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ABSTRACT The motivation of this paper comes from the fact that £,—stability and £,—gain, using
the classical signal norms, is not well-defined for arbitrary continuous weighted homogeneous systems.
However, using homogeneous signal norms it is possible to show that every internally stable homogeneous
system has a globally defined finite homogeneous £,—gain, for p sufficiently large. If the system has a
homogeneous approximation, the homogeneous £,—gain is inherited locally. Homogeneous £, —stability
can be characterized by a homogeneous dissipation inequality, which in the input affine case can be
transformed to a homogeneous Hamilton-Jacobi inequality. An estimation of an upper bound for the
homogeneous £,—gain can be derived from these inequalities. Homogeneous L.,—stability is also
considered and its strong relationship to Input-to-State stability is studied. These results are extensions to
arbitrary homogeneous systems of the well-known situation for linear time-invariant systems, where the
Hamilton-Jacobi inequality reduces to an algebraic Riccati inequality. A natural application of finite-gain
homogeneous £,—stability is in the study of stability for interconnected systems. An extension of the
small-gain theorem for negative feedback systems and results for systems in cascade are derived for different
homogeneous norms. Previous results in the literature use classical signal norms, hence, they can only be
applied to a restricted class of homogeneous systems. The results are illustrated by several examples.

INDEX TERMS Homogeneity, continuous weighted homogeneous system, non-linear system, homoge-
neous £,—norm, finite-gain homogeneous £,—stability, input-to-state stability, homogeneous small gain
theorem.

I. INTRODUCTION
Input-Output Stability, e.g. £,—stability, is a rather intuitive

For linear systems these concepts are well understood
[1], [3], [4]. Special attention has been paid in the literature

concept. It implies that a small input causes a small
output in the system, where ‘“‘small” is related to some
ways of measuring the size of the input and output
signals. £,—stability and its related concept of £,—gain of
a (dynamical) system are classical in systems and control
theory [1], [2]. They can be used for example to design
a controller that minimizes the effect of the perturbation
to the controlled output variable, as in the classical Hso
control [3]-[5] considering in particular the L;—gain.

The associate editor coordinating the review of this manuscript and
approving it for publication was Qi Zhou.
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to the particular case of L,—stability which for smooth
non-linear systems can be characterized by a Hamilton-
Jacobi Inequality [2], [6], [7]. In the linear case this inequal-
ity reduces to a more tractable matrix algebraic Riccati
inequality. Furthermore, the powerful concept of Input-to-
State Stability (ISS) is strongly related to £, —stability, and
constitutes an important generalization [2], [6], [8]-[10].
Weighted homogeneous systems are an important class
of non-linear systems since they generalize linear systems
and can provide good local approximations for more general
non-linear systems [11], [12]. Moreover, they have been used
for the design of continuous and discontinuous controllers
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and observers, to induce e.g. convergence in finite time by
imposing a negative homogeneity degree [9], [11], [13]-[24].
Apparently, it is important to understand the concepts of
L,—stability and £,—gain for homogeneous systems. Since,
in general, homogeneous systems may be non-smooth and
their linearizations (when meaningful) are trivial, many of the
standard results for non-linear systems [2], [6]-[8] cannot be
used.

Despite of their importance, only few results about
L,—stability of homogeneous systems have appeared in
the literature, and they apply only to very specific classes
of homogeneous systems. [9] shows that for smooth and
standard homogeneous systems, with homogeneous weights
equal to one and with non-negative homogeneity degree (see
the formal definition below), having the state variable as
output, the asymptotic stability of the origin of the unforced
system implies £, —stability (for p sufficiently large) and ISS,
both with linear gain. However, [9] does not discuss how to
characterize and estimate the £, —gain and the ISS-gain. [25]
considers a subclass of the systems treated in [9], which
are affine in the input with constant input matrix, and have
homogeneous output map. It is shown that internal Lyapunov
stability of the unforced system implies £,—stability with
finite £,—gain. The novelty consists in its characterization
by means of a homogeneous Hamilton-Jacobi inequality.

Paper [17] covers a class of smooth weighted homoge-
neous systems of arbitrary homogeneity degree, which are
affine in the input and have a homogeneous output map.
It is shown that internal stability implies again £, —stability
with finite L£,—gain, and this can be characterized by
using a homogeneous Hamilton-Jacobi Inequality. More-
over, internal Lyapunov stability is also shown to imply
Lp,—stability (for sufficiently large p) with finite £,—gain
(including p = oo). However, these results are obtained by
imposing strong restrictions on the homogeneous weights
of the inputs, outputs and states. Again, estimation of the
L,—gains is not discussed. [13] and [26] discuss ISS and
other related properties for general weighted homogeneous
systems, generalizing the results of [9] relating the internal
stability of the unforced system and the ISS stability.
However, [13], [26] do not consider £,—stability for any
value of p. Also the linear ISS gain is not clearly stated. This
latter issue is clarified in [27] for the more general version of
geometric homogeneity.

The authors of [28], [29] use a homeomorphism to write the
super-twisting algorithm (STA), a second order homogeneous
non-linear system, in an almost linear form. Calculation
of the L£o—gain (i.e. Hoo—norm) for this almost linear
system leads to a local gain, which is used to optimize
the selection of parameters for the STA. In our previous
work [30], the basic idea of the present paper is applied to the
continuous super-twisting-like algorithm (CSTLA), which is
extended in the examples of this paper. There the (globally
defined) homogeneous H,—norm (homogeneous £,—gain)
is calculated and used for the optimization of the gains of the
CSTLA.
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The objective of this paper is to consider £, —stability and
ISS for arbitrary continuous weighted homogeneous systems,
without imposing unnecessary restrictions on the homoge-
neous weights or degree. An interesting and surprising result
of [9], [17], [25] is the linearity in the L,—stability and
ISS for the class of homogeneous systems treated in those
references, despite the fact that homogeneous systems can
be highly non-linear. Our first observation is that for general
homogeneous systems this is not possible, if the standard
signal and vector norms are used. Therefore, we introduce
homogeneous vector and signal norms and show that the
induced homogeneous £, —stability and homogeneous 1SS
concepts are linear for general continuous homogeneous
systems. This means that there are finite constant homo-
geneous £, and homogeneous ISS gains, including the
case of systems without memory. We characterize this
homogeneous £,—stability and the homogeneous £,—gain
in the general dynamic case by a homogeneous dissipation
inequality. For systems affine in the input, this reduces to a
homogeneous Hamilton-Jacobi inequality. Further, we show
that for general dynamic homogeneous systems, asymptotic
stability of the equilibrium point of the unforced system
implies homogeneous L,—stability (for sufficiently large
p) and ISS, obviously with finite linear gains. Using these
results, we propose a method to estimate the value of the
homogeneous £, and ISS gains. We therefore extend all
the results of [9], [17], [25], [30] to arbitrary continuous
homogeneous systems.

In the present paper a new homogeneous L,—stability
concept is introduced for an arbitrary continuous weighted
homogeneous system, based on homogeneous L£,—norms
for input and output signals. Every stable homogeneous
system has associated some homogeneous L£,—gain with
p sufficiently large that relates linearly and globally the
homogeneous norms of input and output variables. This
extends the well-known situation for linear systems. The so
defined homogeneous £,—norms can then be used in the
traditional manner for e.g. controller design to minimize the
effect of perturbations, as it happens in the H,—control
problem, or for parameter optimization, as illustrated in
our previous work [30]. For non-homogeneous systems
the homogeneous L,—norm can be calculated for the
locally approximating homogeneous system, and its value
corresponds to a local norm for the non-homogeneous
system. This idea is a generalization of the use of linear
systems and their gains to non-linear systems. Interestingly,
the idea of using non-standard vector or signal norms to
establish a relationship from ISS or iISS to £,—stability for
general nonlinear systems has been used recently in [31].
However, the aims and results of that paper are rather different
from our paper.

The structure of the paper is as follows: In Section II
we introduce the weighted homogeneity for continuous
homogeneous dynamics or input-output maps as well as some
properties of homogeneous norms. Afterwards, we revisit
the traditional concept of L,—stability and show that it is
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applicable to a homogeneous system only if the homogeneous
weights of inputs and outputs are all equal. In order to
extend the £,—stability to arbitrary homogeneous systems,
in Section III we introduce the homogeneous £,—norm and
the finite-gain homogeneous L£,—stability. In Section IV
we characterize homogeneous L,—stability with the help
of a storage function and a corresponding homogeneous
dissipation inequality. We further prove that every continuous
homogeneous system is homogeneous L£,—stable for some
p large enough, if the unforced dynamics is asymptotically
stable. Moreover, when the dynamics is affine in the input, the
homogeneous dissipation inequality can be transformed into
a homogeneous Hamilton-Jacobi Inequality. For a smooth
non-linear system, if there exists a local homogeneous
approximation, then the homogeneous £, —stability remains
true locally. In Section V the special case of homogeneous
Lo—stability and homogeneous input-to-state stability (ISS)
is brought up and proved. In Section VI the finite-gain
homogeneous L,—stability of feedback and in cascade
interconnected systems is studied for different values of
p, and an extension of the classical small-gain theorem
is obtained. In Section VII we compare our results with
the previous literature involving L£,—stability or ISS for
homogeneous systems. In Section VIII we propose methods
to calculate an upper estimate of the homogeneous £, —gain,
using either the homogeneous dissipation inequality or the
homogeneous Hamilton-Jacobi inequality. In Section IX
we present three examples. First of all, we show that all
continuous memoryless homogeneous input-output maps
are finite-gain homogeneous L,—stable, and we provide
a method to estimate its true value, which turns out to
be independent of p. A numerical example is given to
illustrate the procedure. The second example considers a
scalar homogeneous system for which the homogeneous
L,—gains can be derived analytically. In the third example
we provide data collected for the continuous super-twisting
like algorithm (CSTLA) as well as a comparison between
the linear case, where the Ho, norm is more thoroughly
studied, and the non-linear cases. A detailed analysis of the
homogeneous H~,—norm (homogeneous £,—gain) for the
CSTLA can be found in [30], whereas in this paper such
results are extended for homogeneous £,—gain with p > 2.
Finally, in Section X we draw our conclusions.

Il. WEIGHTED HOMOGENEOUS SYSTEMS AND PROBLEM
FORMULATION

A. CONTINUOUS WEIGHTED HOMOGENEOUS DYNAMICS
We consider a class of systems with inputs and outputs

X(1) =fx(0), u@)

ey
y(t) = h(x(@),  u®))

where x(¢) € R" is the state, u(¢) € R the input and y(¢) €
R? the output. We let u(-) € U where U denotes the space of
measurable and locally essentially bounded functions from R
to R™. We assume that the vector field f (x, u) and the function
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TABLE 1. Table of notations.

Symbols of functions:

alt) Koo function, see Lemma 1

B(,-) KL function, see (36)

Symbols of weighted homogeneity:

T weight vector

1, n—dimensional vector whose elements are all 1

K positive scaling number, used in a dilation

l positive number

vE® (x) dilation of vector = w.r.t. weight vector r,, defined

right before Definition 1

d=—r¢ homogeneous degree of a system, see Definition 1

Symbols for norms:

llz|lq classical g—norm of a vector z

feLy n—dimensional signal f(-) in £,—space, see Sec-
tion II-C

fecLy n—dimensional signal f(-) in extended £, —space,
see Section II-C

Ifllc, classical £, —norm of a signal f(-), see (10)

lz|lre,q homogeneous g—norm of a vector z w.r.t. the
weight vector 4, see (4)

fe £;‘f » n—dimensional —signal f(-) in homogeneous
Lp—space, see Section III-A

fecLr n—dimensional signal f(-) in extended homoge-

fope .

neous £, —space, see Section III-A

£l sz homogeneous £, —norm of a signal f(-) w.r.t. the
weight vector 75

£l s 200 homogeneous Lo —norm of a signal f(-) w.r.t. the

weight vector T, see (15)

Symbols for £, —gains:

Yp upper estimate of the (homogeneous) £, —gain of
a L, —stable system, see (11) (Definition 5)

¥p(G) Lp—gain of an £, —stable system, see Section II-C

You(G) homogeneous £, —gain of an £, —stable system,
see Definition 5

Yiss upper estimate of the homogeneous ISS-gain of a
system, see Definition 8

bp (homogeneous) bias, see (11) (Definition 5)

r ratio of £, —norm of some particular output over
input, see Example 1

¢ function which allows to calculate an upper esti-

mate of the £,—gain from dissipation inequality,
see Proposition 2

J,Q two functions which allow to calculate an upper es-
timate of the £y, —gain from dissipation inequality
when the system is affine in input, see Proposition

3

~t local L£p—gain, as designed in [28] for super-
twisting algorithm

¥* calculated upper estimate of the Lyp—gain from
dissipation inequality, see Proposition 2 or Propo-
sition 3

Symbols for dissipation inequality:

V(x) homogeneous storage function, see Definition 6

homogeneous value function; J < 0O represents a
homogeneous dissipation inequality, see Definition
6

*

u input that maximizes the homogeneous value func-
tion J, see Section IV-B

€ a small positive number

Symbols in systems:

% state-space model of a system, as given in (1)

G input-output map; for homogeneous G see Defini-
tion 2

fz,u) vector field of a homogeneous system 3

h(z,u) output of a homogeneous system 3

g(z) the input matrix when the system is affine in the

input

h(x,u) are continuous in x and u. Moreover, we assume
that system (1) is homogeneous. To define this concept,
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with [15] introduce for a vector x = (x1, ... ,x,)! € R" the
weight vector ry = (Fyy, ..., Iy, )T, which is an n-tuple of
positive real numbers, the one-parameter family of dilations
v (associated with weight ) for all x € R" and k > O,
is given by

vE(x) & (k™Mxg, . kP T

This way, ry, is the homogeneous weight of x;.

Definition I (Weighted Homogeneous System [15]): We
call system (1) homogeneous of degree d if there exists ry, >
0,ry >0, fori=1, ... ,nd € (—min; ry, 00) and ry, > 0,

fori=1,...,0, 5t ¥VxeR", YueR", Vk >0
fiwE @), viw) = ke, uy, Yi=1, ... .0,
R ), v W) = khix,u), Vj=1,...,0.

In the rest of the paper, min; ; will be denoted as min » and
x € R',u € R™ as (x,u) € R" without ambiguity.
This definition is an extension of the one given in [16] to
systems with outputs (see also [17]). Homogeneity implies
that £(0,0) = 0 and h(0,0) = O, i.e. the origin is an
equilibrium point when ¥ = 0. From Definition 1 and the

weight associated to the time variable r; = —d, we obtain
that
dx;
— = filx,u &
” filx, u)
ki dx;

— = kfie, u) = fiu) (), VW)
K"tdt

If we denote the trajectory of (1) by x(¢#) = ¢(t, xg, u(-)),
where ¢ is the state transition map, defined for each xy € R”
and each u(-) € U, and satisfying ¢(0, xq, u(-)) = xg, then the
previous relation implies that [16], [18], [32]

p(t, vt (x0), v (ule ™)) = vt (@ ", x0, u(-))
RV (x), v (u) = ke hy(x, u). @

K

This means that if the initial state xq is dilated as v.* (xp)
and the input signal u(-) is not only dilated as v (u(x =)
in amplitude, but also its time evolution is scaled, then
the resulting state trajectory is scaled in amplitude as
Ve (x(k ~"1t)), with the same time scaling. A similar effect
applies for the output signal y(-).

For every initial condition xyp € R”, system (1) defines,
in principle, an input-output map Gy,: Substituting an input
signal u(-) and solving the differential equations for the
initial condition xp, one obtains the state trajectory x(-) and
the corresponding output signal y(-). In general, additional
conditions are necessary to ensure that for every input u(-)
there exist a state trajectory x(-) and an output signal y(-)
(see e.g. [2]).

In general, we can consider homogeneous (time-invariant
and causal) input-output maps [2].

Definition 2 (Homogeneous  Input-Output Map): An
input-output map G is called homogeneous of degree d =
—ry € R, if for each input u(-) € U and its corresponding
output y(-) = G(u(-)) it satisfies

G(v,:” (u (K_r’~))) = (y (K_r’-)) ,Vik>0. 3)

VOLUME 10, 2022

In particular, linear input-output maps are homogeneous
of degree r, = 0 with weights r, = 1,, 2 (1, ... ,1) e R™,
ry = 1,. Moreover, the input-output map Gy, obtained from a
homogeneous state space realization (1) is homogeneous only
for xo = 0. The corresponding fact for linear time invariant
systems x = Ax+Bu, y = Cx is well-known, since the output
of the input-output map y(t) = Ce'xo 4+ C f(; A=) By(s)ds
is linear in the input u(-) only for xo = 0.

