)5(¢) = oMd(p)§(¢). Choosing the mass
density in this way is justified, since then the mass of the ECD-disc also coincides with
the one of the Maclaurin disc: M = [ u5°P(p, () pdpded¢ = [ 1M(p, ) pdpde dC.

In case of the Maclaurin disc, the equation of motion AU = 4ruMd leads to the
solution Ul,—g = $U, (1 + %), see egs. (5.17) and (5.21). Analogously, for ECD the
solution of eq. (5.33) with the chosen mass density (5.35) is given by

V0o = %Vc (1+7n%) . (5.36)

92

T
The proper spatial line element, stemming from eq. (5.28), for the chosen ECD-disc

However, now we get V., = —

configuration in terms of elliptic coordinates then reads

do?

= f!

v=0

2
. (/)01 zdn” + 5 (1= 17°) d902> : (5.37)

where
VAV Vo= = (1)
Y v=0 21 _92 .

It implies the following Gaussian curvature:

1 32(1—¢%)%¢?
greo 1L 320 -97) 9" (5.38)

PR - (1—n?) g
The corresponding plot of the normalized Gaussian curvature can be found in fig. 5.5.
There we introduced RECP = RECP(n = 0) = ,006(61%;).
Interestingly, in contrast to the charged rotating disc of dust for e = 1 (see fig. 5.3
(right)), the chosen ECD-disc configuration possesses higher (positive) curvature at the

"Note that for ECD-configurations, the gravitational mass M is equal to the baryonic mass Mj,, since
the the gravitational blndmg energy is compensated by the electromagnetic field energy. Indeed,

it holds: M, = [ puFCP\/f—3p2dpdepd¢ = [ uECPpdpdpd¢ = M.
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( R(I;DCD) 2 K ECD

0.6

g- '0.71 0.8 77

Figure 5.5: Normalized Gaussian Curvature of the chosen ECD-configuration (after
[10]).

rim of the disc and lower at the centre. But nevertheless, it has a positive curvature
in agreement with the e=1-limit of the charged rotating disc of dust.

To gain a better understanding of this radial curvature behaviour, we investigate and
compare the proper surface mass densities of the so far discussed discs. The resulting

proper surface mass densities are

1
fry -1 = — / -1
op =0+ fh 27TU7 o fh
2 1 23
:7r2,0 {ng —1—6((377 —5>€ —777)77g4+(’)(96)} , (5.39)
0_}1;/[1d _ M
2
- = 5.40
20 (5.40)
O_I];]CD _ SBCD U
1 g2 -2 92
:W%OP+§L_ @+ﬁﬂ g
2
= 7T2po [779 ¢+ 0O ( )} (5.41)

As it should be, o) represents the Newtonian limit of o, and o P.

On the left panel of fig. 5.6 all three normalized proper surface mass densities are

REPo ECD are depicted for different values

plotted and on the right panel Ryop|~1 and
of the relativity parameter g.

From fig. 5.6 (right) it is evident that of“P (for fixed R{°P) is denser at the rim
and less dense at the centre compared to op|c—; (for fixed Ry|c—1). The higher g, the

more extreme is this behaviour of the chosen ECD-configuration. This dominance of
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Figure 5.6: Left panel: Comparison of the normalized proper surface mass densities
RYMa ) Ryoy, and R{CPorCP for g = 0.7 and € = 1 (after [10]). Right
panel: Comparison of the normalized proper surface mass densities Ryo,
and R{PoFCP for different values of g and e = 1 (after [10]).

ECD
p

to oplc=1) leads to the observed higher curvature K¥°P at the rim. In contrast, the

the proper surface mass density o at the rim as opposed to the centre (compared
curvature K|, generated by the surface mass density o] of the maximally charged

disc of dust increases towards the centre.

5.2.4 Gaussian curvature of the uncharged disc of dust

By means of the inverse scattering method that originates from soliton theory, the
global problem of the uniformly rotating disc of dust without charge was solved rigor-
ously by Neugebauer and Meinel [6, 7, 12|, see section 2.4.

As outlined, an essential part of this method is to formulate and to solve a Riemann-
Hilbert problem. It turns out that this Riemann-Hilbert problem has a unique solu-
tion in the parameter region 0 < p < o = 4.629..., where u = 2 (po©2)*> e 2 and
Vo =V(p=0,{=0)=U'(p=0,( =0).% Here  — 0 corresponds to the Newtonian
limit and for g — po the formation of a Kerr-black hole was proven [6, 7], see also [54].

Analogous to the charged disc, the line element can globally be written in Weyl-

Lewis-Papapetrou form:
ds? = e 2 [e%l (dp® +d¢?) + p2dcp’2} — U (dt + ady')? . (5.42)

p

Denoting x = 2, as used in the literature above, the resulting proper spatial line

element reads

do?| =e2UP 2022 4 =0 2224 (5.43)

3o

8In this subsection, y is exceptionally not the mass density.
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utilising the boundary condition e2V" = €20 and the transformation law & — U’ = k — U.
For the associated Gaussian curvature we obtain the compact formula

Kuncharged — _ 1 0 eQ(U*k) 1 9 620}07}6,) . (544)

2p2x O T 202z 0x

The normalized Gaussian curvature shown in fig. 5.7 (left) can, therefore, be computed
by
1 K/~ 2
Jy de¥ ()]
FG)
where /i == u(1 — %) was introduced and the relation between the parameters g and p

is given by g(u) = /1 — €Y (u). In eq. (5.45), the only occurring metric potential &’
can be determined from the Ernst potential 2" + by at o = 0 using

: [
(Rgncharged> J¢ uncharged <g’ LZ') — —2,”]‘?,/;1(/1) (545)

1[0 5(1)]” + [bo,a()]’

k:ﬁ(ﬁ’) = Z 2V (/1) (546)

Note that the solutions obtained for e2* and by are expressed in terms of Jacobian

elliptic functions.

uncharged 2 uncharged
Ry K g

\}

RK*

Figure 5.7: Normalized Gaussian curvature of the uncharged disc of dust (left) and of
the charged disc of dust in the limit of vanishing charge (right) (after [10]).

Comparing the plot of the normalized Gaussian curvature of the uncharged disc
(exact solution), fig. 5.7 (left panel), with the one of the charged disc evaluated at
¢ = 0 (post-Newtonian expansion up to tenth order), fig. 5.7 (right panel), shows a
good qualitative agreement.

Checking the more conclusive numerical values, certifies an excellent coincidence
between the (exact) analytic and the semi-analytic solution for ¢ = 0. Averaged

over the disc (using z = {0,0.3,0.7,1}), the relative error of R3K|.¢ in relation to

o4
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Table 5.1: Gaussian curvature: uncharged disc (exact
solution) versus charged disc in the limit
e — 0 (series expansion up to tenth order)

(after [10]).
Kuncharged ( RSncharged) 2 KR(Q)

e—0

g=06 x=0 - 0.333602 - 0.333602
r=0.3 - 0.349614 - 0.349614

r=0.7 - 0.434073 - 0.434072

r=1 - 0.584301 - 0.584297

g=07 z2=0 - 0.441980 - 0.441979
z=0.3 - 0471784 - 0471784

x=0.7 - 0.640493 - 0.640487

r=1 - 0.988126 - 0.987999

g=08 x=0 - 0.560113 - 0.560108
r=0.3 - 0.611598 - 0.611586

x=0.7 - 0.930419 - 0.930281

r=1 - 1.73047 - 1.72751

2
(Rgncharged) Cumehareed 5 9 99 5% 1076 for g = 0.6, 3.50 x 10~ for g = 0.7 and still only
4.72 x 107 for g = 0.8. See table 5.1 for the corresponding numerical values of the

normalized Gaussian curvature.

5.2.5 Visualization

Similar to Flamm'’s paraboloid in case of Schwarzschild spacetime, we want to visualize
the spatial curvature of the charged disc of dust by an isometric embedding.

The isometric embedding of the proper 2-dimensional disc space, characterized by
eq. (5.12), into 3-dimensional Euclidean space, furnished with the line element
di?2 = dr? 4 r2d¢? + d2? is achieved by the identifications

o=, (5.47)
_C'(R

T o
z(R):/OR 1 (Cl(;)ﬁ> dR, (5.49)

if the condition C'(R) p < 27 is satisfied.

Consequently, this embedding only works for sufficiently high values of €. Based on

~—

(5.48)

the fact that the curvature becomes first negative at the centre of the disc by lowering €

(if initially it is positive everywhere), see subsection 5.2.6, it can be shown that K > 0
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(for all R) is not only a sufficient but also a necessary condition for the embedding
constraint, C'(R) g < 2m (for all R), to be fulfilled.

Figure 5.8: Isometric embedding of the proper 2-dimensional disc space into 3-
dimensional Euclidean space for ¢ = 0.6 and € = 1. The scaling parameter
po is set to 1 (after [10]).

In fig. 5.8 the embedding of the charged disc of dust is depicted for the values g = 0.6
and € = 1. The figure shows that for large values of € the proper circumference C'(R)
is less than the corresponding Euclidean value 27 R and that this discrepancy grows

with R, i.e. exactly what can be seen in fig. 5.4 (right).

5.2.6 Transition curves

In three different cases we have seen the occurrence of a transition curve in the para-
meter space (€, g):
C/

) =2, 2)K=0, 3)Ch=2m

It turns out that these transition curves look very similar, almost identical, as shown
in fig. 5.9 (left).

The radial dependence of the transition curve K = 0 (the others being very similar)
can be read off from the right panel of fig. 5.9. As can be seen there, changing e does not
cause a transition throughout the whole disc at the same time. In fact, by starting with
positive curvature, i.e. high values of ¢, the transition to negative curvature happens

first at the centre and last at the rim.

5.3 Convergence estimate

When working with series expansions, it is essential to also check their convergence.
For the post-Newtonian expansion used for the charged rotating disc of dust there is
no general mathematical proof of the convergence yet [22]. However, to gain insight,

we can estimate the convergence behaviour of each expanded quantity individually.
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Figure 5.9: Left panel: Conditions 1), 2), and 3) lead to very similar transition curves
in the parameter space, here depicted for n = 0 (after [10]). Right panel:
Radial dependence of the curve K = 0 plotted for different values of the
relativistic parameter g (after [10]).

