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PT-SYMMETRIC COUPLINGS OF DUAL PAIRS

VOLODYMYR DERKACH AND CARSTEN TRUNK

ABSTRACT. We apply the boundary triple technique to construct a coupling (A, B) of
two dual pairs (A4, By) and (A_, B_) relative to some boundary triples. The notion
of a real dual pair with respect to the time reversal operator 7 is introduced and it is
shown that the coupling of two real dual pairs corresponding to real boundary triples is
also real. If the operator PT intertwines the dual pairs (A4, By) and (A_, B_) for some
parity operator P, then it is shown that there exists a coupling (A, B) of two dual pairs
(A4, By) and (A_, B_) such that the operator A is PT-symmetric and P-symmetric
in the Krein space (£, (-,)) with the fundamental symmetry P. As the main result we
describe proper extensions of A which are P7T-symmetric and P-selfadjoint.

We apply this result to interpret the P7T-symmetric Hamiltonian considered in Ben-
der & Boettcher (1998) as a member of a family of PT-symmetric and P-selfadjoint
extensions of the corresponding minimal operator.

Keywords: dual pair; boundary triple; coupling; P7T-symmetric operator; non-Hermitian
Hamiltonian

1. INTRODUCTION

In the seminal paper by Bender and Boettcher [6] a new view at Quantum Mechanics
was proposed which adopts all its axioms except the one that restricts the Hamiltonian
to be Hermitian, relaxing it to the assumption that the Hamiltonian is P7T-symmetric.
Here, P is parity and 7T is time reversal. Since 1998, PT-symmetric Hamiltonians have
been analyzed intensively by many authors. In [24] PT-symmetry was embedded into
a more general mathematical framework: pseudo-Hermiticity or, what is the same, self-
adjoint operators in Krein spaces, ([20], [4], [17], [21]) For a general introduction into
PT-symmetric Quantum Mechanics we refer to the overview paper of Mostafazadeh [26]
and to the books of Moiseyev [23] and Bender [5].

A prominent class consists of the P7T-symmetric Hamiltonians

1
H := §p2 — (iZ)N+2,

where N is a positive integer [8]. The associated eigenvalue problem is defined on a
contour I' in the complex plane which is contained in a specific area in the complex plane,
the so-called Stokes wedges, see [6],

(1.1) —y'(2) = (i2)"Py(2) = \y(2), =z €T,
where A € C is the eigenvalue parameter. Recall ([7]) that a Stokes wedge Si, k =
0,...,N + 3, is an open sector in the plane with vertex zero,
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The boundary of Sy is called Stokes lines and consists of two rays through the origin.
PT-symmetry forces I' to lie in two Stokes wedges, which are symmetric with respect to
the imaginary axis.

In [25] the problem was mapped back to the real axis using a real parametrization. In
[7] and in [18] this approach was extended to different parameterizations and contours.
For simplicity, we choose here I' to be a wedge-shaped contour,

(1.2) [ = {ze'8"%| 2 € R},

for some angle ¢ € (—m/2,7/2). Let z : R — C parameterize I via z(z) := xe'®#"_ Then
y solves (1.1) for z # 0 if and only if the pair of functions u,, u_ given by us(x) := y(z(z)),
x € Ry, solve

(1.3) a_fu_] =Au_, zeR_, aplus] = Auy, zeRy,
where the differential expressions a. are given by
(1.4) ayfug] = —eT20U] — (iz)NH2eENT0y,

In what follows we assume that I' lies in Stokes wedges and then by Leben & Trunk
[21] the differential expressions ay are in the limit-point cases at +oo according to the
classification in Brown et al. [11] (which is a refinement of the classification in Sims [27]).
We mention, that the limit-circle case can be treated in a similar way as in [3],[4].

The theory of PT-symmetry claims that the main object, the Hamiltonian, commutes
under the joint action of the parity P and the time reversal T,

(1.5) (P(x) = f(==),  (Tf)x):= f(z).
The time reversal 7 applied to ay gives rise to new differential expressions by = TayT
defined on R, of the form

(1.6) bifvs] = —eﬂi%l _ (—ix)NHejFi(NH)%i_

In Section 7 we introduce the minimal operators Ay and By associated with ai and b
in L?(Ry). Due to their (in general) non-real coefficients, the operators Ay and By are
neither selfadjoint nor symmetric. But they satisfy

(1.7) (Arf,g)+ = (f, B+g)+

for all f € dom Ay and g € dom By. Here (-,-)1 stands for the usual inner products in
the Hilbert spaces L?*(R4). Condition (1.7) shows that the pairs (A, B,) and (A_, B_)
form dual pairs (see Section 2 for details). An extension theory for dual pairs based on
the boundary triples technique was developed by Malamud and Mogilevskii in [22]. This
is a generalization of the boundary triple approach to the extension theory of symmetric
operators which was elaborated by Kochubei [19], M. & V. Gorbachuk [16], Derkach &
Malamud [14] and others.

Following this approach we construct in Theorem 7.1 boundary triples for dual pairs
(A.,By) and (A_, B_). As our interest is focused on the Hamiltonian in L?*(R) and not
on the differential expressions a, by, which are defined on the semi-axes, we extend the
coupling method for symmetric operators from [13] to the case of dual pairs and create
a new dual pair (A, B) of operators defined on R. This dual pair (A, B) is called the
coupling of the dual pairs (Ay, By) and (A_, B_) (see Theorem 3.1 below).
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We show that the operator PT intertwines the dual pairs (A, B;), and (A_, B_), i.e.
PTAJ,_ - A_PT7 PTBJ,_ - B_PT

Due to our construction of the coupling these relations imply that the operator A is
PT -symmetric, i.e.

PTA = APT.

Moreover, the operator A turns out to be P-symmetric in the Krein space (9, [,]) with
the fundamental symmetry P in $ = L*(R). In Trunk & Leben [21] it was shown that
the extension Hy of A defined as a restriction of the adjoint A" to the domain

dom Hy = {u; ®u_ € dom A™ [uy(0) — u_(0) = e v/, (0) — e*?u’ (0) = 0}

is a PT-symmetric and P-selfadjoint operator in the Krein space (9,]-,]). Here AT
stands for the adjoint with respect to the Krein space inner product |-, -]. In Theorem 7.2
we find a one-parameter family {H, },cr of PT-symmetric and P-selfadjoint extensions
of A in the Krein space (9, [-,-]). with domain

dom H, = {uy ®u_ € dom A" |uy(0) — u_(0) = 0, e ¥/, (0) — e**u’_(0) = au,(0)}.

The result of Theorem 7.2 is based on the abstract construction of the coupling (A, B)
of two dual pairs (A4, B;) and (A_, B_) in Theorem 3.1 and the description of all PT-
symmetric and P-selfadjoint extensions of A given in Theorem 5.5.

Summing up, the results presented here promote the use of boundary triple techniques
for dual pairs and techniques from Sturm-Liouville theory for complex potentials in the
study of PT-symmetric Quantum Mechanics. This is in a line with [21]. The here
presented approach via dual pairs is the tool to deal with the various symmetries P, T
and PT. It is the aim of this paper to recall those techniques and, hence, provide a
mathematically sound setting of the (nowadays) classical Bender—Boettcher-theory.