B. HOMOGENEOUS NORMS FOR VECTORS
When working with (weighted) homogeneous systems, one
is naturally led to consider homogeneous norms.

Definition 3 (r—Homogeneous q—Norm [15], [16]): A
ry—homogeneous g—norm (qgh—norm for short) for a vector
X =1, .0 X)) €RVisamap | - |ln.q 0 R" > R,
where for any q € [1, 00]

1
NESWIEAE
g = (D ™ | @
i=1

1
in particular, ||x|l,, 0o £ max; {|xi|“'i } The set Sy, 4 =

{x € R [ fxllg = 1)
unit sphere.

The ry—homogeneous norm || - ||, ,4 is rx—homogeneous
of degree 1 and it is positive definite. If ¢ > maxry, the
gh—norm ||x||,, 4 is continuously differentiable on R" \ {0}.
This is not needed in this paper. However, || - ||, 4 is in general
not a norm in the usual sense, since it is not 1 —homogeneous
in the classical sense, i.e. with r, = 1,,. When r, = 1,, the
ry—homogeneous g—norm becomes the usual g—normin R”.
In that case, for ¢ > maxr, = 1 the triangle inequality is
valid, i.e. |x+yll1,,4 < lIxll1,,¢ +1I¥ll1,,4- In the general case,
as it will be shown later in Lemma 2, the triangle inequality
will be replaced by the additive inequality (9).

Remark 1 (Effect of Homogeneous Weight Scaling on
Homogeneous g—Norm): It is well-known that if system (1) is
homogeneous of degree d with weight vectors rx, 1y, 1y, then it
is also homogeneous of degree Ad for any L > 0 with weight
vectors Ary, Ary, Ary. For most studies about homogeneous
systems, scaling the homogeneous weights by A > 0 has no
impact on the results. Yet in this paper, such scaling does
matter. E.g. applying such scaling, the Ar—homogeneous
qg—norm from (4) is related to the original r —homogeneous
4/»—norm by

~.

s the corresponding homogeneous

l/)L
ellareq = Ix1,, - )

for 0 < X < gq. Usually, there is no need to relate
a Ar—homogeneous q—norm back to a r—homogeneous
a/r,—norm, so any scaling A > 0 on weight vectors is allowed.
Therefore, in this paper, it is important to fix the homogeneous
weights and degree of the system at the outset, for the results
to be consistent. In the main text of the paper, we will not allow
such scaling. But we will discuss the effect of the scaling in
some remarks for the interested reader.
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Remark 2 (Companion Vector and Relationship Between
r—Homogeneous g—Norm and g—Norm): Note that for x €
R" and (weight) r, € R”, we may define the companion

vector as
a7
ey [xp] e

where [-]° = | - |%sign(-), s € R, deﬁlnes the sign preserving

1 1
xi 2 [fle"*l .

power. Note that the mapping x + x'= is a homeomorphism,
and if minry < 1 it is a diffeomorphism. For homogeneous
norms it is possible to associate the gh—norm (4) of x with
the q—norm of its companion vector, i.e.

(©)

1
llryq = 7

This bears a relationship with the homeomorphic change of
coordinates in [31, Definition 7].

Remark 3 (Equivalence Between r—Homogeneous
qg—Norms): All r—homogeneous q—norms, with the same
weighting vector r, are equivalent in the sense that if || - ||, «
and | - ||r,.p are two different homogeneous g—norms, with
o > 1,8 > 1, then there exist positive constants c1 and c>
such that for all x € R"

cillxllr,g = Ixllra < c2llxllr,p - (N

This is easily seen using relation (6). Since g—norms are
equivalent [1], i.e. c1||x|lg < llxlle < c2llxllg, then

1 1
X 7x X 7x

cilixllr.p

rfx |, < hela = |

o

hs
X x

A

< 02‘ ﬁ=C2||x”rx,B~

Interestingly, the constants ¢ and cy relating two homoge-
neous g—norms are the same as the ones for the g—norms.

A natural question arises about the relationship between
different homogeneous norms with possibly different weight
vectors. The following Lemma clarifies this (and is a special
case of [27, Lemma 9]).

Lemma 1 (Relationship Between r—Homogeneous
q—Norm With Different r): Consider two homogeneous
norms || - |lr,a and || - I, with (possibly) different weight
vectors ry and ry. Then, there exist two Koo functions a1(-)
and a»(-) such that

ar(lxlly,,p) < Ixllr o < ea(lixlln,p), Yx e R". (8)

Proof: Since homogeneous norms are continuous,
positive definite and radially unbounded, it follows from a
classical result [6, Lemma 4.3] that there exist Ko functions
m1,a(), n2,q(-) and py g(+), w2, p(-) such that Vx € R"

pia(xlp) < 1xlr e = m2.a(xlp),
p1pllxlip) < lxllr.p < p2p(lixllpg) -
Using the properties of K, functions it follows that
10 145 g1l ) <Xy 0 < 2.0 0 17 (Il ) -
This establishes the result. O
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In particular, a relationship between g—norms and
r—homogeneous g—norms is obtained from (8) by setting
ri = 1, or , = 1,. Relation (5) represents one example
of this general relation, when r, = Ar; or vice versa. Note
that r—homogeneous g—norms w.r.t. different weights r are
usually not equivalent (different from Remark 3), since in
general «1(-) and op(-) are not linear functions (e.g. (5) in
Remark 1).

The r—homogeneous g—norm of a vector in R” satisfies
the triangle inequality when r = 1, and ¢ > 1. For other
cases we have instead the following additive inequality.

Lemma 2 (Additive Inequality for Homogeneous g—Norm):
The r —homogeneous g—norm satisfies the following inequal-
ity for two vectors x,y € R* and g > 1:

L1
I + ¥l < max {1,257 7 L (1l + llg) - ©)

Proof: Using the definition, we have
1 1
n q q n q q
Ix +Yllrg = (Z Jx; +y,-|’f> < (Zam + |y,~|>rf>
i=1 i=1
n
4 _1q 4
(Z max {1, 27 } | x| 7i
i=1
n q q
+ > max [1,2’7_1] Iyil"')
=1
1 n n
4 _q 7 4 4
(max{l,mer }) Z|xi|ri+2|yi|ri
i=1 i=1

_1 1
max [1, 2 minr q} (“x”r,q + ||y||r,q) s

IA

1
q

1
q

IA

IA

where the second inequality comes from (72) and the fourth
inequality from (71). |

Remark 4 (Additive Inequality and Triangle Inequality
for gh—Norm): If minr > 1, then there exists some q €
[1, minr], s.t. inequality (9) is again in the form of the
triangle inequality, i.e. ||x + ylrq < lxllr g + IYlrq for
all g € [1, minr]. And this is always possible by scaling the
weight vectors by A > max{l, 1/ minr}. Note that the value
of the gh—norm is changed with such A—scaling on weight
vector r as shown in Remark 1.

C. L,—STABILITY AND FINITE L,—GAIN OF SYSTEMS
Usually, for analysis of the behavior of input-output maps, £,
signal spaces and their extensions are considered [1], [2]. For
p = 1 the set £,[0,00) = L, consists of all functions f :
RT — R (RT = [0, 00)), which are measurable and satisfy
fooo |f (1)IPdt < oo. Using the truncation fr of f to the interval
[0, T], the extended Lpe space consists of all functions f such
that f7 € £, forall 0 < T < oo. For multivariable signals
f : Rt — R” the signal space L}, consists of all measurable
signals such that

foo If @IIPdr < oo,
0

VOLUME 10, 2022
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where || - || is any norm in R”". In this signal space

iz, = ( /0 llf(t)llf’dt) ' (10)

defines a signal norm, and £, becomes a Banach space for
any p > 1. The extended space Cge is defined similarly.
However, it is not a Banach space [1], [2].

If we consider an input-output map G : L5 — L., we say
that it is £, —stable[2] if

uely =yeLl,.

The map G is said to have finite L£,—gain if there exist
non-negative constants y, and b, such that

IG@)rllz, < vpllurle, + by, YT =0, ue L.

If G has finite £,—gain then it is automatically £, —stable [2].
Taking T — oo and restricting u € £} C L7, we have

Gz, < wpliull, + by, Yuell. (11

G is said to have finite L£,—gain with zero bias if b, in (11)
can be taken equal to zero. If G has finite £,—gain, then the
Lp—gain of G is defined as

¥p(G) = inf{yp | b, such that (11) holds} .

For the input-output maps Gy, obtained from system (1) the
previous definitions also apply [2], where for each Gy, the
constant b,(xo) depends on the initial state xo, but not on y,,.

D. ON THE LIMITATION OF L,—STABILITY AND FINITE
Lp—GAIN FOR HOMOGENEOUS SYSTEMS

Consider a scalar (SISO) homogeneous input-output map
G : Lpe — Lpe, of homogeneous degree d = —r; and
weights r, > 0 and r, > O, for the input and output
respectively. Select an input signal u € £, and suppose that
y = G(u) € L,. According to (3), applying the scaled input
i(-) = v(u(k~"-)) for any k > 0, one obtains the scaled
output y(-) = v,:y(y(/c”h)). The £,—norms of the scaled
input and output are given by

(/oo |£t(t)|”dt) ’ =</Oo |/<’"u(x"’t)|”dt> ’
0 0

1
n o P n
=K’“+v</ |u(s)|Pds) ="V lullg, .
0

~ A+
3l =77 lIyllz, -

lillz,

If r, # ry, it follows that an inequality such as (11) cannot
be satisfied globally. Suppose u € L,. Then it € L, since

~ It . .
litl e, = P lullz, < oo for any finite x > 0. Thus

also (11) is satisifed with the dilated input u# and output y
¥z, = vpllullz, + bp .
implying
A+ ut L
KNyl < kTP ypllulz, + by,
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which gives
_n S
iz, <& ypllullz, +x "7 b,.

Compared with the original inequality (11), the effective gain
and bias are both multiplied with k —related terms. Now let
b, = 0orpr, =d > 0. Then when ry, > r,, k — 00
(large signal) or when r, < r,, k — 0 (small signal),
quantity y, in the above inequality must be infinite such that
the original inequality (11) stands. Consequently, no finite y;,
can satisfy (11) globally. On the other hand, when b, # 0 and
pry # d, for similar reasons there does not exist a global
constant by, such that (11) holds.

In order to show that the classical £,—gain is not suitable
for homogeneous systems, we inspect a simple homogeneous
scalar system as an example.

Example 1: Consider the homogeneous scalar system

)'C:—k(xﬁ—i—bu, y=cx (12)

with z € RY. The weight vectors are ry = z,r, = 1, ry =2,
and the homogeneous degree isd = —r; = 1 — z. When the
system evolves from the origin, an input u.(-) not identical to
zero will result in an output y,(-), recording the ratio

el
=
luelz,

As shown above, from homogeneity the output of system (12)
will be dilated to y.(t) with the dilated input u.(f) together
with scaled time. Then the above ratio for this dilated input
and output is

el

ke = T= :K271
ellz,

Ve

when

z <1 Corresponding to d > 0, if the input is scaled
smaller, i.e. k < 1, the ratio Ty, will grow larger.
And as k — 0, the ratio Ty, will grow unbounded.

z> 1 Corresponding to d < 0, the ratio 'y, behaves
conversely, namely being smaller with smaller input
and vice versa.

z =1 Thelinear case corresponds tod = 0. The ratio Ty,
is constant under linear scaling.

The ratio Ty, can simply be reflected as the gain constant

in (11), since
ylz,  b,(0)
yp=sup | —————|.
wet, \lullz, ~ llullz,

Thus the classical L,—gain can be finite only if ry, = r,
(z = 1 for system (12)). Note that for LTI systems and initial
state at the origin (xo = 0), the bias becomes b,(0) = 0 [2].

Previous works, i.e. [17], [25], in the context of the
Hoo—control problem have considered the finite £,—gain
for the restricted class of homogeneous systems, for which
ry =1y, 1y =L1,, for £ =d +minr, > 0.

In view of a proper formulation and solution of, for exam-
ple, the H,—control problem for homogeneous systems,
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the objective of the present paper is to show that it is
possible to define an appropriate concept of finite £,—gain
for every internally stable homogeneous system. Although
this is possible for LTI systems, as it is well-known, it is not
true for arbitrary non-linear systems. Moreover, we provide a
characterization in terms of homogeneous storage functions,
which also allow the calculation of the finite £,—gain.

lll. HOMOGENEOUS L,-STABILITY FOR
HOMOGENEOUS SYSTEMS

Similar to the situation in finite dimensional vector spaces,
where homogeneity leads naturally to the introduction
of homogeneous norms (see Section II-B), we introduce
homogeneous norms for spaces of signals, which lead directly
to the desired concept of finite gain of homogeneous systems.

A. SPACES OF SIGNALS WITH HOMOGENEOUS NORM
For multivariable signals f : Rt — R” consider the signal
space E;'f,p consisting of all measurable signals such that

/0 f @) 117, 4dt < o0,

where || - ||, 4 is a homogeneous norm (4) in R” with weight
vector 7y, assuming p > 1,4 > 1.
Lemma 3 L} ,—space is a linear signal space, ie. if
f(G),g) e C’;,p then af (-) + bg(-) € L',f,p forany a, b € R.
Proof: For the proof we will make use of the
generalization of the weak triangle inequality [33], i.e. for all
x,y € [0, 00)

a(x +y) < max {a(2x), 2(2y)} < a(2x) + a(2y), (13)
where « is a class K function defined in [0, co). Consider

/ laf (t) + bg(t) |I7 ,dt

Zlaﬁ(t) + bgi(t) |n) dt

4
q

(Zaaﬁ(r) | + [bgi(t) |),,> d

i=1
P

8
3

q
|2a|” fi(2) |n + Z |2b|" |gi (1) |"> dr
i=1 i=1

P

AZIﬁ-(r) 7+ B Jail) |5~> dr

i= 1

5(2A)§/ (Zm(mn) dt

+(2B)7 /0 (Z |gi(r>|7f) dr
i=1
— 4)" /0 @) I i + 2B) /0 lg(r) 117, ,d
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q 4
is finite, where A = max; [|2a| i ] and B = max; {|2b| i }

Note that several times we have applied inequality (13) to the
power function |x|", 7 > 0. This concludes the proof for finite
p. For p = oo we have similarly

sup [laf (1) + bg(t) ll<,q

>0
1
= sup (Z lafi(t) + bgi(t) |;{.)
120 \ =1
< sup (Zuaﬁ(o |+ bgi(r) |)3f)
120 \j=1
< (sug [Dzaw lfi(0) |fz]
1>
1
- q q [\1
+sup [Z 1261 |gi0) | D
20 | =1
1
=

(A sup [Z 1i(0) |5’1] + Bsup [Z 1gi(0) |5’f])
20 | =1 20 ] =1

= A)T SUp (1) llr.q +

t>0

1
(2B)4 sup ||g(1) |lz,q < 00.
>0

|
Note that the signal space L}, o, = Lg,. In this (linear)
signal space we define a homogeneous signal norm
Definition 4 (r—Homogeneous L,—norm): An rf—
homogeneous £,—norm (L,,—norm for short) for the signal
f) e ﬁ;’f,p, withg > 1, and 1 < p < 00, is given by

1
. 1
W Olyz, = ( /0 o) I, ,,dt)
1
0 n q g r
= [ (Xworr) o] . as
0 \i=1
Forp = o0
WOl = sup @) s g - (15)
Note that || - ||, [: isr— homogeneous of degree 1 with weight

Weo

it is not a norm in the usual sense and the signal space
E” is not a Banach space for ry # cl,, ¢ > 0. The
extended space L7 . is defined similarly. Note that g in (14)
does not need to {)e equal to p. This is also the case in the
definition of a classical £, norm [2]. Since finite dimensional
r—homogeneous g—norms are equivalent for different g (see
Remark 3), different choice of g does not alter the signal
space E”f -

Remark 5 (Effect of Weight Scaling on Lp,—Norms):
Similar to Remark 1, scaling the homogeneous degree d =
—ry and the weight vectors ry, 1y, ry by a positive constant ). <
min{p, g}, affects the value of the homogeneous L,—norm

vector r, i.e. = kllf Ol c,- Yetin general
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(14) of the involved signals, i.e.

