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Abstract
This work presents an approach to the macroscopic field-controlled mechanics of magnetoactive
elastomers of mixed content, which are a special type of smart materials made of an elastic
composite and a combination of two essentially different ferromagnetic fillers. High-coercive
particles of NdFeB-alloy powder for the magnetically hard (MH) filler and carbonyl iron
powder particles with nearly zero coercivity for the magnetically soft (MS) filler are usually
used. The MH particles are tens-of-micron in size and impart to the elastomer a remanent
magnetisation, whereas due to the MS particles of several microns in size, the elastomer
acquires a high magnetic susceptibility. Since large MH particles once magnetised in a strong
field possess their own fields to which the MS particles are susceptible, the overall elastomer
magnetisation as well as its mechanical response greatly depends on the relative concentration
of both fillers. This work particularly studies the bending deformation of horizontally fixed
magnetoactive cantilevers with the permanent magnetisation along the length axis under the
action of gravity and a vertically applied uniform magnetic field. The cantilevers of the same
geometry and fixed NdFeB content but different carbonyl iron concentration are considered.
The magnetomechanical model is developed based on the finite-strain theory assuming the
plane-stress approximation of the two-dimensional cantilever of infinite width. The magnetic
energy comprises two magnetic terms, one of which is qualitatively linear and the other one is
quadratic in the applied field strength. The numerically calculated field-programmed
equilibrium bending shapes of the cantilevers are compared with the experimentally observed
shapes. The model provides good agreement with the experiment up to moderate concentrations
of the MS filler, when the coefficients of customary interpolation formulas for the concentration
dependencies of elastic modulus and magnetic susceptibility are properly adjusted.
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1. Introduction

Magnetoactive elastomers (MAEs) are a special type of smart
materials consisting of soft elastic matrices filled with micron-
sized ferromagnetic particles. They are becoming widely
accepted as materials for vibration protection [1–5], damp-
ing, acoustic shielding [6] as well as for the manufacture of
grippers and actuators in macro- andmicrorobotics [7–11]. An
MAE cantilever, which is a rod rigidly fixed at one end, besides
being an important piece of many of the above-mentioned
devices, is the key element in designing the vibration and
acceleration sensors based on MAEs. In case of an MAE can-
tilever, the advantage is that its properties can be strongly
changed in a contactless manner by applying a magnetic field,
and its deformation can be directly converted into an electro-
magnetic induction signal and transmitted to a measuring or
control circuit.

The bending of the cantilever is a convenient parameter
for monitoring in statics, while in dynamics the most con-
venient parameters are the amplitude-frequency characterist-
ics caused by the bending oscillations of the cantilever. Two
operating modes of the MAE-based cantilever sensor can be
purposefully selected: (a) one can analyse the characteristics
of external impulse disturbances bymeasuring the free oscilla-
tions of the cantilever, or (b) it is possible to realise a stationary
oscillation mode of the cantilever and to monitor the evolution
of the external conditions acting on the system by observing
its parameters.

The prospect of application of MAE cantilevers in sensors
spawns an interest in the theory of these structural elements,
which requires obtaining an object-oriented set of equations
that combines the mechanics of an elastic beam with Max-
well’s equations for a continuous medium. Including mag-
netic terms, significantly affects the balance of internal forces
in the MAE composite and, as a result, greatly changes the
response characteristics of the cantilever to external mech-
anical and/or magnetic stimuli. Magnetomechanical contribu-
tions that describe mesoscopic (between particles inside the
MAE) and macroscopic (cantilever as a whole with an applied
field) interactions introduce a significant non-linearity into the
problem. Therefore, numerical simulations have become one
of the leading approaches to estimate the main parameters of
such systems required for their destination application.

For any MAE sensor, and a cantilever in particular, the
choice of the material is a crucial factor since modern MAEs
are very diverse in composition and internal structure, and
therefore differ significantly from each other in their phys-
ical properties. The two most important characteristics that
predetermine their field-dependent behaviour are the type of
dispersed ferromagnetic filler (either magnetically soft (MS),

magnetically hard (MH), or a mixture of those) and the
structural organisation of particles at the mesoscopic level.
Indeed, the particle arrangement is formed at the polymerisa-
tion stage of the MAE synthesis and may be varied from iso-
tropic spatial distribution (no external field) to a pronounced
anisotropic structure (preliminary texturing) when polymer-
isation is performed in the presence of an external magnetic
field. Moreover, unlike an MAE with MS filler (we term
it MAE-MS), an MAE with MH filler (we term it MAE-
MH), even if spatial distribution of the particles is homogen-
eous, may be (and usually is) made magnetically anisotropic
after polymerisation by magnetising it by imposing a strong
field, i.e. forcibly orienting the particle magnetic moments by
internal switching. Clearly, for a cantilever made of a magnet-
ised MAE-MH, both static and dynamic responses to applied
forces or magnetic fields depend on how its internal anisotropy
is directed with regard to the cantilever body.

The diversity of MAEs in material composition and struc-
ture leads to the fact that specialised models are required
to describe different types of cantilevers. In general, by
nowadays in the literature there are numerousworks devoted to
theoretical and experimental problems ofMAE cantilevers, On
the other hand, if one is interested in considering a specific type
of cantilever—in our case these are cantilevers made of MAEs
of mixed MH+MS content—it turns out that the reliable per-
tinent information on that is scarce and, often, insufficient.

