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multiplier space M(é;"q(R”)), where é;,q(R”) denotes the
completion of the Schwartz function space S(R™) in B; ,(R™).
© 2023 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Determining the set of all pointwise multipliers for a given function (or distribution)
space belongs to the key problems in the theory of function spaces. Remarkable contri-
butions have been made by Maz’ya and Shaposhnikova [18,19]. They described the set of
all pointwise multipliers for Sobolev, Besov, and Bessel potential spaces for a wide range
of parameters. For more information about pointwise multipliers on various function
spaces, we refer to Strichartz [34], Kalyabin [12,13], Triebel [35,37,38], Netrusov [25],
Gala and Sawano [10], Kawasumi and Nakai [14], Nakai and Yabuta [24], Nakai and
Sadasue [23], and Nakai [20-22] as well as the monographs [28] and [31]. In particular,
smoothness function spaces, such as Besov and Triebel-Lizorkin spaces, and their related
multiplier spaces have been intensively investigated; see, for instance, [11] for weighted
Besov and Triebel-Lizorkin spaces, [29] for Besov—Morrey and Triebel-Lizorkin—Morrey
spaces, [43] for Besov-type and Triebel-Lizorkin-type spaces, [42] for Besov and Triebel-
Lizorkin spaces in metric spaces as well as [5] for Zygmund spaces.

It is well known that pointwise multipliers have been widely used in the study of
partial differential equations; see, for instance, the monographs [18,19] and [1]. Here, we
present another recent very interesting application of pointwise multipliers in the study
of the so-called bilinear decomposition for multiplications of elements in the Hardy space
H'(R™) and its dual space BMO (R™), which is just [4, Conjecture 1.7]. This means to
find the “smallest” linear space Y such that H!(R™) x BMO (R") has the following
bilinear decomposition of the form:

H'(R™) x BMO (R") c L}(R") + Y.

Indeed, via making full use of the characterization of pointwise multipliers of BMO (R"),
which was obtained by Nakai and Yabuta [24] (see also the recent survey [22] of Nakai),
Bonami et al. [3] showed Y = H'°8(R") (a special case of Musielak-Orlicz-Hardy spaces
originally introduced by Ky [16]) and hence completely solved this conjecture. The corre-
sponding conjectures on the Hardy spaces HP(R™) with p € (0,1) and their dual spaces
as well as their local versions were completely solved in [2,6,41,44] via first establishing
the characterizations of pointwise multipliers of Campanato spaces. For more studies
on the real-variable theory of Musielak—Orlicz—Hardy spaces and their relations with
multiplier spaces, we also refer to [16,40].

Here in our work we will concentrate on the multiplier space M (B, ,(R™)) of the
Besov space B ,(R™). Studied already in various articles (see, for instance, [15,17,19,
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25-27,33,37]), the knowledge is still rather incomplete. In particular, in the endpoint
cases p = 0o or ¢ = oo, there still exist many cases in which a concrete characterization
of M(B, ,(R™)) is unknown.

In this article we establish characterizations of the following three multiplier spaces:

o M(Bf . (R")) with s € (0,00) (see Theorem 3.1),
o M(Bf (R™)) with s € (—00,0) (see Theorem 3.5),
o M(B3, ;(R™)) with s € (—00,0] (see Theorems 3.9 and 3.13).

Recall that the characterizations of both M(B{ (R™)) and M(Bg, ,(R™)) with s €
(0, 00) were given, respectively, in [15, Theorem 5] (see also [17, Theorem 3.3 and Remark
3.4]) and [26, Theorem 1.7]. As an application of the preceding characterizations we will
give a corrected proof of the well-known duality principle for pointwise multiplier spaces
of Besov spaces, namely the formula

M (B:,(R™)) = M (B;fq, (R")) , (1.1)

where p,q € [1,0], s € R, and, as usual, 1/a+1/a’ = 1 for any a € [1,00]. In [9, p. 134],
Frazier and Jawerth stated an even more general result. To be precise, let X be a Banach
space such that S(R") — X — S&'(R™) and denote by X’ its dual space, then Frazier
and Jawerth claimed that M (X) = M (X’). But this is not true in this generality as was
first observed by Triebel [37]. Formula (1.1) was also mentioned in [28, Lemma 4.9], but
the given proof there contains an essential error (see Remark 4.2 below for more details).

Our proofs of all these results obtained in this article essentially rely on the duality the-
orem of Besov spaces themselves, some elaborate estimates of paraproducts as well as the
relation between M (B, ,(R")) and the auxiliary multiplier space M (E;,Q(R”)), where
g;yq(]R”) denotes the completion of the Schwartz function space S(R") in B, ,(R").

The remainder of this article is organized as follows.

In Section 2, we first recall some basic concepts and properties about both Besov
spaces and associated pointwise multiplier spaces. We then establish an identity between
M(E;q(]R{”)) and M(B,", (R")) (see Lemma 2.12) and an embedding result between
M(B, ,(R")) and M(g]‘;q(]R”)) (see Lemma 2.15), which play essential roles in this
article.

The target of Section 3 is to characterize both the pointwise multiplier spaces
M (B3 o (R™)) with s € R\ {0} and M (B, (R")) with s € (—o0,0]. On the one hand
this complements the knowledge of pointwise multiplier spaces of Besov spaces, on the
other hand it also plays a key role in our proof of the duality principle. First, via care-
fully estimating paraproducts and constructing the auxiliary functions {g}renni2,00)
[see (3.14) below for the definition], we obtain a characterization of the multiplier space
M (B3 (R™)) with s € (0,00). Then, by some elaborate estimates of paraproducts again
and several embedding relations between the two multiplier spaces M (B, ,(R")) and
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M (f?; 4(R™)) (see, for instance, Lemma 3.8), we will obtain a Fourier analytic characteri-
zation of both M (B7 . (R™)) for any s € (—00,0) and M (B, ;(R")) for any s € (—o0,0].

In Section 4, based on the characterizations obtained in the last section as well as the
identity between M(E;’q(]R”)) and M(B,° /(R")) established in Lemma 2.12, we give
a proof of the duality principle (1.1). Moreover, we give a counterexample to show that
the identity (1.1) is no longer true for values p,q € (0,1).

Finally, we make some conventions on notation. As usual, N denotes the natural
numbers, Z 4 the natural numbers including 0, Z the integers, and R the real numbers.
Let n € N. Then R™ denotes the n-dimensional Euclidean space; Z™ and Z'} denote,
respectively, the spaces of vectors in R™ with integer and with nonnegative integer com-
ponents. For any s € R, the symbol [s] denotes the smallest integer not less than s,
and the symbol |s| denotes the largest integer not greater than s. For any j € Z and
v € 2", define the dyadic cube Q;, := 277 (v + [0,1)"). The symbol 2 denotes the set
of all cubes with edges parallel to the coordinate axes. In addition, for any z € R™ and
r € (0,00),

B(z,r):={yeR": |y—z| <r}.

For any locally integrable function u and any measurable set E C R", let

JZ[u(x) dx = |é—|Zu(x) dx

and the characteristic function of F is denoted by 1. Also, throughout this article, for
any ¢ € (0, 00], let

—4_ when q € (1,00),
g =411 (1.2)
00 when ¢ € (0,1].

Then, for any ¢ € [1, 00], ¢’ is just the usual conjugate index of q, that is, 1/q¢+1/¢ = 1.
Furthermore, the symbols ¢, c1, ... denote positive constants which depend only on the
fixed parameters n, s, b, and p, and probably also on auxiliary functions unless otherwise
stated, their values may vary from line to line. Sometimes we use the symbol “<” instead
of “<”. The meaning of A < B is given by: there exists a positive constant C' such that
A < C B. Similarly we shall use 2. If f < Cg and g = h or ¢ < h, we then write
f<Sg=hor f<g<h,rather than f S g~ hor f < g < h. The symbol A ~ B will
be used as an abbreviation of A < B < A.