Notation. By R, (resp. R_) we denote the set of all positive (resp. negative) reals.
For z € C, Z denotes the complex conjugate of z and for a subset U C C we set U :=
{z| z € U}.

All operators in this paper are densely defined linear operators in some Hilbert spaces.
For such an operator T, we use the common notation dom7', ranT and kerT for the
domain, the range and the null-space, respectively, of T'. Moreover, as usual, p(T"), o(T)
and o,(7") stands for the resolvent set, the spectrum and the point spectrum, respectively,
of T. The inner product in a Hilbert space is usually denoted by (-,-) and the adjoint
of the operator T" by T™. The set of all bounded and everywhere defined operators in a
Hilbert space $) is denoted by L£($).

2. PRELIMINARIES: DUAL PAIRS OF LINEAR OPERATORS AND WEYL FUNCTIONS

In this section we remind known facts about dual pairs of linear operators, their bound-
ary triples and the corresponding Weyl functions from [22].

Definition 2.1. A pair (A, B) of densely defined closed linear operators A and B in a
Hilbert space $) with inner product (-,-) is called a dual pair, if

(2.1) (Af,g) —(f,Bg) =0 forall fe&domA, g¢g¢€domB.
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The equality (2.1) means that
(2.2) ACB*, BCA"
Clearly, if (A, B) is a dual pair, then (B, A) is also a dual pair.

Definition 2.2. Let Hy, Ho be auziliary Hilbert spaces with inner products (-, )3, and
(-, )3y, respectively. Let

s H r4 H
B __ 1 . * 1 A 1 . * 1
(2.3) I = (Ff) : dom B* — (7—[2) , I = (Fg‘) :dom A* — (%2>

be linear operators. The triple (Hi X Ha, T4, T'P) is called a boundary triple for the dual
pair (A, B), if:

(1) the mappings TP and T4 in (2.3) are surjective;

(2) the following identity holds for every f € dom B*, g € dom A*

(24) <B*f7 g> - <f7 A*g> = <Fle7 ng>7-[1 - <F23f7 P?Q)Hw

It is easily seen that if a triple (H; x Ha, I'4, T'P) is a boundary triple for a dual pair
(A, B), then the following identity holds

<A*ga f> - <g7B*f> = <Fé4.g7r§f>7'12 - <F1149aF1Bf>H17 f S dOHlB*, g€ dom A*
and hence the triple

(2.5) (Ha x Hy, (DB (THT) = <H2 x M, (ll:ii> (??))

is a boundary triple for the dual pair (B, A). The boundary triple (2.5) is called transposed
with respect to the boundary triple (H; x Ha, I'4,T'B). Moreover, it follows from (2.4),
A* = A and B*™* = B that

dom A = {f € dom B*|T®f =0} and dom B = {f € dom A*|T*f = 0}.
A linear operator A is called a proper extension of A and is written Ae Ext(A, B), if
(2.6) ACACB* and A#A.
Define the proper extensions Aj, A; € Ext(A, B) of A as restrictions of B* to the sets
(2.7) dom A, = {f € dom B*|TPf =0}, and dom A, = {f € dom B*|TZf = 0}.
Similarly, the proper extensions Bj, By € Ext(B, A) of B are defined as restrictions of A*,
(2.8)  domB; = {g € dom A*|T#g =0} and dom B, = {g € dom A*|T}g=0}.

In the following lemma we collect some statements from [22] and provide short proofs
in the present notations for the convenience of the reader.

Lemma 2.3. Let us consider dom A* and dom B* as Hilbert spaces with the graph norms
(lgll® + 1A°glI»"2,  (IfIP + 1B fI*)'?, g € domA*,  f € dom B’
and let (Hy x Ha, T4, TB) be a boundary triple for the dual pair (A, B). Then
(i) The operators T'* : dom A* — H; x Hy and T'B : dom B* — H; x Hy are bounded.
(i) By = Aj. Hence p(By) = p(As) and (As, By) is a dual pair.
(ili) By = Aj. Hence p(By) = p(A1) and (Ay, By) is a dual pair.
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(iv) For every z € p(4;), j = 1,2, the following direct decomposition holds
(2.9) dom B* = dom A; + N, (B*), where N,(B*)=ker (B* — zI),

and the mapping Ff|m2(3*) :N.(B*) = H;, j =1,2, is boundedly invertible.
(v) For every z € p(B;), j = 1,2, the following direct decomposition holds

(2.10) dom A* = dom B; + M, (A"), where N, (A") =ker (A" — 2I),
and the mapping FJAMZ(A*) :ML(A*) = H;, § = 1,2, is boundedly invertible.

Proof. (i) Notice first that the operator I'* : dom A* — H; x H? is closable. Indeed,
assume that
gn € dom A*, g, =0, A'g, —0, T4g, — (Zl) :
2
hy

Since ranI'® = H; x H, there exists f € dom B* such that I'?f = < 3
—y

>. Consider-
ing (2.4) with g := g, and taking the limit as n — oo we obtain
0 = ||h]|® + ||he||* = h1 = hy = 0.

Hence the operator I'4 : dom A* — H, x H? is closable and by the Closed Graph Theorem
it is bounded.

(ii) The inclusion B; C A} follows from (2.4). Let g € dom Aj. Then for every
f € dom A, one obtains from (2.4)

0=(A39,f) — (g, Aof) = (I'{'q, TT[)

Since I'P(dom Ay) = H; this implies I'{'g = 0 and hence g € dom By. This proves (ii).

The proof of (iii) is similar.

(iv) Let z € p(4;), j = 1,2. Then for every f € dom B* there exists f; € dom A; such
that

(B*—zD)f=(A; —=2I)f; = f. .= f— f; € N.(B")

and f admits the decomposition f = f; + f,. Clearly, the decomposition (2.9) is direct,
since dom A; NN, (B*) = {0} for z € p(4;). It follows from (2.9) and Definition 2.2 that
for z € p(A;) the mapping I'Ply, g+ : M(B*) — H; is surjective and hence boundedly
invertible.

The proof of (v) is similar. O

Definition 2.4. The operator functions
(2.11) 1(2) = (T2 lnm) ™" and M(2) :=T7 (T ), 2 € p(As)

are called the y-field and the Weyl function, respectively, of the dual pair (A, B), corre-
sponding to the boundary triple (Hy x Ho, T4, T'B).

Clearly, the operator functions
(2.12) v1(2) = (Ff‘\mz(m))_l and M7 (z) := F?(Fﬂmz(m))_l, z € p(By)

are the y—field and the Weyl function, respectively, of the dual pair (B, A), corresponding
to the transposed boundary triple (Hy x Hy, (TB)T, (T4)T).
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Lemma 2.5. Let (Hy x Ha, T4, T'B) be a boundary triple for the dual pair (A, B) and let
M, MT, v and «T be defined by (2.11) and (2.12). Then the following statements hold

(i) The Weyl functions M and M7 satisfy the relations

(2.13) MT(2) = M(2)', 2 € p(As) = p(By).

(2.14) M(z) = MT(Q)" = (= = 07" (O)"1(2), 2 € p(A2), C € p(By).
(ii) The following identities hold

(2.15) PB4, — D) = T(3), 2 € plAs):

(2.16) THBy, — 2 =4(2)*, z¢€p(B).