Suppose we are interested in the convergence behaviour of a geometrical or physical
quantity X of the charged rotating disc of dust. Due to the symmetry behaviour under

the transformation 2 — —€), X is either an even or odd series in g (see section 3.3):

10 10
X= Xyg™ or X=D Xyppg™. (5.50)
k=0 k=0

We denote the series truncated at order k = K, where K < 10, with:

K K
X = Z Xorg?*  or X = Z X197 (5.51)
k=0 k=0

To understand whether and how well X converges, we determine at each order how
much the series has effectively changed by adding the current order. So for each X
we calculate the change that occurs when the Kth order is added to X|x_; relative to
X k:

(5.52)

Fig. 5.10 shows the relative change by adding the current order (as defined in
eq. (5.52)) for the area, the circumference, the radius and the ratio of circumference to
radius of the charged rotating disc of dust as functions of K in the co-rotating (left)
and the non-rotating frame (right). The relative change by adding the current order
for the Gaussian curvature K and the normalized Gaussian curvature R2K of the disc,

can be read off from fig. 5.11.

As can clearly be seen, all the series expansions of the quantities in figs. 5.10 and 5.11
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Figure 5.10: Convergence estimate of A’, C', R’ = R, % (left) and A, C, % (right)

depending on K, plotted for g = 0.8, ¢ = 0 and n = 0.
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Figure 5.11: Convergence estimate of K and R3K depending on K, plotted for g = 0.8,
e=0and n=0.

change less and less with higher orders and the relative change becomes sufficiently
small at order L = 10. It can therefore be confirmed that the geometric quantities
examined in this chapter indeed exhibit convergence behaviour. (The convergence of
the area in the non-rotating frame is rather slow. However, this quantity does not play
a decisive role in this chapter.)

Over all, the chosen parameters for the plots, i.e. ¢ = 0.8, ¢ = 0 and n = 0, lead to
the worst results in most cases. It can furthermore be observed that the quantities in
the co-rotating frame compared to the non-rotating frame have a significantly better
convergence behaviour. This is consistent with the fact that they are also more relevant
for describing the disc. From fig. 5.11 one might conclude that the normalized Gaussian

curvature R2K generally converges slower than the Gaussian curvature K. However,
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this is not to true for all € and 7.

Notice that especially the quantities % and RZK, which characterize the proper
spatial geometry of the charged rotating disc of dust, have an excellent convergence
behaviour. In particular, at tenth order the relative changes are (5(%) |10 = 7.6 106
and 6(R§K )10 =1.7x 1073 for g = 0.8, e =0 and n = 0.

This procedure for estimating the convergence according to eq. (5.52) has proven to
be useful for the geometric quantities of the disc and is therefore also applied in the
subsequent chapter, which is devoted entirely to the physical aspects of the charged

rotating disc of dust.
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6 Physics

Inspired by the Ehrenfest paradox, a detailed analysis of the spatial geometry of the
charged rotating disc of dust was carried out in chapter 5. In the present chapter, the
focus is now on the physical aspects of the disc and the corresponding spacetime.

First, a closer examination of the proper surface mass density of the disc is carried
out. With sufficiently relativistic and fast rotating disc configurations, an interesting
effect arises.

A very convenient way to characterize the exterior spacetime of the charged rotating
disc of dust is by means of multipole moments. The gravitational and electromagnetic
multipole moments of the disc are calculated and discussed in detail. Moreover, a
generalized multipole conjecture that could serve as a powerful tool to distinguish
ordinary physical bodies from black holes is stated.

It turns out that for sufficiently relativistic disc configurations, an ergosphere of
torus-like shape forms inside the disc. No static observers exist within such an ergo-
sphere. Special attention is paid to the influence of the relativity parameter and the
specific charge on the formation process of the ergosphere.

Finally, test particles are used to probe the exterior spacetime of the charged rotating
disc of dust. The circular motion of neutral test particles in the equatorial plane of the
disc is investigated. In this context, also general formulae for both neutral and charged

test particles following equatorial circular orbits are derived.

6.1 Surface mass density

In section 2.1, the surface mass density ¢ was introduced according to the relation
1= "1La(p)5(¢), for 0 < p < py, see eq. (2.19). The proportionality factor £ was chosen

for later convenience such that with the boundary condition (2.65) we simply get:

1
o= %UHC:W : (6.1)
An invariant definition of the surface mass density is given by [12]:
op = L (U'n') = ieU_kU’ | (6.2)
Pop N oot 2 Cle=0+ )
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where n' = eU_k(Sé is the unit normal vector to the hypersurface ( = 0. Notice that the
proper surface mass density (6.2) agrees with the one from section 2.1, see eq. (2.20).

In elliptic coordinates, eq. (3.3), the partial derivative J; reads:

Dy . (6.3)

v(l—n% n(l+1?%)
o = 0y +
o) po (2 +12)

With the post-Newtonian expansions of U, k and U’ follows, via eq. (6.2), the solution
for the proper surface mass density o, of the charged rotating disc of dust.! In figs. 6.1

and 6.2 the normalized proper surface mass density 20y, as a function of the normalized
R
Ry
specific charge e.

proper radius is plotted for different values of the relativity parameter g and the

0.051 e=1 0.104 e=1
0.044 0.08
0.034 0.06
ROUp R()O'p
0.024 \ 0.04
0.014 i
g=0.5 0.02 g=0.7
0 T T T T | 0 T T T T 1
0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1
R R
Ro Ro

Figure 6.1: Normalized proper surface mass density Ryo, as a function of the normal-

ized proper radius R%, shown for e € {0,0.2,0.4,0.6,0.8,1} and g = 0.5

(left) or g = 0.7 (right).

Remarkably, for g 2 0.7 and sufficiently low values of ¢ (depending on g) a global
maximum forms near the rim of the disc. It is most pronounced for ¢ = 0 and disappears
for e = 1. This effect can be interpreted as follows. Disc configurations with ¢ = 1 are
static and by decreasing the specific charge € from 1 to 0 the angular velocity of the
corresponding configurations increases from zero to a maximum value. (In the previous
chapter, this fact was exploited several times for the discussion of the spatial geometry
of the disc.) With decreasing values of € and thus increasing rotational speed, also the
centrifugal force (in a Newtonian language) increases. So for sufficiently relativistic
configurations the formation of a maximum near the rim is apparently a response to

high rotational speeds.?

1See also [8].

2Note that proper surface mass density R(]]DCDJECD has for sufficiently high g also a maximum near
the rim, see fig. 5.6 (right). However this ECD-disc configuration is chosen rather artificially and
has a higher curvature at the rim as opposed to the centre. It is by no means the e =1-limit of the
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Figure 6.2: Normalized proper surface mass density Ryo, as a function of the normal-

ized proper radius R%, shown for e € {0,0.2,0.4,0.6,0.8,1} and g = 0.8

(left) or g = 0.9 (right).

This also resembles the behaviour of viscous fluids or elastic materials (for fixed Ry).
As already found in subsection 5.1.3, the charged rotating disc of dust mimics such a
behaviour in some sense.

Ultimately, the in chapter 5 observed transition from positive curvature, for strongly
charged disc configurations, to negative curvature, for weakly charged ones, manifests
itself for sufficiently high values of ¢ in the formation of a maximum in the normalized

proper surface mass density near the rim of the disc.

0.0254
0.020
0.0154

0.010+

0.005+

T T T T ?
6 7 8 9 10

K

Figure 6.3: Convergence estimate of the normalized proper surface mass density Ryop,
depending on K, plotted for g = 0.9, ¢ = 0 and n = 0.2.

As it turns out, the normalized proper surface mass density Ryo,, exhibits a particu-

charged rotating disc of dust.
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larly good convergence behaviour. Fig. 6.3 expresses this clearly. Here, the convergence
was estimated using the same formula, eq. (5.52), as in the previous chapter. This jus-

tifies the discussion up to g = 0.9 in this section.

6.2 Multipole moments

The exterior spacetime of an astrophysical body can be characterized by its multipole
moments. In 1970, Geroch introduced multipole moments in a coordinate independent
way for static, asymptotically flat, vacuum spacetimes [55] and Hansen later gener-
alized them to stationary (asymptotically flat, vacuum) spacetimes [56]. In case of
axisymmetry, Hansen further showed that the multipole moment tensors can be rep-
resented by scalars P, [56]. Relying on an asymptotic expansion of the Ernst potential
on the symmetry axis, Fodor, Hoenselaers and Perjés presented, in 1989, an explicit

algorithm to compute those scalar multipole moments [57].

A generalization to stationary, electro-vacuum spacetimes with gravitational and
electromagnetic multipole moments was published by Simon [58] and a corresponding
calculation scheme for scalars P, and (),, in the axisymmetric case, was given by
Hoenselaers and Perjés [59]. As it turned out, [59] contained two non-trivial mistakes,
however. The first one was corrected by Sotiriou and Apostolatos [60] and the second
one recently, in 2021, by Fodor et al. [61].

In this section the gravitational and electromagnetic multipole moments of the
charged rotating disc of dust using the latest calculation procedure by Fodor et al.
[61] are calculated and discussed.® A study of the multipole moments of the exact
solution of the uncharged disc of dust [6, 7, 12] was published by Kleinwéchter et
al. [63]. Additionally, a generalized version of the multipole conjecture by Filter and
Kleinwéchter [64] is formulated and tested using the multipole moments of the charged

rotating disc of dust.