By now, the main amount of knowledge has been accumu-
lated on the cantilevers made of MAEs-MS, they were the first
to become a focus of interest. One may find detailed experi-
mental data [12–21] together with numerous publications on
the theory and numerical simulation [17, 18, 22, 23]. The given
references are just examples, the full list is far too long. As in
the vast majority of those papers only quasi-static problems
are addresses and solved, we would like to separately note the
works on the behaviour of soft MAE cantilevers in alternating
magnetic fields [24, 25].

The area of scientific interest is now shifting towards
MAEs-MH where the MH particles are an order of mag-
nitude larger in size than the MS particles. These composites
together promise to yield more sensitive sensors, and also pos-
sess additional, tuneable custom parameters [26–29]. The the-
oretical and experimental studies of these objects is rapidly
developing [27, 30–38].

Meanwhile, yet the next generation of MAE sensors
seems to be cantilevers made of composites of mixed con-
tent, where the magnetic filler is two-component: compris-
ing MS (e.g. carbonyl iron) and MH (e.g. NdFeB) micron-
sized particles. In these materials (we term them MAEs-MC),
the MS phase is responsible for a high magnetic susceptib-
ility, and the MH phase is responsible for the presence of

2



Smart Mater. Struct. 31 (2022) 105021 T I Becker et al

remanent magnetisation which exists even in the absence of an
external field [39–43]. In this case, another tuneable parameter
appears—the relative ratio of fillers. Moreover, an MAE-MC
cantilever may be made re-programmable by tuning its elastic
modulus and remanent magnetisation with the aid of external
field [28].

The specifics of MAEs-MC is that therein both filler com-
ponents always affect each other since they are inherently
coupled by magnetic interaction, which works in a rather com-
plicated way [44]. In such a system two opposite tendencies
compete. On the one hand, the MS phase shields, and thereby
weakens, the magnetic field of each MH particle. On the other
hand, as the MS particles fill in the space between the usu-
ally much larger MH particles, they turn out to serve as meso-
scopic magnetic circuits with a high saturation magnetisation
that entail an increase of the macroscopic magnetisation of the
sample. The predominance of one tendency over the other is
ensured, of course, by the relative content of the fillers.

This paper studies the bending deformation of horizontal
MAE-MC cantilevers in a vertical uniformmagnetic field. The
objects of study are the permanently magnetised cantilevers
of the same geometry but with different proportion between
the MH and MS phases. In section 2, the finite-strain the-
ory is introduced to derive the energy density function of the
MAE-MC under large deformations. The magnetic filler con-
tributions to the magnetic energy are assumed to be additive,
where one term (MH) is linear in the applied field strength
due to the remanent magnetisation and the other term (MS) is
quadratic to the field owning to a high magnetic susceptibil-
ity. Section 3 presents the plane-stress model approximation
of the two-dimensional (2D) MAE-MC cantilever of infin-
ite width and the numerical solution of the variational prob-
lem using the finite element method (FEM). The experimental
section 4 describes the synthesis of the MAE-MC cantilevers
and the setup for measuring their field-programmable equilib-
rium bending shapes. The comparative analysis of the numer-
ical simulation results with the experimental data is provided
in section 5. The final section is devoted to a discussion of the
results.

2. Magnetomechanics of an MAE cantilever

The equilibrium shape of an MAE cantilever in a magnetic
field is determined by the balance of magnetostatic, elastic and
gravitational forces distributed over the material volume. The
scientific problem of a magnetised horizontal cantilever in the
presence of a uniform magnetic field H0 generally contains
three orientation parameters: two angles that the main canti-
lever axis n makes with the gravity direction g and with the
applied field, as well as the angle between the directions of
the remanent magnetisation Mr and the field H0. As a rule,
the cantilever is magnetised along the length axis, so that it is
formed in a state where vectorsMr and n are parallel. Given a
high magnetic rigidity of the particles and their strong bond-
ing to the polymer matrix, we assume that this juxtaposition
of the directions is not lost when the cantilever is bent. Below,
we consider the problem of a horizontal MAE cantilever in the

Figure 1. Schematic of the MAE-MC cantilever with the remanent
magnetisation along the length axis; the directions of gravity and a
would-be imposed uniform magnetic field are indicated.

field H0 parallel to ±g that has only one essential orientation
parameter, which is the angle between n and H0.

2.1. Beam approximation for a composite non-magnetic
cantilever

In classical mechanics, the bending theory of a non-magnetic
cantilever is well developed, see [45–47], for example. As a
zero-approximation, let us recall the well-known result of the
linear theory of elasticity describing the bend of a horizontal
cantilever with length L, width b and thickness a in the gravity
field, see figure 1. If the bend is relatively small compared to
the cantilever length, the vertical displacement of the free end
is expressed by the formula [48]:

uendz =−ρgL4/2Ga2, (1)

where g is the gravitational acceleration, G is the shear modu-
lus of the material, and ρ is its mass density assuming that the
cantilever material is fully homogeneous. Here, the origin of
the Cartesian coordinate systemOxyz is positioned at the fixed
support, whereas Oz is the direction of −g.

In our case, the MAE cantilever material is a composite,
that is, a polymer matrix with density of ρm, in which spher-
ical magnetic filler particles of density ρp are distributed with
volume concentration ϕ. Then the MAE density is a linear
combination of the partial components: ρ= (1−ϕ)ρm+ϕρp.
For small and moderate values of ϕ (∼30%), the shear modu-
lus may be approximated by the well-known relation from the
theory of isotropic composites derived for randomly distrib-
uted spherical particles [49]:

G= G0

(
1+

16− 15ν
2(4− 5ν)

ϕ+ q
15(1− ν)

2(4− 5ν)
ϕ2
)
, (2)

that is exact with the ϕ2 accuracy; here G0 is the shear mod-
ulus of the unfilled matrix, ν is the Poisson’s ratio, and q is
the fitting coefficient depending on the type of the particle
distribution.