1
|lf||krf,£1, = </0 ”f(t) ||Arf q )
11
B o PIx
_ ( /0 oI, ) — w1y,

It implies that for any A < min{p, g} the spaces 'erf P E’}f o
are identical, i.e. L’Kr p = ,C’r’ o Although the two
spaces are identical, the power 1/n indicates that the
Arg—homogeneous L,—norm for signal is not equivalent to
the r—homogeneous Lp/A—norm.

Remark 6 (Companion Signal and Relationship Between
r—Homogeneous L,—Norm and L,—Norm): Classically, the
case with p = q = 2 is special [2], since the norm ||f ||z,

given by (10) is associated with the inner product of signals

(frg)s = /0 (). g(0) )i, f. g € L3
1
Wllz, = ()2 F el

and L3 is a Hilbert space. Similar to Remark 2, for a
multivariable signal f, define the companion signal

;7@ é[ffl(t)yfl,...,|'f,,(t)J"fhj| .

For homogeneous norms it is possible to associate the
Lpp—norm (14) of f(-) with the classical Lp,—norm of its
companion signal

1 1
W1y, = fTeLh.

Ly,
Analogous to Remark 2, this can be related to the ideas
introduced in [31].

The triangle inequality is valid for r—homogeneous
Lp—norm when r = 1,, i.e. for two signals x,y € L],
I + ¥z, = 1%l z, + Il z,- For other cases, the
following more general additive inequality is valid.

Lemma 4 (Additive Inequality for r—Homogeneous
Ly,—Norm): The r—homogeneous L,—norm satisfies the
followmg inequality for two signals x,y € LT  withq > 1,
for all p > 1 (including the case p = o)

r.,p’

_L 1
Iyl < max {1,257 75} (Il g, + vlg,)
(16)

Proof: Firstof all, the signal x+y € L, , from Lemma 3.
Then similar to the classical proof of the triangle inequality
for £,—norm, we have

p
e+ 317

- /O I(0) +3(0) 1., (o) +(0) 127! dr

IA

max {1, 2W75}
X /0 (I1x@) Il 4 + ly@) I, q) () +y@) 17, Ldr
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IA

mnax {1’ zmilnrié} (/00 lx(t) +y(@) |17 dz) 7
) r.q
00 . Ir’ d p+</w . Ir’ d)n
><|:(/0 lx@) 17 4 t) A lly(@) I, de :|

L1 —1
= max {1,253} (1xll.c, + I, ) I + 3177

From here (16) follows immediately. The first inequality
derives from Lemma 2, the second inequality comes Holder’s
inequality (73). From (9) as well as from definition of
homogeneous £, —norm (15), it is also easy to derive that

lx+yl, 2.
sup [lx(2) +y(@) Il 4

>0

IA

11
max {1, 2minr g } (Sup lx(2) 1l g 4-sup [[y(2) IIr,q)
t>0 >0

IA

_L 1
max {1,257} (el .o+l c2,) -

Or simply (16) is also valid when p = oo. |
Remark 7 (Additive Inequality and Triangle Inequality for
Lpn—Norm): From Remark 4, by A—scaling on the weight
vector r, there always exists some q € [1, minr], s.t. (16)
appears in the form of triangle inequality, i.e. |x + yll, ¢, <
I, + ¥l c, forall p = 1, € [1,minr, x,y € L2,
Note that with the A—scaling on the weight vector r the value
of the Lp,—norm is also changed as shown in Remark 5.
Remark 8 (Relationship Between Ly,—Spaces): It is well-
known [1], [2] that classical L,—norms are not equivalent
for different values of p, and this is also not the case for
r—homogeneous L,—norms for different values of p.
However, if a signal f € L] N LY, then f € L} for
p € [1,00] [1, Fact 7]. This can be similarly derived for
homogeneous L,—norms, i.e. if a signal [ € £ N L';‘j 0o’
thenf € L pforp € [1, oo] by simply using its companlon
signal in Remark 6.
Further, in extended L,—space with finite T, we have
LS. C L, C LY, [1, Exercise 4 in Page 17]. It is also

true for extended L,,—norms by simply using (7).

B. HOMOGENEOUS L,—STABILITY AND FINITE
HOMOGENEOUS L,—GAIN OF SYSTEMS

Definition 5 (homogeneous L,—stability): Consider an
input-output map G : L} ,, — L] .. We say that it is
homogeneous L,—stable ( ,Cph stable ) [ 2 lif

m o
we Ly ,=>yekly,

The map G is said to have finite homogeneous £,—gain
(finite L,p—gain), if there exist non-negative constants y, and
by such that forall T > 0, u € LV

IG@7r s,z

G is said to have finite L,np—gain with zero bias if by, in (17)
can be taken equal to zero. If G has finite L,,—gain, then the

Fry,pe

< vpllurlly, c, +bp- a7
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Lpnh—gain of G is defined as

Ypoi(G) £ inf {yp | by, such that (17) holds} . (18)

For the input-output maps Gy, obtained from system (1)

the previous definitions also apply (cfr. [2]), where for each

Gy, the constant b,(xp) depends on the initial condition xo,
but not on yj,.

Similar to the classical situation [2], if G has finite

Lpnh—gain then it is automatically L, —stable. Indeed, taking

ue L:’:“p - ﬁ;’;,pe and letting T — oo in (17), we obtain
Gy, 2, < Vpllullyc, +bp. YueLl,, (19

implying that G(u) € E;y,p forallu € L7 . Moreover, for
causal maps (19) implies (17).
Finally, we extend a well-known fact of linear input-output
maps [2] to homogeneous input-output maps.
Proposition 1: Homogeneous input-output maps G with
finite L,,—gain have zero bias.
Proof: Given (3) and (17), then for any ¥ > 0

3 [CICD)N W

v (0 (7)) | i,

= (G (v (e el e,
< ¥p vl (ur (7)) rly T by

=KYp “uT (K_rt ) ruLp +bp.

and the arbitrariness of « implies b, = 0. 0

For a homogeneous input-output map G with finite
Lph—gain, dilating the input u € L  asin (3), i.e. u(-) =
Ve (u(x =), leads to the dilated output y(-) = v,:”(y(/c_” ).
Their corresponding £, —norms are

Wally,.c, = Julc™ )], ¢,

o » P
—F
([l o)
1+ © ’l’
= E ([ o, g0
0

14+
K+

=" ull,
- 1+
15lls,.z, = €7 13l - (20)
Since b, = 0, we see that the previous definition of

finite Lph—gain (17) is compatible with the dilation of the
input/output signals, in contrast to the situation presented in
Section II-D.

Remark 9 (Restriction on Homogeneous Weights Such
That Classical L£,—Stability is Possible): The relations (20),
together with (19), show that our definition of G having finite
Lpp—gain coincides with the classical one only if r, = 1,,
and ry = 1,. If a system has r, = cl,, and ry = cl,, for
some ¢ > 0, then scaling with . = 1/c the weights and
the degree of the input-output maps, one gets Ar, = 1,
Ary = 1,, and the homogeneous norms lwllir,.c, = llullz,
and ||G(u)||kr},,gp = ||G(u)||£p become standard norms. The
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restrictions imposed in [9], [17], [25] for the homogeneity
weights imply that r, = cl,, and ry = cl,. In this case it is
possible to use the classical L,—stability (see Section 1I-D).
Note that in general, for arbitrary values of r, and ry, the
inequality (19) cannot be converted into a linear inequality
using classical norms.

Remark 10 (Homogeneous Degree of by(xq)): For the
input-output maps Gy, obtained from the state space
system (1) the previous derivations show that the function
by(xo) is ry—homogeneous of degree 1+ r;’, ie. bp(v,? (x0)) =

KH—% bp(xo). We also conclude that by(0) = 0, and so the
input-output maps Gy, is homogeneous for xo = 0. If by(-) is
continuous on R" \ {0}, and 1 + £ > 0, then it is continuous
on R" (see [14, Theorem 4.1]).

For homogeneous and causal input-output maps, Proposi-
tion 1 allows us to characterize the L,,—gain of G defined
by (18) as

Gy, c,
ypn(G) & sup  —
lulln.c, 20 el z,

uel; p- @D

Note that (21) makes apparent that yn(G) is constant for
homogeneous systems. Since the numerator and denominator
are homogeneous of the same degree from (20), the ratio is
homogeneous of degree zero. It is surprising that a non-linear
system has a constant gain, valid for all inputs and outputs.
This is a particularity not only due to the homogeneity of
the system but also to the special way of measuring the size
of input and output, provided by the homogeneous (signal)
norms, introduced in this paper. Note that for LTI systems,
whose degree r; = 0, by choosing r, = 1,;, and ry, = 1,,
the homogeneous £, —gain (21) corresponds to the traditional
L,—gain. Recall also that for different values of p the value
of £,—gains are not related.

IV. CHARACTERIZATION OF HOMOGENEOUS
Lp~STABILITY FOR HOMOGENEOUS STATE SPACE
SYSTEMS

A. HOMOGENEOUS L,—STABILITY AND FINITE
HOMOGENEOUS L,—GAIN FOR STATE SPACE SYSTEMS
For systems with a state-space representation (1) there exists
a classical characterization of having a finite £,—gain by
means of a dissipation inequality [2], which extends the
input-output definition (11). In this section we extend this
characterization to check finite homogeneous £, —gain for an
arbitrary homogeneous system and some p > 1.

Definition 6 (Finite Lpp—gain for ¥.): The homogeneous
state-space system X in (1) has finite Lpp—gain < y if
there exists an ry—homogeneous, positive definite and contin-
uously differentiable storage function V(x) of homogeneous
degree p — d > 0, such that the following inequality is
satisfied for some € > 0 and all (x, u) € R"™™

A%
e,y + 2

P Fog — VPlul?, o = —€llxl? . (22)

Tusq — Iy,q "
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The Lyp—gain of X is defined as

Ypn(E) £ inf{y | T has Ly, — gain < y} .

= W)

Defining the function J(Vy, x, u) via Vy = == as

aV(x)
‘](VX’ X, M) é ?f(-xa M) + ”h(-xv M)“i*)y,q
=yPlull? , + €llx|? (23)

Tx,q >

inequality (22) corresponds to J(Vy,x,u) < 0, for all
(x, u) € R,

Since all three homogeneous g—norms || - |, are
of homogeneous degree one and V. is homogeneous of
degree p, it follows that J is homogeneous of degree p,
ie. J(Vi(wZ (X)), v (x), vi'(u)) = kPJ(Vy, x, u) for all k >
0 and (x, u) € R"*", Building J homogeneous of degree p
imposes a restriction on the homogeneity degree of V to be
p—d > 0.

An inequality of the type of (22) withp = ¢ = 2 is
classically used to charaterize the £,—gain of a non-linear
system [2], [6]—[8]. In the linear case this reduces to the
well-known Riccati inequality, when choosing a quadratic
V(x). In [17] a particular case of (22), with p = g = 2,
is used to characterize the L£,—gain of a particular class of
homogeneous systems. Here it is extended to characterize the
Lph—norm for any p > d and p > 1.

Definition 6 extends Definition 5, as shown in the
following Theorem. It also gives conditions to assure internal
stability of system X in (1) for zero input. Recall that, system
Y from (1) is said to be zero-state detectable, if u(t) =
0,y(t) =0,Vt > 0 implies lim;, o, x(¢) = 0 [2].

Theorem 1: If system X in (1) satisfies the conditions of
Definition 6 for some d < p < oo and p > 1, then the
associated input-output map Gy, has finite Ly, — gain <y
according to Definition 5. If € = 0 and system X in (1) is
further zero-state detectable, then the unperturbed system (1)
with u = 0 is globally asymptotically stable at the origin.
If € > 0, the unperturbed system (1) with u = 0 is globally
asymptotically stable at the origin, without requiring the
detectability condition.

Proof: From Definition 6, ensuring (22) for all time
leads to

/ " VG0, ), uedr
0
= VEO)soo =V + IDOIL £,
VPO o +elxOIl o <0, (24)

Therefore for any input u € L , and its corresponding
output y we have (since € > 0)

YOI 2, = VE@imoo + YOI, £
Yl o+ Vo) = elxOI
IO, o+ V(xo).

IA

IA

The first inequality comes from the positive definiteness
of V(x), the second inequality results from (24), the
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third originates from the positive definiteness of £,—norm
lx()l.c, and constant € > 0. Since (71) assures that for

1
p =1, (x|P + |y|P)? < |x|+ |y| for any x,y € R, we obtain

1
5Ol z, = (PO, +V0)
1
< YOl 2, + V7 (30).

Therefore, the input-output map Gy, associated to system (1)
has finite £,p—gain < y according to Definition 5, for every
xo € R". The function b,(xo) in (17) can be given by b,(xp) =
Vll’(xo), which has homogeneity degree 1 — f—) =1+ % >0
(this follows from the assumption p > d in Definition 6).
Further, inequality (22) with u = 0 reads for all x € R"

aV(x)
TS (. 0) < I Ol 4 —ellxlf . (25)
such that for ¢ = 0, V(x) is a weak Lyapunov function,

and because of homogeneity it is radially unbounded.
Thus, LaSalle’s Invariance principle, together with zero-state
detectability, imply that the origin is a globally asymptotically
stable equilibrium for the unperturbed system (1) [6], [34].
If instead € > 0, V(x) is a strict Lyapunov function and
Lyapunov’s theorem implies global asymptotic stability of the
origin x = 0 for the unperturbed system, without assuming
detectability. ]

Note that the value of y obtained from (22) corresponds to
an upper bound of the Ly, —gain of X, that is

Yph(X) =y .

When p = g = 2, Theorem 1 is well-known for LTI
systems, which are homogeneous of degree d = 0, and with
weights r, = 1,, ry = 1,, r, = 1. Inequality (22) reduces
to a Riccati inequality if a quadratic V(x) is chosen, which
can be converted to an LMI. It constitutes one of the main
numerical tools to calculate the £, —gain of an LTI system.

For LTI systems a partial converse of Theorem 1 is
also true, namely if the unperturbed LTI system is asymp-
totically stable at the origin then the system has finite
Lp—gain for any 1 < p < oo [7, Theorem 4.18]
[8, Theorem 10.9.1]. This is in general not true for non-linear
systems (see e.g. the discussion in Chapter 5 of [6]).
In particular, for (SISO) homogeneous systems Section II-D
above shows that if r, # r, finite £,—gain is in general
not well-defined. The following Theorem shows that for
homogeneous systems % (1) such a converse result to
Theorem 1 is true with £, —norm.

Theorem 2: Consider the homogeneous system % from (1).
Assume that

p>d+ maxry (26)

and p > 1. If the unperturbed system, with u = 0, is locally
asymptotically stable at the origin, then inequality (22) is
satisfied for some y > 0 and some € > 0. Thus, system (1)
has a finite Lpp, — gain < y.
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Note that (26) implies p > d, since minr, > 0.
For the proof of Theorem 2 we will also use the fol-
lowing well-known properties of continuous homogeneous
functions.

Lemma 5 ([35], [36]): Let ¢ : R" - Rand w : R* —
R, and w(x) > 0, Vx € R", be two continuous homogeneous
functions with the same weight vector r = (r1, ..., ry) and
homogeneity degree s, such that

{x € R"\{0} : w(x) =0} C {x € R"\{0} : ¥(x) < 0}.

Then there exist real numbers y* and ¢ > 0 such that for all
y > y*and all x € R"\{0} it holds

V(x) —

Lemma 6 ([14], [35]): Suppose ¢ : R" — R and yx
R" — R are continuous real-valued functions on R",
homogeneous with the same weight vector r = (ry, ..., rp)
and degrees dy > 0 and d, > 0, respectively, and ¢ is
positive definite. Then for every x € R"

yom) < —c|x[5,

dX ‘LX
(msin x(x)) % (x) < x(x) < <m§x x(x)) % (x),

where S = {x € R" : ¢(x) = 1}.