This section is based on [11] by Rumler and Meinel.*

6.2.1 Derivation of multipole moments

In order to derive multipole moments, we introduce new potentials

1-¢& 20
Cp—— A= 2 4
e M 1+¢& (6.4)

3Interesting in this context is also the gyromagnetic factor, see [62].
4© 2023 American Physical Society
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The Ernst equations (2.55) in terms of these potentials read [59]:

[1]

(IE[ = Al - 1) AZ =2 (EV
(IE[—|Al 1) AA =2 (EV

— AVA) - VE, (6.5a)
— AVA) - VA. (6.5b)

[1]

= and A can be expressed as an asymptotic expansion on the upper symmetry axis:

= 1 I &

:+:—Z—, A+_ . (66)
C n=0 gn C n=0 C”

According to Fodor et al. [61] the gravitational and electromagnetic multipole moments,

P, and @), respectively, of an axisymmetric and stationary spacetime can be obtained

from the coefficients m,, and ¢, by the following procedure:

By =my, (6.7)
P1 =my, (68)
P2 =Mmgy, (69)
1
Py = ms + 550510 ; (6.10)
1 3 1
Py =my — §m0M20 + %fhslo + 7(10 (3520 — 2Hy) (6.11)
1 1 1 1
Ps =ms — imlMQO - 3m0M30 + iq_QSlO + ﬁ(ﬁ (4520 — 3Hyp)
1
2—1% (Goq0S10 — MomoSio + 14530 + 135, — THsp) (6.12)
and
Qo= qo; (6.13)
Q1 =aq, (6.14)
Q2= ¢, (6.15)
1
Qs =q3 — gmon, (6.16)
1 3 1
Qs =q+ 7C]0Q20 - %mle — §mo (3Hz9 — 25%) (6.17)
1 1 1 1
Qs = g5 + ﬁqu% + QOQSO TRk moHyg — ﬁﬁh (4Hy — 35y)
1
+ 21m0 (momoH1o — GogoH1o — 14H30 — 13Ho + 7S50) (6.18)
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where

M;; = mim; —mi_ymj1, Qi = €95 — ¢i-1qj+1 , (6.19)

Sij = miq; — mi—1qi41, Hij = qgmj — qi—1mjqr . (6.20)

Higher multipole moments become increasingly complicated. The gravitational and
electromagnetic multipole moments are closely related to each other. In fact, by inter-
changing m,, <+ ¢, and m,, <> —¢g, (correspondingly M;; ++ Q;; and S;; <> H;;), P,
transforms into @,. This results from the exchange symmetry = <> A, = <+ —A of the

Ernst equations (6.5).

As discussed in chapter 2, the disc of dust additionally obeys reflection symmetry.

Expressed on the upper symmetry axis, reflection symmetry is equivalent to [65-69]

E Q& (= =1, @1(¢) =D (=) & (C) (6.21)

or in terms of the new potentials to

20 (0 =24 (=0, Ay () =—Ri (=) . (6.22)

This means that P, and (), are real for even n and imaginary for odd n. The real and
imaginary parts of P, are called mass and angular momentum moments and those of

@, are referred to as electric and magnetic moments. We denote:

P, =M, +iJ,, (6.23)
Q,=FE,+iB,, (6.24)
where due to reflection symmetry,
foreven n: P, =M,, Q,=E,, (6.25)
forodd n: P,=1J,, Q,=1B,. (6.26)

Note that on the upper symmetry axis n = 1, ( = pov and thus

o o0
1 m; 1 qr
1 vn v vn
with dimensionless m; = pT_’;l and ¢ = p311 . In order to obtain coordinate independ-
0 0

ent expressions for the multipole moments, we normalize m,, and ¢, by the disc’s total

proper radius:

o .__ mn qo . Qn

n T pntl? n " pntl
Ry Ry

m

(6.28)
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Accordingly, the normalized gravitational and electromagnetic multipole moments are

given by
and Q) = @n (6.29)

RO - Rg+1 :

The first multipole moments are the gravitational mass, Py = My = M, the angular
momentum, P;/i = J; = J, the electric charge, Qy = Fy = @, and the magnetic dipole
moment, Q1/i = By = D.

Inserting the potentials f, b, « and (3, eq. (3.16), into = and A, eq. (6.4), and applying
the above mentioned procedure reveals the multipole moments of the charged rotating
disc of dust in terms of a post-Newtonian expansions up to tenth order. The first

multipole moments, normalized by the disc’s total proper radius Ry, up to third order
(k = 3), read®:

4> 4(¢-1)g" 1 4 2 2
M° = — — 2790€* — 23699¢ + 20464
3 Br " 3ooa0m (270 ¢+ 20464) m
— 35840¢* + 247296¢> — 211456) ¢° + O (¢°) , (6.30)

$g°  2(34e2 —7) g 1
P =vi-e { g- _ 234 Dy’ | ((59894€" — 401312 — 126312) 72

157 3157 45360073
— 322560€" + 207872¢* + 1189888) g + O (g”) ] , (6.31)
492 16 (62 —1) 94 4 2 2
C=¢ | — 5862¢* — 3214762 + 25840
@ =c [37r Br T 30210, (0862 € +25840) =

— 35840¢* + 247296€> — 211456) ¢° + O (¢°) ] : (6.32)

46°  (34€* —115) ¢ 1
D° =eV1—¢2 — 58614¢* — 1770912 — 200232) 72
v [157r 3i5r + gorao0m (08014 ‘ )™

— 322560¢* — 867328¢” + 3340288) ¢" + O (¢°) ] : (6.33)

Below, also the normalized gravitational and electromagnetic quadrupole and octupole

5Note that M and J can also be represented by Komar integrals, which allows for a direct calculation
(see e.g. [70]). @ can be written completely analogously as such an integral (see e.g. [15]). These
definitions can be arranged in such a way that they agree with the asymptotically derived quantities
of this section.
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moments (up to k = 3) of the charged rotating disc of dust are listed:

Py = M;
49>  4(5¢" +8) g 1 4 2 2
=— —46258¢* + 23337¢* — 71376
e T 105 ds3a00m € A )™
+107520¢* 4 68096€> — 175616) ¢° + O (¢°) , (6.34)
PO
> =3
1
Vite | 8 268+ 1T) g L (4492426 + 1015547¢2
= — € | = — € €
357 9457 49896007
—256536) > — 1520640€* — 4764672€* + 10543104) " + O (¢”) | . (6.35)
Qs = By
4> A4 +9)g" 1 4 2 2
=€ |- — 36018¢* — 26537¢> + 84816
‘ { 57 © 7 1057 T53600,3 ((30018¢ ¢ +84816) m
—107520¢* — 68096€> + 175616) ¢° + O (¢°) | , (6.36)
9 _ g
1
4> (62€2 +51) ¢° 1
=eVl—e |— - 394522¢* + 54107¢
Ve { 357 0dbm 597920073 ({ “r ‘
—2568216) 7° — 1520640¢* — 9022464¢> + 19058688) g" + O (¢”) | . (6.37)

The mass, angular momentum, electric and magnetic moments are alternating pos-

itive and negative, to be more precise,

for [ =0,2,4,...: My >0, Jysy1 >0,

Ey >0, By >0, (6.38)
for [ =1,3,5,...: My <0, Jyiq <0,

Ey <0, By <0. (6.39)

It should be emphasized that the global prefactors, whereby
Jy~V1—¢€, E,~¢€¢, B,~eVl—¢e2, (6.40)

ensure that for vanishing charge, i.e. ¢ = 0, all electromagnetic multipole moments @),

become zero and for vanishing rotation, i.e. € = 1, all angular momentum and magnetic
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moments, J, and B,,, respectively.

Additionally, mass and electric moments contain only even powers of g and angular
momentum and magnetic moments only odd, due to a symmetric and antisymmetric
transformation behaviour, respectively, under a change of sense of rotation.

The influence of the global prefactors is also reflected in figs. 6.4 and 6.5. There, the
dependence of the multipole moments normalized by the total proper radius, M;, J;,
E; and By, on the specific charge € is depicted for n = 0, ..., 7. The relativity parameter

is set to g = 0.6.

0.144
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0.024
(o] 0.08 (o]
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0.04 0.01
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€ €

Figure 6.4: Normalized mass moments M; for n € {0,2,4,6} (left) and normalized
angular momentum moments J;o for n € {1,3,5,7} (right) as functions of
the specific charge ¢, plotted for g = 0.6 (after [11]).
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o o |
| E'n, | | Bn 0.006 4
0.059 0.004

0.002

n=2 n==17

o7 02 04 06 08 1n=206 0 0.2 0.4 0.6 0.8 1
€ €

Figure 6.5: Normalized electric moments E? for n € {0,2,4,6} (left) and normalized
magnetic moments By, for n € {1,3,5,7} (right) as functions of the specific
charge ¢, plotted for g = 0.6 (after [11]).

Fig. 6.6 shows the dependence of the normalized gravitational multipole moments

on the relativity parameter g, where ¢ = 0.3. As can be seen there, in the limit g — 0
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Figure 6.6: Normalized mass moments M; for n € {0,2,4,6} (left) and normalized
angular momentum moments J? for n € {1,3,5,7} (right) as functions of
the relativity parameter g, plotted for ¢ = 0.3 (after [11]).

all gravitational multipole moments P? vanish and with increasing g the first ones (to
be more precise, n < 1 for all €) grow monotonically. The electromagnetic multipole

moments (), show a completely analogous behaviour.

Remarkably, as can be seen in figs. 6.4 to 6.6, all multipole moments are perfectly

ordered:

|My| > | M| (6.41)
[l 2 |Jntal (6.42)
|Bu| = |Ba| (6.43)
|En| = |Enal - (6.44)

Notice that this ordering as well as the alternating sign can also be observed for the

(exact) gravitational multipole moments of the uncharged disc of dust [63].

PP’(‘) and 22 of the individual moments. According

)
n—2 n—2

Interesting are also the ratios
to fig. 6.7, the absolute values of the ratios are greater, the higher the gravitational
multipole moments are. The corresponding plots of the ratios of the electromagnetic
multipole moments look almost identical to those of the gravitational moments and in

L

fact agree at g = 0.5 In addition, there is a pairwise agreement at g = 0: ﬁ—% = 55 =
1 2

_3(_Q _ Q) P K _5(_Q Qg
7<_Qi_Q;>andP§ Py 9( Q3 QZ)'

The decision to restrict our discussion to the first eight multipole moments P, and

@, and the relativity parameter to g < 0.65 is based on the convergence behaviour

of the multipole moments. To estimate the convergence of, for example, the electric

6This is not a coincidence, as in the Newtonian limit A = € = holds, see subsection 6.2.3.
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Figure 6.7: Left panel: Ratios Pfg for n € {2,3,...,7} as functions of the specific
charge ¢, plotted for ¢ = 0.6 (after [11]). Right panel: Ratios Plz’?z for

n € 42,3, ..., 7} as functions of the relativity parameter g, plotted for Z =0.3
(after [11]).

moments, we use eq. (5.52), i.e. for each n =0, ..., 6:

[¢] [¢]
L | En\IC—l

n

’ K
OBy = . where Ej = Epyg™. (6.45)
k=1

[¢]
‘EnUC

The study of the convergence behaviour of the other multipole moments is carried out

analogously.
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Figure 6.8: Convergence estimate of the normalized multipole moments Ej, E5, £} and

Eg at order k = K, plotted for ¢ = 0.65 and € = 0 (after [11]).