Substitution of equation (2) into formula (1) shows that
the gravitational sagging of the cantilever decreases as the
filler concentration increases: uendz ∝ ϕ−1. This means that the
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material stiffening prevails over the increase of its specific
gravity. Obviously, this conclusion for the MAE cantilever is
fully correct only in the absence of an external magnetic field.
When the field is turned on, the ferromagnetic component con-
tribution significantly interferes with the balance of competing
elastic and gravitational forces.

2.2. Finite-strain description

In practice, the cantilever bending is not necessarily small and
therefore needs to be described by the theory of finite elastic
deformations. Consider two body configurations: initial unde-
formed and current deformed (actual) ones. The radius vector
of an arbitrary point is denoted as r in the initial configuration
and as R= r+ u in the current configuration, where u is the
displacement vector. The basis vectors of the local coordinate
system in the initial configuration are ϵi = ∂r

/
∂qi. Their coun-

terparts in the current configuration are ϵ̂i = ∂R
/
∂qi, where qi

are the generalised coordinates.
The Hamilton operators ∇= ϵi∂

/
∂qi of the initial con-

figuration and ∇̂= ϵ̂i∂
/
∂qi of the current configuration are

defined in terms of reciprocal basis vectors.
The fundamental kinematic quantity—the deformation

gradient tensor—is expressed as

F= (∇R)T = ϵ̂iϵ
i = I+(∇u)T, (3)

where I is the metric unit tensor, and the tensor transposition
is indicated by superscript T. The inverse of the deformation
gradient tensor has the form

F−1 = (∇̂r)T = ϵiϵ̂
i = I− (∇̂u)T. (4)

To describe rotary displacements, it is convenient to use the
polar decomposition of the deformation gradient tensor

F=O ·U, (5)

where O is the orthogonal rotation tensor and U is the sym-
metrical tensor of pure strain, e.g. OT =O−1 and UT = U.

The Hamilton operators in the current and initial configur-
ations are related by

∇̂= F−T ·∇, where F−T ≡ (FT)−1. (6)

The general form of the elastic energy density for a
medium, which is isotropic in the initial state, is

Wel =Wel
(
I1,I2,I3

)
, (7)

where I1 = tr(C), I2 = 1
2

[
(tr(C))2 − tr(C2)

]
and I3 =

det(C) are the principal invariants of the right Cauchy–Green
deformation tensor C= FT ·F.

We consider Wel in the form of the Peng–Landel elastic
potential [50], in which the effects of the distortional and
volume changes are clearly separated. It is known to be well
appropriate for slightly compressible elastomers under large

deformations. In the absence of magnetic field, this potential
has the form

Wel =
1
2
G
(
J−2/3tr(C)− 3

)
+

1
2
K(J− 1)2, (8)

where K is the bulk modulus, which for a silicone rubber is
much higher than the shear modulus G. The MAE of the con-
sidered type—a silicone rubber filled with metal particles—
under the moderate loads behaves as a virtually incompress-
ible medium: see [51], for example where the experimentally
found Poisson ratio for a similar composite is greater than 0.49
at the magnetic phase volume fractions up to 50 vol.%. Given
that, we simplify the Jacobian of deformation gradient tensor
J= det(F) to J≈ 1.

The total energy of a magnetoelastic medium is defined
according to [52] by

U=

ˆ
ΩMAE

ρf(F,H)dV− 1
2
µ0

ˆ
Ω

H2dV. (9)

Here, µ0 is the vacuum permeability, Ω is the entire compu-
tational volume and ΩMAE is the MAE volume, both quantit-
ies defined with respect to the current configuration. Note that
the energy density f(F,H) comprises the elastic contribution
(equation (8)) as well. In the absence of conduction currents,
the relation between internal magnetic field H in the material
and externally applied field H0 is established by introducing
scalar magnetostatic potential ψ. Expressing this relation in
terms of the deformation gradient tensor in the current config-
uration, it takes the form of H=H0 −∇̂ψ.

The magnetisation and the Cauchy stress tensor of the con-
sidered magnetoelastic medium are determined by the deriv-
atives of the energy density:

M=− ρ

µ0

∂f
∂H

, T= ρF · ∂f
∂F

. (10)

Note that all the quantities in expressions (9) and (10) refer
to the current deformed configuration. Since this configura-
tion is not known before the boundary value problem is solved,
we transform the integrands in equation (9) to the initial con-
figuration. The magnetic fields in the initial configuration are
related according to H=H0 −F−T ·∇ψ. The density and the
volume element are transformed from the initial configuration
to the current configuration as ρ= J−1ρ 0 and dV= JdV0. In
these notations, expression (9) takes the form

U=

ˆ
Ω

(0)
MAE

ρ 0f(F,H)dV0 −
1
2
µ0

ˆ
Ω(0)

JH2dV0, (11)

where superscript ‘(0)’ denotes the entire computational and
the MAE volumes in the initial configuration, respectively.
The displacement vector u, and through it the deformation
gradient tensor F are defined in the volume Ω

(0)
MAE, whereas

field variables H and ψ are defined in Ω(0).
Splitting the energy density f into elastic, defined by

equation (8), and magnetic parts

f=Wel/ρ 0 +Wmag/ρ, (12)
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we bring the total energy (equation (11)) to the form