2. Besov spaces and pointwise multipliers

The main targets of this section are twofold. The first one is to recall some basic
concepts and results about Besov spaces as well as pointwise multiplier spaces, which
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are frequently used in this article. The second one is to establish several useful properties
of the multiplier spaces M (B, ,(R")) and M(B; ,(R™)), which also play key roles later.

2.1. Besov spaces

In this subsection, we recall some basic concepts and related auxiliary lemmas about
the Besov space B;’Q(R"), which are important in this article. In particular, we present
the concept of the subspace E‘;)q(R") of By ,(R™) and also recall the dual theorem of
Besov spaces, both of which play essential roles in the investigation of Besov multiplier
spaces in this article. To do this, let C°(R™) denote the set of all infinitely differentiable
functions on R™ with compact support, and let S(R™) denote the set of all Schwartz
functions on R™, whose topology is determined by a family of norms, {||-|s,, ®")} ez, »
where, for any M € Z4 and ¢ € S(R™),

n+M+|a
[ sup sup {(1+ z))"™t + \|aa90(x)|}
{a€Zn, |a|<M} zcR"
with the multi-index a := (a1,...,a,) € Z%, |a| = a1 + -+ + oy, and 9% =
O yen (S8 )an - Also, let S'(R™) be the space of all tempered distributions on R”
Oxy Ly

equipped with the weak-* topology. Here and thereafter, for any v := (v1,...,7.) € Z7}
and z := (z1,...,2,) € R", let 27 :=2]" ---2)". For any f € 8'(R"), we use ¥ f to de-
note its Fourier transform and F 1 f to denote its inverse Fourier transform in S'(R™);
in particular, for any f € L'(R") and ¢ € R,

Ff(€) := (2m) "/f Ye 1 dy

Rn

and

FE) —%/f e dr.

Let ¢9 € S(R™) be a radial and real-valued function satisfying that
0<¢g<1,pp=1lon {zeR": |z|<1},and po=0o0n {x € R™: |z| >3/2}. (2.1)

Define {¢r }ren by setting, for any x € R™,

and, for any k € NN [2,00),
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Clearly, Zk€Z+ ¢r =1 on R™. Furthermore, for any k € Z and f € 8'(R™), we let

Spf i =F " (nFf)=r*f (2.4)

and

SFF =S =2 [0 (2F)] = f, (2.5)

Jj=0

where, for any k € Z ,, ¢, := (2m)""/2F ~1¢y.. It is easy to show that, for any f € S'(R™),

suppF (Sof) C {z € R™ : |a| < 3/2}, (2.6)
for any k € N
suppF (Skf) C {z e R™: 281 <|z| < 3. 281} (2.7)
and
suppF (S¥f) c {z e R™: [z[ <3-2"1}, (2.8)

and, for any k € N N[2,00)

suppF ([S*72f] Skg) C {z e R™: 2873 < |z <2V},

supp F ([Skf] Sk72g) C {x eR": 2F3 < lz| < 2’““}, (2.9)
and
k+1
supp F Z [SiflSkg | C{zeR™: 2| <5-2F}. (2.10)
j=k—1

Now, we present the concept of Besov spaces as follows, see, for instance, [35, Definition
2.3.1/2].

Definition 2.1. Let p,q € (0,00] and s € R. Then the Besov space B, ,(R") is defined to
be the set of all f € 8'(R™) such that

1/q

. q
Bp@n =1 O [ 1Sk lp@n] ¢ <o
k€Z+

/]
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Remark 2.2. By [35, Proposition 2.3.2/1 and Theorem 2.3.3], we know that the Besov
space B;’q(]R") is a quasi-Banach space independent of the choice of the generator ¢q.
For more information about Besov spaces we refer to the monographs by Peetre [27],
Triebel [35,36,38], and Sawano [30].

Let a € (0,00), j € Z4, and f € 8'(R™). Recall that the mazimal function of Peetre—
Fefferman—Stein type is defined by setting, for any = € R,

Sf,af(x) ‘= sup |S]f(l‘ - y)l

— 2.11
) S O 2 (211)

where the operator S; is defined in (2.4); see, for instance, [35, Definition 2.3.6/2]. Clearly,
1Sj f(2)| < S f(x) for any = € R". The following lemma (see [35, 2.3.6/(22)]) means
that, for any p € (0,00], S;*f is bounded by S; f in the norm of LP(R").

Lemma 2.3. Let p € (0,00] and a € (3,00). Then there exists a positive constant C' such
that, for any j € Z4 and f € S'(R™),

155 £l o gy < C 1S3y -

The following useful conclusion is just [28, 4.2.1/(4) and (5)], which is important in
this article.

Lemma 2.4. Let p,q € (0,00] and s € R.

(i) There exist two positive constants C1 and Cq such that, for any f € B, (R"),

Cy £l

J
Bs (R") = jSGUZ]Eir |57 1| Bs (R") = Co |l fllgs ) -

(ii) If ¢ € (0,00), then, for any f € By (R™), lim;_, 1S9 f — f]

Bg‘q(Rn) == 0.

Furthermore, we need the following Fatou property of Besov spaces, see, e.g., [8, p.
40, Theorem 1].

Lemma 2.5. Let p,q € (0,00] and s € R. Assume that {fj}jen C B, ,(R™) and f €
S'(R™) satisfy that both f; — f in S'(R™) as j — oo and liminf;_, | f;] Bs ,(Rn) < 00.
Then f € B, ,(R™) and there exists a positive constant C, independent of both {f;}jen
and f, such that

/]

5@ < Ot fls; @ -

Finally, we recall the duality theorem of Besov spaces. Let X C S&'(R™) be a quasi-
Banach space such that S(R™) is dense in X. Then the dual space of X, denoted by X',
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is defined to be the set of all f € S'(R™) satisfying that there exists a positive constant
C' such that, for any ¢ € S(R™), |{f, ¢)| < C|l¢||x. Moreover, for any f € X', let

1fllxr = sup [(f )]

PeSR™M), lellx <1

Also, recall that, for any ¢ € (0,00], ¢’ is the same as in (1.2). Then the following is
known, see, for instance, [35, 2.11.2/2.11.3].

Lemma 2.6. Let p,q € (0,00) and s € R.
(i) If p € [1,00), then

(B;,Q(Rn)), =B,y (R").
(ii) Ifp € (0,1), then

n—s

(Bra(RM) = By ;" (R").

Moreover, let p,q € (0,00] and s € R. Recall that Ef,,q(R") is defined to be the
completion of S(R™) in the Besov space B;ﬁq(R") and is equipped with the quasi-norm
-1l (rmy- Then, if p,q € (0,00), from the density of S(R") in Bj  (R") (see, for
instance, [35, Theorem 2.3.3]), we infer that, in this case, E;q(R”) = B, ,(R"). Fur-
thermore, we have the following duality relation, we refer to [35, Remarks 2.11.2/2 and
2.11.3/3].

Lemma 2.7.

(i) Ifpe[l,00), ¢ =00, and s € R, then
- / i
(B;,OO(R”)) = B* (R™).
(ii) If p= 00, q € (0,00], and s € R, then
- / .
(Bia(®R") = Bry(®R™).
(i) Ifp € (0,1), ¢ = o0, and s € R, then

n—s

(Bsoe(®) = BE," " ®").
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2.2. Pointwise multiplication

In this subsection, we recall the definition of the product of two distributions as well
as the concept of pointwise multiplier spaces. Then we give some basic properties of both
the multiplier spaces M (B, ,(R™)) and M(E;’q(]R")). In particular, via making full use
of the duality relations of Besov spaces themselves, we establish an identity between
M(B; ,(R™)) and M(B,%,(R™)).

First, we give the definition of the product as follows. For any f,g € 8'(R™), we put

fg:= lim (ij) Sig

J—0o0

if the limit on the right-hand side exists in S’(R™). Thus, at least formally, fg has a
decomposition

o 0o k+1 0
Fe=Y (S0 Skg+> . > (Sif)Skg+ Y (Skf)S* g
k=2 k=0 l=max{0,k—1} k=2

The bilinear mappings II; (f,g), 2 (f,g), and TI3(f,g) are called the paraproducts
which are indispensable tools in the study of pointwise multipliers. If they exist in S’ (R"™),
then the product exists as well.

