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Abstract
We theoretically study frustrated double ionization (FDI) of atoms subjected to intense circularly
polarized laser pulses using a three-dimensional classical model. We find a ‘knee’ structure of FDI
probability as a function of intensity, which is similar to the intensity dependence of nonsequential
double ionization probability. The observation of FDI is more favourable when using targets with
low ionization potentials and short driving laser wavelengths. This is attributed to the crucial role
of recollision therein, which can be experimentally inferred from the photoelectron momentum
distribution generated by FDI. This work provides novel physical insights into FDI dynamics with
circular polarization.

1. Introduction

When interacting with an intense laser pulse, the electrons in atoms or molecules can be strongly driven by
the laser field, leading to various highly nonlinear phenomena mostly accompanied by photoionization.
Interestingly, even for such strong laser field a substantial portion of electrons can be trapped into
high-lying Rydberg states rather than being released into the continuum [1]. Rydberg state excitation of
atoms and molecules has a wide range of applications in acceleration of neutral particles [2], precision
measurements [3], generation of near-threshold harmonics [4], and quantum information [5]. In the past
few years there is a growing interest in understanding the mechanism of Rydberg state excitation in strong
laser fields [6–10].

The formation of excited Rydberg states has been experimentally identified for rare gas atoms, which is
dubbed frustrated tunneling ionization [1]. Subsequently it was shown that during molecular double
ionization (DI), one of the two emitted electrons may be trapped by the fragments generated by Coulomb
explosion of molecules, giving rise to the formation of highly excited neutral fragments and singly charged
ion fragments [11]. This process can be coined as frustrated double ionization (FDI). FDI has been the
focus of intense studies for various molecular systems such as H2 [11, 12], D2 [13, 14], O2 [15], N2 [16],
CO [17], and clusters [18–21]. In particular, theoretical studies using semiclassical model have been
performed to identify different pathways leading to molecular FDI [22–25]. Recently, it has also been shown
that FDI yields can be enhanced by adjusting the parameters of two-color counter-rotating circular
fields [26]. However, FDI of atoms has attracted much less attention. From experimental point of view,
molecular FDI can be identified by measuring the kinetic energy release during Coulomb explosion of
molecules, which can not be applied to atomic targets without dissociation. Very recently, Larimian et al
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reported coincident measurements on FDI of Ar atoms [27]. It was found that atomic FDI shows a strong
dependence on laser intensity. For high intensities where sequential double ionization (SDI) dominates,
electron trapping mainly happens during the second ionization step. For modest intensities where
nonsequential (recollision-induced) double ionization (NSDI) dominates, the electron momentum
distributions produced by FDI show features similar to that from DI. Detailed theoretical studies have
shown that recollision and ionization-exit velocity distribution play important roles in atomic FDI [28–30].

Most of the investigations of FDI mentioned above adopted linearly polarized light. It is well known that
in the case of elliptical or circular polarization, the additional transverse electric field of the laser light steers
away the recolliding electrons and thus reduces the chance of recollision. Therefore, NSDI yields are
expected to be decreased rapidly as the light ellipticity is increased, which has been verified for rare
gases [31]. However, significant NSDI contributions have been observed for Mg atoms and small molecules
with circularly polarized light [32, 33]. Theoretical studies employing semiclassical and fully classical
models have shown that efficient recollision-induced DI with circular polarization is still possible via
specific trajectories [34–37]. On the other side, whether FDI exists and how to understand its dynamics in
(single-color) circularly polarized laser fields remains an open question.

In this paper we numerically study FDI of atoms with circularly polarized light using a
three-dimensional classical ensemble method. Our calculations reveal significant contributions of FDI and
we show that its observation is more favourable for the targets with low ionization potentials and short laser
wavelengths. We find that for high intensities where SDI dominates, the first ionized electron is more likely
to be captured after the end of the laser pulse, which is in contrast with the case by linear polarization. For
intensities corresponding to the NSDI regime, the FDI probability as a function of intensity exhibits a ‘knee’
structure. Furthermore, recollision plays an important role in FDI for all the intensities studied here. This
can be experimentally verified by measuring the photoelectron momentum distribution from FDI.