Proof. (i) It follows from (2.4) with f = ~(z)u € MN.(B*), z € p(As), u € Hs and
g=""(C)v € N:(A*), ¢ € p(By), v € H; that
(2 = O (v(=2)u, 7" (v} = (M (2)u, v)p, — (u, MT(Qv)aey = (M (2) = M7 (C) )u, 03y
This proves (2.14) and (2.13) when setting ¢ = Z.
(ii) Let us set in (2.4)
f=(Ay—2D)7h, g=~7"(EweN(A"), hehH, veEH, =zcplA).
Since T'F f = 0 one obtains from (2.4)
(Ay(Ag — 2D h, YT (2)0) — ((Ag — 20) 7 h, 29T (2)v) = (TP (Ay — 20) " h, v)y,
and hence
<F1B<A2 - Z[)ilh7U>H1 = <7T(2)*h>v>7{1'
This proves (2.15). The proof of (2.16) is similar. O

In order to describe all proper extension A € Ext(A, B) of a dual pair (A, B), we are
using the notion of a linear relation. Recall [1] that a linear relation © from H; to Ha
is understood as a linear subspace ©® C H; X Hy. For a linear relation © the symbols
dom O, ker ©, ran © and p(O) stand for the domain, kernel, range and the resolvent set,
respectively, [1]. The adjoint ©* is the closed linear relation from £, to $); defined by

(217) @* - { (22) € 552 X 5’:)1 | (Ul,ul>y)1 = (U27u2)52, (UI) € C"‘) } .
1 U

If H1 = H- then the linear relation © is called selfadjoint if © = ©*.
In what follows we suppose that H; = Hy = H := C%, d € N. Every linear relation in
H of rank d can be defined by the equality (see [13])

(2.18) © =ker (C D)= {(“1) |Cu1+Du2:0}.
Uz

where C, D € C%? are two d x d-matrices, such that

(2.19) det(CC* 4+ DD*) # 0.

The adjoint linear relation ©* takes the form

(2.20) ©* = ran < _DC) - {(_Dgfv> v e @d}
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and therefore the linear relation © is self-adjoint if and only if

(2.21) CD*—DC*=0.
For a linear relation © in H denote by Ag the proper extension of A defined on
(2.22) dom Ag = {f € dom B* [I'?f c ©}

as the restriction of B*: Ag = B* [qom 4o € Ext(A, B). The following statement describes
spectral properties of Ag, cf. [22, Proposition 5.2 and Theorem 5.5].

Lemma 2.6. Let (A, B) be a dual pair in a Hilbert space §, let (H?, T4, T'B) be a boundary
triple for the dual pair (A, B), H = C%, let M be the corresponding Weyl function, let
© be a linear relation in H defined by (2.18), (2.19) and z € p(As). Then the following
statements hold.

(i) Ay € Ext(B, A) is the restriction of A* to
(2.23) dom A = {g € dom A* | (I"")Tg € ©*}.
(ii) z € 0,(Ae) <= 0 € 0,(CM(2) + D) and for such z
ker (Ag — 2I) = y(2)ker (CM(z) + D).

(iii) z € p(Ae) <= 0 € p(CM(z) + D) and for such z the resolvent (Ag — 2I)~! takes
the form

(2.24) (Ag —2I)' = (Ay — 2I) ' —4(2)(CM(2) + D) 'Cy"(2)*, =z € p(Ae) N p(As).
The formula (2.24) is obtained by comparing [22, (5.14),(5.20)] with (2.18).

3. COUPLING OF DUAL PAIRS

Here we recall and extend some results for the coupling of two dual pairs and operators.
Items (i)-(iii) in the following theorem are from [15]. For the sake of completeness, we
also give a proof here.

Theorem 3.1. Let (Ay,By) and (A_, B_) be dual pairs in Hilbert spaces $4 and $_,
respectively, let (H? T4% T'5%) be a boundary triple for the dual pair (A+, By), H = C?
and let My be the corresponding Weyl function. Denote by A* and B* the restrictions of
the operators A% @& A* and B} ® B, respectively, to the domains

(3.1) dom A* = {g, ® g_|gs € dom AL, T{*g, =T{"g_};

(3.2) dom B* = {f. & f_|fs+ € dom B, [P fo =T2 f_}.
Then the following statements hold.

(i) The operators A := (A*)* and B := (B*)* are restrictions of the operators B* and
A*, respectively, to the domains

(33)  domA={fy @ f|fr €domBI, T, fo =T, fo =T7"fo +T7 f- =0}

(34)  domB={g; ©g |9+ € dom AL, I'1*g, =T"g =Tj"g, +T5 g =0},
and (A, B) is a dual pair in $, S H_.
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(i) The triple (H?, T4, T8) with T4 and T'P defined on g € dom A* and f € dom B*
by the equalities

FAg> ( g ) rBf B f, 418
3.5 FA — 1 — 1 9+ ’ FB _ 1 — 1 + 1 ’
(3:5) I (Fgg Iy g +T5 g / ryf Ly fy

is a boundary triple for (A, B).

(iii) The operators Aa, A2, A_o and By, By and B_; defined by (2.7) and (2.8),

respectively, are related by
(36) AQ = A+72 D A_vg, and B1 = B_,_’l D B—,l-

The Weyl function M and the y-field corresponding to the boundary triple (H?, T4, T'P)
are given by

7-(2)
(iv) The restrictions Ay of B* and By of A* defined in (2.7) and (2.8) have the domains

(38)  domA; ={f. ® f_|fr edomBL, TP+ f, — T =1l f 41707 =0}

(37) M) =M)A. 2= (1)L e ptn,

(3.9) domB, = {f, & f_|fr €dom AL, T f —Tf =1 f +T)f =0}

They are proper extensions of A and B, respectively, i.e. Ay € Ext(A, B), By €
Ext(B, A), and fulfill A; = Bj.
(v) If z € p(Asz), then

(3.10) z€p(Ar) & 0e€ p(Mi(z)+ M_(2))
and

(3.11) (A1 —2D)™" = (Ap —2I) 7 = y(2) (M (2) + M_(2)) ' (2)", 2 € p(A1) N p(As).
Proof. (1)&(ii) Let f = fy+ @ f- € dom (B} @ B*), g = g+ ® g € dom (A% & A*). Then
it follows from the equalities

<Bif+79+> - <f+aA*+9+> = <Ff+f+>rf+9+>7-tl - <F2B+f+a F§+g+>H2,

(B fg-) = (f ATg ) =(T7 [, 11 g Yo, — (T35 .15 9 ).
that
(Br@ B)f,g) = (f, (AL @ A )g) = (T7 1, T g )w — (T 1,15 g1 )u

+ (T f T g — (T [T g

The equality (3.3) follows from (3.12) since the mappings I'4* : dom A% — H? are
surjective. Similarly, (3.4) follows from (3.12) since the mappings I'P+ : dom B} — H?
are surjective. Next, for f € dom B*, g € dom A* the equation (3.12) takes the form

(8.13) (B"fog) = (f. A7g) = (L7 fr + TV S T gy a — (D9 . T g + 159
This proves that (A, B) is a dual pair in $, @ $_ and that (ii) holds.