Definition 2.8. Let X — S'(R™) be a quasi-Banach space. Then the pointwise multiplier
space M(X) of X is defined to be the collection of all m € 8'(R™) such that mg € X for
all g € X and

[[mgllx
mllprx) == sup < 00. (2.13)
gex,g20 ll9llx

Here 0 denotes the zero element of X.

Remark 2.9. Recall that Maz’ya and Shaposhnikova [19, p. 33] used a slightly weaker
definition. They did not require (2.13). But, this is due to the fact that they dealt with
X being a subspace of L' (R™) 4+ L>(R™). For those spaces (2.13) follows from mg € X
for all g € X.

For the pointwise multiplier space M (X ), the following duality relation holds, we refer
to [9, p. 134] (see also [37, Subsection 4.2]).

Lemma 2.10. Let X be a quasi-Banach space satisfying that S(R") — X — S'(R™).
Assume S(R™) is dense in X . Let X’ denote the dual space of X. Then M(X) — M(X').
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The following lemma contains some basic properties of the multiplier spaces
M (B, ,(R™)) and M(E;’Q(R”)). For proofs of parts (i) and (ii) we refer to [15, Lemma
9] and [28, Theorem 4.3.2 and Lemma 4.6.3/1]. Moreover, part (iii) was proved in [17,
Lemma 2.7(iv)].

Lemma 2.11. Let p,q € (0,00], s € R, and X := B, (R") or E;’q(R").
(i) There exists a positive constant C' such that, for any f € M(X), f € L>(R™) and
[l 2o ®ny < CUfllarix) -
(i) If further assume p,q € [1,00] and h € L*(R™), then h* f € M(X) and

([ f||M(X) < Al @n) HfHM(X) :

(iii) If further assume p,q € [1,00], then M(X) is a Banach space.

In the remainder of this subsection, we turn to investigate the relation between
M(B, ,(R")) and M(B; ,(R")). First, we have the following relation based on the du-
ality.

Lemma 2.12. Let p € [1,00], q € [1,00), and s € R. Then

M (B;(®™) = M (B2, (R))
in the sense of equivalent norms.

Remark 2.13. As already mentioned in the introduction, Frazier and Jawerth [9, p. 134]
stated a more general result than (1.1) or Lemma 2.12. Let X and X’ be the same as
in Lemma 2.10, and further assume X is a Banach space. Then Frazier and Jawerth
claimed that M(X) = M(X'). But, this is not true in this generality as can be seen from
the following counterexample, due to Triebel [37]. Let s € (0,00). Then it holds that

M (Ego’oo(R")) C M (B (R™)). (2.14)

However, recall that (E&W(R"))’ = By {(R") by Lemma 2.7(ii). For an explicit example
of a function f € M(By7(R"))\ M(E;,M(R”)), we refer to [37, (4.6)] (see also [17,
Remark 2.14]).

To prove Lemma 2.12, we first show the following auxiliary conclusion about Schwartz
functions.

Lemma 2.14. Let f € L>(R™) and g,h € S(R™). Then (fg) * h € S(R™).
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Proof. Applying [7, Proposition 8.10], we find that (fg) * h € C°(R"™) and, for any
pelZy,

0% ([fgl = h) = (fg) * (9°h) .

Thus, for any o, 8 € Z"} and x € R", we have
|2°9” ([fg] * h) ()]

= /f y)0°h(z — ) dy

IA

1 oo oy ]! / 9(w)1 |8 hz — )| dy

|z g(y)| (lz — gl 4 [yl
N / — o \nt1+]al dy S — L \ntltlal lg(y)| dy
J T JACEREE

1 (6%
5/ {W%-Iy“ |g(y)] dy ~ 1,
R

where the implicit positive constants are independent of x. This further implies that, for
any «,f € Z", supyegn |20 ([fg] * h)(z)| < co. Therefore, (fg) * h € S(R™), which
then completes the proof of Lemma 2.14. 0O

Now, we show Lemma 2.12.

Proof of Lemma 2.12. From Lemmas 2.6(i), 2.7(ii), and 2.10, we infer that
~S n ! —S n
(Bpa(®M) = By (R,
and hence
M (B;’q(]R")) M (B (R")) (2.15)

Conversely, we next prove M(B,°,(R")) — M(E;’q(IR”)). To do this, let f €
M(B,°,(R")) and g € S(R"). Then, by the definition of the product of both
Schwartz functions and distributions, we conclude that fg exists in S’'(R™) and
fg = limj (57 f)g in S'(R™). Notice that, for any j € Z,, (S7f)g € S(R") C
E;Vq(]R"). Thus, applying the fact that (E;,Q(R”))' = B,°,(R"), [7, Theorem 5.8(ii)],
Lemma 2.11(ii), and (2.5), we find that, for any j € Z,



12 Y. Li et al. / Journal of Functional Analysis 286 (2024) 110198

[ Dol my= s (. (571) )
: he(B;,q(R”))lvHh”(équ(Rn))lzl
~ sup (k. (571) 9)]
REB S Ry =1
- sup (157 £.0)]
h€BL (R, Il p—s  gny=1
r,q
N sup hS fllp=c ey 19l . me
hEB;,fq,(]Rn%”hHB_/s /(]Rn):1 || HBpl’ql(R ) BPYQ(R )
r'.q

< Hsjf||M(B;fq/(R”)) Iollz;.,
<2 0o ()| s oy 1 arcs, oy 1911, e
~ I s @y 191l s; e -

This, combined with the fact that fg = lim;j(S7f)g in S’(R™) and also with
Lemma 2.5, further implies that fg € B; ,(R™) and

£l

Bs ,(Rm) = ”ngB;Q(Rn) S Hf||M(B;,fq,(Rn)) ||g||B§1q(R") : (2.16)

Now, we show that fg € E;’q(R"). Indeed, from the assumption ¢ < oo and
Lemma 2.4(ii), it follows that

jln;oHSj(fg)ingB;q(R") =0. (217)

In addition, for any j € Z,, by Lemmas 2.11(i) and 2.14, we conclude that S7(fg) €
S(R™). Therefore, using (2.17), we obtain fg € B, ,(R™). Combining this, the assump-
tion that S(R™) is dense in E;yq(R"), and (2.16), we further have f € M(E;q (R™)) and
||f||M(§S ®n)) S 1fllasr(p=* , ®ny)- This completes the proof of Lemma 2.12. O

Finally, we establish the following relation between M (B, ,(R™)) and M (Ef,,q(R”)).

Lemma 2.15. Let p € (0,00], ¢ € (0,00), and s € R. Then M(B;q(Rn)) o
M(EZVQ(RR)). Moreover, for any f € M(B, ,(R")),

||fHM(§;q(]Rn)) < ||fHM(Bqu(Rn)) :

Proof. Let f € M(B; ,(R")) and g € S(R"). Then, by Lemmas 2.11(i) and 2.14, we
find that, for any j € Z, S/(fg) € S(R™). Moreover, applying the assumption ¢ < co
and Lemma 2.4(ii), we conclude that ||S7(fg) — fg| By (®n) — 0 as j — oo. Therefore,

fg € B, 4(R™). This, combined with the density of S(R™) in E;’q(R"), further implies
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that f € M(E;,q(R")) and hence, as sets, M (B, (R")) C M(Equ(R”)). Furthermore,
for any f € M(B; ,(R")) and g € E;’q(R"), we have

/gl

Bs (R") = ||f||M(B;1q(R“)) HgHBqu(R") )

which then implies that, for any f € M (B, ,(R")), ”fHM(é;’q(Rn)) < sy, )
This finishes the proof of Lemma 2.15. 0O

Remark 2.16. We should point out that, in Lemma 2.15, if ¢ = oo, then the conclusion
may not hold. Indeed, let p € (1,00] and s € R. Then, in this case, by [17, Proposition
2.13], we have the embedding

M (B (R™)) < M (B o (R™), (2.18)

which is completely contrary to the conclusion of Lemma 2.15. Moreover, as mentioned
above in Remark 2.13, we have

M (B3 wo(R") G M (Bl (R)).
3. Characterizations of pointwise multipliers of Besov spaces in endpoint cases

In this section, we study characterizations of pointwise multiplier spaces of Besov
spaces in the following endpoint cases:

o M(Bj (R")) with s € (0,00) (see Theorem 3.1);
o M(Bf . (R™)) with s € (—00,0) (see Theorem 3.5);
o M(B3, ;(R™)) with s € (—00,0] (see Theorems 3.9 and 3.13).