Proof: By assumption, the homogeneous system x =
f(x,0) has x = 0 as an asymptotically stable equilibrium
and d < p — maxry. The converse Lyapunov theorem [15],
[22, Theorem 5.8] assures the existence of a homogeneous
and continuously differentiable strict Lyapunov function
Vi(x) of homogeneity degree p — d > max ry, satisfying

aVi(x)
ox

for some constant ¢ > 0. Recall that Vz(x) is homogeneous
of degree p. Since for u = 0, ||y||r‘ g = llhx, O)||Ir7y,q is
homogeneous of degree p, Lemma 6 assures the existence of
a constant o« > 0 such that the following inequality is valid
globally

Vitx) = ——f(x,0) < —c|x|?_,

IYI7 g = IlAG, OIT 4 < ellx|f, 4
Now consider the homogeneous function

BV
’(x)f( 0) + l1ACe, )7,

—(ac —a — )|}

g Telxlf ,
27)

Ix,q°’

with the strict Lyapunov function V; obtained from the
converse Lyapunov theorem, a > 0 a positive constant to be
selected and € > 0 some constant. Choosing a > g = X<,
it follows that the last expression in (27) is negative definite.
Define the functions

w(x, u) £ || ||ruq,
Yx, u) £ Tf( cu) + |hCe, w7 o+ €llxIf, 4
where V(x) = aVix) for a > a £ <X Both

functions are continuous and homogeneous in (x,u) €
R™™ of homogeneous degee p. Clearly w(x,u) > 0 and
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wx,u) = 0 < u = 0. Moreover, from (27) and by the
selection of a > a, ¥(x,0) < O for all x # 0. Lemma 5
assures the existence of a value y* > 0 such that for any
y > y* > 0 the function ¥ (x, u) — yPw(x,u) < 0 for all
(x,u) # 0. We conclude the proof noticing that V and y
satisfy the inequality (22) with pre-chosen ¢ > 0. Note that
such value of € is reflected in a. U

Remark 11 (Effect of Weight Scaling on Dissipation
Inequality): Recall that, as already observed in Remark 1 and
Remark 5, scaling the homogeneity degree and weight vectors
by a positive constant A > 0 changes the values of the
homogeneous vector norms as well as the homogeneous
signal norms involved. Yet, we still have the identity between
the A\r—homogeneous L), space and the r—homogeneous Ly,
space (Remark 5). Performing the scaling, we can also relate
the Ar—homogeneous L,—gain with the r—homogeneous
Ly, —gain.

For example, from Theorem 2, there exists a finite y for
p > AMd + maxry) and p > 1 if the unperturbed continuous
homogeneous system % in (1) is asymptotically stable (now
with A—scaled weight vector and degree). The dissipation
inequality (22) is now for all (x, u) € R

aV(x
—()f( W+ Iy, ,

From (5) in Remark 1, the previous inequality can be
re-written as that for all (x, u) € R

4 () ,
FOew) + I, — 77l

— Pl , < —€lxlf, .

1708
T, 9/

v < —elixll

with y = y* With arguments as in Theorem 2 the

r—homogeneous Lp;—gain equals the Ar—homogeneous
Lp—gain to the power of A. However, we must be aware
that the r—homogeneous L, —gain is not related to the
r—homogeneous Lp,—gain for p1 # p> with such scaling
on weight vector and degree. The previous analysis only says
that the r—homogeneous L, —gain can be derived from the
Ar—homogeneous Ly —gain, with A = pi/p,. Yet the latter
has nothing to do with the r—homogeneous Ly, —gain.

Remark 12 (Construction of a Storage Function for
the Dissipation Inequality): The dissipation inequality in
Definition 6 depends on the construction of storage function.
Although there is no general method to obtain storage
functions, for certain classes of homogeneous systems the
recent work [37] provides a methodology to construct them,
using generalized homogeneous forms and the sums of
squares technique.

For a smooth V (x) of homogeneity degree p — d satisfying
inequality (22) it is possible to build another smooth storage

—d
function V =3 x) of homogeneous degree p' — d for p' >
p. On the contrary, for p' < p differentiability of function
/—d

ngd (x) at x = 0 might be lost.

B. SYSTEMS AFFINE IN THE INPUT
Theorems 1 and 2 show that homogeneous L,—stability
can be characterized by the dissipation inequality (22). This
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inequality (22) depends on two independent variables, x and
u, and it has also two unknowns: the function V(x) and
the (positive) real constant y. Since (22) contains the partial
derivative of V(x), it is a Partial Differential Inequality. It is
in general very hard to solve this kind of problems (for an
overview see Chapter 11 of [2]).

It is therefore worthwhile to simplify (22), e.g. by
eliminating the variable u. The idea is to find, for each value
of x and V, = %, the value of u that maximizes J(Vy, x, u),
i.e. a function u*(x, V) such that

J(V)ﬁxa u) S J(Vx’x’ u*(x, Vx))’ v(xv M) € Rl’l-’rm .

In this case the inequality (22) for all x € R" is equivalent to
0 V(x)

1w (x, Vi) + (A, u* (e, V)R
—J/pllu (e, VoI

ry.q

2y < —elxl?

Ix,q *
This inequality is a Hamilton-Jacobi Inequality (HJI)
(see [2, Chapter 11]). Compared to (22) it is simpler to solve,
since it does not depend on u.

Finding u*(x, Vy) is simplified if system (1) is affine in u,
and the output function & does not depend on u, i.e.

X =f)+gxu, y=hx), (28)

where g(x) = [g1(x), ..., gu(x)] € R is a matrix-valued
function with columns g;(x) € R". Homogeneity (see
Definition 1) requires f and g; to be r, —homogeneous vector
fields of degrees d and d; = d—r,,, respectively, and h; to be
—homogeneous functions of degree ry,, i.e.

FOR@) = k()
(W) = kT (gi(x), i =1, ... m,
B (x)) = KVhi(x), j = 1,

Note that from assumption of continuity of the vector
fields, we have d > max r,, and from the assumption p > d
in Definition 6, we have p > max r,,. This shall be used in the
next Lemma.

Lemma 7: For system (28), by selecting q = p the
dissipation inequality (22) in Definition 6 is equivalent to the
homogeneous HJI for all x € R"

A%
s+ o,

_pr
V(x) P=Tu
+ ) ol(y) ‘ gi(x)'
; 0x

< —elxI?. .

u;
rui I’-fu,' ru.

ai(y) £ ?’ . (29)
Proof: In view of system (28), J(Vy, x, u) expands into

AV (x)
JVeixw) = =2 @)+ I, , + €l ,
aV(x)
= g @u =yl .

Since function J is continuous (and differentiable in u due
to p > maxr,) and for each x € R” (by homogeneity)
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limyjy 00 J(Vy, x,u) = —o0, it follows by Weierstrass’
theorem that there exists at least a global maximum (as a
function of u). Taking the partial derivative

aJ(Vy, x, u) 8V(x) L
- gitv) = 2 f il

ou i Ty;

where

P -
a”lrt“ru,p . ﬂruJ p,,:"
- = i

ou; Tu;

and setting W

foralli=1, ...,

= 0, we arrive at a unique critical point

Tuy

r = Vul
wi(x, Vy) = (—) [Vigi(x)] P~
py?

_ (’_)” PV(’C) (x )J " G0
py?

Replacing (30) into J we obtain inequality (29). Since p >
max r, the terms gl — %
left-hand side of (29) is non-negative. Clearly, inequality (29),
which is a Hamilton-Jacobi Inequality, is equivalent to (22).

Also note that from (30), u}(x, V) is r,—homogeneous
of degree r, and the HII (29) is a r,—homogeneous HIJI of
degree p. (|

For other cases of either ¢ # p, system (1) not affine in
u or the output function /# depends on u, it is still possible to
find u*(x, Vi ). In such case, u*(x, V) will not have the simple
form of (30), thus finding u*(x, V) might be difficult in the
sense of reducing computational effort.

> (), therefore, the last term on the

C. EXAMPLE: THE LINEAR TIME INVARIANT CASE

For illustrating the previous procedure to reduce the dissipa-
tion inequality to the HJI, consider the case of an asymptot-
ically stable LTI system (which is also homogeneous), given
by its state space realization

X = Ax + Bu,
y = Cx + Du

where A, B, C, D are constant matrices of appropriate
dimensions. Select ry = 1,, 1y = 1y, 7y = 1,,d = 0 and
p = 2 for Theorem 2. Choose the storage function V(x) of
homogeneity degree p—d = 2 as in Definition 6, a quadratic
function V = x T Px serves as one option, with P = PT > Oto
be determined. Let ¢ = 0 since A Hurwitz by assumption
of asymptotical stability, then for all (x,u) € R"™ the
dissipation inequality (22) becomes [4]

x (PA+A"P)x +2x " PBu

+(Cx 4+ Du) " (Cx + Du) — y2uTu <0.

Definining R, £ 2] — DD, the latter inequality can be
rewritten such that for all (x, u) € R*"

JP,x,u)= x (PA+A"P+C"C)x
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+2x (PB4 C"Dyu—u'Ryu<0. (31)

Fory > o (D), R, is positive definite and invertible. Function
J is concave in the input «. For given P and fixed x, the value
of u = u*(P, x) that maximizes the value of J can be obtained
by setting % =0, 1ie.
dJ (P, x, u)
du
Solving this equation we obtain

=2PB+C'D)'x —2R,u=0.

w*(P.x)=R,'(PB+C'D) x.
Inserting u*(P, x) in (31) for all x € R" we arrive at
X7 [P(A +BR,'DTC)+(A+BR,'DTC)TP
+PBR,'BTP+CT(I + DR;lDT)c]x <o,

which is a HJI, devoid of variable u. This inequality is
equivalent to the Algebraic Riccati Inequality (ARI) [2], [4],

P(A+BR,'D'C)+(A+BR,'D'C)'P
+PBR,'B'P+C"(I+DR,;'D")C <0, (32)

where the unknowns are matrix P and the parameter y,
contained in matrix R,. In particular, a solution of the
ARI (32) can be found by solving the Algebraic Riccati
Equation (ARE), obtained from (32) by replacing inequality
by equality. Solutions of the ARE (and also of the ARI) can
be characterized in terms of the Hamiltonian matrix, given by

goal A +BR,'D'C BR,'BT
Y l=cTa +DR;1DT)C —(A +BR;1DTC)T

Whenever for a fixed y > o(D) matrix H, has no
eigenvalues on the imaginary axis, the ARE has a positive
semidefinite solution P. This matrix P can be calculated from
the eigenvalues and their corresponding eigenvectors of H,,
[4]. Thus, to find appropriate values of y, it is only necessary
to check the eigenvalues of the the Hamiltonian matrix H, .

D. HOMOGENEOUS L,—STABILITY OF A
NON-HOMOGENEOUS SYSTEM AND ITS HOMOGENEOUS
APPROXIMATION
For smooth non-linear systems it is usual to consider its
linearization to establish its (local) £,—stability and to
calculate the (local) £,—gain [2], [8], [17]. This can be
generalized to non-homogeneous systems which can be
locally approximated by a homogeneous one.

Consider a continuous non-linear system (1) where f and
h can be written as

fu) = fole,w) +f e w),
h(x, u) = ho(x, u) + h(x, u).
We assume that the nominal system

. x(t) = fox(1), u(t))

- (33)
y(#) = ho(x(2), u(?))
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is continuous and homogeneous as per Definition 1 and f,
h are (possibly) non-homogeneous higher order terms. This
means that near (x,u) = O the nominal functions fy, hg
dominate f, &. It is well-known, see e.g. [11]-[13], [15], [17],
[22], [26], that this is the case if

_ filvE @), vw)
m _—

/<h—>0 e 0,i=1,...,n,

il‘ Fx , Tu
1imOM=o, i=1.....0. (4
K— K

for any (x, u) # 0.

We will require the following small-signal definition of
homogeneous £,—stability [2], [6], [8].

Definition 7: An input-output map G : Eﬁfhpe — E;y,pe
is said to have small-signal finite homogeneous £,—gain if
there exists a positive constant U such that inequality (17) is
satisfied for all u(-) € E%,pe with supy<, <7 u(®)|| < U.

Theorem 3: Consider a system % as in (1) with a
continuous homogeneous approximation Yo (33). Assume
furthermore that f, h are higher order terms, i.e. they

satisfy (34). Suppose that
p > d + maxry

and p > 1. If the unperturbed system Lo withu = 0 is locally
asymptotically stable at the origin, then system (1) is small-
signal Lyp—stable and has small-signal finite homogeneous
Lp—gain for all input-output maps Gy, with ||xol| < €
sufficiently small.

The proof follows standard arguments and Theorem 2.

V. HOMOGENEOUS L., —STABILITY AND
INPUT-TO-STATE STABILITY OF HOMOGENEOUS
SYSTEMS
We have not considered explicitly the case p = o0 in
Theorems | and 2. If for system X in (1) the output y = x
is selected, then Loop—stability is intimately related to ISS
(Input-to-State Stability). In fact, note that if inequality (22)
is satisfied for some p > 1, p > d and € > 0, then the storage
function V qualifies as an ISS Lyapunov function [2], [6], [8],
and therefore the system is ISS. Moreover, Theorem 2 assures
that if the unperturbed system X in (1) has the origin as
asymptotically stable equilibrium, then the perturbed system
is ISS. This result is well-known, see [13], [26], [27]. It gen-
eralizes partial results obtained in [9] for classical homoge-
neous systems (explained in Section VII), and in [17] for a
particular class of weighted homogeneous systems affine in
the input. Our results make it explicit that the ISS Lyapunov
function should satisfy inequality (22) in the homogeneous
case, in contrast to the general form presented in [26], [27].
Moreover, the ISS inequality is given explicitly and an esti-
mation of the linear ISS gain is provided using homogeneous
norms, which are more appropriate in this context.
Furthermore, for homogeneous systems we provide a
particular definition of homogeneous ISS, tailored to homo-
geneous systems, which is an extension of the homogeneous
L o—stability with finite gain given in Definition 5.
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Definition 8: The homogeneous system X in (1), with
homogeneity degree d, is said to be homogeneous input-to-
state stable (ISS) if there exist positive constants M, K, yjgg
such that for any input u(-) € L, = L% and any xy € R",
the state trajectory of (1) for all t > 0 satisfies

Ix@llr.g < BUIX0Nryqs D) + VisgluOllr, o (35)
with g > 1 and B the following KCL function

B, 1)
—d _ —a 1,—d
M(v /ct) whentf,(v ifd <0,
_ 0 whent > %vfd
N M exp(—«t)v ifd =0,
1
M (v +kt)? ifd > 0.
(36)

Note that the homogeneous ISS gain function is linear
in |lu()lly,.c., (cfr. (35)). This linearity follows from
homogeneity and the use of homogeneous norms. In the
classical norms, the relationship is non-linear (see e.g. [26]).
This underscores the convenience of adopting homogeneous
Lo—norms for homogeneous systems.

Itis possible to write an ISS inequality similar to (35) using
classical norms. From the relationship between homogeneous
norms given in Lemma 1 we obtain

Ix®)llg < Blxollg, 1) + Fiss(NuCl £,

but with yjsc(-) a non-linear function, and B different
from (36). This is the form of the result presented in [26].

Theorem 4: Consider a homogeneous system ¥ from (1).
Ifthe unperturbed system withu = 0 is locally asymptotically
stable at the origin, then system (1) is homogeneous ISS with
a linear gain and also has a finite L~op—gain.

Proof: In the proof of Theorem 2 it is shown that for any
p > d + maxry, p > 1, and considering y = x, there exists a
homogeneous storage function V' (x) such that inequality (22)
is satisfied for some € > 0, i.e. for all (x, u) € R*"

BV(x)

FOe ) < —(e+ DXL, + P lull? .

Then, for [|x|l;,.q > Vkpl lull;,,q with k& > 1 inequality

(e+1)P

BV(x)f(x o < _k

(e + Dllx|I? (37

I'x,q

is satisfied. Note that, since V(x) when u = 0 is a strict
Lyapunov function, there are constants with 0 < a1 < o
S.t.

allxlF7d < vx) < allx|P7?, VxeR'. (38)

x.q — Ix q ’
1
Define b = Vkpl and ¢ = ozz(b||u(-)||rm[;oo)1’_d where
(e+1)P
Ny, L0 = guptzo lu(®)ll,,q is used. Then the set
Qe=xeR": V) <c}
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is such that

By ={x € R" : lIxllr.q < DlluGlr, £} C Qe

As a consequence, for each x on the boundary of 2, we

have |x|l,..q > bllu()ll,, c.- Therefore, at any t > 0 such

that x(#) is on the boundary of . we have [x()|l;,.q >
1

blluCllr,. Lo = Vkﬁl lu()l,.q- Then from (37) it follows

(e+1)F

that

8V(x(’))f( (0, u(t)) < 0

at any ¢+ > 0 for x(#) on the boundary of .. It can be
concluded that for any initial condition X(0) in the interior
of Q, the solution x = x(t) w.r.t. X = f(x, u) is defined for
allt > 0and x(r) € Q. forallr > 0.