2. Theoretical model

Currently accurate quantum simulations of a two-active-electron system in a strong laser field still present a
great challenge. Here we employ the well-established classical model developed by Eberly and co-workers
[38] to study FDI of atoms with circularly polarized light. This model has shown remarkable success in
explaining many important features of strong-field DI [39–45]. Within this model, the evolution of a
two-active-electron atom is described by the classical Newtonian equation of motion (atomic units are used
throughout this paper):

d2ri

dt2
= −E(t) −∇(Vi

ne + Vee), (1)

where E(t) = (Ex(t), Ey(t), 0) is the circularly polarized laser field with Ex(t) = E0/
√

2f (t) cos ωt and
Ey(t) = E0/

√
2f (t) sin ωt (ω is the laser frequency). Here E0 is the peak amplitude of the laser electric field

and f(t) = sin2[πt/(10T)] is the pulse envelope function with the full duration of 10T, where T is the
optical cycle. The index i = 1, 2 in equation (1) denote the two active electrons. The Coulomb interaction

potential between the nucleus and the ith electron is Vi
ne = −2/

√
r2

i + a2 and Vee = 1/
√

(r1 − r2)2 + b2

represents the potential for the electron–electron interaction. The softening parameters a and b are
introduced to avoid autoionization and numerical singularity [46, 47]. The values of a and b are set to be
3.0 a.u. and 0.05 a.u. for Mg atoms [44]. For Ar atoms, we choose a = 1.5 a.u. and b = 0.05 a.u. [29].

The initial conditions of the two electrons are obtained by first randomly assigning their positions in the
classical allowed region for the energy corresponding to the negative sum of the first and second ionization
potentials of the target atom. The remaining energy is randomly distributed between the two electrons in
momentum space. To obtain stable position and momentum distributions, the system is allowed to evolve
without the laser field for a sufficiently long time (about 100 a.u.). The laser field is switched on once the
initial ensemble is stable. The evolution of the two-electron system is traced until the end of the laser pulse
according to the Newtonian equation. The energy of each electron contains potential energy of the
electron–ion interaction, the kinetic energy, and half of the electron–electron repulsion energy. A
double-ionization event is identified when the final energies of both electrons are greater than zero. For FDI
events, the two electrons achieve positive energies during the laser pulse [29, 30]. At the end of the laser
pulse, one electron has positive final energy but the other is captured and has negative final energy above
−Ip2, where Ip2 is the second ionization potential of the target atom.
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Figure 1. Computed DI and FDI probabilities of Mg atoms as functions of intensity for 800 nm circularly polarized laser pulses.

Figure 2. (a) Calculated distribution of the shortest distance between the two electrons after departure of one electron from the
core for FDI trajectories at 3 × 1014 W cm−2. (b) and (d) Ionization time distributions of the two electrons for FDI trajectories
corresponding to the second and the first peak in (a), respectively. In (b) the green dashed line represents the envelope of the
vector potential as a function of time. The recollision time distribution (blue line) is shown in (d). Typical time evolutions of the
two-electron trajectories corresponding to the second and the first peak in (a) are shown in (c) and (e), respectively. Here e1 and
e2 denote the finally captured electron and the photoelectron for FDI, respectively.

3. Numerical results and discussions

Figure 1 shows the calculated probabilities of DI and FDI for Mg as functions of intensity. The characteristic
‘knee’ structure indicating NSDI contributions below ∼2 × 1014 W cm−2 can be clearly seen in DI results.
Above this intensity, SDI starts to dominate. This is in good agreement with previous experiments [32] and
theoretical simulations [34–36]. Our calculations also reveal the existence of significant FDI contributions
by circular polarization. Interestingly, a similar ‘knee’ shape below 1 × 1014 W cm−2 is also found in FDI
results. Below we explore in detail the physical mechanism of FDI, which is the main focus of our paper.

Our discussions start with the intensities where SDI dominates. In figure 2(a) we show the distribution
of the closest distance between the two electrons after the emission of one electron from the core for FDI
events at 3 × 1014 W cm−2. The ionization exit of the first emitted electron ranges from 12 a.u. to 17 a.u.
Here the ionization exit indicates the distance when the ionized electron obtains a total positive energy for
the first time. The first peak below 10 a.u. indicates that recollision occurs. This means that, surprisingly, for
SDI regime where recollision plays a minor role, more than half FDI events are still connected to recollision.

To understand FDI dynamics, we first calculate ionization time distributions of the two electrons for the
FDI events that are not related to recollision. Here the ionization time is defined when the energy of the
electron becomes positive for the first time [29]. Within our model, the two electrons can be distinguished

3



New J. Phys. 23 (2021) 033041 H Kang et al

Figure 3. Calculated probability distribution of ionization-exit momentum of e1 along the x (a) and y (b) direction for the FDI
events shown in figure 2(b). The corresponding vector potentials (white dotted lines) are also plotted.