(3.12)
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(iii) From (3.5) we obtain dom Ay = ker I'Z = ker 'Y+ and, as Ay € B*, by (3.2) formula
(3.6) follows. Moreover, (3.2) and (3.5) imply that the y—field of (A, B) corresponding
to the boundary triple (H#2, T4, T'P) takes the form

_ (+(2)
(3.14) 1= (1)
where 7. (z) are the y—fields of (A, B1) corresponding to the boundary triples (H2, 4%, T'5+).
Now formula (3.7) follows from the definition of the Weyl function, see Definition 2.4.
(iv)&(v) The extension A; of A given by (3.8) coincides with the extension Ag of A
defined by (2.22) with © = ker (C' D) = ker (Iy 0). Then the equivalence (3.10)
follows from Lemma 2.6 (iii) and formula (3.11) follows from (2.24). O

Definition 3.2. (1) The dual pair (A, B) given by (3.3), (3.4) is called the coupling
of the dual pairs (A4, By) and (A_, B_) relative to the triples (H?, T4+, T'5+) and
(H2, DA~ TB-).

(2) The operator Ay from (3.8) is called the coupling of the operators A, and A_
relative to the triples (H?, T4+ T'B+), (H?,T4=,T'5-) and the operator Ay = A, &
A_ 5 from (3.6) is called the decoupled operator.

According to this definition the operator By from (3.9) is the coupling of the operators
B, and B_ relative to the triples (H?2, (I'5+)T (TA)T), (H2, (TP-)T, (T4-)T), see also
(2.5). Since the operators A; and B are connected by the formula A; = Bj, in what
follows we will be interested only in the coupling Aj.

4. REAL DUAL PAIRS AND REAL BOUNDARY TRIPLES
Let 7 be a conjugation (time reversal) operator in $), i.e. T is antilinear, 72 = I and

(41) (Tf77—g)fj - <g7f)f.) for all f?.g €9

In what follows, besides the conjugation 7 in $), we will also consider a conjugation in
‘H, which will be denoted by 7.

Definition 4.1. A dual pair (A, B) in $) is called T -real, if

(4.2) TdomA=domB and TA=DBT.
A boundary triple (H?, T4, T'B) for a T -real pair (A, B) is called (33, T)-real, if
(4.3) 'y =T9T, july =T{T.

Observe that the conditions (4.2) are clearly equivalent to
(4.4) Tdom A* =dom B* and TA" = B*T.

Lemma 4.2. Let (A, B) be a T-real dual pair and let (H*, T4, T8) be a (33, T)-real
boundary triple for (A, B). Then the corresponding Weyl function M(z) satisfies the
condition

(4.5) M(z) = juM(2)"jn, 2 € p(Az).
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Proof. Notice that for f; € 9:(A*) one has
T fz € N.(B").
Indeed, for every h € dom B one gets by (4.2) Th € dom A and hence
(Tfz(B—=2)h) = (T(B—=2)h, fz) = (A= 2)Th, fz) = 0.
Moreover, by a similar argument, we have also T, (B*) C 9M;(A*) and therefore
TN(A") = N.(BY).
Next by (4.3), (2.11) and by (2.12) one obtains for z € p(A,)
M(LFT f: =0T f= = jul'3 [
= juM" (201 fz = juM" (2)ju 05 T f=
Since TPTNL(A*) = H for z € p(A;) = p(By), this implies
M(2) = juM" (2)jn-

(4.6)

By (2.13) one obtains (4.5).

In what follows we consider a Hilbert space $ decomposed into an orthogonal sum

(4.7) HN=H,89H-
of two subspaces )+ with conjugations 7+ € L£($+). Then the orthogonal sum
(4.8) T=T®7T_

is a conjugation in $).

Theorem 4.3. Let ) be a Hilbert space with a conjugation T such that (4.7) and (4.8)
hold. Moreover, let (A+, By) be Ti-real dual pairs in Hilbert spaces $+. Finally, with jy
a conjugation in H, let (H? T4% T'B%) be (ju, T2 )-real boundary triples for (Ax, By), and

let
(49) AO = A+ @ A_, BO = B+ @ B_.
Then the following statements hold.

(i) The dual pair (Ag, By) is T -real and the boundary triple (H & H)?, T4 T'50) with

FAO FA+ EB ]-—wAf FBO FB+ @ FB,
4.10 o= (L ):=(.1 L [Bo.— ("L ).= (1 1
0 (Fé‘) (FS‘* oLy ) r*) A\ e Ty

is (Juan, T)-real, where juay = ju ® ju.

(ii) The coupling (A, B) of the dual pairs (A, By) and (A_, B_) constructed in (3.3),

(3.4) is T -real.
(iii) The boundary triple (H?, T4, T'B) from Theorem 5.1 is (jy, T )-real.
(iv) The dual pairs (Ay, By) and (Ay, By) are T -real.

Proof. Since the dual pairs (Ay, By) are Ti-real one has

(4.11) T.A, =B.T., T.A_=DB_T..
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Since the boundary triples (H @ H, B+, T'4%) are (jy, T )-real one has
. A . B_ A
g e O L
jHF2+f+:F1+7:rf+a guly  f-=T7"T-f-,

(i) From (4.12) we see juanl'?® = 2T and jyenl'2° = D47, This shows the
T-realness of the dual pair (Ag, By) and the (jyagy, T )-realness of the boundary triple
(H @ H)?, T4, T'Bo) follows from (4.11) and (4.12).

(ii) It follows from (4.11) and (4.4) that

(4.13) Tidom By =dom A} and AT, =T.B,, A'T_=T7_B"

(412) f+ € dom B}.

Hence

(AL @ AT =T (B, ® BY).
Let f = fi & f- € dom B*, f. € dom Bf. Then, by (3.2),
(4.14) Dy fo =Ty f-.
In view of (4.12) the condition (4.14) takes the form

Y Ty =95 fo =T5 f- = I T f-
and, by (3.1), Tf =T+ f+ & T_f- € dom A*. Therefore,
ATf = (AT f) @ (AT f) = T(BLfy & B f.) = TB'f

and thus (A, B) is a T-real dual pair in §.
(iii) Because of (ii) for f € dom B* we have Tf € dom A*. It follows from (3.5)
and (4.12) that

AT =TT fy = DY fy = D2 f,
and
CaTf =Ty Tofy + T8 T f- = g (C2 o + T ) = TP T

Thus the boundary triple (H2, T4, T'®) is real.
(iv) Assume that f € dom A; = {f € dom B*|T'Bf = 0}. Then, due to (4.3), T{T f =
juI'Bf =0 and hence T f € dom By. By (4.4),

(4.15) TdomA; =dom B, and T By=A,T.
Similarly, is shown that

(4.16) Tdom Ay =dom B; and TB; = A,7T.

5. PARITY AND P7T-SYMMETRIC OPERATORS

Definition 5.1. Let $. be Hilbert spaces and $ = $H & H_. A linear operator P € L($)
will be called an abstract parity operator, if

(5.1) P=P P =1y and PHy = H:.
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Now consider a Hilbert space $ = $, & $H_ with a parity operator P and a conjugation
T € L(H), such that
(5.2) TP =PT and THL=9H.