Two cases need to be studied separately. First of all, when
x(0) € Q. then x(t) for all + > O satisfies

x4 < —V(x(r))< —=—(b||u( M2~
that is,
1
p—d
X0l g < (Z—f) blluCly,, Lo - (39)

implying the solution x = x(¢) w.r.t. x = f(x, u) satisfies

o) I’%d

Xy £og = SUP IX(O 5 g < | — blluC)|lr,. Lo -
>0 ¢4}

Secondly, when x(0) € Q. then since By C Q, x(0) € Eb,

. XOllrg = bIuC)ly, ., and 0 long as (D)l =

k
T lu(®)|lr,,q We have
(e+1)P

dV(x(t)) aV(x(t))
dt

blluC)Nr, 00 =

f (@), u(t))

| /\

(6 + DIxOIE 4 <

In view of (38) this 1nequa11ty implies

dV(x(t)) k —1(e+ )
7= r ps V- "(X(t))
@

Depending on v € R>¢ and ¢ € R define the function

OO, t; 1, k)
1

—1 -7 1. -1
(v +lkt) " whent < —pv if1<0.

_ 0 when t > —iv‘
| exp(—kr)v ifl=0,

1
(v 4 Tke)7 ifl > 0.
(40)

which is a KL function. Indeed, ®(0, ¢; I/, k) = 0 and
@ is monotonically increasing in v, decreasing in #, and
lim; oo ®(v, t; I, k) = 0. Since the solution to the
differential equation v = —«v¢ for £ € R.q is given by
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v(t) = d(v(0), t; £ — 1, k) with ® from (40), by using the
comparison lemma [6] we conclude that V (x(#)) satisfies

d k—1(€+1)

p—d’ k oa
oy

Vx@®) =@ | Vixo), 1;

Moreover,
_ 1
I 12-4 < —V(x(0)
ag
d k—1(+1

p—d’ k Ed
@

IA

1
— @ | Vixp), t;
o

d k—1(¢+1
p—d k =

1
—d
<— |az2llxol?77, t;
o Fx,q

o)
and therefore
Ix@llr.q = BUXONr.q. 1), (41)
where
IB(HXOer,q’ 1)
1 d k—1(€+1) P
—1(e
=|—® p—d . , >
o ® ol g o e
)
It can be shown that 8 coincides with (36) where
()
o
—d .
=< ifd <0
k—1 1 p=d ’
o= K1) T a0 @
k (%) pd .

Thus, as long as V(x(#)) > ¢, function V(x(t)) is
decreasing. This in particular shows that x(¢) is bounded and

ol < L) < Vo).
o] o

Furthermore, there is some finite time 7 such that

V(x(T)) = c.Fort > T, x(t) obeys (39).

From the previous analysis we conclude that there exist a
finite T > 0 s.t. (41) is satisfied for t € [0, T] and for¢t > T
(39) is observed. When x(0) € Q, then T = 0. Combining
both cases, we have for any k > 1 that the ISS inequality (35)
is satisfied with the following constant linear gain

1
o P—Ld kpr
Yiss =Mb = | — —_— V. (43)
N
To show that the system is Loo;—stable with finite
gain, recall that h(x, u) is homogeneous and continuous,
and therefore using Lemma 6 there is a positive constant
cg > 0s.t.

||/’Z(X, u)”ryﬂ = Cq”(x’ M)”(r,hru)sq .
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From Jensen’s inequality for ¢ > 1, for any positive real
numbers a, b, we have (a? + b? )l/ 7 < a + b. Thus we obtain

1
q

n ¢ m N
10e g = | D bl ™+ D Lyl ™
i=1 j=1

1
q

IA

1
n q q m q
PR B D
i=1 j=1
= “x(t)”rx,q + ||u(t)||ru,q'

Using the above expressions and the ISS inequality (35), for
all + > 0 we arrive at

YO llry.q = I1AC(), u(t))]lry.q
< ¢qllx@llre.q + cqllu®llr,.q
< ¢q (BUIx0llr.g5 D+ Visl Ol 7, 0)
FedluClr, Lo
cgBUXONIr g 1) + ¢q (Viss + 1) 14Ol L0
(44)

IA

From the previous expression, L, —stability with finite gain
follows immediately. 0

Note that given V(x) of homogeneity degree p — d
satisfying inequality (22) with some ¥, y;q¢ can be estimated
via (43), while the parameters of function g in (36) are given
by (42).

Further note that in (43) the value of y corresponds to the
value that satisfies (22) for some p > 1 takingy = x. Given V
satisfying (22) the best (smallest) value of y can be calculated
using the results of Section VIII below. Then we can obtain an
upper bound of the homogeneous ISS-gain from y;4q in (43).
The Loon—gain is also upper bounded by c, (Viss + 1) as
in (44).

Remark 13: In this paper, the upper bound of the homo-
geneous 1SS-gain can be found with the Lpy,—gain together
with its storage function as shown in (43).

If the unperturbed homogeneous system X from (1) with
u = 0is locally asymptotically stable at the origin, then from
Theorem 2 it has finite Lpp—gain (for p > d + maxr, and
p = 1). From the proof of Theorem 4, system ¥ in (1) also has
a finite linear homogeneous ISS-gain and a finite L op—gain.

On the other hand, if system X from (1) is homogeneous
ISS, then an ISS Lyapunov function [2], [6], [8] may be found
which can guarantee the existence of Ly,—stability for some
p, sufficiently larger. This will not further be discussed in this

paper.

Vi. HOMOGENEOUS £,-STABILITY FOR
INTERCONNECTED SYSTEMS

One of the most important applications of the classical
L,—stability concept lies in the study of L,—stability
for interconnected systems. A central result, with many
consequences in robust control, is the small-gain theorem.
It provides a sufficient condition for finite-gain £, —stability
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of the negative feedback interconnection of two finite-gain
L,—stable systems, in terms of their £,—gains [1], [2], [6].
Moreover, it is well-known that two finite-gain £, —stable
systems connected in cascade or in parallel leads to a
finite-gain £,—stable system. Note that, since the classical
Lp—norms are not equivalent, there is a small-gain theorem
for each p.

In this section we obtain the corresponding small-gain
theorems for each p and the result for cascade systems derived
from the homogeneous L£,—stability concepts introduced
in the previous sections for general homogeneous systems.
Although there are already some small-gain theorems for
homogeneous systems [13], [27], they are derived from the
ISS stability, and thus correspond to p = oo. Further [27]
does consider neither an external input nor output maps.

A. HOMOGENEOUS SMALL-GAIN THEOREM FOR
FEEDBACK INTERCONNECTED SYSTEMS

Since the additive inequality (16) is (slightly) different from
the traditional triangle inequality for traditional £,—norms,
the homogeneous small-gain theorem for negative feedback
interconnected system also receives a different form.

m e
= P Y1

Y2

PQ +
€2 Uz

FIGURE 1. Homogeneous small-gain theorem.

Theorem 5:  [Homogeneous  Small-Gain — Theorem]
Consider the negative feedback interconnection of two
homogeneous systems P1, P, given in Figure 1. Suppose
that ry, = 1y, and ry, = ry and that Py and P> have
r—homogeneous L,—gains y,n(P1) and ypn(P2) for some
p € [1, 00], respectively. Then the closed-loop system has
finite homogeneous L,—gain if

1
Yph(P1)Yprh(P2) < —— (45)
c1C2
where
_ 1 1 _ 1 1
c] = max { 1,2mmru 4 } , ¢ = max {1, 2 minTuy ‘1} .
Proof: As shown in Figure 1, the interconnected system
has two inputs u1(#r) € R™ and us(r) € R™ whose weight
vectors we may denote as r| = r,, and rp = r,,. We have
y1 = Pi(e1),
Y2 = Pale2).

el =uj — Yy,
ey = ux +yi1,

From the additive inequality (16) in Lemma 4 and Pp, P>
being Lpn—stable, when assuming u; € L;’ll,p, uy € E'g,p
the homogeneous £,—norm of e is

letlln.pn = lut =2l

VOLUME 10, 2022

IA

1 1
max {1, 2 minry "} (||M1||r1,ﬁph + ||y2||r1,Lph>

IA

ot (Nutll gy + v2le2llrs p, + b2)

with y2 = ypn(P2). Similarly, with y; = ypn(P1), then

ezl 2 = €2 (121l + V1llet Iy 2, + 1)

Combining both inequalities, we obtain
et g < €1 [ltll 0 + 2

1262 (12l + V1l 2y + 51 ) ]
= cillutlly, c,, + v2cicalluzllyy, 2,y
+rivecicalleilly, c,, + v2cicaby +ciba .

If condition (45) is satisfied, this leads to

let .z
1
S e —
L —yiyacica
x (c1llutlly £y + 2616210115, £, 7210261 + €1b2)
Similarly, the homogeneous £, —norm of e, is bounded by

ezl cpn
1

S —_—
1 = yiyacicr
X (02||u2||r2,£ph+)/1€1€2||u1 i, F71C1C202 + 62b1> :

This implies that the closed-loop system in Figure 1 has finite
homogeneous £,—gain.

Further, from (35) as well as (9), the proof with homoge-
neous ISS-gain is similar. O

A classical use of the small-gain theorem leads to a
robustness interpretation: If Py is the nominal system and
P, an uncertainty, the stability of P is preserved for any
P, with sufficiently small gain satisfying (45). It is important
to note that no restriction on the homogeneity degrees of P
and P, is imposed, i.e. they can be different.

Remark 14: Due to the scaling property of the weight
vectors and the degree of homogeneity, it is always possible
to achieve min{r,,, r,,} > 1 as noted in Remark 4. Then
choosing q € [1, min{r,, , ruz}] we recover the well-known
small-gain condition ypn(P1)ypn(P2) < 1 in (45). Note that
in this case the value of p that satisfies the conditions of
Theorem 2 also has to be scaled.

B. HOMOGENEOUS L,—GAIN OF A CASCADE OF TWO
HOMOGENEOUS SYSTEMS

Similar to the classical case, the series interconnection of two
homogeneous systems with finite £,,—gain, see Figure 2,
again is a system with finite £, —gain.

Theorem 6 (Homogeneous L,—Gain of Cascaded Homo-
geneous System): Consider the cascade interconnection
of two homogeneous systems Gi, Gy given in Figure 2.
Suppose that ry, = {Lry, for some £ > 0 and that

81669



IEEE Access

D. Zhang et al.: Homogeneous L, —Stability for Homogeneous Systems

G1 Go

FIGURE 2. Cascade interconnection of homogeneous systems.

Gy has r—homogeneous L,—gain y,p(G1) and Gy has
Lr—homogeneous L,—gain ypp(G2) for some p € [1, c0].
Then the cascade system GoG1 has homogeneous L,—gain
Yoi(G2G1) = Vpr(G1)vpn(G2).

Note that the weight vectors of input and output of system
G>Gj are ry, and £ry,, respectively.

Proof: Suppose the r—homogeneous £,—gain of G is

y1 with bias b1 and the £r—homogeneous £,—gain of G is
y, with bias b, then we have for u; € C;’Z P that

y2llen, .z, < valliallen, 2, + b2 = vallyill, .z, + b2

= v2 (Nl i, +b1) + b2
vivalluilly, .z, + v2b1 + ba. (40)

A

Thus the L, —gain of the cascaded system GG is y;y2 with
input weight vector 7, and output weight vector £ry,.
The proof for the case of homogeneous ISS-gain is similar,
using (35) in (46). O
Note that for both interconnection results, the common
signals have to have compatible weights. For the system in

Figure 1 this means that ry, = 7., = o and ry, =71, = 17.
For the cascaded system in Figure 2 this is relaxed to ry, =
Lryy, £ > 0.

Remark 15: Note that for both Theorem 5 and Theorem 6,
the homogeneous degree for subsystems can be different.
This results from the fact that the Lp,—gain is an input-
output relationship, the behavior within each homogeneous
subsystem does not matter from the input-output perspective.
When P1, Py have different homogeneous degrees (even of
different sign), the closed loop system in Figure 1 does not
behave homogeneously any longer. Yet the conclusions of
Theorem 5 and Theorem 6 remain true. Such behavior is also
observed in [27] where the homogeneous small gain theorem
does not consider an input and allows different degrees for
each sub-system.

Remark 16: Suppose the subsystems satisfy the condition
of Theorem 5 or Theorem 6 for some p = p1. Further if they
have state space realization (1) and meet the condition from
Theorem 2, then the conclusion in Theorem 5 and Theorem
6 is also true for all p € [p, o).

VIil. COMPARISON TO PREVIOUS WORKS
In this section, differences to previously published works will
be described in more detail.

Paper [9] considers a special class of system (1) which is
homogeneous in the classical sense, i.e. r, = 1, r, = 1,,
with output y = x, and with non-negative homogeneity
degree d > 0. The author shows that if the origin is
asymptotically stable for the unforced system, then for p >
1 + d the system (with output y = x) is £,—stable and
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has finite £,—gain with classical norms, i.e. relation (11)
is satisfied. Our Theorem 2 generalizes these results to an
arbitrary homogeneous system, but it shows that to obtain
finite £,—gain it is necessary to consider homogeneous
norms. Only in particular cases this is valid for classical signal
norms, namely when ry, = ¢1, and r,, = £1,,,£¢ > 0. Note
that Theorem 2 requires p > 1 + d which is stricter than
the condition in [9]. This is a consequence of the converse
Lyapunov theorem for homogeneous systems that assures a
smooth Lyapunov function only if p > 1 + d. However,
if p = 14d aLyapunov function which is not differentiable at
x = 0 can be constructed. Our Theorem 2 can be extended to
cover also the case p = 1+d, but at the expense of a technical
issue with non-differentiability at x = 0, as is done in [9].
We have not presented the details here of this extension.

Also in [9] ISS of the system is established (included in
the case of p = 00, y = x), with a linear gain and using
classical norms, so inequality (35) is satisfied. Our Theorem 4
extends this result to arbitrary homogeneous systems and
shows that the linear gain is valid only if homogeneous
norms are considered. In some cases, the homogeneous
L,—norms are equivalent to the usual £, —norms. Moreover,
Theorem 4 considers also the case of L,—stability for an
arbitrary (homogeneous) output y = h(x, u), which is not
considered in [9].

Paper [25] deals with the special class of systems (1), x =
f(x) + Bu with B a constant matrix, which are homogeneous
in the classical sense, i.e. r, = 1,, r, = (d + 1)1,,, with
output y = h(x), ry = (d + 1)1,, and with non-negative
homogeneity degree d > 0. The main result of [25, Theorem
1] states that if the origin is asymptotically stable for the
unforced system, then the system is £, —stable and has finite
Lr—gain with classical norms, i.e. relation (11) is satisfied
for p = 2. This is characterized using a Hamilton-Jacobi
Inequality. Our Theorem 2 generalizes these results to an
arbitrary homogeneous system, but it shows that to obtain
finite £,—gain it is necessary to consider homogeneous
norms. Only in particular cases this is valid for classical signal
norms, namely when ry, = £1, and r, = €1,,,, £ > 0. In [25],
ry = (d+1)1,,ry = (d+1)1, are used, but actually r, = ¢1,
and r, = £1,, could also be considered. Neither £,—stabilty
nor ISS stability is considered in [25]. We characterize all
properties in a unified way using inequality (22), which is
more general than the Hamilton-Jacobi inequality since the
analytical form of u*(x, Vi), as in (30), is not always easily
attainable.

