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Abstract

The non-real spectrum of a singular indefinite Sturm-Liouville operator

1 d d
4=7 (_d:c Par Q)

with a sign changing weight function r consists (under suitable additional as-
sumptions on the real coefficients 1/p,q,7 € Ll _(R)) of isolated eigenvalues
with finite algebraic multiplicity which are symmetric with respect to the real
line. In this paper bounds on the absolute values and the imaginary parts of
the non-real eigenvalues of A are proved for uniformly locally integrable poten-
tials ¢ and potentials ¢ € L*(R) for some s € [1,00]. The bounds depend on
the negative part of ¢, on the norm of 1/p and in an implicit way on the sign
changes and zeros of the weight function.
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1. Introduction

In this paper we investigate the non-real spectrum of indefinite singular
Sturm-Liouville operators associated to the differential expression

1 d d
=—|(—-——p— 1.1
¢ r( dxpdx+q) (1.1)

with real coefficients 1/p,q,r € L}OC(R) satisfying Hypothesis 2.1 below. In
particular we suppose that p is positive and r does not vanish almost everywhere
on R. We emphasize that the weight function r is assumed to have different
signs, more precisely, it is allowed that r has finitely or even infinitely many sign
changes within a compact interval. For this reason /£ is called indefinite and the
associated Sturm-Liouville operators may exhibit non-real spectrum, see, e.g.
[7, 10, 15, 16, 18, 19, 21, 25]. For 1/p we assume that it is contained in L"(R)
for some 7 € [1,00]. For the potential ¢ in (1.1) we only assume uniform local
integrability so that, in particular, potentials in L*(R) for any s € [1,00] are
allowed. The assumptions in Hypothesis 2.1 naturally generalize the case p = 1,
r =sgn and ¢ € L*(R) or ¢ € L*°(R) studied in [4, 5].

The differential operators associated to £ act in the weighted L?-space L2(R)
of measurable functions f : R — C such that f?r € L}(R). Equipped with the
usual scalar product

(f.0)s = / fOg@r®) A, f.ge L2(R), (1.2)

Hypothesis 2.1 (b) ensures that L2(R) is a Hilbert space. We are interested in
the non-real spectrum of the maximal operator

associated to ¢ in L2(R) with
Dmax = {f € L%(R) : fapf/ € AC(R)a Ef S L%(R)}a

where AC(R) denotes the space of absolutely continuous functions. Since the
weight function r changes its sign the operator A is not symmetric nor self-
adjoint with respect to the Hilbert space inner product (1.2) but becomes self-
adjoint with respect to the indefinite inner product

Fogle = / FOg@rt)dt,  f.g € LA(R).

Hence, the non-real spectrum of A is symmetric with respect to the real axis,
and from Hypothesis 2.1 and perturbation methods we conclude that the non-
real spectrum consists of isolated eigenvalues with finite algebraic multiplicity.
The properties of A are collected in the following theorem; a self-contained proof
using standard techniques in Sturm-Liouville theory is presented in Appendix A.



Theorem 1.1. Suppose Hypothesis 2.1 holds. Then the operator A is self-
adjoint with respect to the indefinite inner product [-,-],, the non-real spectrum
of A is symmetric with respect to the real axis and consists of isolated eigenvalues
with finite algebraic multiplicity.

The main objective of the present paper is to prove bounds on the absolute
values and the imaginary parts of the non-real eigenvalues of A. For the case
of regular indefinite Sturm-Liouville operators related estimates were obtained
in [1, 8, 9, 14, 17, 20]. The more difficult case of singular indefinite Sturm-
Liouville operators was so far only studied in very special situations; cf. [4, 5]
for p =1, r = sgn, and ¢ € L*(R) for s = 1 or s = oo (see also [2, 6]). In
contrast to the abovementioned contributions here we impose only rather weak
assumptions in Hypothesis 2.1 on the coefficients in (1.1), in particular, we treat
weight functions r with finitely or infinitely many sign changes within a compact
interval, functions 1/p € L"(R) for n € [1,00] and uniformly locally integrable
potentials ¢ or ¢ € L*(R) for s € [1, x0].