The conditions (5.2) mean that the operator 7 admits the representation as an orthogonal
sum 7 = T, & T_ of two conjugations 7, and 7_ in the Hilbert spaces £, and $_,
respectively. In what follows we identify the spaces ), and $)_ with the subspaces ), ®{0}
and {0} @ H_ of $, and hence we will set

T =T <J;+> = (ﬁ0f+) ., Tfo=T (ﬁ_) = <7,_Of_> forall fLe9,.

Similarly, we set

(5.3) Pf. =P <J;+> , Pf_o=P <J9 ) for all fi € H4

The operator P maps the subspace £, onto $_, and vice versa. It acts by the formula
f+) (Pf_)

5.4 P = , €Ny

(5.4) ( i P, J+ € 9«

We will say that the parity P intertwines two given dual pairs (Ay, By) in two Hilbert
spaces $)4, if

(5.5) PA, =B_P, PB,=A_P.

Lemma 5.2. Let P be a parity operator in $ = $H BH_ and let T be a conjugation in 5,
such that (5.2) holds. Let (Ay, By) be Ti-real dual pairs in Hilbert spaces )4 intertwined
by the parity P. With 33 a conjugation in H let (H? T4+, T'B+) be (ju, T)-real boundary
triples for (Ax, By), such that
By A B Ap
(5.6) (Fa) fi = (Fa) Pf,. (F}g) /o= (Fz ) Pf.. fi€domB],
1 I 1 Iy

let My be the Weyl functions of the operators Ay corresponding to the boundary triples
(H2,T4=, TB%) and let Ay j be the restrictions of By to the sets (cf. (2.7))

(5.7) dom Ay ; =kerI7*, j=1,2.

Then the following statements hold.
(i) Pdom A% = dom B*, Pdom B} = dom A* and

(5.8) PAL =B*P, PB,=A"P.
(ii) PTdom Ay = domA_, PTdom B, = dom B_ and

(iii) PTdom A% = dom A* , PTdom B} = dom B* and
(5.10) PTA, =A"PT, PTB,=BPT, PTA_;=A_;PT, j=1.2.
(iv) The Weyl functions My and M_ of the operators A, and A_ are related by
(5.11) Mo(2) = M_(27, =€ p(Ass) = 2(A D)
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Proof. (i) Applying P to the left and right hand sides of the equalities in (5.5) and using
the identity P? = I yields that A, P = PB_ and B,P = PA_. From these identities the

statement (i) is immediate.
(ii) Since the dual pairs (A4, By) are real with respect to 7. one has (4.11). Let
fr €domAy. Then by (4.11) T f+ € dom By and B, T, fy = T. A, fy. By (5.5)
Pﬂf_t,_ € dom A_  and A_Pﬁf_}_ = PB+7:,.f+ = Pﬂ.A.i_f_’_

The proofs of the inclusion dom A C PTdom A, and of the second equality in (5.9) are
similar.

(ili) The equalities PT A% = A*PT, PTB; = B*PT follow from (4.13) and item (i).
These equalities imply (5.10) since by (5.6) and (4.12) we have for f, € dom B%, g; €
dom A7
P (PTf) =T T =l £
Py (PTf) =Ti T = 3" £

(iv) In particular, we obtain due to (iii) that

(5.13) p(Ar1) =p(A1),  p(Asz) = p(A_p).

For every z € p(A42) and f € M.(B%) we get from (iii) f7 := PT fI € N:(B*), where
we used PT zf = ZPT f} which follows from (4.1). By Definition 2.4 the Weyl functions
M, and M_ satisfy the equalities

My ()0t fF =T0 fF, M50y f2 =T7 f2.

S (PTay) =T Tgy =l gy,

(5.12)
gl_ (PTg+) = Ffg+7—9+ = ]HP§+9+-

By (5.12)
) fo =T (PTL) =TV Tf = 3 1
PV fo =T (PTF) =T T =l £
Hence
M(2) (5" ) = MoE)(0S f2) =T f2 = gl = M ()T £
and thus M_(Z) = 3 M, (2)j%. In view of (4.5) this proves (iv). O]

Definition 5.3. A closed linear operator A in $) is said to be PT -symmetric if for all
f € dom A we have
PTfedomA and PTAf=APTf.

A dual pair (A, B) is said to be PT -symmetric, if both A and B are PT -symmetric.

Theorem 5.4. Let P be a parity operator in $ = $H, ® H_, let T be a conjugation in
9, such that (5.2) holds and let (Ay, By) be Ti-real dual pairs in the Hilbert spaces $)4
intertwined by the parity P. With 3 a conjugation in H = C¢ let (H2, T4+, T'5) be a
(Ju, T )-real boundary triples for (Ay, By), such that (5.6) holds. Moreover, let the dual
pair (Ao, Bo) as in (4.9) and let (A, B) be the coupling of the dual pairs (A4, By) and
(A_, B_) relative to the triples (H? T4+ TB+) and (H?, T4, T5-), cf. (3.3), (3.4). Then
the following holds.

(i) The dual pair (Ao, By) is PT-symmetric. Moreover, the operators Af, B} are

PT -symmetric.
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(ii) The dual pair (A, B) is PT -symmetric. Moreover, the operators A*, B* are PT -
symmetric.
(iii) The dual pair (Ay, Bs) is PT -symmetric.

Proof. (i) Notice first that by Lemma 5.2 (i)
(5.14) Pdom Bj = Pdom (B} @ B*) = dom (A* & A’) = dom Aj.
We obtain by (5.4) and by (5.8) for f = (f f_)T, f+ € dom B}

(5.15) A;Pf = (’%1 /?*_ ) P Gj) - (ﬁfgﬁ) - (ggj;) — PB;J.

It follows that
(5.16) Pdom B = dom A; and AP = PB;.
Next, by (4.13) PTdom Aj = dom Aj and

(5.17) Ay(PT)f = AP Gjﬁj) —PB; (%Zj) — (PT)Ayf

and the operator A} is PT-symmetric. By (5.9), Ao(PT) = (PT)A,, i.e. the operator
Ag is PT-symmetric. The proofs of the equalities By(PT) = (PT)By and Bi(PT) =
(PT)B{ are similar.

(ii) Due to (3.1) for g = g, ® g_ € dom A* we have I'["* ¢, = I''"¢g_ and hence, by
(5.12), the following equalities holds

(5.18) LY (PT)g- =l g = gl g = T1(PT)g,.

Therefore, (PT)g = (PT)g- @ (PT)g4+ € dom A* and, by (5.17),

(5.19) A" (PT)g = A PT)g = (PT)Ajg = (PT)A"g.

Since the operator PT : H — H is a bijection, we have PTdom A* = dom A* and
(5.20) A*(PT) = (PT)A™.

By straightforward calculations we derive from (5.20) that A(PT) = (PT)A, i.e. the
operator A is PT-symmetric. Similarly, we can show that

(5.21)  PTdomB* =dom B* and B*(PT)f=(PT)B*f forall f e domB".