According to fig. 6.8, the relative change by adding the last order is for all E;
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(n=0,..,6) less than or equal to 2.2 x 107 for g = 0.65. (In this case ¢ = 0 shows
the worst convergence behaviour.) Moreover, as can already be guessed from the
calculation scheme, the higher the multipole moments, the less good the convergence.

For the mass, angular momentum and magnetic moments we get an even better, but

otherwise analogous convergence behaviour.

Table 6.1: Normalized multipole moments Mg,
charged disc in the limit € =

7

J2:
0 (post-

Newtonian expansion up to tenth order)
versus uncharged disc (exact solution) (after

[11]).
charged disc|c.—o uncharged disc

g=0.55 |Mg| 1.6286550 x 1072 1.6286551 x 1073

|J2] 8.0663924 x 107*  8.0663952 x 10~
g=0.6 |MZ| 1.4875997 x 1072 1.4876000 x 1073

|J2| 7.3636251 x 107*  7.3636450 x 104
g=0.65 |Mg| 1.3141025x 107® 1.3141033 x 1073

| 2| 6.3590588 x 1071 6.3591807 x 1074

A direct comparison of the derived multipole moments (in terms of the post-Newtonian
expansion) in the limit e = 0 with the exact solutions of the uncharged rotating disc of
dust [63] shows an excellent agreement. In table 6.1 we compare the sixth and seventh
gravitational multipole moments for different values of the relativity parameter. In
particular, the relative error of the multipole moments of the charged rotating disc of
dust in the limit € = 0 with respect to the exact solutions at ¢ = 0.65 is 6.1 x 107 for
Mg and 1.9 x 107° for J2.

6.2.2 Multipole conjecture

Filter and Kleinwéchter [64] formulated an interesting conjecture about the multipole
moments of (uncharged) rigidly rotating perfect fluid bodies: The absolute values of
all higher multipole moments P, (n > 2) of an axistationary, rigidly rotating, perfect
fluid body, surrounded by vacuum, are always greater than those of the corresponding
moments of the Kerr spacetime with the same mass and angular momentum.

An obvious question now is whether this conjecture can be extended to more general,

particularly charged, bodies.

The multipole moments of the Kerr-Newman spacetime, with mass MXYN, angular

For e = 0 and g = 0.65 one gets: IMg|, = 7.5 x 107, 82, = 1.9 x 107, 682, , = 9.7 x 107°.
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momentum JXN and charge QXN are given by [60]:

PEN — BN — KN <1J—KN)n (6.46)
n - n - KN ] .

QKN _ KN __ QKN (1 JKN )n (6 47)
n = = MKN : .

With these we state:

Generalized multipole conjecture. For the gravitational and electromagnetic mul-
tipole moments, P, and Q),, of an isolated, axisymmetric, stationary, physically well-
defined body of ordinary matter, with mass M, angular momentum J and charge @,

holds for all n > 2:
Jn
Mnfl

QJ"
Mn

|P.| >

N (O (6.48)

Furthermore, in case of J # 0, equalities apply if and only if the body reaches a black

hole limit.

The goal of this section is to test the generalized multipole conjecture using the
charged rotating disc of dust as a concrete and physically meaningful candidate that
satisfies the requirements of the conjecture.® To this end we plot the quantities X,, and

Y,, that have to be less than or equal to 1 if the conjecture is valid:

Jn
Xy = |———| <1, Y,=
‘Mn—lpn‘ - MnQn

<1. (6.49)

Notice that due to the global prefactors of P, and @,, the quantities X, and Y,, stay
regular in the limits ¢ — 1 and € — 0. In fact, X,, and Y,, vanish for ¢ — 1 and take
finite values in the limit ¢ — 0 (see also fig. 6.10).

In the limit ¢ — 1 the angular momentum .J vanishes and therefore also all Kerr-
Newman multipole moments, PXN and QXN with n > 1. Since the multipole moments
of the disc, P, and @),,, become zero only for odd, but not for even n, the disc spacetime
clearly does not attain the Reissner-Nordstrom solution in this limit.

As can be seen in figs. 6.9 and 6.10, indeed all X,, and Y,, are smaller than 1 in
the region g € [0,0.65]. Furthermore, there is a similar ordering as for the individual

moments:
Xn2>Xoy1, Yo2>2Y. (6.50)

Therefore, most critical are X5 and Y5 and for increasing n the conjecture is even better
fulfilled.

8Note that the Kerr-Newman spacetime furnished with the mass M, angular momentum .J and
charge @ of the charged rotating disc of dust does not describe a black hole but a hyperextreme
solution (Q* + AJTZ; > M?).
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Figure 6.9: X,, (left) and Y,, (right) for n € {2,3,...,7} as functions of the relativity
parameter g, plotted for e = 0 (after [11]).
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Figure 6.10: X,, (left) and Y, (right) for n € {2,3,...,7} as functions of the specific
charge ¢, plotted for g = 0.6 (after [11]).

On the other hand, the first X, and Y,, are also the quantities with the best conver-
gence behaviour. As n becomes larger, the convergence of X,, and Y,, (as it contains
P, and @, respectively) becomes less and less good. The relative change (as defined
in eq. (6.45)) by adding the last order is 0X719 = 1.9 x 1072 and §Y7 30 = 9.7 x 107,
where g = 0.65 and € = 0.7

The good convergence of X, and Y5 allows verification of the conjecture for slightly
higher values of the relativity parameter until g ~ 0.8 and g ~ 0.75, respectively.'® The
conjecture remains true there. For the limit ¢ — 1, Breithaupt et al. [9] provided strong

evidence that the multipole moments of the charged rotating disc of dust converge to

9Gpecifically for X, and Y7, the convergence gets slightly worse for higher e: § X5 |10 = 4.1x 1072 and
0Y7 10 = 3.4 X 1072, for e = 1 and g = 0.65. However, as X,, and Y,, for high n are not decisive
for the verification of the conjecture, this is not problematic.

OFor € = 0: 0Xo10 =19 % 1072 at g = 0.8 and 0Y5)10 = 2.8 X 1072 at g = 0.75.
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those of the (extreme) Kerr-Newman spacetime.

Additionally, one can observe from fig. 6.10 that all values of X, and Y, decrease
equally with increasing e. This fact is very convenient for our purposes, since for the
most critical case, € = 0, the exact multipole moments [63] of the uncharged disc of
dust are available. The relative error of Xs|.—g with respect to the corresponding exact
value of the uncharged disc of dust is 1.3 x 1072 for ¢ = 0.8. For the gravitational
multipole moments of the uncharged disc of dust Filter and Kleinwéchter showed that
the conjecture is fulfilled [64].

In summary, the conjecture holds at least up to g ~ 0.8 for the gravitational and
up to g = 0.75 for the electromagnetic multipole moments. In the limit ¢ — 1 the
quantities X,, and Y,, converge to 1 according to Breithaupt et al. and for the most
critical case, € = 0, by means of the exact solution of the uncharged disc of dust it was
proven that X,, < 1. All this taken together, we conclude that (within the scope of
accuracy of the post-Newtonian expansion) the generalized multipole conjecture stated

above is fulfilled for the multipole moments of the charged rotating disc of dust.

6.2.3 Newtonian and ECD-body

Besides the charged rotating disc of dust that serves as the main candidate to test
the generalized multipole conjecture, there are two other physical bodies that can be
readily examined.

First, we consider an isolated, axisymmetric, stationary, physically reasonable, con-
stantly charged, rigidly rotating body within Newtonian theory. The only metric func-
tion that plays a role for this Newtonian body is U, where f = 1+ 2U, see also
subsection 5.2.2. The electric potential U¥ := o = — A, can also be expressed in terms
of the Newtonian potential: U¥ = —elU. The resulting potentials from which the

multipole moments are derived read:
EN=-U, AN=-eU. (6.51)

As U is a real function, we can immediately conclude that all angular and magnetic
N

n?

moments, JYN and BY, and in particular the angular momentum J~, vanish.!* This
implies that all multipole moments PXN and QXN on the right side of the conjecture
are zero. (In fact, PXN and QKN thus describe a Reissner-Nordstrém spacetime.) The
generalized multipole conjecture is therefore trivially fulfilled.

Second, we discuss an isolated, axisymmetric body of electrically counterpoised dust,

1Tn general, the angular momentum and the magnetic field does not always vanish in the Newtonian
limit. There is no strict definition of the Newtonian limit and for each situation one has to decide
carefully what is actually relevant. For the charged rotating disc of dust, for instance, the magnetic
field does not play a role for the Newtonian balance of forces in the disc, eq. (5.19), and the angular
momentum does not contribute to the Newtonian gravitational field, eq. (5.25).
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see subsection 5.2.3. As described, such ECD-configurations have a specific charge
e = £1 and are static, i.e. they are non-rotating. Similar to the Newtonian case,
the only appearing potentials are U and « and they are connected via the relation
f12 = eV = 1 — ea. As it turns out, the resulting potentials ZFCP and AFCP are

perfectly analogous to the Newtonian ones:
EYP = v, AP = eV, (6.52)

where V = 1 — e~Y. With the same reasoning as above, since V is real, we conclude

that the generalized multipole conjecture also holds for the described ECD-body.