All main results are collected in Section 2; their proofs are postponed to
Section 4. Theorem 2.2 treats the case 1/p € L*(R) and ¢ is supposed to be
uniformly locally integrable; regarding the assumptions on ¢ this is the most
general result. Our estimates depend on the norm of the negative part ¢_ of ¢,
the L>-norm of 1/p and in an implicit form on the sign changes and zeros of the
weight function 7. Under the slightly stronger assumption g_ € L*(R) for some
s € [1, 00] by simultaneously allowing 1/p to be in L7(R) for some 7 € [1, co] we
obtain similar estimates (except the case n = s = 1) in terms of the L®-norm
of ¢_ and the L"-norm of 1/p in Theorem 2.4. In the case n = s = 1 we find a
sufficient condition for the absence of non-real spectrum in Theorem 2.5. The
estimates in Theorem 2.2 and in Theorem 2.4 are in some sense implicit as they
are expressed in terms of an auxiliary function g € AC(R) which neutralizes the
behaviour of the weight function r. The construction of such a function g is
the topic of Section 3. A similar technique was used in [1] for regular indefinite
Sturm-Liouville problems.

In the special case that the weight function r has only finitely many sign
changes we obtain explicit estimates in Theorem 2.6 which again depend on the
norms of g_ and 1/p, and on the sign changes and zeros of the weight function
r. These estimates become very simple for » = sgn and p = 1 in Corollary 2.7.
If, e.g. ¢ is uniformly locally integrable with ¢_ € L*(R) for s € [1,00) then
every non-real eigenvalue A of A satisfies

s _2s
[Tm A| < 2% '3.\/§||Q—Hs2871
and

2s
2s—1
S

A< (2557 -3 V34251 - 9)|q|

It is remarkable that for s = 1 these bounds reduce to those obtained in [5,



Theorem 1.3] recently. If g_ € L>(R) then
9
A <6Vl and A< (0-VE 45 )l (13

We emphasize that, in contrast to the bounds obtained in [4, 5], it is only needed
that the negative part ¢_ is contained in L*(R) for s = 1 or s = oo while ¢ is
assumed to be uniformly locally integrable. Moreover, if the negative part ¢_ is
small compared to ¢ the bounds in (1.3) may be stronger than those obtained
in [4], e.g. if [|¢_|lso < 37 %|¢]lso then the bounds in (1.3) are better than the
ones in [4].

2. Main results

In this section we state all main results of the paper without proofs. The
proofs are presented in Section 4. Our standing assumptions on the functions r,
p, and q are collected in Hypothesis 2.1 below. For this recall that the normed
space of uniformly locally integrable functions LL(R) is defined as

n+1 n+1
ﬁwz{WAMMww/ de<w}|mwﬂw/ Fo)dt.

nez nez
Observe, that L*(R), s € [1,00], is contained in LL(R).
Hypothesis 2.1. The real coefficients p, q,r satisfy the following:
(a) g € Ly(R);
(b) r € L _(R) such that r(x) # 0 for a.a. x € R, and the sets
Al ={zxeR:r(x) >0} and A’ :={xecR:r(zx)<0}
have positive Lebesgue measure;

(c) there exist a,b € R, a < b, such that

Cy = essinf _|r(z)] >0
z€R\[a,b]

and r has constant sign a.e. in (—oo,a) and constant sign a.e. in (b, 00);
(d) 0<p(z) < oo for a.a. x €R and 1/p € L"(R) for some n € [1, 0].

Beside these conditions we require the existence of a locally absolutely con-
tinuous real function g which neutralizes the behaviour of the weight r in the
sense that rg > ~+ holds true for some positive v on a sufficiently large subset
of the real line. To make this more precise we use the notation {rg < 0} for



the set {x € R : r(x)g(x) < 0}; the sets {|g| < 1} and {|r| < ~} are defined
analogously. Then the characterisation for a suitable pair g and + is that

1
g = <u({|r| <7} Uflgl < 1ULrg <0)) + /{ o r<t>|dt>

is below a certain bound, where p denotes Lebesgue measure. Actually, this
is no restriction on the conditions in Hypothesis 2.1 since v and g with the
abovementioned properties always exist; cf. Remark 2.3 and Theorem 3.4.

The following theorem is the first main result. It provides bounds on the
non-real eigenvalues of A under the general assumption ¢ € L.L(R). Here the
weight function r» may have infinitely many sign changes within the compact
interval [a,b]. We decompose the potential ¢ = ¢4 — ¢_ into its positive part
¢+ (xz) = max{0,¢q(z)} and its negative part ¢q_(z) = max{0,—q(z)}, z € R.
Note that the bounds below do not depend on the positive part g .