This implies the equality B(PT) = (P7T)B and hence B and B* are PT-symmetric.
(iii) In view of (3.2), (3.3), (3.4) and (5.6) for f = f, & f- € dom B* the following
equivalences hold

fedomA, &I f, =-TPf o) Pf=-T}Pf o Pf e domB,.
Therefore, by (5.19) BoP = PA; and hence, by Theorem 4.3
By(PT)f =PAT f=PTByf
for all f € dom B,. Since A; = Bj this proves also that
A(PT) =PTA.
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In the following theorem we consider a dual pair (A, B) from Theorem 5.4 and charac-
terize PT-symmetric proper extensions Ae Ext(A, B) of A. Notice, that every proper
extension A of A of rank d, (i.e. factor space dom A/dom A has dimension d) can be

represented in the form (2.22): A = Ag := B*| dom Ae, where O is a linear relation in
C? with the kernel representation

(5.22) © =ker (C D), C,DeC™, and(2.19) holds.
Substitutions of (5.22) in (2.22) shows that dom Ag has the form
(5.23) dom Ag = {f € dom B*|CTPf + DI'P f = 0}.

Theorem 5.5. Let in the assumptions of Theorem 5.4 the dual pair (A, B) and the
boundary triple (C¢ x C4 T4 TB) be given by (3.3)-(3.5) and let C, D € C™>? and let
Ag € Ext(A, B) be the proper extension of A defined by (5.23). Then Ag is PT -symmetric
if and only if © = 33Oy, i.e. ker (Cpp Djy) =ker (C' D).

Proof. By Theorems 4.3 and 5.4 the dual pair (A, B) is T-real and P7-symmetric. It
follows from (5.21) that P7Tdom B* = dom B*. By (5.12) and (3.2), we obtain for f €
dom B*

(FF(PTf)) _ (F?Pm +PF+PTf_> <JHFB+f+ + Iy f- ) (mrBf)
IZ(PTS) r2prs DB f, LB f
Therefore,
(5.24) IPPTfeO©=ker (C D) <= TPfekerjOm =ker (Cjn D).
Now it follows from (5.21) that for f € dom Ag

Ao(PT)f = B*(PT)f = (PT)B"f = (PT)Ae/.
This proves the claim. O

Remark 5.6. In the special case of Theorem 5.5 when d = 1 and 3y is the standard
complex conjugation in C, the set of all PT -symmetric extensions of A other than the
decoupled operator Ay o @ A_ 5 is parameterized by a real parameter o € R via

(5.25) Ao = B* lqoma,, domA, = {u € domB*|I'u=alYu}.

Note that the decoupled operator Ay o @ A_ 4 is also PT -symmetric which follows from
Theorem 5.5 with C' =0 and D = 1.

Next we present a description of PT-symmetric proper extensions of the PT-symmetric
operator Ag = A, @ A_, see Theorem 4.3.

Theorem 5.7. Let in the assumptions of Theorem 5.4 the dual pair (Ag, By) and the
boundary triple (C2¢x C24, 40 T'Bo) be given by (4.9), (4.10) let C, D be 2d x 2d-matrices
such that (2.19) holds, and let © be a linear relation in H2, H = C?? with the kernel rep-
resentation © = ker (a ﬁ) Then the extension (Ag)g = By | dom (Ag)g € Ext(A, B)
of Ao with

(5.26) dom (4p)g = {f € dom B}| CTPof + DB f = 0}
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is PT -symmetric if and only if © = 7307y, i.e.

(5.27) ker (Cjy Djy) =ker (C D) where Jy := (ji jS‘)

Proof. Recall that TP and T'J° are given by formulas (4.10).
The invariance of dom B with respect to PT is shown in Theorem 5.4 (i). By (5.12)
we obtain for f = fL ® f_, g9 = g+ ® g— € dom B

By B_ By
F?O(PTf) _ (Fl PTf—) _ <JHF1 f—) = 9 <F1 f+) :?HPIBOJC

MUPTE) ol f AR
and B B B
Ly"PT /- nls -\ _~ (I57F ~ 1B
FBOPT :(2 ):( 2 _ 2 J+) 5 1Bos
2T =\ ebpry ) T ey, ) ~ ey )
Therefore, the condition PT f € dom (Ag)g is equivalent to
AN P F(1)f+
(5.29 @ D) (F1) =0
of-
Comparison of (5.26) and (5.28) yields (5.27). O

6. P-SYMMETRIC AND P-SELFADJOINT EXTENSIONS OF THE OPERATOR A

6.1. Boundary triples for P-symmetric operators. In this section we describe P-
symmetric and P-selfadjoint extensions of the operators Ay and A and compare them
with the descriptions of PT-symmetric extensions of Ay and A from the previous section.

In order to define P-symmetry it is convenient to consider the abstract parity P from
Section 5 as a Gramian which leads to the theory of Krein spaces. Krein spaces are
Hilbert spaces equipped with an additional inner product. This additional inner product
is a symmetric, non-degenerated sesquilinear form, which is in general not definite. Or,
what is the same, the additional inner form is given via a selfadjoint, boundedly invertible
Gramian, see [2, 10]. Here, P will be used as the Gramian. More precisely, let (94, (-, ) ¢.)
be two Hilbert spaces and let P be the abstract parity in $ = $H. & $H_. As usual, we
define the Hilbert space scalar product in §) as the sum of the two scalar products in 4,

(fr9)9 = (fr90)0, +(fo,9-)5. for f=fLDf 9g=9,Dg-€HL DH_.
Then the pair (9, [-,-]) with the inner product given by

(6.1) [f:9]:=(Pf,9)s
forms a Krein space. Recall, that a densely defined linear operator A in (a Krein space)
(9, [-,-]) is called P-symmetric, if it is symmetric with respect to the new (Krein space)

inner product, namely

[Af,g] = [f, Ag] for all f, g€ domA.

Denote by A™ the adjoint operator in ($),[-,]), i.e. AT = PA*P. For a P-symmetric
operator A one has A C A". The operator A is called P-selfadjoint if A = A™.

In what follows we will apply the two notions of P-symmetry and P7T-symmetry to
extensions of the operators A and Ay, defined in Theorem 3.1 and in Theorem 4.3, respec-
tively. The coupling A; and the decoupled As, cf. Definition 3.2, are examples of operators
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which are simultaneously P-selfadjoint and P7T-symmetric. We have the following chain
of operators

A=A PA_CACA;CB"CBy=B,®B* j=12

Note that Definition 2.1 of boundary triples is made for dual pairs. The following definition
of a boundary triple for a single operator is from [12]. In the case of a Hilbert space
symmetric operator it was introduced in [19], see also [16]. We will use it to describe the
extensions of the P-symmetric operators A and Aj.

Definition 6.1. Let H be an auxiliary Hilbert space and let T'y, Ty be linear operators
from dom AT to H. The triple (H,T'1,T's) is called a boundary triple for the P-symmetric
operator A, if:
(1) the mapping T’ := <£1) from dom AT to H? is surjective;
2

(2) the following identity holds for every f,g € dom A™

[A+f7 g9l = [f, A+g] =(T1f, Tag)y — (Tof, T1g)n

Remind [12], that given a boundary triple (H,T';,T'y) for the P-symmetric operator A,
the set of all P-selfadjoint extensions A of A can be parametrized by the formula

(6.2) A=A" 1,5 domA={fedomA*|Tf e},

where ® ranges over the set of all selfadjoint relations in .