The author of [17] generalizes the results of [25] to
the special class of weighted homogeneous systems that
are affine in the input, i.e. x = f(x) + G)u, y =
h(x), with f(x) a r,—homogeneous vector field of degree
d > —rg & —minr,, G(x) a matrix with columns being
ry—homogeneous vector fields of degree s > —rp, and
homogeneous weight of input and output being r, = (d —
)1, , ry = (d — 5)1,. Since [17] deals with the Hy, control
problem, the following results on £, —stability are contained
implicitely in the paper. In the particular case when s = —ry,
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that strongly restricts matrix G(x), [17] shows that if the
origin x = 0 is asymptotically stable for the unforced system,
then the system is £,—stable and has finite £,—gain with
classical norms, i.e. relation (11) is satisfied for p = 2.
This is characterized using a homogeneous Hamilton-Jacobi
Inequality. For the relaxed condition on G(x) that s > —ry,
it is shown that if the origin x = 0 is asymptotically stable
for the unforced system, then the system is L£,—stable and
has finite £,—gain with classical norms, i.e. relation (11) is
satisfied for p when p > (d+maxr)/(d—s) (including p = o0).
Note that in the proof of [17, Theorem 6.1], the author
quotes the converse Lyapunov Theorem, but wrongly sets
the homogeneous degree of V(x) to p—d > ro instead
of p—d > maxry,. [17] does actually not consider ISS
stability for weighted homogeneous systems. It rather deals
with Lo, —stability, which is different. Moreover, due to
the restrictions imposed on the homogeneity of the output
function y = h(x), the particular case y = h(x) = x
cannot be considered, because then r, = (d — s)1, <
d+ rg) # 1y, unless r, = rol, = (d — s)1,.
In such case, the homogeneous weight of states, input and
output are all equal to ry, which reduces the conclusion of
ISS stability to classical homogeneous systems. In contrast
to Lo—stability, £,—stability is not characterized using
a Hamilton-Jacobi Inequality, despite the fact that the
system is affine in the input, and in that case this is still
feasible.

Our Theorem 2 generalizes these results to an arbitrary
homogeneous system, without the restrictions imposed in
paper [17]: We propose a system not affine in the input, and
the homogeneity weights and degree are strongly relaxed.
We show that to obtain finite £,—gain it is necessary to
consider homogeneous norms. Only in particular cases this
is valid for classical signal norms, namely when r, =
1, and r, = {1,,. But even for the case with classical
norms, our results are more general than those proposed
in [17]. We characterize all properties in a unified way
using the inequality (22), which is more general than the
Hamilton-Jacobi inequality that is not always attainable in the
non-affine input case. In fact, we have generalized the result
of Hoo norm from [17], [25] to be applicable to all continuous
homogeneous systems with different homogeneous weights
for input and output, as well as not necessarily being input
affine. The conclusion of L£,—stability from [17] is also
included in our Theorem 2 for the A—scaled weight and
degree, with A = 1/(@—s). In this case the weights are Ar, =
1,,, Ary, = 1,, and the £,—stability is valid for p — Ad >
Amaxry.

In [26] and [13], ISS and other related properties are
studied for general weighted homogeneous systems (1), and
they generalize the results of [9], [17] relating the internal
stability of the unforced system and ISS stability. Our results
on ISS reproduce those of [13] and [26], although we
emphasize the linear relationship between the input and the
state (35) when using homogeneous norms, which is not
clear in [13] and [26]. This linearity issue is clarified in [27]
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for the more general version of geometric homogeneity by
using solely homogeneous norms in contrast to the mixed
use of homogeneous norms and Euclidean norms in [26].
However, [13], [26], [27] do not consider L£,—stability for
any value of p. In contrast to [13], [26], [27], we clar-
ify the situation about £,—stability for general weighted
homogeneous systems for arbitrary values of p and the
linear homogeneous ISS gain is related to such homogeneous
Lp—gain in the proof of Theorem 4. Furthermore, the
homogeneous small-gain theorem is considered in both [13],
[27]. In [13], using the classical norms, the nonlinear ISS-gain
is a IC function. In [27] no external inputs are considered.
The small-gain theorems derived in both [13], [27] use the
(linear or nonlinear) ISS-gain to assure the closed loop
stability, and thus are related to p = oo. In contrast,
the homogeneous small-gain theorem obtained in this paper
adopts any homogeneous £,—gain (when it exists, including
Loon—gain and also homogeneous I1SS-gain) to verify closed
loop stability.

In [30] the authors have introduced and studied
the Lo,—gain for the special case of the Continuous
Super-Twisting Like algorithm (CSTLA), and it was used
to optimize the parameter selection of the algorithm. That
case is included in Theorem 2 for p = 2. A brief review and
extension of the results for the CSTLA will be presented in
Section IX-C.

In [31], the authors adopted a homeomorphic coordinate
transformation that can be related to our paper. This is
done using the companion signals introduced in Remark
6: A homogeneous L,—stable system, according to our
Definition 5, is also £,—stable, using the traditional signal

1
norms, from the transformed input S(#) = uw to transformed
1

output T(y) = y™ since (17) can also be written as

In this sense, in the context of homogeneous systems,
we generalize this idea to arbitrary £,—norms and not only
to the £, —norm considered in [31].

However, beyond this connection with [31], the objectives
and scope of both papers are rather different. [31] is
concerned with the relationship between L£;—stability and
ISS or iISS for general nonlinear systems. Also they show
the existence of appropriate input S(-) and output 7(-)
homeomorphisms, but without providing a way to obtain such
functions.

Our paper is concerned specifically with general weighted
homogeneous systems. It is shown that the homogeneous
vector and signal norms are a natural setting for studying
input-output and input-to-state stability. One obtains linear
finite-gains in all cases, a clear relationship with the internal
stability is derived and a method to calculate the gains is
provided by means of a dissipation inequality. Moreover,
arbitrary values of p are allowed, instead of only p = 2 as
in [31].

1

1
y Ty U

5;/‘ +b,, Yuelll.
Ep P E,, P P
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VIIl. ESTIMATION OF THE HOMOGENEOUS L, -GAIN
FOR A STATE SPACE SYSTEM

Theorem 1 shows that Ly, —stability can be characterized by
the dissipation inequality (22) and that the Lp,—gain can
be estimated using (22). This inequality, in the unknown
function V(x) and the (positive) real constant y, is a
linear partial differential inequality in %—X and in y”, but it
depends on two variables (x,u) € R*™. As described in
Section IV-B, for systems affine in the input it is possible
to transform the dissipation inequality (22) into the HJI (29)
which only depends on x € R”". However, (29) is a highly
non-linear partial differential inequality in %—‘; and in yP.
In any case, both kinds of partial differential inequalities are
hard to solve (see for example [2, Chapter 11]).

For smooth dynamical systems there is a very complete
theory [2], [6]-[8]. A geometric interpretation allows the use
of the Hamiltonian dynamics that involves the linearization
of the system. Also, using the linearization and quadratic
storage function the HJI (29) becomes an Algebraic Riccati
Inequality (refer to Section IV-C) and leads to approximate
solutions in the non-linear case. However, in general (in
particular for degrees different from zero), the linearization
of homogeneous systems are not useful because they either
do not exist or vanish. This failure of the linearization
for continuous homogeneous systems has been already
illustrated in Section II-D. Therefore, usual methods for
non-linear systems are not appropriate for solving the
homogeneous inequalities (22) and (29). Apparently, there
are very few published results providing detailed methods
to derive such solution for homogeneous systems. The
previous works [9], [17], [25], dealing with £,—stability of
homogeneous systems, do not provide methods to estimate
the value of L,—gains, even for the special classes of
homogeneous systems considered. [30] is a forerunner of the
method to be proposed here, applied only to a second order
system.

A simple (but important) observation about (22) is that
for a solution V(x) to exist it is necessary that (22) is
fulfilled for u = 0, i.e. (25) is valid. This means that
V(x) is (for ¢ = 0) at least a weak Lyapunov function
for system x = f(x,0). In fact, Theorem 2 reveals the
nice and particular property of homogeneous systems that
every strict (homogeneous) Lyapunov function of x =
f(x,0) is indeed a global solution to the inequality (22) and,
if appropriate, the HJI (29), for some semi interval of values
y €ly*, 00).

This observation leads to a useful estimation method for
a given non-linear homogeneous system with values of y
satisfying inequality (22) or (29). The method consists of two
steps:

1) Determine a strict, homogeneous, and continuously
differentiable Lyapunov function V;(x) of homogeneity
degree p — d for system x = f(x, 0). The converse
Lyapunov Theorem for homogeneous systems [15],
[22, Theorem 5.8] assures the existence of such a
function if p > d 4 maxry.
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2) Using this function V;(x) find the minimal value of
y that satisfies (22) or (29). As shown in the proof
of Theorem 2 this is always feasible by selecting an
appropriate a > 0 and setting V(x) = aV;(x).
The optimal value of y corresponding to the given V will be
termed y*(V) = min{y | (22) or (29) is satisfied with V(x)}.
y*(V) provides an upper bound of the gain ypn(Z),
ie. Ypn(2) < y*(V).

The first step requires the construction of a smooth
homogeneous Lyapunov function, which is not a simple
task. Recently, there have been some advances in obtaining
Lyapunov functions for homogeneous systems (see e.g. [37]
and the references therein).

For the rest of this section the second step of the procedure
will be presented, i.e. given V (x) how to find the best estimate
of y. We provide two strategies for the calculation, based
either on the dissipation inequality (22) or on the HIJI (29).
Clearly, the second path is only valid for some classes of
systems, e.g. systems affine in the input and whose output
y = h(x) is devoid of u.

A. CALCULATION OF y FROM THE DISSIPATION
INEQUALITY
In this case we use the dissipation inequality (22) directly
to calculate the smallest value of y wurt. the given V,
i.e. y*(V) = min{y | (22) is satisfied with V}.

Proposition 2: Assume the condition of Definition 6 is met,
the smallest value of y w.r.t. V that satisfies (22) is

(V) = | .
) H(x,u)ﬁia}f‘”uu#o{{(x u)} 47)

where ¢ (x, u) for ||u|| # O is the function
o O f )+ he, g + el g
fonn = Jul? |

Recall that from the proof of rl’ﬁleorem 2, the required
function V (x) for the proposition can be obtained as V(x) =
aVi(x), fora > a £ “E€ V(x) is any strict, homogeneous,
and continuously differentiable Lyapunov function of degree
p — d > max r,, whose existence is assured by the converse
Lyapunov Theorem for the continuous asymptotically stable
system X = f(x, u) when u = 0.

Proof: In the proof of Theorem 2 the existence of y*(V)
is assured, such that for any y > y*(V), J(x, u) < 0. Clearly,
such y has to satisfy y” > ¢(x, u) for all (x, u) € R"*", and
therefore y*P(V) = maxy ,yerr+n{$(x, u)}. (47) states that
this maximum is attained on the unit sphere {||(x, v)| = 1}.
This follows from the observation that the function ¢ (x, u)
is homogeneous of degree zero, i.e. Z(V&(x), v'(u)) =
k¢ (x, u) = ¢(x, u), and all values of a degree zero function
can be attained on any unit sphere w.r.t. some norm. Finally,
¢ has degree zero since its numerator and denominator are
both homogeneous of degree p, because V is homogeneous
of degree p — d as demanded in Definition 6. ]

The search procedure for max . =1{¢(x, n)} is
described in Algorithm 1. We use the ||(x, u)||o—norm as
example.
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Algorithm 1 Procedure of Search for maxx,.)=1 ¢ (x, #) in
Proposition 2

Lo = _10300
forjj=1,...,vdo > Rough search
x1=-—1+ 2
1= v+2
forj=1,...,vdo
x = IT= Pl (-1+ %)
forj,.1=1,...,vdo

u = /|1 = x| (—1 +2-’";'—_}1)

for joym—1=1,...,vdo

-2
t -1 = \/\1 — 113 = 0 il

jntm—1—1
x (—1 +2”u—i>

= /1= S0 2 — 13
Evaluate ¢ (x, u) in (47)
if £(x, u) > ¢, then > Record the maximal
¢ (x, u) in rough search
Ce =C(x, u)
(x, ur) = (x, u) > Record the point for
refined search

end if
end for
end for
end for
end for
repeat > Several rounds of refined search
&y =& > Record ¢, as the previous maximal ¢

for Divide the neighborhood of (x,, u,) similarly as
Rough search do
Evaluate ¢ (x, u)
if £(x, u) > ¢, then

e =0(x,u)
(x, ur) = (x, 1) > Record for next round
end if
end for

until (&c — £p)/¢p < 10~7 & maximal value of two rounds
are close enough

Vc=\/a

After the rough search shown in Algorithm 1, several
rounds of refined search around the point of (x, u) recorded
in the last round should be carried out. The maximal value
of ¢ (x, u) on unit sphere should happen in a neighborhood of
such point of (x, u), since the function ¢ (x, u) is continuous
on the surface of the unit sphere w.r.t. (x, #). Note that in
practice, several local maxima might occur. In such case,
refined searches around each local maximum need to be
carried out.
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Therefore, with each fixed V the rough search for
max |(x.|=1{¢ (x, )} < 0 takes v"+"~! steps evaluating the
value of ¢(x, u). The refined search of step 6 around several
local maximal points collected in the rough search usually
takes less steps. Thus the computational complexity is of
O(Un+m71 )

B. CALCULATION OF y FROM THE HAMILTON-JACOBI
INEQUALITY
For a homogeneous system affine in the input, given by (28),
instead of the dissipation inequality (22) we can consider the
simpler HJI (29). These are equivalent as shown in Lemma 7.
Proposition 3: Consider a continuous homogeneous sys-
tem affine in the input (28). Assume the condition of
Definition 6 is met and select g = p. The smallest value of
y w.rt. V that satisfies (29) can be obtained by solving the
optimization problem

y*(V) = argmin { max J(x;y) < O} (48)

y=0 llx[=1
where

A%

Jxy) = %f(x) + ||h(x)||’r7y,p

+€||X||fx,p + Q(x; y) (49)

and
Ay Cn\ [V P

Qx; y)—l; <pyp) (1 5 ) ) 5 8i)

Proof: Note that the HJT (29) can be written as
Jx;y)=0

where
T (x5 y) £ J(Ve(x), x, u*(x))

and V,y(x) = % for the given function V(x). Function
J(x; y) is continuous and homogeneous in x of degree p.
Moreover, by the hypothesis on V, lim, o J(x; y) < O,
since p > maxr, and the terms ( - %
Q(x; ¥) = 0 shown in Lemma 7. In the proof of Theorem
2 the existence of y*(V) is assured, such that for any y >
y*(V), J(Vy, x,u) < 0, or equivalently, J(x; y) < 0. The
value y*(V) satisfies

max Jx;y*(V) =0.

> 0 and

Due to the homogeneity of 7 (x; y) it suffices to restrict the
maximization to the unit sphere, i.e. (48). O

The result of Proposition 3 suggests the Algorithm 2 to find
an estimate of y*(V): max)y =1 J(x; ¥i).

Note that this procedure is analogous to the search
performed to estimate the £o—gain using the Hamiltonian
matrix (see the end of Section IV-C). For the Hamiltonian
matrix we need to check whether its eigenvalues stay on the
imaginary axis with each y. Here we need to check the sign
of max |y =1 J(x; y) for each V that satisfies (22).
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Algorithm 2 Search Procedure for Proposition 3

Yu = 10300 > Initialize the upper limit of y
y = 10730 > Initialize the lower limit of y
repeat
Choose one y € (1, Yu), .82 v = (Vu +v1)/2
Evaluate max =1 J(x; y) in (48)
if max =1 J(x; y) < 0 then
Y=Y
else
Vi=vy
end if
until (y, — y1)/y1 <1077
Y ="Yu

Remark 17: The search of max =1 J(x; ¥;) is similar to
that described in Section VIII-A. The difference is that we only
need to search on ||x|| = 1 instead of ||(x, w)|| = 1. Besides
that, a further iteration on y is necessary. Thus by using the
search of (48) we can reduce the computational complexity
from O™y in (47) to O(W"). When r, = (1, the
computational complexity can be further reduced to O(v"™ "),
with a similar method in Proposition 2, i.e.

. :
* (5" (-8 o g0
7= GVO‘?f(x)l IGoIL,
O (=) s )
— (s —J(V, x,0)
(50)

Refer to the example of CSTLA in [30].

Note that different Lyapunov functions lead to different
gain estimated of the system, so that we can eventually
improve the quality of the estimation. A further strategy to
improve the estimate of (%) is to use a parametrized family
of Lyapunov functions V;(x,A), A € A, with A a set of
values of A, and such that V; satisfies (25). In that case we
can solve an optimization problem to find the minimal value
of y* in this family of Lyapunov functions. This is basically
what can be done in the LTI case, where the Lyapunov
functions are quadratic and parametrized by the symmetric
and positive definite matrix P. In any case, this procedure
does not guarantee that the actual value of y,n(X) can be
calculated. Only an upper bound will be obtained.