6.3 Ergosphere

When a rotating source becomes sufficiently relativistic, a region with an extreme
version of frame dragging, called an ergosphere, is expected to form. Within this
region the normally timelike Killing vector &, which is associated with stationarity,
becomes spacelike

¢ >0. (6.53)

The boundary surface where £'¢; = 0 is referred to as ergosurface and represents a
“static limit”. Static observers (relative to spatial infinity) with (p,(,¢) = const. and
thus a four-velocity vector proportional to € can no longer exist here. For £¢; > 0,
the only term in the Lewis-Papapetrou line element (2.1) that can provide a negative
contribution to a timelike world line (ds? < 0) is 2g,dpdt. Generally, g, < 0 for a
source rotating uniformly with > 0.!2 The ergosphere therefore forces any observer
to rotate with an angular velocity 1
¥

= 54
o >0 (6.54)

in the same direction as the source [12].

Note that even though the Killing vector £ is no longer timelike inside the ergo-
sphere, the spacetime is still stationary in a local sense if there exists locally a linear
combination of & and m which is timelike, see, e.g., [71]. In general, one can assume
that this is the case for rotating fluid bodies in equilibrium [12].'3

Examining the metric function f = —gu; = —&%; corresponding to the charged
rotating disc of dust shows that for sufficiently high values of the relativity parameter

g (and € # 1) indeed an ergosphere emerges.'*

2Conversely, for a source rotating uniformly with < 0 holds g, > 0.

13However, at the horizon and in the interior of a black hole there is no such timelike linear combination
of € and 7.

14 A brief discussion of ergospheres in context of the charged rotating disc of dust can also be found
in [22] by Breithaupt.
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Figure 6.11: Metric function f ‘I/:O depending on the normalized proper radius R%,

shown for € € {0,0.2,0.4,0.6,0.8,1} and g = 0.7 (left) or g = 0.8 (right).
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Figure 6.12: Metric function f ’ _ depending on the normalized proper radius Rﬂ,

shown for € € {0,0.2, 04 0.6,0.8,1} and g = 0.9 (left) or g = 1 (right).

According to figs. 6.11 and 6.12, the ergosphere forms within the disc and grows with
increasing ¢g. In particular for a uncharged disc configuration the ergosphere appears
for ¢ = 0.7648706 at R = 0.798 3681 and reaches the rim of the disc (—O = 1) for
g = 0.808655 5, see table 6.2. For even higher g the ergosphere extends radially beyond
the disc and approaches the centre in the limit g — 1. With increasing specific charge e,
the necessary values for g at which an ergosphere occurs and at which it reaches the rim
rise as well. This is an expected behaviour, since ergospheres are generated by rotating
sources and the rotation speed of the disc decreases with growing e. The location within
the disc where the ergosphere emerges shifts slightly towards the centre for increasing
e, which might be related to the changing surface mass density (see section 6.1).

In the case of € = 1, the disc is static and therefore the formation of an ergosphere is

impossible. As shown in [9], in the limit ¢ — 1 the charged rotating disc of dust (most
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Table 6.2: Evolution of the ergosphere within the charged rotating
disc of dust for different values of the specific charge e.

emergence of the ergosphere ergosphere reaches rim

e=0 g 0.7648706 0.808 6555
£ 0.798 368 1 1
0
e=02 g 0.769578 1 0.813 950 4
£ 0.7934906 1
0
e=04 g 0.7844208 0.830535 7
£ 0.777508 1 1
0
e=06 g 0.8120387 0.860 738 7
£ 0.7453356 1
0
e=08 g 0.859 7500 0.909259 1
I 0.6828317 1

certainly) approaches the extreme Kerr-Newman black hole solution and therefore in
the case of € = 1 the extreme Reissner-Nordstréom black hole solution. On the black
hole horizon holds the condition f = f" =0, which explains the curve with e = 1 in the
right panel of fig. 6.12. The remaining curves in fig. 6.12 (right) represent (most likely)
the ergosphere of the extreme Kerr-Newman solution for different values of ¢ < 1.

Fig. 6.12 (right), however, takes the perspective of the “inner world”.!?

The ergosphere is of course not restricted to the layer of the disc, as can be seen
in fig. 6.13. Taking the rotation symmetry into account, the ergosphere has in fact
a torus-like shape. With increasing g the ergosphere inflates and spreads out (in all
directions) across the disc. The characteristic shapes of the ergosphere (for some ¢)
coincide with those of the exact solution of the uncharged rotating disc of dust in [74]
(see also [12]).

The convergence is examined, as before, via eq. (5.52). Even for g = 1 the estimated
0= 0.01. Beyond the disc, based on the
C-values used in fig. 6.13, the estimated error is still within 0.01 to 0.02.1

error is, according to fig. 6.14, only d (ﬂ,,:o)

15For some fluid bodies (in particular the uncharged rotating disc of dust) a quasi-stationary transition
to a black hole leads to a separation of spacetimes into an asymptotically flat “outer world” with
the extreme Kerr metric outside the event horizon and a non-asymptotically flat “inner world”,
containing the fluid body, with the extreme near-horizon geometry at spatial infinity [12, 16, 72]
(see also [73]). A corresponding separation of spacetimes also occurs for ECD-configurations [51]
and most probably for the charged rotating disc of dust.

16 A direct comparison with the exact solution of the uncharged disc of dust also shows an excellent
agreement. The two values for g in the first line of table 6.2 in terms of the relativity para-
meter 4 (see subsection 5.2.4) read 1.68843657... and 1.99999999..., whereas the exact values are
1.68849467... and 2 (see [12]).
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Figure 6.13: Hlustration of the ergosurface in the p,{-plane (in units of py), plotted
for configurations with ¢ = 0.4 and g = 0.8 (top), ¢ = 0.85 (middle) or
g = 0.9 (bottom).

6.4 Motion of test particles

Investigating the motion of test particles is a very direct and instructive method for
analysing the geometric structure of a given spacetime within the framework of general
relativity. It is well known that freely falling neutral test particles travel along geodesics
and (electrically) charged ones generally move under the influence of the gravitational
and the electromagnetic field (if present).

The motion of test particles also plays a role in astrophysics, for instance in the
accretion of matter by a central object and in the (indirect) formation of black hole
shadows by circular photon orbits.

Various aspects of geodesic motion around Kerr and Kerr-Newman black holes have
been studied, see, e.g., the publications by Bardeen et al. [75] and Dadhich and Kale

[76]. Also charged particle orbits in the Kerr-Newman spacetime have been explored
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Figure 6.14: Convergence estimate of the metric function f |U:0 depending on /C, plotted
for g € {0.7,0.8,0.9,1}, e = 0 and = 0.5.

(see, e.g., [77, 78]).

Meinel and Kleinwéchter [74] (see also [12]) and Ansorg [79] analysed (timelike)
geodesic motion in the gravitational field of the uncharged rotating disc of dust.

In this section we investigate circular orbits of neutral and charged test particles
in the equatorial plane of an isolated, axisymmetric, stationary, reflection symmetric,
charged, rotating body. Remarkably, even without knowing the explicit solution of the
rotating body, energy, angular momentum and angular velocity of the test particles
can be specified in closed form solely as functions of the metric, the electromagnetic
four-potential and their radial derivatives.

The general examination of equatorial circular orbits of neutral and charged test
particles is followed in the former case by a specialisation on the spacetime of the
charged rotating disc of dust. A detailed discussion of these results is provided.

This section is based on [80] by Rumler.

6.4.1 Circular geodesic orbits of uncharged test particles

We first consider the exterior spacetime of an isolated, axisymmetric, stationary, re-
flection symmetric, charged, rotating body. These qualifications, besides a non-zero
charge, are expected to be fulfilled for most astrophysical bodies. (Note that the spe-
cial cases of zero charge and vanishing rotation are included.)
A freely falling uncharged test particle moves through spacetime along a (timelike)
curve determined by the geodesic equation,
d2z? - dz™ da”

i =0, (6.55)

dr2 modr dr
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6.4 Motion of test particles

where 7 is the proper time of the test particle and T = are the Christoffel symbols.
The body is arranged so that the axis of rotation coincides with the (-axis and its

equatorial plane is defined by ¢ = 0. We restrict the motion of the test particles to

d¢ _
dr —

the dependency on the coordinates is suppressed and, e.g., g is written instead of

this plane, i.e. ( = 0, 0 and % = 0. (In order to keep the notation simple,
gap(p, ¢ = 0) in the following.) Let the geodesics, furthermore, be circular orbits.

Due to stationarity and axisymmetry the metric of the exterior spacetime of the

body can be expressed in terms of Weyl-Lewis-Papapetrou coordinates, see eq. (2.45).
d

T (as

seen from infinity) is also stationary and the four-velocity is therefore, according to

egs. (2.24) and (2.25), given by

The circular motion of a test particle with constant angular velocity (), =

) d ’ / / i ’
(up)' = = = (0,0, e, e) - (u,)' = (0,0,0,¢7) (6.56)

where the primes denote the frame of reference co-rotating to the test particle, with
¢ = ¢ — Qupt, from now on.'”

Using eq. (6.56), the only non-vanishing component of the geodesic equation (6.55)
is obtained for ¢ = p:

gémp =0. (6.57)

The (-component vanishes due to the restriction of the motion to the equatorial plane
of the body and reflection symmetry of the metric. In other words, setting ( = 0,

d¢

7 = 0 and % = 0 is actually solving the (-component of the geodesic equation.

Note that the transformation law for a transition to the co-rotating frame of the test

particle reads in case of gy:
it = e + 2pgie + Q?pgwp : (6.58)
Eq. (6.57) is therefore equivalent to
g‘P%PQ?p + 2941, 2p + gr1,p = 0. (6.59)

This immediately gives the solution for the angular velocity of the test particle:

—Jetp £ \/g?atvp ~ Yop.pYttp
M= , (6.60)

ep.p

where (in general) one of the solutions corresponds to a prograde and the other one to

a retrograde orbit.

I"Notation-wise this does not cause a problem, as no reference to the co-rotating frame of the disc is
made in this section.
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The two symmetries, axisymmetry and stationarity, give rise to two conserved quant-
ities associated with the motion of the test particle. Axisymmetry represented by
the spacelike Killing vector n = % implies a conserved specific angular momentum
L=mn (utp)i and stationarity with a timelike Killing vector & = % ensures the conser-
vation of the specific energy £ = —¢; (utp)i- With the four-velocity from eq. (6.56) one

obtains the specific angular momentum

gcpcpﬁl/2 + Gt
\/_g@@Q%/Q - 29@91/2 — it

and the specific energy

B 9etSli/2 + Gu
\/_gWSOQ%/Q - 29@:91/2 — it

of the test particle. Prograde orbits are defined by the positive specific angular mo-
mentum solution and retrograde orbits by the negative one.