In the following theorem we characterize P-selfadjoint extensions A of the operator Ay
of the form (5.26).

Theorem 6.2. Let in the assumptions of Theorem 5.4 (Ao, By) be a PT -symmetric dual
pair, let é,f) be 2d x 2d-matrices such that (2.19) holds, and let O = ker (6 ﬁ) be a
linear relation in H?, H := C? and let (Ay)g be an extension of Ay given by (5.26). Then
the following hold.

(i) The operator Ay is P-symmetric and a boundary triple (C*,T9 1Y) for Ay can be
chosen as

(6:3) POf =B, T9f = JurB . where Jy o= (00 14,
I, O

(i) The estension (Ao)g of the operator Ay given by (5.26) is P—selfadjoint if and
only if the linear relation ® := J;0 = ker (6 ﬁJd) is selfadjoint, i.e.
(6.4) CJ,D* — DJ,C* =0,

Proof. (i) The P-symmetry of Ay follows from (5.16) and the fact that (Ag, By) forms a
dual pair which imply

Al = PASP = B; O Ay,
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For f = fL® f_,9 = g+ ® g_ € dom B we obtain with the help of (5.16), (3.12) and
(5.6)

(A f,9) = [f, Ag gl = (B3 £, Pg) — ( f,PBsg) = ( By f, Pg) — ( f, A;Pg)
= (D7 f, TPy Y — (T £, T3Py )y
(T f T Py — (T3 f-. 15 Pgi)u
= <P113+f+7r23_g_>ﬂ - <FzB+f+aFj1B_g—>H
(T o TS g — (T f T g )
= (T0/,T5g)32 — (T5f, T0g)2e.

So the triple (H,T9,TY) is a boundary triple for the P-symmetric operator Ay.
(ii) The equivalence

(6.5)

is a general fact from [12]. The equivalence of the equality ® = ®* to (6.4) follows
from (2.21). O

Remark 6.3. It follows from (5.19), that A C B* = A", and hence the operator A is
P-symmetric. A boundary triple (H,T'1,T3) for AT can be chosen as
H=C' Tf=TPf=T7"fi+T7 f, Tof =TJf:=T7"f;

for f = f. ® f_ € dom B*. For a linear relation © in C? with the kernel representation
O = ker (C’ D), C,D € C™4_ the extension Ae of A of the form (5.23) is P-selfadjoint
if and only if © = ©*, i.e. (2.21) holds.

In the special case when d =1 the set of all P-selfadjoint extensions of A different from
the decoupled operator A_ o ® A, 5 is parametrized by a real parameter a € R via
(6.6) Ay =B*|domA,, domA,={u€domB*[Tu=alju}.
Moreover, the set of PT-symmetric extensions of A coincides with the set of its P-
selfadjoint extensions.

According to [9] boundary condition (5.26) can be rewritten in the following form.
Theorem 6.4. Let in the assumptions of Theorem 6.2 © be a linear relation in C*¢ such
that (Ao)g is a P-selfadjoint and PT -symmetric extensions of Ag. Then

(i) There exist orthogonal projectors Pp and Pr = I — Pp in C** and a selfadjoint
matriz A in C* such that

(6.7) ker A = PpH, ranA C PpH

and dom (Ag)g is characterized as the set of f € dom B* @ B such that
(6.8) Pplyf = 0,
(6.9) PpIVf = APRIYf.

(ii) The extension (Aog)g is PT-symmetric, if and only if the matrices Pp and A
commute with 7y :

(6.10) Ppyu = wPp, A =JuA.
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The condition (6.8) gives the Dirichlet part and the condition (6.9) gives the Robin
part of the boundary conditions. As distinct from (5.26) the conditions (6.8)—(6.9) are
uniquely defined by the selfadjoint linear relation ¢ := J;0.

Proof. (i) By Theorem 6.2, the extension (Ag)g of the operator Ay is P—selfadjoint if
and only if the linear relation ® = ker (a f)Jd) is selfadjoint. Let Pp be the orthogonal

projector onto ker ® = ker C' and let Pg := I5g — Pp. As it is known (see e.g. [9, Theorem
1.4.4]), the selfadjoint linear relation ®~! admits the representation

o . 0 B To SRS PpH
(6.11) ™" = graph A + (PDH) - {(A:}cg —l—xl) " w9 € PRH }7

where A is a selfadjoint matrix A in C** such that (6.7) holds. For every f € dom (Ag)g
0

we have the inclusion <£6L‘]]§> € ®. In view of (6.11) and (6.3) there exist 1 € PpH and
2

T9 € PrH such that

ryf x
(6.12) <F§f) - (Axg j— :Bl) '

This yields the equations (6.8), (6.9).
(ii) If the extension (Ag)g is PT-symmetric, then, by Theorem 6.2, © is Jy-invariant
and hence the linear relation ® = J;0 is also Jy-invariant. Therefore, the subspaces

PpH = ker® = ker © and PrH = ran ® are jy-invariant and hence the orthoprojectors
Pp and Pr commute with 73:

(6.13) Ppjy =juPp, Priy = JuPr.
Moreover, in this case for every f € dom (Ay)g we obtain, by (6.9),
I Jul) ~ ~
€cd = (L)) ed = Praullf = APrjulbf.

(1) G wbn) = Ard]

By (6.13), we obtain
TuPrIY [ = AJw PRIS f.

Comparing this equality with (6.9), we obtain the equality
(6.14) m\ = Ay

Conversely, if (6.13) and (6.14) hold, then similar reasonings show that O is jy-invariant.
0J

7. NON-HERMITIAN P7T-INVARIANT HAMILTONIANS

7.1. Dual pairs associated with the Bender-Boettcher Hamiltonian. Here we
return to the investigation of the non-Hermitian P7 -invariant Hamiltonians presented in
the introduction, that is, we study equation (1.1) on the wedge shaped contour I, cf. (1.2).
By substitution z(x) := 28" one obtains the two differential expressions given by (1.3)
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and (1.4). Assume that ay in (1.4) are in the limit point case at +00. As presented in
Section 1, this is the case if and only if the angle ¢ of the wedge satisfies

1) op N2 2k N+3]'

for k=0,..., | ——
2N+87T+4+N7T or 0, ,[ 5

Then by [21, Lemma 1] the differential expressions by in (1.6) are also in the limit point
case at +0o. Define the operators A+ and By associated with aix and by in L*(Ry) as

Asfe = ay[fs], Bige:=bilgs] for fi € dom A, gy € dom By,
respectively, with the domains
dom Ay = {Ui S LQ(Ri)|ai[ui] € LQ(Ri), U;: € ACloc(R:t)a ui(()i) = u’i(Oi) = 0},
dom By = {Ui c L2(Ri)|bi[vi] S LQ(R:E), U;: S AOZOC<R:|:>7 U:I:(O:I:> = U;:(Oi) = 0}
These operators are called the minimal operators. It follows from [21, Proposition 1
and Theorem 3] that the (maximal) operators A% and B} are generated by differential
expressions in L*(Ry) where the roles of ay and by are switched in the sense that the

differential expressions ay are now related to B} and the differential expressions by are
related to A%. More precisely,