Theorem 2.2. Assume that Hypothesis 2.1 holds with 1/p € L>(R) and define

a = 2[lg[lu + 411/l llg- 13-
Choose v > 0 and g € AC(R) real such that ||gllcc = 1, ¢’ has compact support,
VP9 € L*(R) and
wa,g (41 /pllocer)t/? < 1 (2.1)

holds. Then every non-real eigenvalue \ of A satisfies

1 - 1 P
V2||1/p|%|lv/pg |20 V2|1/pl|% /By ll2at + 3a
1 T .
V(1= wr g (411/plloccr) ?) 7(1 = wy g (4]1/p]l o) ?)

Remark 2.3. The estimates in Theorem 2.2 (and also in Theorem 2.4 below)
depend on the choice of the constant v and the function g. In Theorem 3.4 for
every 8 > 0 a constant v > 0 and a real function g € AC(R) with ||g|jcc = 1 is
constructed such that ¢’ has compact support, \/pg’ € L?(R) and

|Im A| < and |A] <

wy,gB < 1.

Hence, for given r, p, g satisfying Hypothesis 2.1, there always exist v and g such
that (2.1) holds. The same holds true for the corresponding conditions on w. 4
in Theorem 2.4.

If, in addition to Hypothesis 2.1, the negative part ¢_ of the potential belongs
to L*(R) for some s € [1,00] we obtain the following estimates.

Theorem 2.4. Assume that Hypothesis 2.1 holds with 1/p € L"(R) for some
n € [1,00] and let ¢— € L*(R) for some s € [1,00]. Let n+ s > 2 and define

2 P
((27]77_1) ||1/p||n||‘I|s) if n,s € [1,00),
F= 3 @l/plclla— )= Fn—cosclloo), (22

l .
(4l11/pllollg—lloc)® if n=o00,s = oc.



Choose v > 0 and g € AC(R) real such that ||gllcc = 1, ¢’ has compact support,
NS L*(R) and w43 < 1 holds. Then every non-real eigenvalue A\ of A
satisfies the following bounds.

(i) If n € [1,00) and s € [1,00) with2 <n+ s orn =00 and s € [1,00) then

1 s+ FR .
< JIEBE Bl e 88 B e + Sla- .87
T vl —wygh) = (1 = @, 4B)

(ii) If n = s = oo then

(lg—lloB)* | /B¢ 12

(lg-llooB) % [lv/B9 |2 + 3ll-Iloc
7(1 _w'y,gﬂ) .

Im\| <
[Tm A (1 — w0y B)

and |A| <

The case 7 = s = 1 is excluded in Theorem 2.4. In this situation, which is
slightly different, we can give a sufficient criterion for the non-real spectrum of
A to be empty.

Theorem 2.5. Assume that Hypothesis 2.1 holds with 1/p € L*(R) and q_ €
LY(R). If, in addition, ||1/p|l1]|g—|1 < 1 then the spectrum of A is real.

In the above results the weight function r is allowed to have infinitely many
sign changes. If we restrict to the case of finitely many sign changes or of one
sign change we obtain simpler estimates. In particular, in the estimates the
function g does not appear anymore and the parameter ~ is given explicitly.
To formulate the results we first discuss the notion of sign changes or, more
precisely, turning points of r. In [10] turning points of r are defined as the
elements of A”, N A”. Since this definition depends on the representative of r
in the equivalence class in L _(R) we use a slightly different approach. Here

loc
turning points of r are elements in

Tr={zeR:pu(AL.NI)>0,u(A”NI) >0 for all open intervals I with = € I'}.
(2.3)

The set 7, is a closed subset of AT N A”. Under Hypothesis 2.1 the set 7y
is bounded and, thus, compact. Hypothesis 2.1 (b) also ensures that 7, # (.
Furthermore, the set 7,. does not depend on the representative of the equivalence
class of 7 in L{ (R). Besides 7, the set of points where r is close to zero also
plays an important role. More precisely, define

Z, = {x €R:ess iInf |r(y)| = 0 for all open intervals I with x € I} . (24)
ye

which is again independent of the representative of r in L (R). Note that Z,
and {r = 0} in general do not coincide.



Theorem 2.6. Assume that Hypothesis 2.1 holds with 1/p € L"(R) for some
n € [1,00] and that the set T, U Z,. contains n < oo elements. For

1
0<5<2min{x—x’|:x,x’€7},x;&m’} (2.5)

define 2 := ez (x — 6,7 +0), v := ess infyep\ o [r(7)] and

e (S () s ()

zeT, €T,
Then the following estimates hold for every non-real eigenvalue \ of A.
(i) If n = oo and 26n(4(|1/plleccr)'/? < 1 for o := 2lg—|lu + 4 1/pllllg-I3
then

1 1
V2|[1/p|&as P v2|[1/pl|3a’t P+ 3a

[Tm A| < and ||

IN

SIS

+(1 — 26n (4]1/p]c0) (1= 26n (4]1/p]lc)?)