Figure 4. (a) Calculated probability distribution of momentum of the recolliding electron at tr + 0.1T along the x direction.
Here the FDI events are the same as those in figure 2(d). Also shown is the corresponding vector potential (white dotted line).
(b) Same as (a) but for the y direction.

according to which one is captured at the end of the laser pulse. These two electrons are ionized
independently and one cannot expect strong correlations between them. As seen in figure 2(b), the finally
captured electron e1 is ionized during the rising edge of the laser envelope, while the other electron e2 (the
photoelectron generated by FDI) is ionized around the peak of the laser envelope. This can be easily
understood as the electron ionized around the peak obtains much larger drift momentum −A(te2) from the
laser field, making it more difficult to be captured at the end of the laser pulse. The calculations also
demonstrate that for SDI regime, the early ionized electron tends to be captured, which is in striking
contrast to the case by linearly polarized laser fields [27]. A typical two-electron trajectory is displayed in
figure 2(c). We find that the ionization-exit momentum of e1 is not completely compensated by the drift
momentum −A(te1) obtained from the laser field (figure 3), revealing the important role of Coulomb
focusing effects in FDI.

For the FDI events related to recollision, the dynamics is different. The finally captured electron is
ionized during the rising edge and returns to the core several times around the peak of the laser envelope
[figure 2(d)]. The calculated distribution of recollision time tr is shown in figure 2(d). Here the recollision
time is defined as the instant of closest approach of the two electrons after departure of one electron from
the core [40]. During recollision, a small portion of the energy of the returning electron is transferred to the
second electron, which is ionized shortly after recollision and contributes to the photoelectron for FDI. In
the polarization plane (x–y plane), right after recollision both the residual momenta of the returning
electron along the x and y axis, i.e. vrx and vry, are largely compensated by the drift momenta obtained from
the laser field subsequently. This can be clearly seen in figure 4 where we show the calculated probability
distributions of momenta of the returning electron at tr + 0.1T and the corresponding vector potentials.
Neglecting Coulomb potential, both the final velocities along the x and y directions
px,y ≈ vrx,ry − Ax,y(tr + 0.1T) are close to zero. Thus the rescattered electron tends to be captured after the
end of the laser pulse. A typical two-electron trajectory showing such dynamics is depicted in figure 2(e).

Next we show whether FDI is related to recollision can be inferred from the final momentum
distribution of the photoelectrons produced by FDI, which can be measured using a reaction microscope.
Figure 5(a) shows the calculated photoelectron momentum distribution for FDI at 3 × 1014 W cm−2. One
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Figure 5. (a) Calculated photoelectron momentum distribution for FDI at 3 × 1014 W cm−2. (b) and (c) Same as (a) but for the
FDI events related and not related to recollision, respectively.

Figure 6. (a) Same as figure 2(a) but for the FDI events at 1.5 × 1014 W cm−2. (b) Corresponding photoelectron momentum
distribution for FDI events in (a).

can find a doughnut-like structure with more electron yield in a crescent-shaped distribution. This is
different from the electron momentum distribution from single ionization by circular polarization, which
exhibits a symmetric doughnut-like shape [48]. In figures 5(b) and (c) we show the electron momentum
distributions for the FDI events related and not related to recollision, respectively. The comparison between
figures 5(b) and (c) reveals that the asymmetric electron yields in figure 5(a) arise from recollision, which
occurs every cycle mainly within the range from 3.5T to 5.5T [see figure 2(d)]. The ionization time
distribution of the photoelectron shows similar features and each peak covers a half laser cycle [see
figure 2(d)]. Therefore, the photoelectron obtains drift momentum from the laser field every half cycle,
resulting in the crescent-shaped distribution shown in figure 5(b). For FDI trajectories not related to
recollision, the ionization time distribution of the photoelectron almost covers one laser cycle [figure 2(b)],
leading to the symmetric doughnut-like shape shown in figure 5(c).

For modest intensities where NSDI dominates, the mechanism of FDI is similar to that of the FDI events
related to recollision at 3 × 1014 W cm−2. In figure 6(a) we show the calculated distribution of the closet
approach of the two electrons after the ionization of one electron for FDI events at 1.5 × 1014 W cm−2. The
calculation shows a single peak below 10 a.u., indicating that all FDI events are related to recollision. The
ionization of the photoelectron is closely connected to the recollision, which occurs every cycle around the
peak of the laser envelope (not shown). As explained above, this leads to the crescent-shaped distribution of
the photoelectron momentum shown in figure 6(b). Again, the calculations indicate that recollision leaves
its footprints in the photoelectron momentum distribution, which can be experimentally verified. Note
that, to observe the crescent structure shown in figures 5 and 6, the carrier-envelope phase of the laser
pulses has to be stabilized.