It should be stressed that egs. (6.60) to (6.62) hold for any (exterior) asymptotically
flat, axisymmetric, stationary and reflection symmetric (electro-)vacuum spacetime
and the solutions could be derived in a closed form without knowledge of the concrete
spacetime metric.

Circular orbits only exist for
9o + 2000 /2 + gu <0, (6.63)

according to eqs. (6.61) and (6.62). In the limiting case of equality, specific angular
momentum and specific energy diverge. This characterizes a photon orbit for pro-
grade and retrograde motion respectively. Prograde or retrograde circular motion of
uncharged test particles is therefore only possible for radii larger than that of the

associated photon orbit.!®

Due to frame dragging, there are so-called zero angular momentum observers, who
are non-rotating with respect to the local geometry, but still have a non-zero angular

velocity as seen from infinity:
0, = et (6.64)

e
Note that the motion of zero angular momentum observers is not necessarily geodesic.
There is an equivalent way of deriving egs. (6.60) to (6.62) via the Lagrange form-

alism. Generally, the Lagrangian describing the (timelike) motion of a test particle in

18For charged test particles this innermost boundary of circular orbits generally no longer coincides
with the photon orbit (as a result of the electromagnetic interaction between the rotating body
and the test particle), see e.g. [78].
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a spacetime furnished with the metric g4, is

1
L= égaba'c“x'b, (6.65)
where % = %. The resulting Euler-Lagrange equation is equivalent to the geodesic

equation, i.e. the extremal path between two points is also straightest possible path.

As the Lagrangian corresponding to the above defined rotating body does not depend

on ¢ and t (gq is axisymmetric and stationary), there are two conserved quantities:

oL . .
L= % = oo + it (6.66)
oL . .
E = o = =Gt — gut . (6.67)

L and E coincide with the specific angular momentum and the specific energy, defined
previously via the Killing vectors (L = n; (uy,)’ and E = —& (uyp)").

d

From eqgs. (6.66) and (6.67), the angular velocity of the test particle Qy, = 37 (as

seen from infinity) can be deduced:

_ gl + g B

Q. = .
P 9ot L + 9o F

(6.68)

As above, we restrict the motion of the test particle to the equatorial plane of the

body. Inserting ¢ and £, using eqgs. (6.66) and (6.67), into the normalization condition

of the four-velocity for timelike curves, gui%2? = —1, leads to

1 dp 2

3o () +u=o0. (6.69)
where . )

is an effective potential. The motion of the test particle in the equatorial plane can

therefore also be described by a motion in an effective potential.

A useful relation that was applied to U and that is also employed in subsequent

calculations is

ot = Goolee = P° (6.71)

Differentiation of eq. (6.69) with respect to the particles proper time 7 leads to the

equation of motion:

d?p 1 dp 2
gpp@ + §gpp,p (E) + u,p =0. (6'72)

One can verify that eq. (6.72) corresponds to the p-component of the geodesic equa-
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tion.™

Circular orbits must fulfil the requirements Sl—f = 0 and % = 0. According to
eqs. (6.69) and (6.72), the conditions for circular orbits (in the equatorial plane) are

therefore ¢/ = 0 and U, = 0. These conditions imply:

9ul? + 29, LE + g, ,B* — p* =0, (6.73)
G pL? + 29t ) LE + gpp , B> —2p = 0. (6.74)

Notice that the above equations agree with those derived in [79].
Solving egs. (6.73) and (6.74) reveals the specific angular momentum and the specific

energy of the test particle:

A e , (6.75)
\/gttl1/2 + 295tl12 + G
|Eypo| = P , (6.76)
\/gttl%/Q + 295tl1/2 + G
where
I 200t — PYpt,p £ p\/ 9210 = Jep.pJitp
lyp=—L2 = -0 . (6.77)

E1/2 291 — PYitp

The sign of Ej follows from eq. (6.67) (where ¢ > 0) and the sign of Ly, is then
automatically given by L1/, = l1/9F; /2. Clearly, the angular velocity (see eq. (6.68))

can also be expressed in terms of [ /o:

_ gl Ger

. 6.78
gnptll/Z + Gop ( )

Dyjp =
It can be shown explicitly that the two sets of equations for specific angular mo-
mentum, specific energy and angular velocity, i.e. egs. (6.60) to (6.62) and eqgs. (6.75)

to (6.78), are indeed equivalent. In particular, the following relation holds:

_p?

<—9<pt91/2 - gtt>2

gttl%ﬂ + 294tl1/2 + gpp = (QWQ%H + 291802 + gtt) : (6.79)

Eq. (6.78) can furthermore be easily converted to

_eethya t Gt

) 6.80
9etSl1/2 + g ( )

Ly =

The advantage of the second approach (using the Lagrange formalism in conjunction

9For not necessarily circular motion, the p-component of the geodesic equation is given by:

d? 1 ) 1 dt\2 _
Iopdsz + 29000 (ﬁ) -3 (g<P<P7PQ%p + 29,t,p p + gtt,p) (é) =0.
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with the effective potential) is that the stability of the circular orbits can be analysed
directly on the basis of the effective potential. According to eq. (6.69), non-circular
motion is only possible for 4 < 0. For given L and FE, circular orbits are therefore
stable (with respect to radial and angular perturbations) if and only if the extremum

of U is a minimum, i.e. U ,, > 0. Usingd =0 and U, = 0, U ,, > 0 is equivalent to
GitopL” + 2001.ppLE + GopppE® —2 < 0. (6.81)

For U ,, < 0 circular orbits are thus unstable.? Moreover, if E? < 1 circular orbits are
bound, i.e. the test particle cannot reach infinity.?!

Inserting the metric functions of the uncharged rotating disc of dust at the rim
into the above formulae (of the first or second approach) reveals the same expressions
for Q4/2, L1y and Eyjy (with 1/2 = +/—) as in [74]. Also the corresponding results
for equatorial circular geodesic orbits in the (exterior) Kerr [75] and Kerr-Newman

spacetime [76] can be obtained from the above formulae (using either approach).??

3
Nz
PO

Figure 6.15: Normalized angular velocities Ro€2y (left) and Ro2_ (right) of test
particles moving along (prograde/retrograde) circular geodesic orbits,
shown for ¢ = 0.7 and € € {0,1/3,2/3,1} (after [80]).

Now circular geodesic orbits in the equatorial plane (n = 0) of the charged rotating
disc of dust are to be discussed. By evaluating eqs. (6.60) to (6.62) or eqs. (6.75)
to (6.78) with the metric of the disc, using egs. (3.16) and (3.17), the angular ve-
locity €12 = €1y,_, the specific angular momentum L,, = L., and the specific
energy Iy = I/, /_ can be expressed in terms of a post-Newtonian expansion, see ap-

pendix A.2. Here “+” denotes direct and “—" retrograde orbits. The angular velocity

20A discussion of the stability of circular orbits in stationary, axisymmetric spacetimes can also be
found in [81] and [82].

21For E? > 1 there can also be additional bound orbits, see, e.g., [79].

22Note that p>0.
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2
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Figure 6.16: Normalized specific angular momenta %—g (left) and %—; (right) of test
particles moving along (prograde/retrograde) circular geodesic orbits,
shown for ¢ = 0.7 and € € {0,1/3,2/3,1} (after [80]).

0.90-

Figure 6.17: Specific energies E, (left) and F_ (right) of test particles moving along
(prograde/retrograde) circular geodesic orbits, shown for g = 0.7 and
e €{0,1/3,2/3,1} (after [80]).

of the disc, 2, is non-negative.

It should be noted that the angular velocity {2, ,_ and the specific angular momentum
L., are odd functions and the specific energy £, ,_ is an even function in g. This
ensures that €2, and L.,  change their sign and F,,_ remains unchanged under a
change of sense of rotation of the disc (for g — —g).

In the Newtonian limit (i.e. up to and including O (¢?)) prograde and retrograde
orbits coincide, as the angular momentum of disc, .J, does not contribute to the Newto-

nian gravitational field.?® In particular, it holds Q. = —Q_, L, = —L_and B, = E_.

23Indeed, the angular momentum of the disc starts at order g2, see subsection 6.2.1.
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Figure 6.18: Normalized angular velocities Rp{). (left) and RyQ_ (right) of test
particles moving along (prograde/retrograde) circular geodesic orbits,
shown for e = 0.7 and g € {0.4,0.5,0.6,0.7} (after [80]).
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Figure 6.19: Normalized specific angular momenta ?%_: (left) and %—; (right) of test

particles moving along (prograde/retrograde) circular geodesic orbits,
shown for e = 0.7 and g € {0.4,0.5,0.6,0.7} (after [80]).

Since the angular momentum of the disc vanishes in the limiting case of € = 1 (see

subsection 6.2.1), prograde and retrograde orbits also coincide for € = 1.

It was further confirmed that the simultaneous limit e — 0, p — pg leads to the same
results for Q4 and Ly, F., in terms of a series expansion in g, as in [74]. Especially
noteworthy is the fact that €2, = Q in this limiting case. The reason is that the
p-component of the geodesic equation of a test particle, eq. (6.57), also represents a

boundary condition of the uncharged rotating disc of dust (see [12] and also eq. (2.71)).
Figs. 6.15 to 6.20 show, for fixed Ry, the radial dependence of the angular velocity

., the specific angular momentum L. and the specific energy F. for different values
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Figure 6.20: Specific energies E, (left) and FE_ (right) of test particles moving along
(prograde/retrograde) circular geodesic orbits, shown for ¢ = 0.7 and
g €{0.4,0.5,0.6,0.7} (after [80]).

of the specific charge ¢ and the relativity parameter g. Apart from the region directly
adjacent to the rim of the disc, the qualitative behaviour of the curves is very similar
to the ones corresponding to the (exterior) spacetime of a Kerr-Newman black hole.