Moreover, for the simplicity of the representation, in what follows, for any s € R and
feS(R™), let

k—

2
Iflly:== sup 2’“22_“ sup ][ |Skf(x)|dx| . (3.1)
keNN[2,00) -0 mezn 0
I,m

3.1. A characterization of M (B ,,(R")) with s € (0, 00)

In this subsection, we obtain the characterization of the multiplier space M (B5 ,,(R™))
with s € (0,00). The proof essentially depends on both some elaborate estimates of
paraproducts and the construction of the auxiliary functions {gx }renn2,00) [s€€ (3.14)
below for the definition] which are motivated by the intrinsic structure of the term || - ||
defined in (3.1).

Indeed, we characterize M (B; . (R")) for any s € (0,00) as follows.
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Theorem 3.1. Let s € (0,00). Then f € M(Bf . (R™)) if and only if f € L>=(R") and

11l oo ey + I1f 1l 5 < 00

Moreover, there exist two positive constants Cy,Cq such that, for any f € M(Bf ., (R")),

CillfllmBs o ®ey) S N fllpe@ny + 11Nl < Collfllmreas o))

Remark 3.2. Netrusov in [25, Theorem 3(1)] has found the following characteriza-
tion of the multiplier space M(Bf . (R")) with s € (0,00). Let s € (0,00). Then
[ € M(Bf . (R")) if and only if f € L>(R™) and
1
j s s—n dt
sup 2/ sup |fj(x)|dx| t <% (3.2)

JEZ 4 / zeR™
2-J3-1 B(z,t)

where {f;}jez, C S'(R™) N L (R™) satisfies supp ¥ fo C B(0,2),
suppF f; € B(0,27*1)\ B(0,2771), ¥j €N,

and f = > ..z, f; in S'(R"). We should point out that, compared with (3.2), our

characterization in Theorem 3.1 has a minimal change in the formulation. However,

Netrusov never published a proof.

To show Theorem 3.1, we first give some notation. In what follows, for any @ € 2, we
always use [(Q) to denote its edge length. Furthermore, for any € R™ and [ € (0, 00),
the symbol Q(x,l) denotes the cube with center x and edge length I, and the symbol
e:= (1,...,1) denotes the unit of R™. Let h € C°(R™) be such that

1Qo0 S h < 1g1e2)-

Then we have the following estimates about h, which play key roles in the proof of
Theorem 3.1.

Lemma 3.3. Let M € Z. For anyl € Zy and z;,x € R™, let

Mz () i= h (2'[z — 21]) .
Then there exists a positive constant C, depending only on n and M, such that
(i) for any j € ZLN[0,1],

155 (hl,wz)HLl(Rn) <Cc27'm
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(ii) for any j € NN[l+1,00),
155 (P )| 1 ey < C2AHEZWIZOEDS,
Proof. We first prove (i). Indeed, using the Young inequality, we find that
HSJ (hl,wz)HLl(]Rn) S ||hl,rz ”Ll(]R") = 2—ln ||h||L1(Rn) ~ 2—ln7
which completes the proof of (i).

Next, we show (ii). To this end, let j € N N[l 4+ 1,00). Then, from (2.7) with k := j,
we infer that, for any v € Z7,

/gz)j(x):cW dx = 0.
R’n

This, together with both the Taylor remainder theorem and the Tonelli theorem, further
implies that, for any y € R", there exists ¢, € (0,1) such that

||Sj (hl,zz)”Ll(Rn)

= [|[ et - wyay| ao
R» R™
OV (hy 2, (x —-))(0
:/ /@j(y) B (2 — y) — Z (P, z(,y' )( )yv dy| dx
R e
N (h(2(x — 2 — ) (tyy
- [|[ o & TEEEE Ay e
R R \v’\yif};l
sa0von [yt o @) 3 ok (e o= )] dedy
R7 R» \J\iif{l
= goenemaeen [ Lo ) S a2 )] dedy
R» R" I’Yﬂ\/ilz\/lzil
:2(M+1—n)l—(]\/f+1)j//|y|M+1‘<p1(y)| Z |0V h(z)| dx dy.
R» R™ Ivﬁ\/ilzilt—l

Applying this and the assumption h € C°(R™), we further conclude that
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Y
max {07h]] < } < 20

[y|=M+1

and hence

Hsj (hl,xz)HLl(Rn)

S, 2(M+17n)l*(M+1)j / / |y|M+1 |§01(y)| Z |8'\/h ($)| dx dy

R™ supph \v’\yif/fal
< 2(M+17n)l*(M+1)j/ / M o1 (y)| dz dy
R™ Q(%e,2)

~ 9(M+1—n)I—(M+1)j / )M+ o1 (y)| dy ~ 2 F1=)I=(M+1),

Rn

This finishes the proof of (ii) and hence Lemma 3.3. O

We also need the following simple estimate of the paraproduct II; (-, -), see, e.g., [28]
or [17, Lemma 4.1].

Lemma 3.4. Let p,q € [1,00] and s € R. Then there exists a positive constant C such
that, for any f € L*(R") and g € B, ,(R"),

1L (9l Bs ey < Cllf Lo ®ny 9] 55 @) -

Via above preparations, we now prove Theorem 3.1.

Proof of Theorem 3.1. We first show the sufficiency. To this end, let f € L*°(R"™) be
such that || f| o ®n) + [|flls < oo and let g € By (R™). Then, applying (2.12), we find
that

£l

3 3
Bi .(R") < SO (£, 9y @y =2 1. (33)
j=1 j=1
By Lemma 3.4 with p := 1 and ¢ := oo, we conclude that
LS ey l9llg oy < [1F ey + 171 lols _uoy - (34)
Now, we deal with Iy. Indeed, using (2.6), (2.7), and (2.10), we obtain, for any | € Z,
oo k+1

Si (T2 (f,9)) = Si > > [Sif1Sg] - (3.5)

k=max{0,l—3} j=max{0,k—1}
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From this, both the Young and the Holder inequalities, the definition of || - |
and the assumption s € (0, 00), we deduce that, for any [ € Z .,

B o (R7))

S (M2 (f, 9))HL1(Rn)

(o) k+1
< Z Z 1151 ([S; f] Skg)”Ll(Rn)
k=max{0,l—3} j=max{0,k—1}
%) k+1
S Z Z HijHLoo(Rn) ||Sk9||L1(R")

k=max{0,l—3} j=max{0,k—1}

(o) k+1

s> > 1 oo oy

k=max{0,l—3} j=max{0,k—1}

|Skgll L2 (mmy

—ks —ls
B omn D 2~ 27 fll o ll9ls; -
k=1-3

S Il ooy gl

This, combined with the definitions of both Iy and || - || gs _(rn), further implies that

Iy = sup {215 1St (112 (f, 9))HL1(R“)}
l€Z+

AN

||fHLoc(Rn) ”g”nyoo(]R”) < [”f”LOO(]R") + ||f||s] ||9HB;OC(RTL) ) (3.6)

which completes the estimation of Io. We next estimate I3. Indeed, by (2.6), (2.7), and
(2.9), we conclude that, for any j € Z,

j+3
S; (15 (f,9)) = S; S ISuf1sh 2 (3.7)

k=max{2,j—1}
Applying this and the Young inequality, we find that, for any j € Z,

Jj+3
1S (s (f: ey < D0 185 (15e£15"720) |2 gy
k=max{2,j—1}
Jj+3
S > G el (3.8)

k=max{2,j—1}

To finish the estimation of I3, we now estimate ||(Syf)S*2g|| 11 (rn) With k € NN 2, 00).
Indeed, for any k € N N [2,00), by (2.5) with k£ and f therein replaced, respectively, by
k — 2 and g, we conclude that
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k—2

