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THE NON-REAL SPECTRUM OF A SINGULAR INDEFINITE
STURM-LIOUVILLE OPERATOR WITH REGULAR LEFT
ENDPOINT

JUSSI BEHRNDT, PHILIPP SCHMITZ, AND CARSTEN TRUNK

ABsTrRACT. We provide bounds on the non-real spectra of indefinite Sturm-—
Liouville differential operators of the form (Af)(z) = sgn(z)(—f" (z)+q(z) f(z))
on the interval [a,00), —0o < a < 0, with real potential ¢ € L'(a,c0). The
bounds depend only on the L!-norm of the negative part of ¢ and the boundary
condition at the regular endpoint a.

1. INTRODUCTION AND MAIN RESULT

We consider the Sturm—Liouville differential operator

(Aaf)(z) = sgu(z)(— f"(z) + q(z) f(z)) (1)
with
[, f € ACla, o),
D(Ay) =S feL?a,00)| — f"+qf € L*(a,0), (2)

cos(a)f(a) = sin(a) f(a)

in L?(a,o0) for a € [0,7), where ¢ € L'(a, 00) is a real function and —oo < a < 0.
Here, ACa,c0) denotes the space of functions which are absolutely continuous on
every compact subset of [a,00). As the weight sgn changes the sign the operator A,
is neither symmetric nor self-adjoint in L?(a, o0) with respect to the usual scalar
product (-,-). Hence, A, may have non-real spectrum. But, equipped with the
inner product [+, -],

9= | " f(@)g@ sen(@)dx. f.g € L*(a,00),

L?(a, 00) is a Krein space with the fundamental symmetry J : L%(a, 00) — L?(a, 00),
(Jf)(x) = sgn(x)f(x), where A, is self-adjoint with respect to [-,]; for the basic
notions in Krein spaces we refer to [1] and [7]. Indeed, while the finite endpoint
a is regular the integrability of ¢ implies the limit point case at the singular end-
point oo, cf. [13, Lemma 9.37]. Hence, the definite Sturm—Liouville operator JA,
on D(JA,) = D(A,) is self-adjoint in the Hilbert space L?(a,c0) and due to
(+,-) = [J+,-] the self-adjointness of A, with respect to [-, ] follows. By [2, Corol-
lary 3.9] the operator A, has nonempty resolvent set and its essential spectrum
coincides with the essential spectrum of JA,, where oess(JAq) = [0, 00), see The-
orem 9.38 and the note below in [13].

Recently, bounds for the non-real spectra of indefinite Sturm-Liouville operators
were developed in [3, 8, 9, 10, 11, 12] for operators with two regular endpoints and
in [4, 5, 6] for operators with two singular endpoints. The result in Theorem 1.1
addresses singular operators with one regular and one singular endpoint. The proof
is based on techniques developed in [5, 6]. In the following let ¢ = ¢+ — ¢—, where
4+ () = max{g(x),0} and g_(x) = max{—q(z), 0}.
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Theorem 1.1. The operator Ao, o € [0,7), in (1) and (2) is self-adjoint with
respect to the inner product [-,-]. Let ¢ =0 if « =0 and ¢, = cot(a) if a € (0, 7).
The essential spectrum of A, equals [0,00) and the non-real spectrum of A, is
purely discrete. Every non-real eigenvalue A of A, satisfies

m A| < 24v/3([lg=||1 + |eal)” (3)

and

A< (24v3 4 18) (llg- 11 + [eal)” + 6leal (lla—|11 + leal)- (4)

Proof. Consider an eigenvalue A € C\ R of A, and a corresponding eigenfunction
f with || f]l2 = 1. Let

UG) = [ 1iPsen Vi = [ (5P +alfP), )

for 2 € [a,00). One can show that f satisfies lim,_,o f'(2)f(z) = 0, f’ € L?(a, o)
and q|f?| € L'(a,00), cf. |6, Appendix A|. Hence, the functions V and U given
by (5) are well-defined on [a,00) with values in R. Moreover, lim,_,o U(x) = 0
and lim,_, V(z) = 0. Integration by parts together with the eigenvalue equation
A = A, f yields

W @) = [ (Aaf Tsgn = Vi) + 1/ @)T@) (6)
As f € D(A,) we have f'(a)f(a) = co|f(a)]? € R. Evaluating (6) at = a and
comparing the imaginary parts we obtain U(a) = 0 and V (a) = —c4|f(a)|?. Hence,

0< | f13= */ (a+ = a=) I/ = calf(@)F < (la=h + leal) IF5- (7)

Furthermore, this implies

/ ¢+ 117 < (o=l + leaD 1A%, Naf?ln < 2(la= N + leal) 1F15- (8)

Here, the norm || f||oc can be estimated as follows. Since f € L?(R) is continuous
there exists a sequence (Y )nen in (a,00) with y, — oo and f(y,) — 0 as n — 0.
Thus,

F@) = () +2Re / FF I <20 f

where we used the Cauchy—Schwarz inequality and || f|j2 = 1 in the last estimate.
This together with (7) leads to

1113 < 4(llg-ll1 +leal)” and [ £l < 4(lla-]l1 + leal). (9)

Observe, that it is no restriction to consider ||g_||1 + |ca| > 0 since otherwise f is
constantly zero. We define an absolutely continuous function g by

glz) =479 ?f v €(=0,9), where § = ! :
sgn(z) if z € [a, —0] U [4, 00), 24(llg-Il + leal)

Here, the interval [a, —d] is considered to be empty if —§ < a. We have ||g|lcc =1

and ||¢’|l2 = v/2/6. Then

oo [e's) )
/ JU - / olfPsgn > / fP=1- / P
a a (a:00)\(~3.9) ) (10)

> 120112 > 1 - 85(llg-lls + leal) >

[SCR N )



Further, we obtain with (8) and (9)

f o

= '/ g(1I' P +alfi?) = g(@V (@) < I3 + laf? I+ leal 1113

(11)
< 12(Jlg—lI1 + leal)® + 4lcal (lla=Ih + lcal)
and with (9)
/ GTF| < 1ol Fll2lgll2 < 43275 (a1 + leal) ? )

< 16v3(|lg—|h + leal)’.

By (6) we have

A/aoog’szamg’(wf'?)- (13)

A comparison of the imaginary parts and the absolute values in (13) together with
the estimates (10)—(12) shows (3) and (4). O
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