As can be seen in figs. 6.15 to 6.17, reducing the specific charge € from 1 to 0 results
(for fixed Ry) in a decrease in the absolute values of L, and E, and an increase in
the absolute values of Q_, L_ and E_. Q, shows a mixed behaviour (for sufficiently
large radii, however, it increases). Furthermore, raising the angular momentum of a
Kerr-Newman black hole leads to the same qualitative change of the absolute values as
for the charged rotating disc of dust by decreasing e (with the exception of €, ). This
is plausible, since the angular momentum of the disc comes with the global prefactor
V1 — €2, see subsection 6.2.1.24

On the other hand, the absolute values of Ry{)+ and I]’%—t increase and F, decreases
with the relativity parameter g, see figs. 6.18 to 6.20. E_ increases close to the rim
and decreases for sufficiently large radii.

Interesting in the context of (equatorial) circular motion of neutral test particles
are also the radii of photon orbits (g;, = 0), marginally bound orbits (E? = 1) and
marginally stable orbits (U ,, = 0). They are shown as functions of € and ¢ in fig. 6.21.%
The corresponding radii of the retrograde orbits decrease and those of the prograde
orbits increase with € € [0,1]. In the case of € = 1 they coincide. For growing g both

the radii of retrograde and prograde orbits increase and they merge in the Newtonian

24Increasing the charge parameter of the Kerr-Newman black hole qualitatively coincides with an
increase of the specific charge of the disc in case of Q_, L_ and E_ (as well as Q2 for sufficiently
large radii).

25Note that circular orbits with radii smaller than that of the photon orbit / marginally bound orbit
/ marginally stable orbit are forbidden / unbound / unstable and those with larger radii are
permitted / bound / stable.
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Figure 6.21: Radii of photon, marginally bound and marginally stable orbits, ’;;O, %

e

and o as functions of € (left), for g = 0.6, and g (right), for ¢ = 0.8
(after [80]).

limit (¢ < 1). For sufficiently large values of € and g there are both retrograde and
prograde photon, marginally bound and marginally stable orbits. However, in contrast
to the (exterior) spacetime of a Kerr-Newman black hole, for sufficiently small g there
are no prograde photon orbits (as shown in fig. 6.21) and for even smaller g there are
also no retrograde photon orbits (each depending on ¢).26 In other words, there are
disc configurations for which both prograde and retrograde circular motion is possible
arbitrarily close to the rim of the disc, i.e. no orbits are forbidden. For g — 0 all orbits
are bound. Moreover, in comparison to the uncharged rotating disc of dust, for ¢ > 0
not all prograde orbits are bound (and for sufficiently large € and g there are prograde
photon orbits). Note that for g = 0.7 there is no ergosphere yet, see table 6.2.

As shown in fig. 6.22, the angular velocity of zero angular momentum observers
vanishes for ¢ = 1 and is maximal for ¢ = 0. The reason for this is the growing angular
momentum of the disc (J ~ v/1 — €2) and the resulting enhanced dragging of frames.
Frame dragging occurs in the same direction as the disc rotates, both €, and 2 are
non-negative. In addition, the more relativistic the disc is, the greater €2, is. As is
to be expected, €, is zero in the Newtonian limit (i.e. the first contribution in the
post-Newtonian expansion is of O (¢?)).

Finally, the convergence behaviour of the normalized angular velocity R4, the
normalized specific angular momentum %—jg, the specific energy F. and the normalized
angular velocity of zero angular momentum observers Rf2,, (based on eq. (5.52)) is
illustrated in fig. 6.23. Generally, the quantities corresponding to prograde circular

motion exhibit a significantly better convergence behaviour than those of retrograde

26Tn the Newtonian theory of gravity there are in general no photon orbits.
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Figure 6.22: Normalized angular velocity Ry€2, of zero angular momentum observ-
ers, displayed for ¢ = 0.7, ¢ € {0,1/3,2/3,1} (left) and ¢ = 0.7,
g €40.4,0.5,0.6,0.7} (right) (after [80]).

circular motion. It should be noted that €24 and L.y are only exact up to ninth order.

6.4.2 Circular orbits of charged test particles

Instead of electrically neutral particles, we now use charged test particles to analyse
the exterior spacetime of the isolated, axisymmetric, stationary, reflection symmetric,
charged, rotating body of the previous subsection.

We also only consider circular orbits that are confined to the equatorial plane of the
body. However, since there is additionally an electromagnetic interaction between the
body and a charged test particle, the corresponding curve is no longer geodesic. The
(timelike) motion of the charged test particle is determined by the gravitational field

and the Lorentz force. Therefore, the underlying equation of motion is given by

D(ut )a a
dTP = thF ’ (Utp>b ) (682)
where W = (uwp)”, (up)® and e, is the specific charge of the test particle.

Fpp = Apq — Agyp is the field strength tensor of the present electromagnetic field.
Compare eq. (6.82) with eq. (2.36).
Analogous to the uncharged test particles, the only non-vanishing component of the

equation of motion (6.82) is the p-component:

(=g = epi] =0 (6.83)

p

Notice that for €, = € and Q, = 2, eq. (6.83) becomes the boundary condition (2.68)

of the charged rotating disc of dust. The (-component vanishes due to the motion
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Figure 6.23: Convergence estimate of the functions Ry(),, %(:’ E, (left) and Ry$2_, %—;,
E_, Ry, (right), displayed for g = 0.7, ¢ = 0 and p% = /3 (after [80]).

being restricted to the equatorial plane of the body as well as reflection symmetry of

the metric and the electromagnetic four-potential.

Using eq. (6.58), the equation of motion (6.83) leads to a quartic equation in §y,:
A, + B+ CU + Dy, +E =0, (6.84)
where

A = 46?1)9%08014920@ + giw g ( )
B = 8€3p (9 Aip Aty + g@tA?o,p) 490090t 5 (6.86)
C = 4‘531) (gsosoA?,p + 49t Ap pArp + gttAi,p) + 29000911, + 4g<2pt,p ’ (6.87)
9 = 8€§p (gcptAtQ,p + gttAso,pAtp) + 49tpGtt,0 ( )
& =4 guA;, + giy, - (6.89)
A polynomial of degree four has four zeros, however, not all of them are necessarily real
or permitted under physical terms. In general, the existence of the physical solutions
depends strongly on the relation between e, and e (with € being the specific charge
of the rotating body) and these solutions may also be constrained to certain ranges of
the radial coordinate p. It is to be assumed that generally direct and retrograde orbits

are possible.

The specific angular momentum and the specific energy of the test particle are given
by

L=pmn and E=-p¢, (6.90)
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where
o= (wp)' + ep A (6.91)

It can be easily verified that L and E are indeed conserved.

From eq. (6.90) follows

G Qtp + Gyt

L= + €ip Ay (6.92)
\/_ggogoQ%p - 2ggatQtp — Gt
and Q
[ Get2p T gt ~ e (6.93)
\/_glpin%p - 2gcthtp — Git
Notice that L and E can be written as:
L=1L+epA,, (6.94)
E=F —epA, (6.95)

where L and E, apart from a different ), formally correspond to the specific angu-

lar momentum and the specific energy of an uncharged test particle, see egs. (6.61)

and (6.62).

Similar to the treatment of the uncharged test particles, the Lagrange formalism
together with the introduction of an effective potential offers a physically equivalent®?

way to derive (1, Land E.

The (timelike) motion of a charged test particle in the exterior spacetime of the
(isolated, axisymmetric, stationary, reflection symmetric) charged, rotating body is

determined by the Lagrangian

21
L= §gab¢%b + €pAai®, (6.96)

where the corresponding Euler-Lagrange equation is equivalent to the equation of mo-
tion (6.82).

Due to axisymmetry and stationarity, the variables ¢ and ¢ are cyclic and imply (as

in the previous section) the conservation of the specific angular momentum

- oL , .

2In general, the two methods (in case of the charged test particles) can yield different mathematical
solutions that, however, can be ruled out on the basis of physical arguments.
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and the specific energy

oL , .
E = —Gpt¥ — gttt — EtpAt N (698)

B -

Eqs. (6.97) and (6.98) clearly coincide with L = pin; and E = —pi&;, see eq. (6.90). At
oL
o1

this point, the role of p; now also becomes apparent. In fact, p; = = ; + €pA; is
the canonical momentum of the charged test particle.?®
By using egs. (6.97) and (6.98), the angular velocity of the charged test particle

Qip = i—f (as seen from infinity) is obtained:

Jut (E — EtpAga) + Gyt (E + €tpAt>

o = Gt (E — etpA¥,> + Gy (E + etpAt> '

(6.99)

Also the motion of the charged test particle in the equatorial plane of the body can

be understood as a motion in an effective potential U:

LY yu—o (6.100)
2900 \ ar - '
where
1 ~ 2 ~ - - 2
U = _2_p2 [Qtt (L — EtpAQD> + ngt (L — EtpAw> <E + etpAt> + .g<,0<p (E + etpAt> :|
1
= (6.101)

Notice that by writing L = L—e, A, and E = E-+e, Ay, egs. (6.99) and (6.101) formally
coincide with the corresponding equations of an uncharged test particle, eqs. (6.68)
and (6.70).

Based on eq. (6.101), the conditions for circular orbits, i = 0 and U, = 0, imply

the following equations:

guL? + 29,4 LE + g, B — p* = 0, (6.102)
gtt,pL2 + 29<pt,pLE + gcptp,pEQ - 2P
= 2¢p (91t App — 9ot Arp) L+ (9otApp — GopAtp) Bl (6.103)

where L = [ — epAy, and B = E+ eyp Ay are to be understood.