)

Suppose q— € L*(R) for some s € [1,00], where n+ s > 2, and define 3 as in
(2.2).

(ii) If n € [1,00) and s € [1,00) with2 <n+s orn =00 and s € [1,00), and
20nB < 1 then

s s+1

1 +1 L s+1 1
la-12B% P 0y < la=ll2 8% P+ Sllg- |87
(1 —20m5) - (1 - 26nB) '

(ili) If s =n =00 and 20nB < 1 then

Tm Al <

(lg=llooB) * P + 3llloc
v(1 —26np)

(lg-lloeB)? P
7(1 —26np)

[Tm A| < and || <

If 7, is a singleton then the set on the right hand side of (2.5) is empty and,
hence, § in (2.5) can be choosen arbitrarily large. This is the case in the next
corollary, where we apply the previous theorem to » = sgn and p = 1. The
bounds in item (ii) for the special case s = 1 coincide with those obtained in
[5].

Corollary 2.7. Letp =1, r = sgn and ¢ € LL(R). Then the following estimates
hold for every non-real eigenvalue A of A.

(i) One has

[Tm A| <12 V3 ([lg—[[u + 2llg-[7)

and

A< (12 V3 +9) (la-llu + 2/l 117) -



(i) If - € L5(R) for s € [1,00) then

2s
2s—1
S

[Im A < 2557 3. V3|

and
s+1 3—2s 25
A< (2553 VB 425 - 9)[lg_ || 7.
In particular, if s =1 then

[Tm A < 24-V3B]lg_[I} and [N < (24-V3+18)[l¢_|}.
(iii) If ¢— € L*™°(R) then

9
1A <6 VBl and N < (6-V5 43 ) - .

3. The parameter v and the function g

In this section we discuss the choice of the parameters v and g in Theo-
rems 2.2 and 2.4. In particular, it will turn out in Theorem 3.4 that there
always exist a function g and a constant « as required in the assumptions of the
Theorem 2.2 and Theorem 2.4.

In the next lemma it is shown that in the case of a finite set 7, one can
choose a representative r € L (R) such that 7, = AT N A”.

loc

Lemma 3.1. Let r be as in Hypothesis 2.1 and assume that T, is finite. Then

there exists a function w € L (R) with w =r a.e. such that the disjoint sets

AV :={reR:w(x) >0} and AY:={recR:w(x) <0}

are finite unions of disjoint open intervals and for the boundaries OAY of AY
we have .
0AY = 0AY = AY N AY = {w =0} =T,. (3.1)

Proof. Let Fi be the family of all open intervals I such that u(I N A%) > 0
and p(I N A%) =0, and consider the open sets

Yi=|JI and Y_= | I (3.2)
IeF, IeF_

For the union in (3.2) it suffices to consider open intervals I with rational end-
points, and hence T and YT_ can be viewed as unions of countable many open
intervals. Together with the o-subadditivity of the Lebesgue measure this im-
plies

w(YyNMAT)=0 and p(Y_-NAL)=0. (3.3)



Moreover, the sets T,, T_ and 7, are disjoint by definition. Consider an
arbitrary z € R and an open interval I containing x. The real line is the disjoint
union of A}, A” and {r = 0} where the latter has Lebesgue measure zero. At
least one of the sets I N A’ and I N A” has positive Lebesgue measure and x
is contained either in Y, Y_ or 7. This shows

R=T,UT_UT, (3.4)

where the union is disjoint.

Another helpful observation is the following. Consider an open nonempty
interval I with IN7, = (0. The interval I is a connected set. On the other hand
since I N7, = @ it can be represented as the disjoint union of the open sets
INY; and INY_. Thus, either INT =0 and I CYT_or INT_ =0 and
I C7Y,. Since T4 and T_ are open and disjoint we have

AT, NT, =0, dY_NY_=0, aT,NYT_=0, dT_NT,=0. (3.5)

Here, (3.4) implies 0T, C 7, and 0T_ C 7,. Consider x € T,. Since T, is
finite there exists an nonempty open interval (a,b) with (a,b) N7, = {z}. Then
(a,x) N T, is empty and, by the consideration above, either (a,2) C Y4 or
(a,z) C Y_. Hence, by (3.3), (z,b) C T_ or (z,b) C T4 respectively. This
shows z € 9T NOY _ and, therefore, 7, C 9T NIY_. From (3.5) we obtain
0T, =9Y_ =T, and by (3.5) also T, N T_ = T,. As 7, is finite the sets T
and Y _ consist of finitely many disjoint open intervals.
We define

1 if e Yy \ AL,

-1 ifzxeY_\A",

riz) fze(TLNAL)U(Y_NAT),
0 if v eT,.