U=

ˆ
Ω

(0)
MAE

(Wel + JWmag)dV0 −
1
2
µ0

ˆ
Ω(0)

JH2dV0. (13)

For a magnetised medium, the magnetic part of the energy
density is given by the general expression

Wmag =−µ0

ˆ H

0
M(H ′)dH ′, (14)

which is applied under the assumption that the MH and MS
filler contributions to the magnetisation of the magnetised
MAE-MC are additive, and the MS filler follows a linear mag-
netisation law:

M(H) =Mr +χ0H. (15)

Thus, the MH filler imparts to the MAE-MC composite a con-
stant remanenceMr, whereas the MS filler is characterised by
a constant magnetic susceptibility χ0. Substituting equation
(15) into equation (14), we find

Wmag =−µ0

(
1
2
χ0H

2 +Mr ·H
)
. (16)

An MAE-MC cantilever is considered ready for tests and
work after it had passed application of a strong magnetic
field directed along its length axis. As a result, it acquires
the remanent magnetisationMr that is uniform over the canti-
lever volume. Given tight embedding of the MH particles, this
means that when the cantilever is bent, vectorsM(0)

r andMr in
the initial and current configurations are related to each other
by a pure rotation transformation:

Mr = J−1O ·M(0)
r . (17)

To provide a formal continuation of the deformation gradi-
ent tensor F everywhere in the computational volume Ω, the
volume Ω\ΩMAE surrounding the cantilever is assigned the
elastic potential of the form (8) but this volume has no mag-
netic properties. On the one hand, this is a formal assumption
necessary for the stability of the computational algorithm. On
the other hand, physical considerations require that the result
obtained should not depend on the elastic properties of the sur-
rounding medium because in the experiment the cantilever is
surrounded by air. The necessary compromise is achieved by
assigning to the region Ω\ΩMAE a shear modulus Gs, which
is several orders of magnitude lower than G. In our case the
factor A= Gs/G= 10−5 is used.

Finally, the expression for numerical evaluation of the total
energy takes the form

U=

ˆ
Ω(0)\Ω(0)

MAE

(
AWel −

1
2
µ0JH

2

)
dV0

+

ˆ
Ω

(0)
MAE

(
Wel + JWmag −

1
2
µ0JH

2

)
dV0. (18)

3. Bending of a 2D cantilever

According to the classical beam model (1), the cantilever
bending does not depend on its width b. Although this result
is true only for small deformations, it is reasonable to assume
that for moderate bends, the dependence of uendz on the width b
is weak as well. Based on this assumption, we consider accept-
able to consider a 2D approximation, in which the MAE-MC
cantilever of width b is replaced by a thin plate of infinite width
made of the same material.

3.1. Plane-stress approximation

For the plate problem in question, the generalised coordin-
ates qi (see section 2.2) may be chosen to coincide with the
Cartesian coordinates Oxyz, so that the bending deformation
takes place in the xOz plane, see figure 1. The 2D cantilever
deforms in a plane-stress state, so that the stress tensor com-
ponents perpendicular to the xOz plane, i.e. along Oy direc-
tion, are zero all over the material volume. In this situation,
large deformations are described by the displacement vec-
tor u, which has only two components ux(x,z) and uz(x,z).
Therefore, the components of the deformation gradient tensor
assume the form

Fij ≡ δij+
∂ui
∂qj

=

 1+ ∂ux
∂x 0 ∂ux

∂z

0 1+ eyy 0
∂uz
∂x 0 1+ ∂uz

∂z

 , (19)

where δij is the Kronecker delta.
The unknown variable eyy characterising the strain in the

Oy direction, generates additional equation

∂Wel

∂eyy
= 0,

which corresponds to the stress component being equal to
Tyy = 0.

3.2. Numerical solution

For numerical implementation, the energy functional
(equation (18)) is rewritten in the dimensionless form using
the shear modulus G as the unit of measure:

U=
U
G

=

ˆ
Ω(0)\Ω(0)

MAE

(
AWel −

1
2
JH

2
)
dV0

+

ˆ
Ω

(0)
MAE

(
Wel + JWmag −

1
2
JH

2
)
dV0. (20)

Here, for dimensionless magnetic variables, we introduce

notations H=H
√
µ0

/
G and M=M

√
µ0

/
G. The other

dimensionless quantities and variables are K= K/G, Wel =
1
2

(
J−2/3tr(C)− 3

)
+ 1

2K(J− 1)2 and Wmag =− 1
2χ0H

2 −Mr ·
H. All calculations are performed for K= 150. The length
scale is based on the doubled cantilever thickness 2 a as a unit,
so that the dimensionless local displacement of the cantilever
is u= u/(2a).

5
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Figure 2. Distribution of the strain tensor components Exx, Ezz and Exz inside the model MAE cantilever with material parameters of the
experimental MAE Sample No. 4 in an external field of H0 =−40 kAm−1.