1655 S* gl sy < 3 [ 1807 ISig(e)] o

1=0gn

Sy /|skf )/ |Sig(2)] da

=0 mEZ”Ql "

<Z Z max {|S’lg )|} / [Skf(x)] dz. (3.9)

=0 mEZ" Qim

Noticing that, for any given [ € Z, and m € Z" and for any z,y € Q) ,, we have

‘y_x| < 2il\/ﬁa

which further implies that

|S1g9(z)| *,n+1
< < ’
1S19(2)| < T 2y — 2T = S g(y)

with the implicit positive constant independent of both [ and m, where S il g(y) is the
same as in (2.11) with a, 7, f, and = therein replaced, respectively, by n + 1,1, g, and y.
From this, we then infer that, for any [ € Z, and m € Z",

< . *,n+1
max {|Sig(e)[} £ min- {sim g}

This, together with (3.9), Lemma 2.3(i) with p, a, j, and f therein replaced, respectively,
by 1, n+ 1, [, and g, and the definition of || - [[p; _(r»), further implies that, for any
ke NNJ200),

k—2
1545 2| 2 gy S win {[577 9w} [ 181 de
1=0 mezZnr YEQI,m
Qi,m

k—

sz / 5/ gg)dy o 1Sf(@)] de
[=0m lm Ql,m
k—2

<> s, ][ |Skf ()] dx

L*(R™) meZn
=0
Ql m
k—2
IStz aey sup. f|skf 2)| de

l=0

Qi,m
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k—2
> 27 sup ][\Skf(m)|d:v . (3.10)

=0 mezZm™

which is the desired estimate of [|Sy fS* g L1 (&)
On the other hand, observe that, for any j € Z, and k € N N [max{2,5 — 1},7 + 3],
278 ~ 2k Combining this, (3.8), and (3.10), we find that, for any j € Z .,

275 ||S; (T3 (f, I L1y

Jj+2

<SPl ey D o sup. f|skf )| do

k=max{2,j—1} 1=0

Jj+2 k—2
ol mey > 2Y 2 sw ][ k()] da
k=max{2,j—1} lO

S0 Mgl ss ey < (1l qny + 1F1] gl oy -

Using this and the definition of I3, we further obtain

Iy = sup {271} (Ts (£, ) s oy} S (10w oy + 11 gl ey -

JEL

From this, (3.3), (3.4), and (3.6), it follows that

1£9l 55 @) S [IF ey + 1511 @ -

Hence, f € M(B; (R")) and
1 sy )y S Il Loy + 171 - (3.11)

Thus, we have completed the proof of the sufficiency part.
Conversely, we next prove the necessity. To this end, let f € M(B;j  (R")). Then,
using Lemma 2.11(i) with p := 1 and ¢ := oo, we find that f € L°°(R") and

1wy S 1 llnrgss oy - (3.12)

On the other hand, for any given k € N N [2,00) and for any | € Z, N[0,k — 2], there
exists my,; € Z™ such that

sup ][\skf(x)mx <2 ][ 1S f ()| da. (3.13)
Qi,m

mezZm™
Qumy,
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For any k € NN [2,00) and z € R", let

k—2
(x) := Z o(n=s)ip, (2" — myy) . (3.14)
Now, we show that, for any £ € NN [2,00), gr. € Bf (R") and

Bi@&n ) S L (3.15)

sup {
keNN[2,00)

Indeed, for any k € N N [2,00), by Lemma 3.3(i) with j := 0 and x; := 27'my,; for any
1 €Z4+ N0,k —2] and by the assumption s € (0,00), we conclude that

N
l\?

S0kl 11 ®Rn) = 2n ? HS ( [_27lmkvlj|))”L1(]Rn)

i)

A

2<”*8>12*l” <) 2~ (3.16)
1=0 I€EZ

On the other hand, for any j € N and k € N N [2,00), from Lemma 3.3 with M := |s]
and x; := 27'my; for any | € Z N[0,k — 2], we deduce that

k—2
HSJ'QkHLl(Rn) §22n g HS ( ( [ _2_lmkvl]))”L1(R")
=0
j—1 e’}
S; 2(71—3)12(|_SJ+1—n)l—(|_sJ+1)j+Z2(n—s)l2—ln
1=0 I=j
-1

o0
— o(Ls]+1=s)l=(Ls]+1)j 4 Z 9=ls o 9=Jis

1=j

o

Combining this and (3.16), we further obtain, for any & € N N [2, 00),

(Rn) = Sup {2js Hsjgk”Ll(Rn)} ,S 1a
JjE

which implies that g € Bf . (R") and hence completes the proof of (3.15).
In addition, observe that, for any k € NN [2,00), 1 € Z4y N[0,k — 2], and = € R", we
have

]_Ql""Lk,L () <h (QI.I — ka) .

This, together with (3.13), further implies that, for any k£ € N N [2, 00),
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k—2
QkSZQ s sup ][ |Skf(x)| dx
1=0 mezn
Ql,nz
k—2
S 3o [ suf)] do
1=0 0
Lmga

k—2
pe / S/ @) 320 Mg, (2)da
B 1=0

k—2
< ks / |Sk f ()] Z o(n=s)ip, (2lx —myy) da
B 1=0

_ gks / 1St (@)] |gx (z)] da

Rn

=2 [(S0) 820y + 2 3 W) S0y
j=k—1

=: Ik11 +Ik72. (317)

We first deal with Ij ;. Indeed, for any &k € N N [2,00), applying (2.9), (2.6), (2.7),
(2.13) with p, ¢, f, and g therein replaced, respectively, by 1, oo, Sif, and S¥~2g,,
Lemma 2.11(ii) with p := 1, ¢ := oo, and h := ¢, Lemma 2.4(i) with p := 1, q := oo,
and f := g, and (3.15), we find that

Tea <25 ) 1 [|S; ([Sef] S* 290l s ey

JEL 4

k+1 )
~ Z 277 || ([Sx ] Skizgk)HLl(]R")

j=max{0,k—3}

< sup {27718, (50115200 1 oy} = 1500 5201

jez, Bi L (R™)
k—
< H@k * fHM(Bf,OC(R”)) HS 2ngBf,oo(Rn)
S WA aeess ey M98l _wmy ~ I larcss ) - (3.18)

This finishes the estimation of I ; with ¥ € N N [2,00). Now, we turn to the estima-
tion of Iy 2, & € N N [2,00). Indeed, for any £k € N N [2,00), by the Hélder inequality,
Lemma 3.3(ii) with M := |s| and 2; := 27 lmy; for any I € Z, N[0,k — 2], the Young
inequality, and (3.12), we conclude that



22 Y. Li et al. / Journal of Functional Analysis 286 (2024) 110198

(o)
Lip < 2|8k f ey D 11559kl 1 o)

j=k—1
oo k—2
<2 Suf ey D 22085 (0 (2 [ = 27 ) || o oy
j=k—11=0
oo k—2
S S fll oy D D 202l (Ls) 1)
j=k—11=0

~ ISkl oo ey < Mokl pr gy 1l oo ey S WFlarms )y s

which then completes the estimation of Ij 5. From this, (3.12), (3.17), (3.18), and the
definition of || - ||s, we infer that

11l oo ey + 11 S 1 arcas ey - (3.19)

This finishes the proof of the necessity. Moreover, applying (3.11) and (3.19), we further
obtain

||fHM(Bfm(Rn)) ~ Nl oo ey + £

which completes the proof of Theorem 3.1. O
3.2. A characterization of M (B ,,(R")) with s € (—0c0,0)

In this subsection, we characterize M (Bj ., (R™)) with s € (—00,0). Our main tool is
an embedding between M (B, ,(R")) and M(E;,q(R”)) (see Lemma 3.8 below).

Let s € (—00,0). Then the Fourier analytic characterization of M(Bf  (R")) is as
follows.

Theorem 3.5. Let s € (—00,0). Then
M (Bi (R")) = B, (R™)

in the sense of equivalent norms.