It is well known that the ‘knee’ structure of DI probability as a function of intensity is a consequence of
recollision. Furthermore, it has been shown that recollision is universal in circularly polarized laser fields
[49] and to observe this ‘knee’ structure, the laser frequency has to be larger than 0.18(Ip1)5/4, where Ip1 is
the first ionization potential of the target [36]. Therefore, the observation of the ‘knee’ shape by circular
polarization favours targets with low ionization potentials such as Mg and short driving laser wavelengths.
This is why the ‘knee’ structure has escaped observation for DI of rare gas atoms with circular polarization
at 800 nm. For FDI, we have demonstrated the crucial role of recollision for the whole range of intensities
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Figure 7. (a) Calculated FDI probabilities of Ar atoms as functions of wavelength at 2.5 × 1015 W cm−2 and 5 × 1015 W cm−2

for circular polarization. (b) Calculated FDI probability of Ar as a function of intensity for 400 nm circular polarization. Other
laser parameters are the same as figure 1.

covering both NSDI and SDI regimes. Consequently, one can expect that FDI probability will be
significantly decreased for atoms with high ionization potentials and for long wavelengths where recollision
is suppressed. In figure 7(a) we show the calculated FDI probabilities of Ar atoms as functions of
wavelength for two different intensities. Indeed, the FDI probability decreases rapidly as the wavelength is
increased. For wavelengths longer than 650 nm, the FDI probability is too small to be calculated, which is in
accordance with the absence of NSDI of Ar for such wavelengths [36, 49]. Figure 7(b) shows the FDI
probability of Ar as a function of intensity for 400 nm circularly polarized laser fields. One can see a ‘knee’
structure similar to the FDI calculation for Mg at 800 nm. This is in line with the prediction for DI that
recollision is more favourable for rare gases with short wavelengths [49].

4. Conclusion

In conclusion, we have theoretically investigated FDI of atoms exposed to intense circularly polarized laser
pulses. The simulations revealed a ‘knee’ structure of FDI probability as a function of intensity, which is
similar to DI results at modest intensities. We demonstrated that, to observe FDI with circular polarization,
it is beneficial to employ targets with low ionization potentials and short laser wavelengths. This is due to
the fact that recollision plays an essential role in FDI not only for the NSDI regime but also for the SDI
regime. We further showed that recollision can be experimentally identified from the photoelectron
momentum distribution produced by FDI.
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Appendix.

The softening parameter a in the electron–nucleus potential in equation (1) is introduced to avoid
auto-ionization. In our simulations for Mg, we choose a = 3.0 a.u. in order to keep the initial conditions of
the electrons stable. In addition, as well justified in previous studies (see, e.g. [35, 43]), using this value, the
calculated DI curve agrees well with the experimental result. The other softening parameter b for the
electron–electron interaction is used to avoid mathematical singularity in the calculations. The simulated
results will not be changed once this value is sufficiently small. To check whether our calculated results
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Figure 8. (a) Calculated FDI probabilities of Mg atoms as functions of intensity for 800 nm circularly polarized laser pulses with
different values of b. (b) Calculated distributions of the shortest distance between the two electrons after departure of one
electron from the core for FDI trajectories at 3 × 1014 W cm−2 using different values of b. (c) Same as (b) but for the FDI events
at 1.5 × 1014 W cm−2. Note that the calculations with b = 0.05 a.u. in (a), (b), and (c) are the same as those in figures 1 and 2(a),
and 6(a), respectively.

depend on b, we perform calculations with different values of b, as displayed in figure 8. Figure 8(a) shows
the FDI probabilities of Mg atoms as a function of intensity for 800 nm circularly polarized laser pulses with
different values of b. The FDI probabilities almost stay unchanged when b is varied. Figures 8(b) and (c)
show the calculated distributions of rmin (the shortest distance between the two electrons after departure of
one electron from the core) for FDI trajectories at 3 × 1014 W cm−2 and 1.5 × 1014 W cm−2, respectively.
The results show no obvious dependence on b. The situation is similar for the calculations of Ar. This
indicates that our main findings and analysis do not depend on the exact value of b.
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