Using the above-adopted notations, to describe the equi-
librium problem, one has to solve the following variational
equation together with the appropriate boundary conditions:

δU= 0, u
∣∣
x=0

= 0, ψ
∣∣
Γext

= 0, (21)

where Γext is the external boundary of the computational
volume Ω(0) and ψ = ψ

√
µ0

/
(2a

√
G) is the dimensionless

scalar magnetic potential. The solution is sought numer-
ically by the FEM implemented by means of an open-
source computer platform for solving partial differential
equations FEniCS [53]. The mesh that covers the compu-
tational region consists of triangle elements and is gen-
erated automatically, an example is given in figure 2.
The magnetostatic potential is approximated quadratically,
whereas for the displacement vector a linear approximation
is used. This FEM scheme is used to minimise the energy
equation (20), i.e. to solve the quasistatic magnetoelastic
problem, where the elastic and magnetic energy densities
are rendered by equations (8) and (16), respectively. The
numerical values of the material parameters are presented in
sections 5.2 and 5.3.

The boundary conditions for the FEM model are given by
equation (21). The mesh that covers the computational region
consists of triangle elements and is generated automatically
(see figure 2). The magnetostatic potential is approximated
quadratically, whereas for the displacement vector a linear
approximation is used. The FEM scheme implemented with
the aid of FEniCS is used tominimise the energy equation (20),
i.e. to solve the quasistatic magnetoelastic problem, where
the elastic and magnetic energy densities are rendered by
equations (8) and (16), respectively. The numerical values of
the material parameters are presented in sections 5.2 and 5.3.

Figure 3. Distribution and field lines of the magnetic induction
vector B inside and around the model MAE cantilever with material
parameters of the experimental Sample No. 4 in an external field of
H0 =−40 kAm−1. The colourmap indicates the magnitude of
dimensionless magnetic induction B/

√
µ0G.

The simulation results are exemplified in figures 2 and 3
for a model MAE cantilever whose material parameters
correspond to the parameters of the experimental MAE
Sample No. 4 described below: G= 1.7MPa, χ0 = 3.27 and
Mr = 35 kAm−1. The set of panels in figure 2 shows the
distribution of three finite strain tensor components. This
tensor is defined as E= 1

2 (C− I) [54]. Unlike the cus-
tomary strain tensor, it is applicable for the case of large
deformations. In figure 3 the field distribution is presented
in terms of the in-plane component of magnetic induction
vector B= µ0 (H+M). The reason for the B-field rep-
resentation is that it is more convenient for direct com-
parison with experimental field measurements around the
cantilever.

6
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Figure 4. Microscopic images of (a) MS filler (BASF, grade CC) and (b) MH filler (Magnequench, MQP-S-11-9-20 001-070);
(c) synthesised MAE cantilevers magnetised along the length, their dimensions are given in mm.

4. Experimental

4.1. MAE cantilever samples

The experimental study is carried out with a series of four
MAE cantilevers of the same geometry but different mater-
ial composition. The ingredients for the composite prepara-
tion are: a two-component silicone rubber Elastosil RT623
(Wacker Chemie AG, Germany) and two types of mag-
netic fillers. The MS filler consists of carbonyl iron powder
(BASF, grade CC) with spherical particles of median dia-
meter 3.8–5.3µm [55]. For the MH filler, an NdFeB-alloy
powderMQP-S-11-9-20001-070 (Magnequench) is used [56].
This powder contains micron-sized spherical particles with
median diameter of 35–55µm. Microscopic images of both
powder types are shown in figures 4(a) and (b). The silic-
one density is ρm = 1 g cm−3. The net density of the two-
component magnetic filler defined as the weighted average
between ρ= 7.43 g cm−3 (Magnequench NdFeB, according
to the manufacturer) and ρ= 7.86 g cm−3 (carbonyl iron), so
that the density of the solid phase ρm varies from 7.43 g cm−3

(Sample No. 1) to 7.56 g cm−3 (Sample No. 4); these values
were used in the respective simulations.We note, however, that
carbonyl iron micron particles are to some extent porous, and
their degree of porosity is actually unknown. This means that
ρm deviations between Samples Nos. 1 and 4 are actually even
lower.

In the synthesis processes of each cantilever, the liquid sil-
icone components are mechanically mixed with the required
magnetic filler content. The magnetic composition is subjec-
ted to vacuuming to eliminate air cavities prior to polymer-
isation. This mixture is then poured into an aluminium mould
and placed for curing at room temperature, being rotated on a
loopster device at a rate of 10 rpm to prevent sedimentation of
the magnetic filler.

Four synthesised MAE cantilever samples are presented in
figure 4(c). The MH filler volume concentration in all canti-
levers is maintained at a fixed value of 10%. The MS filler
volume concentration is varied from 0% up to 30%. The mag-
netic composition of the cantilevers is summarised in table 1.

Table 1. Magnetic composition of the MAE cantilevers.

Sample No. Magnetic filler type ϕMH, vol% ϕMS, vol%

1 MH 10 0
2 MH & MS 10 10
3 MH & MS 10 20
4 MH & MS 10 30

The cantilever No. 1 is made of an MAE with only MH filler,
and therefore it is very different in colour due to the low
magnetic filler concentration. Cantilevers Nos. 2–4 are of the
MAEs-MC kind.

The cantilever geometric shape has a rectangular cross
section of a× b= 5mm× 10mm with edges rounded by a
corner radius of 2mm. The effective cantilever length (exclud-
ing fastening) is L= 60mm. The T-shape end part is required
for restraining the cantilever inside the fixed support. The same
cantilever geometry has been used in our previous work [18],
where we have studied the dynamic properties of vibrating soft
magnetic cantilevers in order to utilise them as field-controlled
sensor elements.

An important step after polymerisation is the magnetisa-
tion of all cantilevers in a pulse magnetic field of approxim-
ately 0.8 T to impart to them a remanent magnetisation. This
is done in the electromagnet of Lake Shore 7407s magneto-
meter, where each cantilever is placed in such a way that its
length axis is aligned parallel to the magnetising field.