The above system of equations leads to:

E + p\/E?
[ — et P + i (6.104)

it

28The Hamiltonian corresponding to £ reads: H = i'p; — £ = 5 (P" = epA”) (Bi — €xpdi).
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and
AE* + BE> + CE* + DE+ ¢ =0, (6.105)
where
2= (Q@tgtt,p - gttg<pt,p)2 — (gu — pgtt,p>2 ) (6.106)
B = 2ep0u [(geotgtt,p - gttggot,p) (gttAcp o gsotAt,p) —p (gt — Pgtt,p) At,p] ) (6.107)
¢ =gy [(gtptgtt,p — GttGet, p) (gtt Pgtt,p) (29tt - Pgtt,p)]

. (6.108)
iy p — ggotAt,p) —p (294 — Pgtt,p) At,p] , (6.109)

1
€= _thQt (291 — PYit,)° + Et?pgft (9 App — gtht,P)Q : (6.110)

+ Egpgt%t (9t App — gptArp)” —
D= etptht [2 (gcptgtt p — GttGet, p) (
After determining the analytical solutions for E from eq. (6.105), L can be calcu-
lated via eq. (6.104). The specific angular momentum L and the specific energy E
of the charged test particle can then be easily obtained using L = L + epA, and
E=FE— epAi. Eq. (6.99), combined with L and E, furthermore provides the particle’s
angular velocity (2,. Note that the physically relevant solutions for L, E and (%, have
to be determined by physical considerations (depending on €, € and p).

Finally, the stability condition ¢/ ,, > 0 in case of equatorial circular motion of

charged test particles (using « = 0 and U, = 0) reads

gtt,ppL2 + 20t ppLE + 9<p%ppE2 —2
< —dewp [(GptpAtp — GitpApp) L+ (GpppAtp — Got.pApp) E]
— 2€up (9ot Atpp — GutAppp) L + (9o Atpp — 9ot Ap pp) El
=26, [9uAL , = 200 A0 Ay + 9o AL (6.111)

and orbits are bound if E? < 1.
Applying either method to charged test particles moving in the (exterior) Reissner-
Nordstrom spacetime reproduces the results for the specific angular momentum and

the specific energy obtained in [83].%

29The angular velocity is not given in [83]. However, it can easily be calculated from eq. (6.99) and
indeed it also coincides.
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7.1 Summary

The objective of this thesis is a comprehensive investigation of geometrical and physical
properties of the charged rotating disc of dust.!

Based on the derivation of the proper spatial line element, the proper radius R’ and
the proper circumference C” of the charged rotating disc of dust, which are measured?
by co-rotating observers, could be introduced. Circumference C' and radius R, seen by
non-rotating observers, could be defined analogously. This made it possible to address
questions related to the Ehrenfest paradox. In particular, the spatial geometry of an

accelerated disc which is initially at rest evolves as follows: for both co-rotating and

. . . / . .
non-rotating observers, the geometric ratios % and %, respectively, increase. However,
while non-rotating observers always perceive smaller values than 27 for the ratio %,

C/
R
the specific charge €.®> As it turns out, the charged rotating disc of dust furthermore

for co-rotating observers =; can be less than, equal to or greater than 27 depending on

possesses material-like properties.

Subsequently, the Gaussian curvature of the charged rotating disc of dust was de-
termined and discussed in detail. It was shown that the geometric transition found in
C/
R
there occurs a transition from positive to negative curvature. In addition, the Gaussian

is also reflected in the Gaussian curvature. Indeed, by decreasing the specific charge

curvature of the analytic limiting cases (charged rotating) Maclaurin disc, electrically
counterpoised dust-disc and uncharged rotating disc of dust was calculated. These
coincide with the charged rotating disc of dust in the respective limits.

By analysing the proper surface mass density of the charged rotating disc of dust,
it can be observed that for sufficiently relativistic configurations (¢ = 0.7) a global
maximum forms near the rim of the disc by reducing the specific charge e. On one
hand, this resembles the behaviour of viscous fluids or elastic materials. On the other
hand, the transition of the Gaussian curvature by altering ¢ manifests itself in this

particular way in the proper surface mass density of the disc.

IThis chapter is partly orientated on [10], [11] and [80].

2Measuring or seeing means using the radar method, see subsection 5.1.1.

3Note that the specific charge € serves as a regulator of the rotation speed of the disc. Disc config-
urations with e = 1 are non-rotating and those with ¢ = 0 rotate with maximal speed.
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The exterior spacetime of the disc (or generally a physical body) can be characterized
by its gravitational and electromagnetic multipole moments. Those were calculated
and thoroughly discussed. It was found that the individual mass, angular momentum,
electric and magnetic moments are ordered in the sense that higher moments have
a lower absolute value. Also a generalized multipole conjecture was formulated. In
particular, the conjecture holds for the charged rotating disc of dust (within the given
accuracy of the post-Newtonian expansion).

For sufficiently high values of the relativity parameter g (e.g. g = 0.78 for ¢ = 0.4) an
ergosphere of torus-like shape forms within the disc. The ergosphere expands beyond
the disc for growing g. With increasing €, the disc’s rotation speed decreases and the
necessary value for g at which the ergosphere emerges rises.

Finally, circular motion of neutral test particles in the equatorial plane of the disc
was studied. Angular velocity, specific angular momentum and specific energy of the
test particles were discussed in dependence of the specific charge and the relativity
parameter. Also the radii of photon, marginally bound and marginally stable orbits
were determined. In addition, for both neutral and charged test particles, formulae
for angular velocity, specific angular momentum and specific energy were derived that
can be applied to the (exterior) spacetime of any isolated, axisymmetric, stationary,

reflection symmetric, charged, rotating body.

7.2 Conclusions and outlook

A central assumption in cosmology is that the universe is spatially homogeneous and
isotropic on large length scales. This is the cosmological principle and indeed obser-
vations confirm that it is fulfilled on scales of about 100 Mpc. Using the cosmolo-
gical principle one can straightforwardly derive the Friedmann-Robertson-Walker met-
ric that reduces the Einstein equations to the famous Friedmann equations. Due to
homogeneity and isotropy the solutions exhibit a globally constant geometry with only
three possible spatial curvatures: flat (k = 0), positive (k = +1) or negative (k = —1).4
Remarkably, observations of the CMB suggest that our universe might indeed be flat.
The first Friedmann equation reveals that there is a critical energy density that leads
to a flat universe. If the density is higher than the critical density the universe is
positively curved and if it is lower it is negatively curved.’®

In some sense the proper spatial geometry of the charged rotating disc of dust behaves
analogous to the spatial curvature of the Friedmann universe. High values of the specific

charge € (defined as the ratio of electric charge density to baryonic mass density)

4The curvature parameter k should not be confused with the summation index k of the post-
Newtonian expansion or the metric function k = k (p, ).
For more details see, e.g., [84].
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cause positive and low values negative curvature. Furthermore, for given g and 7
there is a critical value of € that gives rise to Euclidean geometry. However, unlike in
Friedmann cosmology the geometry of the charged disc of dust is not globally constant.
The geometry remains unchanged only in angular direction, but not in radial one. A
beautiful exception of this represents the Newtonian limit with a radially independent
curvature. In fact, for the critical value € = \/ig the disc is globally flat.

The individual mass, angular momentum, electric and magnetic moments of the
charged rotating disc of dust, in agreement with the uncharged disc, follow an ordering
in which the higher they are, the less they contribute to the gravitational and elec-
tromagnetic field. This effect is in addition to the suppression of higher orders in the
asymptotic expansions. Therefore, primarily the first multipole moments are relevant
for the far-field behaviour of the gravitational and electromagnetic field of the charged
rotating disc of dust.

Regarding the stated generalized multipole conjecture, it would of course be highly
desirable if it could also be rigorously proven. This, however, would first require a pre-
cise notion of physical well-definedness.® In case of non-vanishing angular momentum
the conjecture could serve as a powerful tool to distinguish ordinary physical bodies
from black holes by measuring their multipole moments in the far-field. Indeed, if the
necessary condition Q? + A{I—QQ < M? for a black hole is satisfied, the measurement of
the multipole moment P; or @2 (apart from M, J and @) would already be sufficient
to determine if a given object is a black hole.

Various aspects of circular motion of uncharged test particles in the equatorial plane
of the charged rotating disc of dust were analysed. It can be concluded that for suf-
ficiently large radii (at least p > p7®), the qualitative behaviour of equatorial circular
motion around the disc is very similar to that in the exterior spacetime of a Kerr-
Newman black hole. In the close vicinity of the disc, however, circular motion shows a
very distinct behaviour from the one near the event horizon of a black hole.”

A logical next step is to apply the derived general formulae for charged test particles
also to the charged rotating disc of dust. Similar to the transition from neutral to
charged test particles in the case of the Kerr-Newman spacetime, this should reveal all
kinds of new facets.

Furthermore, both methods can also be adapted to null geodesics. In this way also
circular photon orbits in the equatorial plane of the disc can be studied. In particular,

1

for the effective potential U, see eq. (6.70), only the term 5 needs to be removed.

Another possibility is to investigate circular motion (of either neutral/charged test

It might also be necessary to choose a more restrictive formulation of the conjecture with the
additional condition of a uniformly rotating, charged perfect fluid body with only convective electric
currents, see [85].

"This is consistent with the conclusion drawn in [79] about equatorial circular motion around the
uncharged rotating disc of dust.
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particles or photons) in the interior of the disc. Without further ado, the formulae for
neutral and charged test particles can also be used for the interior spacetime of the
disc, since the metric of the disc is globally written in terms of Weyl-Lewis-Papapetrou
coordinates. Clearly, circular motion in the interior of the disc is quite different from
that in the exterior.

After all, finding an exact solution for the charged rotating disc of dust remains
an open and extremely challenging problem! However, as this thesis has shown, the
discussed geometrical and physical properties of the disc can be investigated just as
well (if not better) with the semi-analytical solution in terms of the post-Newtonian

expansion.
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A Post-Newtonian expansions

A.1 Expansion of the ratio of proper radius to proper
circumference and the normalized Gaussian

curvature

The post-Newtonian expansion of the ratio of proper radius to proper circumference
% and the normalized Gaussian curvature RZK, each evaluated at the rim, reads (up
to the fifth order) [10]:
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A.2 Expansion of the normalized angular velocity, the
normalized specific angular momentum and the

specific energy of neutral test particles

The post-Newtonian expansion of the normalized angular velocity RoQ+ (up to first
order), the normalized specific angular momentum %—jg (up to first order) and the specific

energy E. (up to second order) of uncharged test particles moving along equatorial
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circular geodesics is as follows [80]:
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