Recall that Nguyen and Sickel [26, Theorem 1.7] obtained the following characteri-
zation of M (B3, ;(R"™)) for any s € (0,00), which will be used in the proofs of both
Theorem 3.5 and the duality principle Theorem 4.1 below.

Proposition 3.6. Let s € (0,00). Then
M (Bgo,1(Rn)> =B, 1(R")

in the sense of equivalent norms.
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Also, to prove Theorem 3.5, we shall need some properties of differences. Let N € Z
and h € R™. Recall that the difference operator Al is defined by setting, for any complex-
valued function f and any x € R,

N
AN () = S (—1)V (].V )f(x + ),
=0

i J

where, for any j € {0,...,N}, (J;[) = ﬁ In addition, recall that the symbol
C(R™) denotes the set of all continuous functions on R™. The following characterization
of B3, ,(R™) by differences is a simple application of both [36, 2.6.1/(3)] and [32, Theorem
3.3.1(ii)]; we omit the details.

Lemma 3.7. Let g € (0,00], s € (0,00), and N € NN (s,00). Then f € B3, ,(R") if and
only if f € L*(R™) N C(R™) and, when q € (0,00),

1
1 q

. s dt
15, ey 3= sup 1F(@)] + / t* sup sup [AYf(0)]" =
’ zelR™
0

< 00
|h|<t z€Rn t

or, when q¢ = o0,

/1

B ®n) = sup |f(z)|+ sup {ts sup sup |A£Vf(x)’} < o0.
hathes zeRn te(0,1) |h|<t z€R™

Moreover, there exist two positive constants Cy and Co such that, for any f € ngq(R”),

Cr | fl

Bs ,(Rn) = Hf||§agw(mn) <Colfllgs, ®m)-

Based on Lemma 3.7, we now establish the following embedding between M (B, ,(R"))
and M(E;’q(]R")), which will be essential for the proof of Theorem 3.5.

Lemma 3.8. Let p,q € (0,00], s € R, and [ € M(E;,q(R”)). If fg exists in S'(R™)
for any g € B, ,(R"), then f € M(B, ,(R™)) and there exists a positive constant C,
independent of f, such that

”fHJVI(B;’q(]R”)) < C”fHM(E;;’q(]Rn))-

Proof. Let g € B, (R"). Then, applying the assumption that fg exists in S'(R™) and
also applying [17, Remark 2.9 and Corollary 2.11], we conclude that

fg = lim [ (3.20)
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in S'(R™). Let ¢ € C°(R™) be such that ¢(0) = 1. Then, from [7, Proposition 9.9], it
follows that, for any j € N, fS7g = lim; .o, f(57¢)¢(27") in 8'(R™). Combining this
and (3.20), we further obtain

fg = lim lim f(S7g)vy (27") (3.21)
j—ool—o0
in 8'(R™).
Observe that, for any j,I € N, (S7g)y(27") € C2°(R") C By ,(R™). Using this, the

assumption f € M(E;q (R™)), [35, Theorem 2.8.2], and Lemma 2.4(i), we find that there
exists p € (max{0, s, i s}, 00) such that, for any j,1 € N,

17 (579) v 27l ;. ey
<l ey 1(579) ¥ (27)]

S Hf“M(EN};Yq(R")) 1579

B; ,(R™)

Bs  (R™) Hw (271') HB@O,M(Rn)
S aszs oy 19055,y 19 27 e, eny (3.22)
In addition, for any N € Z, 1l € N, and z,h € R", we have
N
AY (0 (21) )= 205 (Vo (27t 270n) = A (7).
pard

By this and [43, (4.28)], we conclude that, for any N € Z,, !l € N, ¢t € (0,1), and
x,h € R™ with |h] <,

AN (¥ (279) (@) S @R sup sup 0° ()| S [pIY < V.
a€Z7, ja|=N yeR™, |2-la—y|<N]h|

From this with N := [p] 4+ 1 and also from Lemma 3.7 with s replaced by p, we then
deduce that, for any | € N,

1 27 e, ey

A}EPJ-&-I (¢ (271,)) (@‘}

~ sup ’1/) (27%)’ + sup <t ? sup sup
zeR” te(0,1) heR™, |h|<t z€R"

< sup |y (27'2) |+ sup ¢TI~
z€Rn t€(0,1)

This, together with (3.22), further implies that, for any j,1 € N,

I (s79)w (274)]

thq(Rn) 5 Hf”M(é;yq(]Rn)) ||QHB;’Q(R,7,) .
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By this, (3.21), and Lemma 2.5, we conclude that fg € B; ,(R") and

”ngB;,q(Rn) S HfHM(é;q(Rn)) llg] Bz (Rn)>

which implies that f € M(B, ,(R")) and ||f||M(B;1q(Rn)) < Hf”M(Ez,q(R"))' This then
finishes the proof of Lemma 3.8. O
Now, we are in position to give the proof of Theorem 3.5.
Proof of Theorem 3.5. We first show
M (B} ,(R™)) = B’ (R™). (3.23)

To do this, let f € M(Bj (R")) and g € B ’;(R"). Then, applying Lemmas 2.11(i)
and 3.7, we find that f € L>°(R") and g € L*°(R™) N C(R™). These, combined with [28,
Proposition 4.2.1], further imply that fg exists in S'(R™). In addition, from Lemma 2.12,

it follows that f € M(B_’ (R")). Thus, by Lemma 3.8, we further conclude that f €
M (B’ (R™)) and ||fHM(stl(Rn)) < Hf”M(E*sl(Rn))' Combining these, Proposition 3.6,
and Lemma 2.12 again, we obtain '

I sze, ey ~ 1z, @y S WA arae, ey ~ 1 s ey -

This finishes the proof of (3.23).
By Proposition 3.6 and Lemmas 2.15 and 2.12, we find that

B (R) = M (B (RM) < M (B (RY) = M (Bf o (R™))

which proves B ° (R™) — M(Bj (R")). The proof of Theorem 3.5 is then com-
plete. O

8.3. A characterization of M (B3, 1(R™)) with s € (—o0, 0]

In this subsection, by some elaborate estimates of paraproducts and several relations
between two multiplier spaces M (B, ,(R")) and M(Egjq(R”)), we obtain the Fourier
analytic characterization of M (B3, ;(R")) for any s € (—o0,0]. First, we characterize
M (B, ;(R™)) as follows.

Theorem 3.9. Let || - ||o be the same as in (3.1) with s replaced by 0. Then f €
M (B, | (R™)) if and only if f € L>(R") and

£l se, @y + 1£llg < 00

Moreover, there exist two positive constants Cy1 and Cs such that, for any f €
M (B3, 1 (R™)),
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Ch HfHM(Bgo,l(]R")) < HfHBgc,l(]R") + Hf”o <Gy ||fHM(Bgo’1(R")) :

To prove this theorem, we need the following characterization of M (B}  (R™)), see,
for instance, [15, Theorem 5] or [17, Theorem 3.3 and Remark 3.4].

Proposition 3.10. Let || - ||o be the same as in (3.1) with s therein replaced by 0. Then
f e M(BY (R™)) if and only if f € L>°(R") and

11l 5o, , @ny + 1 Fllp < 00

Furthermore, there exist two positive constants C1 and Co such that, for any f €
M(B] o (R™)),

I sy oy < IFlso, ey + IFllo < Coll Fllarms _ ey -

The following auxiliary estimate of the operators {S;} ez, on cubes also plays a key
role in the proof of Theorem 3.9.

Lemma 3.11. There exists a positive constant C such that, for any f,g € S'(R™), ,k,j €
Z+, IS Zn, and x € QZ,V7

1515411 5,0) ()] < C 18501 1y 12, F 1sus) dy
Ql,vn

Proof. Let f,g € S'(R™), l,k,j € Z4, and v € Z". Then, for any x € @, we have

|5t ([Skf1859) ()] < /Isoz(w—y)\ 1Sk W)1559(w)] dy
R»

2ln
18581y | gy 1S/ W] dy

n

1
= 188limmry X | g S W) (320
mEZ"Q Yy

l,m

Notice that, for any m € Z", # € Q;,, and y € Qum, 1 + 2z —y| ~ 1 + [v — m|.
From this, (3.24), and the fact that > ~ 1, we then infer that, for any
T e Ql,ua

1
meZ" (1+|v—m|)n+1

1
(= ml)+

150 (5111 559) (@) < 1956 ey S

mezn

][ 1S/ ()| dy

1,m
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SISl sup | 1SS dy
Ql,vn

This finishes the proof of Lemma 3.11. O

Now, we turn to the estimation of the paraproduct II5 (-, -), which will be used in the
proof of Theorem 3.9.