4.2. Experimental setup

TheMAE cantilever shape-programmable bending is investig-
ated experimentally in a uniform magnetic field. This applied
field H0 is generated by a Helmholtz coil pair with a vertical
axis. The coils are separated by a distance of 133mm equal to
their radius. A current in the coils generates an almost uniform
magnetic field up to ±40 kAm−1, which is directed either
upward or downward depending on the current direction. The
homogeneity of the field is proven bymeasurements in air with
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Figure 5. Programmed plane bending shape of the magnetised MAE cantilever No. 1 controlled by the application of a uniform magnetic
field in comparison with the original shape caused by gravity: (a) H0 = 40 kAm−1, (b) H0 =−40 kAm−1.

a Hall sensor and simulated using the FEM in ANSYS soft-
ware. Results of both tests render the magnetic field homo-
geneity not worse than 96.5% compared to the maximum field
value in the relevant inner region between the coils.

Each cantilever is placed in the centre of the Helmholtz coil,
so that its T-shaped part is rigidly clamped inside an aluminium
fixed support. The initially undeformed straight Ox axis of
the cantilever is horizontal and coincides with the middle axis
between the coils. In the presence of gravity and applied mag-
netic field, which both act vertically, the cantilever bends in
the xOz plane. The magnetic field-programmable deformation
of the cantilever is measured using a laser triangulation sensor
attached to a horizontal linear axis above the cantilever in the
same vertical plane of bending. The laser sensor is driven by an
external stepper motor with a constant speed of 10mm s−1 in
the Ox (horizontal) direction. When moving, the sensor meas-
ures vertical distance ztopexp(x) to the upper side of the canti-
lever all along its length. The output signal of the laser sensor
together with the signal of the Hall sensor used for registration
of the applied uniform field, is transmitted and analysed using
a PC software. The temperature is kept at the room level. The
influence of other experimental factors are not examined.

The bend measurements are carried out by applying
five moderate field strengths H0 between −40 kAm−1 and
40 kAm−1 with increment 20 kAm−1. For all cantilevers, the
occurring static bending is measured six times at each field
magnitude. Before taking each next measurement within the
series, the cantilever is turned over by 180◦ around its length
axis and fastened anew in the fixed support. This variation of
the two cantilever symmetrical orientations is done to exclude
the effect of possible spatial non-uniformity of the magnetic
filler inside the sample (e.g. due to the particle sedimentation
during the MAE synthesis) on the measurement error. Based
on six separate measurements, the average bending shape of
the cantilever upper surface is evaluated for a given applied
field strength. The standard deviation calculated for each set
of tests is below 1.41mm. Those averages as functions of ϕMS

are plotted as dots in figures 8–11 below. The bending shapes
of the MAE cantilever No. 1 with and without application of a
uniform magnetic field of H0 =±40 kAm−1 are compared in
figure 5.

5. Testing the model against measurements

5.1. Functional approximation for the measurement data

To compare the experimental results with the theoretical
model, the discrete set of measurements of the bent canti-
lever shapes is transformed into a continuous function z(x)
describing the bending of the cantilever middle line in the
coordinate system shown in figure 1. Let us introduce the angle
α(s) between the tangent to the cantilever middle line z(x)
and the Ox axis, where s is the natural length parameter vary-
ing from zero to L and counted from the fixed support: s= 0
for x= 0. The relations dx/ds= cosα(s) and dz/ds= sinα(s)
take place at each point of the middle line. Their integration
defines function z(x) in parametric form. Assuming that the
cross sections of the cantilever remain flat and normal to the
middle line during deformation, the bending shape of the upper
surface, which is measured in the experiment, is described by

xtop = x− a
2
sinα, ztop = z+

a
2
cosα, (22)

where a is the cantilever thickness.
For the tangent angle, the following polynomial approxim-

ation is taken

α(s) = α0 + k1s/L+ k2(s/L)
2 + k3(s/L)

3 + k4(s/L)
4. (23)

Here, a constant angle α(0) = α0 independent of s is intro-
duced in order to take into account the non-absolute rigidity
of the cantilever fixed support in the experimental setup.

Coefficients α0 and ki in formula (23) are found by numer-
ical minimisation of the discrepancy between function (23)
and the measurement data: ||ztop − ztopexp|| →min for each MS
filler concentration ϕMS and each applied field value H0. As a
result, for each of the four studied cantilevers, smooth inter-
polation functions of the measurement data are constructed
approximating the experimental bending shapes with good
accuracy for all field values, which is convenient for further
comparison with the results of the numerical simulation.
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Figure 6. MS filler concentration dependency of the shear modulus.
Result of experimental data fitting for H0 = 0 is shown by markers,
the interpolation result given by equation (2) for G0 = 310 kPa and
q= 5.2 is shown by solid line.

5.2. Estimation of the material parameters

The proposed continuum model (21) describes the MAE
magnetomechanics using very few material parameters. The
numerical values of these parameters are found by running test
calculations in order to achieve the best agreement between the
simulation results and the collected array of experimental data
of cantilever deformation. In a preparatory step, the specified
data are corrected by setting α0 to zero to simulate an abso-
lutely rigid cantilever fixation in the support. This allows us in
all the further calculations to set the middle line z(x) strictly
perpendicular to the cross section plane yOz at x= 0.