Both methods proposed in Propositions 2 and 3 also apply
to LTI systems, for which we can fix r, = 1,1y = 15, 1, =
1,, and d = 0. For p = 2, the results are recalled in
Section IV-C. The HIJI (29) reduces to the ARI (32) (for
D = 0), which is even independent of x. For p # 2, function
J(x; v), given by (49) and appearing in the HJI (29), is not
anymore a quadratic form since 7 (x; y) is 1,—homogeneous
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of degree p # 2. Furthermore, the HJI does not lead to a
matrix inequality and thus is much harder to solve. However,
the HIJI provides a method to estimate an upper bound of
the £,—gain of the LTI system. In fact, there are not many
methods to calculate such a gain for LTI systems. Note that
for p # 2 the required Lyapunov function for the HJI is
required to be 1,,—homogeneous of degree p. It is not easy
to construct such Lyapunov functions, even for LTI systems.
One possibility is to calculate a quadratic one and then

construct V(x) = (xTPx)%, which satisfies the homogeneity
condition for the HJI. Such Lyapunov function is smooth only
ifp>2.

Therefore, by using Proposition 2 or 3, we have contributed
a method to calculate the Lp,—gain defined by (21). This is
an extension from [30] where it is applied only to a special
continuous homogeneous system, the CSTLA, for p = 2, and
it is also an extension from [17], [25], where it applies only
to the case r, = €1, ry = €1, and vector field being affine in
the input. For LTI systems, the proposed method provides an
upper bound of the £,—gain forany p > 1 (r, =1,,d = 0).

C. UPPER BOUND OF HOMOGENEOUS ISS GAIN AND

L oon—GAIN
In contrast to the Lpn—gain, which can be derived through
dissipation inequality or HJI by using the Proposition 2 or 3,
in Section V the upper bound of the homgoeneous ISS gain
depends on the value of some L, —gain in (43). Further, the
upper bound of L, —gain depends again on y;qq in (44).

In order to calculate an upper bound of y;yq, constants
o1 and o in (43) need to be derived first. From Lemma 6,
since both ||x ||,¥ ;I and V(x) are positive definite continuous

—homogeneous functions of degree p — d, we have
from (38) for any g > 1 that

v
@ = min V()= 2
121y, g=1 lxli=1 {|x |l re q
Vx)
o) = max V(x) = max

heli=1 llxllrq
Then combined with any £,—gain, relation (43) provides an
upper bound of the ISS gain.
Finally, an upper bound for the L., —gain can be derived
similarly. The constant ¢, in (44) can be calculated as
cq = max

ACx, Wl
Neloerg=t 4

lACx, u)”ry q
max ——— d
~ Jwal=t G Wl ere.r).g
Thus c4(yjgq + 1) serves as an upper bound of the Lo, —gain
from (44). All three constants can be derived from the method

shown in Section VIII-A, among which ¢, is independent of
the choice of storage function V (x).

”x er,qzl

IX. EXAMPLES

In this section we show how the homogeneous £, —gain can
be derived analytically referring to two examples, namely a
continuous memoryless input-output map and a continuous

VOLUME 10, 2022



D. Zhang et al.: Homogeneous L, —Stability for Homogeneous Systems

IEEE Access

scalar homogeneous system. In both examples, the input
whose ratio of the £,—norm of output over input (denoted
as I') being equal to the analytical homogeneous £,—gain,
can be found in closed terms. Thus, the analytical result is
the homogeneous £, —gain.

In the third example of continuous super-twisting like
algorithm, we can only find some upper bound of the homo-
geneous L,—gain under different parameters. Fortunately,
some inputs, whose I is equal to the collected homogeneous
Lo—gain, can also be found under some parameter ranges.
Thus these collected upper bounds are also tight bounds,
where the analytical form of the homogeneous £, —gain can
be found.

As analyzed in Section VII, our approach coincides with
previous works under some particular assumption on weight
vectors. However, breaking such assumptions is not allowed
in the previous works. Thus in this section, no comparisons
to previous works are provided.

A. CONTINUOUS MEMORYLESS INPUT-OUTPUT MAPS
A function g : R — R? can be viewed as an operator G
that assigns to every input signal u(-) the output signal y(-) =
G(u(-)) given by y(t) = g(u(t)), i.e. the output y(t) depends
only on the present value of the input u(z), and not on its past
or future, and thus it is called memoryless. It is homogeneous
if gwfu) = v (g(u)) for every u € R™ and k > O.
This means that each component function g; : R” — R,
i=1,...,0,1s r,—homogeneous of degree ry,. According
to Definition 2 the operator G is of arbitrary homogeneous
degree d. We assume that the function g is continuous w.r.t. u.

Theorem 7: A continuous memoryless Input-Output Map
y = g(u) is finite-gain Ly,—stable with zero bias, for every
1 < p < oo. Its Lyp—gain is the same for all values of 1 <
p < o0, e yp, =y, and it can be calculated as

y = max

e I8 ry.q - (S

Proof: Since g is continuous w.r.t. u, by setting x (u) =
lg(llr,.q and ¢(u) = |lull,.q, Whose homogeneous degrees
are both 1 and both being continuous w.r.t. i, it follows from
Lemma 6 that

”g(”)”ry,q> lullr,.q -
(52)

1 lyq = 8@ 1,0 < <| max

|u"’us51:

Thus, the operator G has finite Loop—gain yoor = ¥ as
in (51). Furthermore, it follows from (52) that for every p >
landu € L

00 1
P
YOl z, = ( /0 ||y(z>||€y,qdr>
1

o0 Z
<vy (/0 llu(t)ll’r’u,th) =y luClr, c, -

And therefore the operator G is Lp,—stable with L, —gain
given by ypn = y with zero bias. Such Lp,—gain can
be achieved by the particular u* that maximizes the value
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Max|ju|,, ,=1 ||g(u)||r)_q. Thus the Ly, —gain equals y for all
1 < p < oo. For the case p = 00, (52) suffices since the
operator G is memoryless. |

Take a simple example of a continuous memoryless
homogeneous Input-Output Map given by

¥0) = g(u(e) = [e1[ur (0 + e2 [ |

withm = 2, r = 1, and weight vectors r, = (2,3),r, = 2,
and c1, ¢y some constants.

First note that, if we set (for simplicity) u; = 0, then
1 2
the function becomes y = g(uz) = [cz]3[uz]3. Since
1
%”22) = %%, the “linearization” at up = 0 is not well-

3

defined becalllgs‘e the derivative is unbounced at this point. This
illustrates the fact that linearization for homogeneous systems
is usually not well-defined. Thus, the function g(u) cannot
be well approximated by a linear function, consequently, the
classical “gain” fails.

From Theorem 7, it is finite-gain Lpy—stable for all p >
1 and its L, —gain is given by

1
y = max |gQu)|?
HuHru.qzl
= max

1
q \cl w? +efwl?|® (653
{\u1|7+|142|

)
3=]

To solve this maximization problem with constraints we
can use the method of Lagrange multipliers, to find
the (restricted) extremal points of the function ¢ [ui]® +
c2[ua ]2, i.e. we can solve the condition

a q q
e [01 [ur)? + cafua)* + 2 (Iu1|2 + |uz|3 — 1)]
-2 -3
- [3c1 uy |2 + ,\g fug 17, 2ealus| + ,\%1 s | "T] —0.
(54)
This equation has three non-trivial solutions (we assume
q>6)
- ) -

6y |46
g |

i — _

W@ =

i® =

— q_A

. - - g
Eacl; one of these solutions satisfies the restriction |u1|2 +
|up|3 = 1, if the Lagrange parameter is selected as

A(l):j:(

q g\ L8
q—6 6¢) q6> a
)

q

66’1
q
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2@ — 1|02
q

RO LG
q

respectively. Replacing the two possible values of A into
the corresponding solution a®, fori = 1,2,3, we obtain six
extremal points

_ ) -
6c1 | g—6
(2]
9 9 %
(ﬂq*6+ﬁq*6>
q q
ﬁ(l)zi o3 ,
C: —6
(2]
3
6ey |76 |6c2 |7 7
N
W ==+ O},
|1
_(3)=:|:_1
o -af1].

Evaluating ‘cl [u1J3 +c [u2J2| at these (six) points,
we obtain three values, from which we have to choose

max ‘cl (u1J3 —i—cz(uzjz)
I\ul I%+IM2I%=1]

4=6
_ 4 4\ q
= 1 (lc1]97® + e @ s leal, el

and thus the gain is given by

q—6
4 4\ "6q 1 1
y = max {(ICqu‘6 + |C2|‘7—6> s leals, |C1|6} .
Note that the L,n—gain does not depend on p, but it depends
on the selection of the gh—norm (which affects the value
of Lph—norm). Fig. 3 shows the value of the following
homogeneous function

1
_ |1 Tur ® + eaTuz 2|

I'(w)

Wi
i

q
[EES

of degree zero along the unit circle |ul; = 1 in the
coordination of u; = sinf,uy = cosf,0 € [0,2x] with
c1 = l,cp = 2 (only 6 € [0, ] is shown in Fig. 3 since
I'(—u) = I'(u)). Note th]at y = max, ['(u) = maxg I'(0).

Forq = 2,)/ = CZE = 1.1225. FOI'C] = 20,)/ =

a_ W
lc1]776 4 |ca] 40 = 1.1646.

Besides Theorem 7, a discontinuous memoryless homoge-
neous Input-Output Map G could also have a finite L, —gain.
Take another example of memoryless homogeneous Input-
Output Map, y(t) = ul(t)zsign (ua(1)), with homogeneous
weight of r, = (1, 1), r, = 2. Note that y is discontinuous
along u; # 0, up = 0. Yet, with an approach similar to shown
above, it is easily verified that y = 1.

81676

FIGURE 3. T for (53) along unit sphere, with ¢; =1, ¢, =2.

B. SCALAR HOMOGENEOUS SYSTEM

We would like to show how to derive the L,,—gain
analytically for SISO scalar homogeneous dynamics by using
the methods in Theorem 2, i.e. for

= k[ 4 bMu) T, oy =3, (55)

where z1, 22,23, k € RT, b, c € R\ {0}, with homogeneous
weight as ry = Azz,r, = Az1,d = A1 — z3), 1y = A2,
for any A > 0. We leave the free parameter A > 0 in order
to illustrate the effect of scaling on the homogeneous weight
and the degree of the system.

Function J from (23) is now

1 il »p
J(Vy, x,u) = Vi (—HXJ 3 +bfuJ“) + le|*2 |x]*s
P s
—)/p|l/t|)“‘71 +E|X|M3 .
Since (55) is a scalar SISO system, || - ||, = | - | here,

and J(Vy, x, u) is independent of ¢g. For general continuous
homogeneous dynamics, J(Vy, x, u) will be dependent on
both p and ¢. To render this function homogeneous we can
select
Ve = %) = oe[xj% ,a >0,
ox
which indicate the storage function is now
)\'Z3 p—htiz3

Vix) =a——1x| =
pP—r+Az

V is differentiable if
p—A+Az3
AZ3
This actually comes from p > d + maxr, = A. So it is
possible to select a smooth function V for any p > 1 by
choosinkg A < 1. With this, replacing the variable V, by
o

>1&p>A.

ax] %3, and abusing the notation to keep the name J, we get

4

. r p=A 1
T, u) = — (ka — ez — e) x5 + bafx] = [u)
s

_yp|u|)uzl .

Inequality (22) corresponds to J(x,u) < 0. Since this
requires that for # = 0 the inequality J(x, 0) < 0 is satisfied,
we need

P

el + ¢

> —
- k
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Although the system is not affine in the input, it is still
possible to calculate the value u*(x) that maximizes J (x, u) <
J (xbu*(x)). If we select p > r, = Az, then the latter term

|u|*1 in J(x, u) is differentiable. Hence, calculating

oJ (x, 1 p=k 1 2
LIk I L
ou 21 AZ]

@ N
aAZ] PMTIA 2z g
u*(x) = [b]p=*[x]% (56)
pay?
and therefore when p > A max{l, z;} we have
r aA p%k r_
JOo,u*(x)) = —ak + |2 +e+a (—) |b|P—*
py?

)24
ol \Pr o p P
e (p—yp> bI7 } x| %5

Inequality (22) is fulfilled for y > y*(«), given by
p—A

1
Lol (r)e AN
il (3)"(1-3)

P—A

(ak — |c|‘% —e)?

Since « is a parameter that we can select, we choose it such
that y*(«) attains its minimal value. Since the difference
between the power on « in numerator and denominator, % —

’%}‘ = % > 0, it is clear that function y*(«) has a minimal

Yi(a) =

2
value in the interval « € [M# oo), obtained by solving

dy*(@) _
doa T 0,

L
G = ]%(sz +e) :

Function V is differentiata)le when p > Amax{l, z;} > A and

J(x,0) <0froma > W# Therefore
1 1

- = IbIN* ¢ & »

F=r@=(7) (7 +e)" .
Selecting € = 0 we obtain the minimal value

i L
|bl|c| =
Yph = . , (57)

for p > Amax{l,z1} and p > 1. Note that this value
depends on the selected (scaling) A, as discussed in Remark
11. Remarkably, it is independent of p.

If we use control law (56) with a plugged back, with the
minimal value of y;p, in the system (55) then we get

x =0,
2
y=c|-xJ239
. A
u*(x) = IVZJ [x]# .
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FIGURE 4. Bode plot of system (55) with z; =z, = zz = 1 (linear case)
andk=3,b=2,c=1.

The state trajectory for initial state xp, the input and the output
are constant, given by

x(-) = xo
R L
u(-)—H [%0)

Zl
¥0) = elxo) 7

for all ¢ € [0, 0o). We calculate For this particular input and
output we calculate the ratio of Lp,—norm of output over
input

D

~

(s Iv1,.q)
(K e 0l0)"

2
clxpl®

IOOITl2,
I@* (D7l

1
Tr

1
g |blIc| =

(5] fxoj% g

- 1
T»r

Tu,q

where (u(-))r is the truncated input signal. This value
coincides with the estimated value of the gain (57). Therefore,
since forall 1 < p < oo and p > A max{l, z1} the gain yjh is
upper and lower bounded1 by the same number, we conclude

A

"L
that ypn(%) = W , and the bound is tight in this case.

Consequently, we obtain

ble
pn(X) = | ——
This agrees with Remark 11, that is, the Ar—homogeneous
gain equals the r—homogeneous gain to the power A.
Interestingly, the Lpn—gain is independent of p, z; and z3.
However, the worst input #*(-) depends on z; and z3, but not
on p. When z1 = zp = z3 = 1, the system is linear and
Vix) = al)—; |x|‘ti7 is the quadratic storage function if we select
§ = 2. The Bode plot, showing the gain between harmonic
signals of different frequencies, e.g. u(t) = sin(wt), is plotted
in Fig. 4. The £, —gain is the maximum of all these gains, and
it is clear that for this LTI system the maximum is achieved
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for w = 0, that is, for a constant input. This agrees with the
calculated worst input signal u*(-).

C. CONTINUOUS SUPER-TWISTING LIKE ALGORITHM
In [30], a detailed analysis of the £,,—gain for the continuous
super-twisting-like algorithm (CSTLA) is provided. We shall
only briefly introduce the system and extend it to include the
analysis of the Lp,—gain.

The CSTLA has the (closed loop) form [30], [38]

1
X1 = —ki[x1] T +x
. Ld
Xy = —ka[x1| =4 +bu
y = (Eix; 1‘32)62)T (58)

with homogeneous degree d € (—1, 1), where k1, kp > 0 are
tunable parameters. The homogeneous weights are ry = r, =
(1-d, 1), r, = 1+d.1f d = Othen (58)is a linear system and
if d = —1 then it is the super-twisting algorithm (STA) [39].
Yet, since the STA has a discontinuous vector field and r, =
0 when d = —1, it will not be considered for the Eph—gain
analysis.