Lemma 3.12. Let s € (—00,0]. Assume that f € L>®(R"™) satisfies || f||—s < 0o and that
g € Bgo,l(R"). Then there exists a positive constant C, independent of both f and g,
such that

1102 (£, 9)ll s,y < C [ lpe@my + 11 Mol e, .

Proof. Using (3.5) and the Tonelli theorem, we have

B, 1(R™)
o] Jj+1

<2 X S 2SS9 ey
l€Z 4+ j=max{0,l—3} k=max{0,j—1}

142 j+1

5
=y > > 218 ((Sef1Si9) e gy
j=max{0,l—3} k=max{0,j—1}
5 0o J+1 oo j+1
3 Z BREED 3D SID SIS
1=0 j=Il43 k=75—1 =6 j=1-3 k=75—1
5 +2 j+1
Z > > 2% 1S ((Sef1S59) e gy
=0 j=max{0,l—3} k=max{0,j—1}

5 oo Jj+1 oo J+1 k-2 oo J+1 j+3
535 55 SIS 35 35 SRS 35 3 A8
1=0 j=1+3 k=j—1 j=3 k=j—1 1=0 =3 k=j—11=k—1

= TIT; + ITT, + ITT5 + IT1,. (3.25)

Notice that, for any | € Z and j € Z N[l — 3,1+ 2], 2! ~ 27%. Applying this and the
Young inequality, we obtain

1+2 Jj+1

1, Z > > 28kl e @y 15591l Lo (m )

1=0 j=max{0,l—3} k=max{0,j—1}

7

Sl e @ny D27 1850 e gy < IF Lo ey 191 Bs, , mny - (3.26)
=0
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which is the desired estimation of III;.
Now, we estimate IIl;. Indeed, from the Tonelli theorem, Lemma 3.11, and the fact
that, forany j € Z and k € ZN[j — 1,5 + 1], 275 ~ 2 we deduce that

co J+1 5

Mo <> >0 > 2151 (k1 559) | e (e

j=3 k=j—1 1=0

S J+1
SY 2 1S9l e ey D 27F 22“ sup ][ Skf(y)ldy.  (3.27)
7=3 h=j—1 " G
Obviously we have
Jj+1
zzﬂs ISi6ll ey - 2 kszzls sup f Skrw)]dy
k=j—1
S fll=s Mlg] B3, ,(R™)
because in this case 5 < k — 2. Furthermore,
j+1
Zzﬂs 1500y D 27 ’“22“ sup f ISl dy
k=j—1 L
ol ey 322 sup £ 15071y
1=0 M€z -
S HQHBgO’l(]Rn) 1l oo mmy -
Inserting these inequalities into (3.27) we obtain
My S (1 f Nl @my + 1£11=s) Nlgllps, , @ny - (3.28)

This finishes the estimation of III5.
Next, for IIl3, we can proceed as in the case III; and find

oo J+1 k-2

My S Y 30 32 IS0leeey sup f 1SkF ()] dy

j=3 k=j—1 1=0

o0 Jj+1 k—2
~ Y2 gl ey 3 232 swp ISy
=3 k=j—1 =g  meZ"

I,m

SNl s, | @eny - (3.29)
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Finally, we deal with III4. Indeed, using the Young inequality, we conclude that

o j+1 j+3
ML Sy >0 D 2% 1Sk fll oo ey 15591 oo ey
=3 k=j—11=k—1

e}

~ Nl ey Y 27 19591l oo Ry < I1f Il oo (e
=3

B @m-  (3:30)

Combining the estimates (3.25) - (3.30) the claim in Lemma 3.12 follows. O
Based on the above lemmas, we next show Theorem 3.9.

Proof of Theorem 3.9. We first prove the necessity. Indeed, applying both Lemmas 2.15
and 2.12 with p:= 00, ¢ := 1, and s := 0, we find that

M (B% 1 (R™) = M (B%1(R")) = M (B{ . (R")).
By this and Proposition 3.10, we then have, for any f € M (B, ;(R™)),

HfHBgo)l(Rn) + ||f||0 ~ ”fHM(B(f,OO(R”)) S Hf”M(Bgo)l(]Rn)) ) (3.31)

which completes the proof of the necessity.
Conversely, we now show the sufficiency. For this purpose, let f € L (R™) be such
that ||| go  rn) + [[fllo < oo and let g € BY, 1(R™). Then

3
1£9ll ., = Z i (Do |y = ZI (3.32)

To estimate I;, we use Lemma 3.4 and the well-known embedding BgoJ(R”) —
L>(R™). These yield

L < Hf”LOO(R") ||!J||B0 1 (R7) ||f||Bgo'1(]R") \9“330’1(11{") : (3.33)

Next, from Lemma 3.12 with s := 0 and the aforementioned embedding BY, ;(R") —
L>°(R™) it follows that

11 ey + 1 1] gl ey < [1F e, emy + 1 o] Nl e, ey - (3:34)

Finally, again by the embedding BY, ;(R") < L>°(R") and by Lemma 3.4, we con-
clude that

Iy = [ITh (9, Nl o, , ®ny S N9l e ey 150, ®my < Nl ey 191l B0, () -
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A combination of the estimates for I;, I and I3 yields the claimed inequality for
9l Bo. ,(mn)- This completes the proof of Theorem 3.9. O

Finally, we deal with M (B, 1(R")), s € (—00,0).

Theorem 3.13. Let s € (foo 0) and ||-||=s be the same as in (3.1) with s therein replaced
by —s. Then f € M(B3, ;1 (R™)) if and only if f € L>(R") and

[fll oo ey + IF11 =g <00

Moreover, there exist two positive constants Ci1 and Cs such that, for any f €
M (B, 1 (R™)),

i ”fHM(B (R™)) < ||fHL°°(]Rn + ||f||7 <Oy HfHM(BgCYI(R”)) :
Compared to s = 0, we need a modified estimate of II5 (-, ).

Lemma 3.14. Let s € (—o0,0). Then there exists a positive constant C' such that, for any
f € L®(R") and g € By, ,(R"),

13 (£, 9)ll ps.

L&y SOl mn

Proof. Applying both (3.7) and the Young inequality, we obtain, for any j € Z4, f €
L>*(R™), and g € BgoJ(R”),

+3
15 (s (S ey < D5 157 (1S615*%9) | e v
k=max{2,j—1}
+3
< > 15k f1l oo (R HSk_QQHLoo(Rn)
k=max{2,j—1}
41
Sl oo ey > 15191 oo (m) -

=0

Combining this, the Young inequality, the Tonelli theorem, and the assumption s €
(—00,0), we conclude that, for any f € L>(R") and g € B, ;(R"),

Jj+1
155 (o )lpe @y S I ey D Q”ZIISngLoo R")
JEZ
Jj+1

S lpe@ny D 275D 159l e ey

JEZ 4 =0
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o

(oo}
=@y D19l ooy D>, 27°
1=0

j=max{0,l—1}

oo
S e @y D25 1191l e ey = 11l oo ey 19
1=0

B (R -

This completes the proof of Lemma 3.14. O
We now show Theorem 3.13.