Then, the values of the MAE elastic modulus and its
dependence on ϕMS are determined. For that, the measure-
ments of bent shapes of the cantilevers under their own weight
are used. As these data are recorded under H0 = 0, the inter-
actions of the MAE with an external field are excluded. The
experimental shapes are fitted in a series of numerical cal-
culations, where the shear modulus G is the only variable
parameter. The results obtained are represented by markers
in figure 6. There is also a curve G(ϕMS) calculated with the
aid of formula (8) for G0 = 310 kPa and q= 5.2. As seen, this
analytical dependence describes the studied MAEs fairly well
in the range 0⩽ ϕMS ⩽ 0.2. Note that formula (2) deals with
the total concentration of the solid filler of the composite:
ϕ= ϕMH +ϕMS, so that ϕMS = 0.2 in figure 6 corresponds to
ϕ= 0.3. The latter value is conventionally considered to be
the applicability limit of the specified interpolation, so the dis-
agreement at ϕMS = 0.3 is quite expected.

To estimate the remanent magnetisation Mr brought in by
the MH filler and the magnetic susceptibility χ0 of the MS
filler, we apply the following qualitative considerations. Let
us recall that for all the studied cantilevers the content of
the MH fillers is the same: ϕMH = 0.1. For small cantilever
deformations, the bending torque due to the constant magnet-
isation is of the order of ∼µ0MrH0, i.e. is linear in Mr. On

the other hand, the torque associated with the demagnetising
field is proportional to µ0χ

2
0H

2
0uz, i.e. it becomes significant

only for sufficiently large fields and bending. Assuming that
the contribution of constant magnetisation dominates in the
field H=±20 kAm−1, we assume χ0 = 0 and, by fitting the
cantilever shapes, find the first approximation for function
Mr(ϕMS). As expected, calculatingwith this approximation the
cantilever shapes in the field H=±40 kAm−1 yields devi-
ations, which are definitely due to the contribution of the
demagnetisation field. By iterating the value of χ0, we achieve
agreement between the results, and then refineMr andχ0 using
the indicated iterative method based on the available experi-
mental data of the cantilever shapes in the fields ±20 kAm−1

and ±40 kAm−1.
In figure 7 the markers show the values obtained according

to the fitting scheme described above. The line in figure 7(a) is
a linear dependence predicted in [44]. For these line paramet-
ers we obtain Mr(ϕMS = 0) = 21 kAm−1 and dMr/dϕMS =
49 kAm−1. The curve in figure 7(b) corresponds to the
Lichtenecker-type effective medium approximation [57]:

χ0 = χMH +
(
µ
ϕMS/(1−ϕMH)
e − 1

)
. (24)

Here, µe is the effective magnetic permeability of MS
particles. Through experimental comparison µe = 70 is
obtained. Note that formula (24) rendering a complete model,
includes the magnetic susceptibility of MH particles. How-
ever, according to the results of [44], the MH magnetic sus-
ceptibility is small, viz. χMH ≃ 0.03, which therefore has
little effect on the results. As seen in figure 7(b), formula
(24) accurately describes the available measurements in the
range 0< ϕMS < 0.2. When the concentration increases to
ϕMS = 0.3 the accuracy decreases; notably, this is the same
limit at which the interpolation dependence G(ϕMS), see
figure 6, loses its reliability.

5.3. Field-programmable cantilever deformation: model vs.
experiment

The obtained material parameter values are dependent on
the MS filler concentration. Taking these dependencies into
account, we calculate field-programmable equilibrium shapes
of MAE cantilevers with different magnetic content. These
results are presented in figures 8–11. In each of the figures
labelled (a), the solid lines show the numerically calculated
cantilever contours in different applied uniform fields. The
dotted lines represent the bent shapes of the cantilever upper
surface obtained from smoothed experimental data, whereby
setting the angle α0 = 0. In each of the figures labelled (b), the
model predictions are compared with the real deviations of the
cantilever end point from the magnetomechanical behaviour
horizontal.

The model calculations quite satisfactorily describe the
measurement results within the range 0⩽ ϕMS ⩽ 0.2, i.e. with
the total amount of the solid filler ϕ⩽ 0.3. Noticeable
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Figure 7. MS filler concentration dependencies of (a) remanent magnetisation and (b) magnetic susceptibility. Results of experimental data
fitting for H0 = 0 are shown by markers, the interpolation results are shown by solid lines.

Figure 8. Comparison of model and experiment for the cantilever No. 1 filled only with MH particles (ϕMH = 0.1 and ϕMS = 0) in different
applied fields: (a) numerically calculated cantilever contours are shown by solid lines, smoothed experimentally measured shapes of the
cantilever upper surface are shown by dotted lines. (b) Field-dependent deflection of the cantilever end point.

Figure 9. Comparison of model and experiment for the cantilever No. 2 of mixed content (ϕMH = 0.1 and ϕMS = 0.1) in different applied
fields: (a) numerically calculated cantilever contours (solid lines), smoothed experimentally measured shapes of the cantilever upper surface
(dotted lines). (b) Field-dependent deflection of the cantilever end point.

differences between the model predictions and the measure-
ment results for ϕ⩽ 0.4 in a strong magnetic field are quite
expected. Indeed, at such a high degree of composite filling, a
simple model that characterises the MAE using a small num-
ber of material parameters can, at best, claim only qualitative
agreement.