From Theorem 2, we must have p > maxr, + d. When
d>0,itisp > 14+d,and whend < 0, itis p > 1. Similar
to [30], [37], [40], we construct the following homogeneous
storage function of degree p — d

1—d p—d

xX1|1-4
p—d| 1

Vx) =a1Vilx) = o (

o

_1
—ax [P +

2 yie |f’d> (59)

with o1, @12, @2 > 0. It is continuously differentiable for p >
2 and it is positive definite if

p—1

( %) )P—d
o <
p—1

which is obtained by Young’s inequality. Since its gradient is

—1
T_ flel‘]‘d —apa[x P!
Vi = p—2 p—d—1| >
—(p — Dapxi[xP™ + azx2]

its derivative along the trajectories of (58) is

P 1 1
V=a (—kl [x1| ™= —aralx2 P +kiora[x1 | 7 [x2 |7

pL Hd _
1| Fxy — ks [y ) T4 [ )P4

2
Ha(p—Dara|x1| 74 |x2 [P +baz [x2 )P u
—b(p—1o2x) IX2|‘F2M> .

Clearly, with p > 2 the condition of Theorem 2 is met (ehen
d € 0,1),p > 1+d, and when d(—1,0], p > 1). For
negative definiteness of V it is necessary that k1, 12 > 0,
which is satisfied by the assumption. If p = 2 it is further
required that o1 < ki/k,, since the sixth term is combined
into the first term. The homogeneous dissipation inequality
for this storage function is

J(Ve, x,u) = V + |Iy|I?

— P 14
2 =7 lul

— P
? = elxl? , <0.

e, —
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For J(V;,x,0) < O when x € Rz\{O}, we need at least for
p > 2 that

-
|E1|T=d — € |E2lP — €
o] > ————, dpp > —,
ki o
and for p = 2 that
2 2
|Ey[T- —€ |Eal” —€
o] > —, d;p > —.
ki — kan o]
For the LTI system, obtained when d = 0, we have

ry = r, = 1, and thus y is the classical £,—gain. With the
choice of p = 2 it provides an upper bound for the traditional
Lo—gain. When p = 3 or p = 4 it provides an upper
bound for the £3—gain or £4—gain, respectively. If p = 2,
the storage function (59) is in a quadratic form and we can
compare our approach with the traditional ARE solution for
linear systems, presented in Section I'V-C. For the LTT case
we will also include the results for £3 — gain and L£4—gain.

System (58) is affine in u, so using the proposed V equation
(30) in Lemma 7 becomes

u*cxvv&)
(1+d)
py?

1+d
x [ b (=0 = Danzxi a2 + a4 ) |77

1+d
p—1-d

Since there is only one input, instead of (50) we can use

1
(m (-557)
max (1——
llxll=1 p
p—1—d
o\ PO+

b (o= Dannxi a2 4o [ ) |7
—J(Vx,x,0)

*

14
_‘1+d
p

(60)

The choice of Ej, E> depends on the use of the algorithm.
For controller design we shall pick E; = 1, E; = 0 and for
observer design E; = 0, E> = 1, see [28].

1) LINEAR CASE

For d = 0 (linear case) the storage function in (59) is
the quadratic form V(x) = x"Px,P = PT > 0 used in
traditional £,—gain analysis [5]. Therefore, we can verify
our approach of the homogeneous search by comparing with
the ARI in (32). Ford = 0 and p = 2, a simple mapping
from (59) to P is

We find that, the numerical search (not shown here) in
Proposition 2 or 3 and the calculation of the optimal storage
function using ARI (32) lead to the same y* and to the same
storage function that ensure (22) or (32) when y = y*.
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With weight matrix £ = diag{E;, E2}, quantity )/Jr
designed in [28], i.e.
St sup 1By

wro  llullz,

has homogeneous degree 0 in the linear case (d = 0), which
is equivalent to (21) since ry = (1, 1), r, = 1 ford = 0.

After carrying out similar derivations as in [28] the
analytical expression for yT for ki < ke results in

2
ki, ko)
b (kP |E2|+2ka | Ea| +2|Ex )
ki (4ky — k)
2
B2 (G 1E2 4+ 2k Eal 421 ) Ry — kDI P2
' K2 (4ky — k2)

and for k; > k¢ in

y, k) = g (1521 + 1E411)
where
ke = 2k
JUE + 20| E2)? + 4BIE — (1| + 2Kl Eal)
i 2IE '

As expected, the L,—gain yT is a function of ki, k».
Considering system (58) as the closed loop form for an
observer or a controller design, adjusting the gains k; and k»
can help us achieve a smaller £,—gain for the closed loop
system (58). For each fixed ky, the £o—gain ]/T(kl,kz) is
convex in ky, with a global minimum w.r.t. k| given by

k) = |2k L (61)
N T g B + By

b
vl k) = V2RIl + 1B (62)

Apparently, when k; = le(kz) and kp — oo, yT(k;r, ky) —
0. So there is no global minimum w.r.t. the pair of (ki, k)
for the £,—gain. Since ki, k» cannot be selected infinitely
large, we are left with a conditioned optimization option for
the £, —gain: fix & first and then choose k| = k;[ (k).

By taking the extremals of |E /E>|, we obtain the £, —gain
optimal range as

3 -
K 2 [k, NS

Fig. 5 shows yT as a function of k;. The upper sub-figure
shows yT from u to x1, while the lower sub-figure to x,.
Fig. 5 shows that in the linear case, with a fixed k», the
Hoo norm yT to x; will remain constant for k; > El (cross
in upper sub-figure), and )/T to xp is convex for k; = ng{
(cross in lower sub-figure). Since system (58) has a single
input u, the Bode plot’s maximum gain also shows the H
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FIGURE 5. L£,—gain (derived solving ARI) and upper bound of £5—gain
and L4 —gain (from (60)) for system (58) when d = 0 (linear case) and
ky=b=3.
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FIGURE 6. Bode plot for y = x; (upper) and y = x, (lower) (£,—gain for
sinusoidal input) of system (58) with d = 0 (linear case) and k, = b = 3.

norm to x1 and xp, reflecting Fig. 5 in the frequency domain.
The upper sub-figure in Fig. 6 shows that with k; < EJ{ the
gain has a peak above 0dB at mid-frequency. With k; > E;r
the gain is reduced for higher frequency, yet the DC gain is
not improved. The lower sub-figure in Fig. 6 shows that the
maximum gain gets to a minimum at k; = k|, where larger k;
leads to a larger DC gain, and smaller k; at higher frequency.

Also in Fig. 5, the upper bounds of the £3—gain and
L4—gain are plotted. Note that such value is derived from the
storage function (59). Ford = 0, p = 3, itis

1 (0%)
V(x) =a (gm 1P — @iox 02 + 7|x2|3>
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andford =0,p =4, itis
1 (6%}
Vx) = o (ZIMI4 —apxi ) + ZIX2|4> .

There are apparently more possible candidates than the
above two constructions of storage function, especially the
cross term can be designed differently. This has highlighted
the importance of the choice of storage function, which
will affect how good may be the upper bound of the
L,—gain, collected from dissipation inequality or HII using
Proposition 2 or 3.

2) NON-LINEAR CASE

For negative d, the upper bound of Ly;—gain y* collected
from using Proposition 2 or 3 for the CSTLA is displayed in
Fig. 7, as presented in [30] with k7 = /T.5(T — d)k, and
k] £ 2(1 = d)ky. It shows the behavior of the £,—gains
to x1 and xp, respectively, as k; varies, for 4 negative values
of d = {-0.5, —0.75, —0.9, —0.99} (in different colors),
and for each d three values of kp were used, given by ky =
{0.99bh, b, 1.01b}. There is a clear similarity to Fig. 5. A more
detailed analysis can be found in [30].

6 T T
: i ——-0.50
i - 075
41 [T -0.90
"o
w5 AN ----0.99
' [ e
IR}
2; " -
N VL
- BT IS OSSR SO
| | B kbt ekt ] Bkt
2.5 3 3.5 4 4.5 5
k1
T T T -
10, [N ——e .
I
[N
8 - = .
a
* &

FIGURE 7. p* fory = x; (upper) and y = x, (lower) of system (58) with
negative d = {-0.5, —0.75, —0.9, —0.99} and k, = {0.99b, b, 1.01b},
p=2.

After analyzing the collected y* for k; > k—;, the analytical
expressions of y* can be summarized as
1

1
b\ T+ b\ T+
Yx1 = (E) y Yo = k1 (E) (63)

which is achievable from a constant input [30]. By means of
simulations we have also found an input signal that attains
such £,—gains, given by

u(t) = W(Dsign (sin(wt)) + (1 — D) sin(wt)) (64)

where W is the amplitude of u, w is the frequency in rad/s
of the sine component, and D is the ratio between the signum
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function and sine function. The resulting number

Exrl, z,

4
I'= , T = —, foru from (64) (65)

lurllr,, co ®

are listed in Table 2. When E; = 1,E; = 0, " in (65) is
denoted as I'y,, and when E1 = 0,E; = 1 as I'y,. This
number records the actual ratio of £, —norm of output over
input for the period of ¢+ € [0, T] with the u from (64).
They agree with all y* collected for all k; > F; [301],
whose expression is (63). Therefore, we can say that when the
parameter satisfies k; > E(kz), ky > 0, we have y* = I'yy,.

TABLE 2. Achieved £, gain for k; = b =3, T = 1055 with u as (64).

d ky =10k, (d) [ W D w T, [
0.75 12.25 1 0 [ 0.002 | 0.9998 | 12.25
0.50 17.32 1 0 | 0.002 | 0.9998 | 17.32
0.25 21.21 1 0 | 0.002 | 0.9999 | 21.21
—0.75 32.40 0.5 | 0.45 | 0.002 | 0.9999 | 32.40
—0.90 33.76 0.7 | 0.65 | 0.002 | 0.9999 | 33.76
—0.99 34.55 0.98 | 0.96 | 0.002 | 0.9561 | 33.04
The upper and lower plots of Fig. 8 for d = —0.5 and

k1 = 3, kp = b = 3 present the ratio of the amplitude of the
outputs y = x| and y = xp, respectively, and the amplitude of
the input signal u = « sin(wt), for x = {0.5, 1, 2, 3} and w
from 0.001 rad/s to 100 rad/s. From Fig. 7 we obtain that the
value of y* to x1 is 1, and to x; is 3. From Fig. 8, the following
function

Exr|, 4
Py = — BTl _4n

(e sin(@O)r 17, @

is plotted, it is apparent that these gains are attained at a low
frequency of the input signal.

Fig. 8 illustrates another interesting phenomenon. Recall
that for homogeneous systems a dilated input signal (2)
causes a dilated output not only in amplitude, but also in
time. Thus, with negative d, if the amplitude of the input u
is increased, and if the same value of I from (66) is to be
resulted, then the frequency of the increased-magnitude input
u has to be diminished, as is observed in Fig. 8. Note that
when the amplitudes of input are increased, the frequency
plot is shifted to the left, i.e. an input with lower frequency
and larger amplitude achieve the same I' in (66) with
negative d.

On the other hand, this is reversed with positive d, since
rr = —d < 0. Namely, when the amplitudes of input are
increased, the frequency plot is shifted to the right, i.e. an
input with higher frequency and larger amplitude achieve the
same I" in (66) with positive d.

The simulations were carried out with forward Euler
method and sampling period of 107s.

At last, the behavior of y* for positive values of d =
{0.25, 0.5, 0.75},k» = b, which is not studied in [30],
are plotted in Fig. 9, the cases of k» = {0.99b, 1.01b} are
omitted, since the difference are too small and thus negligible.
All three y* converge also to (63), yet with a larger k; as d
grows larger.

(66)

VOLUME 10, 2022



D. Zhang et al.: Homogeneous L, —Stability for Homogeneous Systems

IEEE Access

0 Lol T
107t 10° 10! 102
w in rad/s
e e N R BRI
s RESNG RN -~ - 0.5sin(wt)
N AN sin(wt)
 2F N I —— 2sin(wt)
3 ) ) .
~= \ v |- 3sin(wt)
g \ \
~ 1L M Ml il
0 IR RS
10—t 10° 10! 102
w in rad/s

FIGURE 8. T'(w) in (66) for y = x; (upper) and y = x, (lower) in response
to harmonic input u = « sin(wt), for different amplitudes and range of
frequencies. The system parameters are d = —0.5and k; =3,k, =b =3.
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FIGURE 9. p* fory = x; (upper) and y = x, (lower) of system (58) with
positive d = {0.25, 0.5, 0.75} and k, = b, p = 2.

X. CONCLUSION

In this paper, motivated by the fact that the traditional
concept of L,—stability is not well-defined for arbitrary
homogeneous systems, a novel definition of homogeneous
L,—stability and £,—gain has been introduced which is
applicable to arbitrary homogeneous systems. This requires
the definition of homogeneous signal £,—norms that allow
to arrive at a globally defined homogeneous L,—gain
for any homogeneous system. It is shown that previous
results, using classical signal norms, are only possible under
severe restrictions of the homogeneous system class. The
novel concept of homogeneous L,—stability is applicable
to p = oo, and its related concept of ISS. Homogeneous
L,—stability is characterized by a homogeneous dissipation
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inequality, which, for system affine in control input, can
be reduced to a homogeneous Hamilton-Jacobi inequality.
This allows to show that any homogeneous system, having
an asymptotically stable equilibrium point for zero input,
is homogeneous L,—stable and has a finite homogeneous
L,—gain, for every p sufficiently large. Moreover, using
either the dissipation inequality or the Hamilton-Jacobi
inequality, and finding a homogeneous Lyapunov function,
an upper bound of the homogeneous L,—gain can be
estimated. Remarkable is that this upper bound is not only
possible for p = 2, as it is well-known, but for an arbitrary
p. With the tool of finite-gain homogeneous £, —stability the
closed loop stability can be studied with the homogeneous
small gain theorem for interconnected homogeneous systems.
The results of the paper are illustrated by some examples.
A natural consequence of the present work is the use of
homogeneous L£,—stability and gain to assure the stability
of feedback interconnected systems. Further, homogeneous
control or observer design can be performed to optimize the
homogeneous £,—gain, as e.g. the Hy,—norm. This will be
reported in the future.

APPENDIX
A. JENSEN’s INEQUALITY

Lemma 8 (Jensen’s inequality [41]): If I is an interval in
R on which f(x) is convex, if n > 2, w is a positive n-tuple
with Z;’Zl w; = 1, x an n-tuple elements in I, then

f (Z wm) <Y wif(x)
i=1 i=1

If f is strictly convex, the inequality is strict unless x = £1,,.
First, choose f(-) = | - |P, p > 1, which is a convex function,
and choose w = (0.5,0.5)", x = (24,2 b)" where a, b non-
negative. Then we have

(a+ by < 27N a? +b"). (67)

Furthermore, from [42, Theorem 5.26] in the section of
Jensen-Petrovi¢’ Inequality, we extract

Lemma 9 ([42]): Let w, x be two non-negative n-tuples,
suppose x; € [0,al,i=1, ... ,nand

n
Z Wixj Z Xj
i=1
,n, as well as
n
Zw,'xi € [0,a].
i=1
If f(x)/x is a decreasing function, then
n n
f (Z wixi> <) wifx). (68)
i=1 i=1

If f(x)/x is an increasing function, then the reverse of
inequality (68) holds.

forallj=1, ...
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]i
Letp; > po» > 0and f(-) = | - |72, then the function
@ _ |’xJ Plp;PZ
X

is increasing w.r.t. x € R” (since p; > p»). Using Lemma 9
with choice of w = 1,, (the two conditions are met with a =
00), we have

Pl

n P2 n n
Yol ) =£ D) =Y fnl)
i=1 i=1 i=1
n PL n
= () = |l

i=1 i=1
ie.

1 1

n ) n 1
Skl =D

i=1 i=1

(69)

This implies that for a vector x € R", p; > p» > 0, the
classical p—norm satisfies ||x]|, > [lxlp,. In other words,
for p > 1 and positive a, b we have

(af’+b1’)fl’ <a+b. (70)

Combined with (67), we obtain
d’ + B < (a+byP <27\ + 7).
On the other hand, for 0 < p < 1 and positive a, b, we have
(@ +b° )% >a+b
which is

(a+ by <@ +b"). (71)

Thus combining the case of 0 < p < 1 and p > 1, that is
p > 0, we have for positive a, b that

@+by = max {1,271} @ + 1), (72)
B. HOLDER’s INEQUALITY
A special form of [42, Theorem 4.12] is given by

Lemma 10 (Holder’s inequality [42]): Iff, g are measur-
able real functions, then the following inequality holds

1 00 1
/ wr)g(zndrs( / v<r>|f’dr)” ( / lf(t)l"dt)q
0 0 0

(73)

for positive real numbers p, q satisfying pfl + cf1 =1.
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