Proof of Theorem 3.13. We first prove the necessity. Indeed, from both Lemmas 2.15
and 2.12 with p and ¢ therein replaced, respectively, by co and 1, we infer that

M (Bl (R™) = M (B3, (R")) = M (B (R")

which, together with Theorem 3.1 with s replaced by —s, further implies that, for any
fe M(BS, ,(R™)),

1l Loy + 1A Zs ~ Wl cre, ey S W llasss, ey - (3.35)

This finishes the proof of the necessity. In addition, using Lemmas 3.4, 3.12, and 3.14, we
find that, for any f € L>(R") with || f[| o) + || f[| s < 0o and for any g € B3, (R™),

pean) S [l + 171-] Nolle,, o)

3
179l s, , mm) <) |
j=1

which further implies that f € M(B5, ;(R")) and

1 larms, )y S Il Lo ey + ILFI s -

This finishes the proof of the sufficiency. By this estimate and (3.35), we conclude that,
for any f € M(B3, ;(R™)),

1 arse, gy ~ 1 o ey + I

which completes the proof of Theorem 3.13. O
4. The duality principle for multiplier spaces of Besov spaces

In this section, as an application of several characterizations of pointwise multipliers
obtained in Section 3, we shall give now a proof of the duality principle for multiplier
spaces of Besov spaces. Moreover, we shovs’/L that the duality principle does not extend to
quasi-Banach spaces by considering M(B7, (R™)) and M(B, (R™)).

To be precise, by the duality principle we mean the following theorem.
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Theorem 4.1. Let p,q € [1,00] and s € R. Then

M (B, (R™)) = M (B;fq,(R"))

p,q

in the sense of equivalent norms.

Proof. Almost all work is done. We consider the following three cases.

Case 1) p,q € [1,00). Because of B, ,(R") = E;q(R") and Lemma 2.12, we find that

M (B}, (™) = M (B; ,(R")) = M (B}, (R™)) .

Case 2) p=1and ¢ = co or p = co and ¢ = 1. In this situation, from Theorems 3.1,
3.5, 3.9, 3.13 and Propositions 3.6 and 3.10 we further deduce that M (B  (R")) =
M(B5,(R™)).

Case 3) p = q = oo. Case 1) yields M (B 7(R")) = M (B3, (R")). The proof is then
complete. O
Remark 4.2. As mentioned above, generalizations need some care in view of

M (B wo(R") S M (BII(R™) , s € (0,00),
and (f?goyoo(]R"))’ = By 1(R"), see Remark 2.13.

Moreover, we should point out that this principle can not extend to quasi-Banach
spaces. Here is a counterexample. In case p € (0,1) we know that

(B "(RM) = BL o (R"),
see Lemma 2.6(ii).
Theorem 4.3. Letp € (0,1). Then M(Bp;p_n(]R”)) is a proper subspace of M (B2, .,(R™)).
To show this theorem, we require the Fourier analytic characterization of the multiplier
space M (BY, .,(R™)). Let b € R. Recall that the Triebel-Lizorkin space F9, | (R™) (resp.

the Besov space with logarithmic smoothness ngffoo (R™)) is defined to be the set of all
f € 8'(R™) such that

£k oy = _sup f S IS/ do < oo

JEL, meL o k= max{0,5}

(resp. Hf”Bgc*‘?oo(R") = kseuZp (1+k)° 1Sk fIl oo Ry < oo) .
+
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Then the following characterization of M (BY, ., (R™)) is just [15, Theorem 4].
Proposition 4.4. f € M(BY, (R™)) if and only if f € L>°(R™) and

||f||;/1(3gcyw(1mn)) = [|fll oo mny + ||f||F£oyl(]R") oy < 00

Moreover, there exist two positive constants Cy1 and Cs such that, for any f €
M (B, o (R")),

Gy ||f||M(Bo SR = ||f||M(Bo SR = <Gy Hf”M (R -

Via this proposition, we now prove Theorem 4.3.

Proof of Theorem 4.3. Using Lemma 2.6(ii) and using Lemma 2.10 with X := Bp?p_n (R™),
we have

M (B, " (R")) = M (BY, . (R")).
Next, we show that
M (B o ®R)\ M (Bf, " (R)) #0. (4.1)

To do this, for any = € R", let

Flz) =Y (1+55) e,

JjEN

By this and the assumption p € (0, 1), we find that

1 e my < D

1 <
jeN (1+57)»

which further implies that f € L (R™). On the other hand, observe that, for any k € Z
and z € R,

1 ok
(14+k)"7e® ™  when k = 5; for some j € N;
Sif(x) = { (4.2)

0 otherwise.

From this and the assumption p € (0,1) again, we deduce that

1
1 lrg, @ny =D ————1 <
jeN (1+55)»

and
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N1—1
1711525y = 02 p {14 5))! 7 < oo
These, combined with both the fact that f € L>°(R™) and Proposition 4.4, further imply

1 hemo, _mny) <00

and hence f € M(BY, _(R"™)).
We now prove that fé¢ M(B;p "(R™)). Noticing that ¢y € S(R™") C B, (R"),

we only need to show fpo ¢ Bzfp (]R") Indeed, applying [15, (5.4)], [28, Proposition
4.4.2/4], and (4.2), we have

II n_p < oo (R™ n_p
T G ool g S 15y ol < 00

and

1T (£, 000 3 g S 10y 0l e on = ol

R “(Rm) “(Rm)

Here € € (0,00) is arbitrary. Therefore, to prove fyo ¢ Bp%jp_n(]R"), it suffices to show
I3 (f,0) ¢ By (R™). For this purpose, let 1,11 € S(R™) be such that

1B(0,5) < %o < 1p(o,6)
and
1p(0,552)\B(0,33) < Y1 < 1B(0,5)\B(0,1)-
For any h € S'(R™) and k € N, let
Soh := F 1 (YoFh) and Sph = F L (¢y (27FFL) Fh) . (4.3)
Observe that, for any k € N,
supp?"(@f) C{zeR": 2" <|z| <5281},

By this, the local mean characterization of Besov spaces (see, for instance, [39, Theorem
2.7]), (2.9), and (4.2), we conclude that

[ TT3 (f, o) I = .,
BYp (Rm)

~ Z oni(1-p) H@'(E% (f, wo))‘p

Lr (R~
b (R")
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N 5544 p
> 2o G | > T [Skf]S e
jEN k=5j—1 Lp(R")
. ~ o5 . P
_ Z 95m3(1=p) (1 4 55) =1 HSSj (62(251,o,__.,0)~(')553—2¢0) @) (4.4)

jEN
Using (2.1), (2.2), and (2.3), we find that, for any k£ € N N [4, c0),
supp ¢i € B(0,3-2°71)\ B(0,2") € [B(0,8)]°,

which, together with (2.1) again, further implies that, for any & € NN [4,00), supp ¢o N
supp ¢ = () and hence ¢r¢g = 0. From this and the fact that Zkez+ o = 1, it follows
that, for any j € N,

55—2

F (S%92p,) = Z brdo = (2m)~ Z brdo = (2m)7 2 .

keZ

Combining this and (4.4), we obtain

; P
s (frpo)l? 5, 2 30 290D (145))71 ||, (1700 0g) [
ITs (00l Z (1455)7 || %5 2 )l @

In addition, for any j € N, we have
T (o (1700 00) ) = (2m) "5y (275741 6y (= (29,0,...,0)) . (46)

Observe that, for any given j € N and for any € R™ with |z — (257,0,...,0)| < 2, we
have

. . : 3 159
|27 | <2757 | — (2% 0,... 0)\+2<§+2 =
and
5 ey ; 3 .33
275 | > 2 — 275! |x—(253,07...70)|>2—3—2>3—2.

From this and the assumption 1115 159)\ p(0,33) = 1, we infer that, for any j € N,

P (27T ¢ (- = (2¥,0,...,0)) = ¢ (- — (27,0,...,0)),

which, combined with (4.6), (4.5), and the assumption p € (0,1), further implies that,
for any j € N,

§5j (ei(25j70"”70)'(')gp0) _ ei(f’f,0,...,0)-(<)<)00
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and hence

H H3 (fv 900) _n(]R") 2 ||900||Z[),p(]Rn) Z 25nj(1—p)(1 + 5j)_1 = OQ.

[
Bpp jEN

Thus, fpo ¢ Bp%jp_n(]R”) and therefore
f €M (Bl o (R)\ M (B}, " (R")).
The proof is then complete. O
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