6. Results and discussion

Calculating the field-programmable deformation of the can-
tilevers made of MAEs-MC is a multifactorial problem for
which the material parameters are not always known with
satisfactory accuracy. These uncertainties are enhanced by the
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Figure 10. Comparison of model and experiment for the cantilever No. 3 of mixed content (ϕMH = 0.1 and ϕMS = 0.2) in different applied
fields: (a) numerically calculated cantilever contours (solid lines), smoothed experimentally measured shapes of the cantilever upper surface
(dotted lines). (b) Field-dependent deflection of the cantilever end point.

Figure 11. Comparison of model and experiment for the cantilever No. 4 of mixed content (ϕMH = 0.1 and ϕMS = 0.3) in different applied
fields: (a) numerically calculated cantilever contours (solid lines), smoothed experimentally measured shapes of the cantilever upper surface
(dotted lines). (b) Field-dependent deflection of the cantilever end point.

inevitable heterogeneity of material properties, occurring at
the stage of composite synthesis. For this reason, there are
no grounds to expect that the constructed macroscopic models
would ensure very high accuracy, at least at the current stage
of development of MAE material science.

Nevertheless, the developed model shows that, based on
the fundamental relations of mechanics and physics, it is pos-
sible to substantiate comparably simple but sufficiently robust
approximations which reflect correctly the main properties of
MAEs-MC. This advances the understanding of the behaviour
of these complex material systems. As figures 8–11 show,
our model is able to correctly describe the magnetic field-
induced deformation behaviour of cantilevers made of the
elastomers which differ significantly in the degree of magnetic
filling.

The model numerical calculations render the deformed
equilibrium shapes of MAEs quite close to those observed
in experiment and cover a range of relative concentrations
of the solid phases. We note that the magnetic response of
MAE-MC cantilevers up to now has not been studied by
anyone, although the magnetomechanical behaviour of the
samples filled with monophase—either MS or MH—fillers
were explored extensively.

It was quite reasonable to infer that a more dense filling of
the composite withMS particles that have a highmagnetic sus-
ceptibility should markedly increase the response of the can-
tilever that in our case is the deviation of the cantilever end
from the horizontal. However, the theoretical analysis, per-
formed and experimentally verified, shows that the increasing
modulus of elasticity of the material, that is, its ability to res-
ist forced deformation, actually compensates the effect of the
enhanced magnetisation. From the evidence obtained on the
set of four MAE-MC cantilevers studied under the fields up
to ±40 kAm−1, one concludes that their inflection is mainly
caused by the presence of the MH filler whose volume frac-
tion is the same in all the cantilevers. In other words, adding
the MS filler, even in significant amounts, has almost no effect
on the resulting bending deformation.

On the other hand, the degree of MS filling affects the dif-
ferential susceptibility duendz /dH0 for cantilevers with different
concentration values ϕMS. Whereas this susceptibility is prac-
tically constant for a cantilever with a low amount of the MS
phase, for a highly filled cantilever it increases noticeably as
the applied field grows, see figures 8(b) and 11(b).

It is important to emphasise that, a part of particular
results on the equilibrium shapes of MAE-MC cantilevers,
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the presented work implies, in our view, a much more
general result. Namely, we have shown that the material para-
meters of an MAE-MC can be successfully described by
known approximation formulas up to moderate concentra-
tions of the MS filling. The obtained results also confirm
the conclusion first established in [44] that there is a lin-
ear dependence of remanent magnetisation on the MS filler
concentration.

Certainly, the agreement between experiment and theory is
not perfect. The occurring deviations may be due to a number
of fundamental as well as particular causes. First place, it is the
geometric simplification: the magnetostatic calculations are
performed on a 2D model for a plate of infinite width instead
of a real 3D beam model. Another important reason for devi-
ation is the inapplicability of both the Peng–Landel potential
(equation (8)) and the effective medium theory (equation (24))
for a highly filled elastomer, as it clearly follows from figures 6
and 7. The angular correction α0 introduced into the model in
equation (23) most probably does not fully take into account
the influence of orientationmisalignments inside the fixed can-
tilever support. It is reasonable to assume that some imperfec-
tion of the experimental setup has a deeper effect on the mag-
netomechanical response of MAE cantilevers, since there is
hardly a way to completely eliminate the angle deviations of
the sample in the clamp. Another factor that is difficult to take
into account in modelling is a certain heterogeneity of the spa-
tial distributions of both fillers inside the MAE-MC. Such an
imperfection in the synthesis process is quite expected and just
as fundamentally irremovable. At the same time, the obtained
discrepancies between the developed model and the experi-
ment are relatively small. This proves that the reliability of the
model may be justly considered as satisfactory, at least from
the point of view of applying this framework to engineering
applications.

In conclusion, we remark that the case of cantilevers
considered in this work is just a particular example. This
developed framework with few material parameters may be
applied to any MAE-MC of application interest, e.g. mem-
branes, pipes, helixes, etc. On the other hand, at least one
shortcoming of the above-presented cantilever problem is yet
to be addressed. Whatever reasonable are the predictions of
a 2D model, this should be compared against the 3D solu-
tion to estimate the limits of applicability. This is the issue
to be focused on in the near future. This would bring a final
justification of the static (equilibrium) aspect of the prob-
lem. With respect to applications, this scope is relevant for
understanding functionality of slow-working MAE actuators
and sensors like those discussed and shown in [58] where the
MAE-MC content is formed by orientationally ordered iron
nanowires so that MH and MS properties are integrated in
one and the same object. Another essential aspect in which
the work on MAE-MC is planned to be advanced is their
dynamics. The use of cantilevers as accelerometers or vibra-
tion sensors requires understanding of field-tuning of their
vibration frequency spectra and the quality factors of those
oscillations.
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