Bl fe:=ailfs], Algs:=byf[gs] for fi € dom B}, g4 € dom Al
with
dom B := {us € L*(Ry)|ax[us] € L*(Ry), v, € AC),(R1)},
dom A% = {vy € L*(Ry)|bifvy] € L2(Ry), v, € AC1.(R4)}.
Lemma 7.1. The pairs (A_, B_) and (A,, B,) are dual pairs. The triple (C, T4+ T'B+),

—2ip, 1 *
B (€ U+<O) A . U+(O) Uy - dom BJr,
(72) Ty = ( wr(0) ) o= eioy () vy € domAr,

is a boundary triple for the dual pair (A,, By). The triple (C?, T4~ T'B-),

__p2id,/ *
B [—e*ul(0) A v_(0) u_ € dom B*,
(7.3) r U_ = ( u_(()) ) ; I -v_ = (_e2i¢v/_(0) ) v_ € dom At,

is a boundary triple for the dual pair (A_, B_).
Proof. Integration by parts and [21, Proposition 1] show
<A:|:U:|:,U:|:> = <U:|:, BiUi>, uy € domAy, vy € dom By

This proves the first statement. It follows from [21, Proposition 1] that for uy € dom B7
and v4 € dom A%

(Biug,vy) — (uy, Alvy) = —6_2i¢/ u'y (x)vy (z)dx + 6_2i¢/ ug ()] (z)dx
0 0

— ¢ (ul, (0)010) — u- (0)7(0)).

Hence, (C?, T4+ T'B+) is a boundary triple for the dual pair (4, , B;). The statement for
the triple (A_, B_) is shown in the same way. O
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7.2. PT-symmetric extensions of the operator A. The coupling (A, B) of the dual
pairs (AL, B.) relative to the boundary triples (C?, '+ T'B%) consists of two operators
A= (B} ®B")|doma, B= (A% & A*)|dom B With the domains

(7.4) dom A = {u; ®u_|us € dom B, u(0) = u_(0) = e/, (0) — e**u’ (0) =0},

(7.5) dom B = {u; ®u_|us € dom A%, u,(0) = u_(0) = e**u/ (0) — e 2u’ (0) =0},
see Theorem 3.1. Then the adjoints A* and B* are the restrictions of the operators
A% @ A* and B} © B”, respectively, to the domains

(7.6) dom A" = {uy G u_|us € dom AL, uy(0) =u_(0)};

(7.7) dom B* = {u; ® u_|uy € dom B, uy(0) =u_(0)}.
A boundary triple for (A, B) can be defined on v € dom A* and u € dom B* by

4y o I'By By, + T8
78 FA — 1 = 1 + FB — 1 = 1 + 1
R ) R T o B o, )

We define the parity P and the time reversal 7 as in (1.5). It is easy to see that the
parity P and the time reversal T satisfy (5.2). Due to Theorem 5.5 the operator A is
PT-symmetric and P-symmetric in the Krein space (L*(R) = L3*(R_) & L*(R),[,])
with the inner product

[ ] = (P ).

The (Krein space) adjoint A* of A coincides with the operator B* = (Bf @ B*)|dom 5+
Application of Theorem 5.5 gives a one-parameter family {H,}ocr of PT-symmetric
and P-selfadjoint extensions of A in the Krein space (L*(R), [-,]).

Theorem 7.2. Let the angle ¢ satisfies (7.1) and let A be the coupling operator con-
structed in (7.4). Then the following statements are true.
(i) A boundary triple (C,I'1,T'y) for the P-symmetric operator A is given by
Dyu = e 2 (0) — e*®u’ (0), Thu=uy(0), u=u; ®u_ € domB".
(ii) The extension H, of the operator A defined as a restriction of B* to the domain
(7.9) dom H, = {uy & u_ € dom B* : e >4/ (0) — e**u’_(0) = au,(0)}
1s P-selfadjoint if and only if o € R.
(i) H, is PT -symmetric if and only if a € R.
Proof. By construction, the dual pairs (A, B;) and (A_, B_) are T.-real and the parity
operator P intertwines the operators A,, B_ and A_, B, that is, (5.5) holds. Moreover,
the boundary triples (C2,I'4+ T'B+) and (C2?, T4, T'B-) are also (jc, T )-real and satisfy
the condition (5.6). Here jc stands for the usual complex conjugation in C. Hence,

all assumptions in Theorem 5.5 are satisfied and the statements (i)-(iii) in Theorem 7.2
follows directly from Theorem 5.5. 0

The boundary conditions in (7.9) are called ” §-type conditions” in the literature, see [9].
In [21] the extension H,, for the parameter value o = 0 was considered, which is specified
by ”weighted Kirchhoff conditions”:

dom Hy = {us ®u_|uy € dom BY, u;(0) — u_(0) = e >/, (0) — e**u’ (0) =0} .
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7.3. PT-symmetric extensions of Ay. The family (H,)qecr, of extensions of A can be
also treated via Theorem 6.2 as a family of extensions of the operator Ag = A_® A,. A
boundary triple for the P-symmetric operator Ay can be defined on v € dom Bj by the
equalities, see (6.3)

Iy e~ 2%, (0) 2 u_ u_(0) u
0, _ (L1 u+)_ L 0, _ (12 _ _ (U *

By Theorem 6.4, the set of P-selfadjoint and PT -symmetric extensions of A is parametrized
via (6.8)—(6.9) by pairs (Pp,A) where Pp is an orthogonal projector onto a subspace in
C?® and A is a 2 x 2-matrix which satisfy (6.7) and (6.10).

Let us discuss this formulas in our case when the boundary space is 2-dimensional.

Case 1. Let Pp be the projector on the whole C2, i.e. Pp = Ic2. Then A = 0 and boundary
conditions (6.8)—(6.9) take the form of ”Dirichlet boundary conditions”:

u4+(0) = u_(0) = 0.

The corresponding extension of A is the decoupled operator A, » & A_ 5.
Case 2. Let Pp be an 1-dimensional projector onto a j-invariant subspace of C?. Every

J-invariant subspace £ of C? has the form £ = span (;6)), 0 € [0,2r). In

2\—-1 1 2\1 1

1 [ &
1

particular, for # = 7 we have Pp = 1 ( 1 _1), Pp=1 <1 1). Condition (6.7)

implies that A can be chosen as A = , & € R, and boundary conditions
(6.8)—(6.9) yield ”d-type conditions”:
u_(0) = uy(0), e ¥/ (0) —e*u’ (0) = auy(0), «€R.
Case 3. Let the Dirichlet part in boundary conditions is missing, i.e. Pp = O. Then (6.7) is

fulfilled automatically and A = ()‘11 A12

is an arbitrary selfadjoint 2 x 2-matrix
Ao Ag2

commuting with 7 = (2 ‘g)) This leads to conditions

(710) A1 = A € R, Ao = )\_12
In particular, for A = 0 we obtain the " Neumann boundary conditions”:
u', (0) = u’(0) = 0.

1
—1
of PT-symmetric extensions of extension of A, specified by the boundary condi-
tions

: -1 . . .
Setting A = % 1 ), p € R\ {0}, we obtain the following family {7} ger {0}

U (0) = ¥ (0) = (s (0) —u-(0), B ER\ {0,

which are analogues of ”§’-type conditions”.
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