Then AY = {w > 0} = T4 and A = {w < 0} = Y_ consist of finitely many
open disjoint intervals and we have 7, = {w = 0}. Since 7, has Lebesgue
measure zero as well as T \ A} = T, N (A" U{r = 0}) and T_\ A" =
T_N (AL U{r = 0}), see (3.3), we have w = r a.e. Finally, the properties in
(3.1) hold by construction of the sets AY. O

Lemma 3.2. Let r be as in Hypothesis 2.1, assume that T, is finite, and let
1. / / '
0<6<§m1n |z — 2’|z, 2’ € Tpyx # 2" 5.

Then there exists g € AC(R) real with rg > 0 a.e. and ||glloc = 1 such that ¢’
has compact support and \/pg’ € L*(R), where

warti= 5 ([ i) < S ([ )

€T, €T,



and

{lah<1}={J @-0d,2+9). (3.6)

€T,

Proof. By Lemma 3.1 we can assume without loss of generality that the sets
{r > 0} and {r < 0} consist of finitely many disjoint open intervals, where the
boundaries of {r > 0} and {r < 0} equal {r = 0} = 7,. Then the function
x +— sgnr(x) is piecewise constant with finitely many discontinuities in 7,.. Let

(fy st de) (4" st
g(x) := sgn(r(z)) ( k p(t) ) (fy (; )_1 ifee(y—26y),yeT,

1 otherwise.

-1
) ifxely,y+9),ycT,

Then g € AC(R), ||g]|loc = 1, and (3.6) holds. Further,

Y y+6
NZIEEDY < | rogopas [ p(t)g'<t>|2dt>

yeTr
S () e ([ )

since 1/p € L, (R) and 1/p > 0 a.e. Since 7, is finite the function g is constant
near oo and —oo. Hence, ¢’ has compact support. Moreover, since {g > 0} =
{r >0} and {g < 0} = {r < 0} the product rg is positive a.e. O

Lemma 3.3. Let r be as in Hypothesis 2.1 and let Z,. be as in (2.4). For every
6>0and 2=,cz (v — 35z +6) we have

essinf,ep\ o |r(x)| > 0.

Proof. Let [a,b] C R and C; = essinf,cp\[4,5] |7(2)| > 0 be as in Hypothesis 2.1
and consider the open set {2 = J,cz (¥ — 6, + ). By the definition of 2, in
(2.4) there exists for every x ¢ Z, an open interval I, containing = such that
¢y '=essinfy e, |r(y)] > 0. Since [a,b] \ {2 is compact and

(ab\2) c ®\2)c J L

¢ Z,

we find 21,..., 2, ¢ Z,, m € N, such that [a,b] \ 2 C U}, I,. Thus, since
(R\ 2) C (R\ [a,b]) U ([a,b] \ £2) we have

(;SéSRl\n(g [r(x)| > min{Cy, ¢z, ..., ¢z, } > 0.

10



Finally we show that there always exist a function g and a constant -y as
required in the assumptions of Theorem 2.2 and Theorem 2.4.

Theorem 3.4. Assume that Hypothesis 2.1 holds. Then for every 8 > 0 there
existy > 0 and g € AC(R) real with ||g||cc = 1 such that ¢’ has compact support,
VP9 € LA(R) and w43 < 1 holds with

1
umwz(dﬂr<ﬂUﬂm<HUﬁy<m)+yﬂmwﬂdm&>~

Proof. Fix 8 > 0 and consider the interval [a,b] C R from Hypothesis 2.1. Since
lim, o0 p({|r] < 2}) = p({r = 0}) = 0 there exists v > 0 such that

1

p(llrl <) < 75 (37)
Consider the compact set 7, C [a,b], see (2.3), and let ap := min 7, and by :=
max 7. The set £2, := A’ N [ag,bo] has finite Lebesgue measure. By [22,
Part One, Chapter 3, Proposition 15| for € > 0 there is a finite union €.
of bounded open intervals such that p(2;:Af2.) < e, where A denotes the
symmetric difference of two sets. Hence the characteristic functions 1o, Aq.
tend to zero in measure for ¢ — 0 and we can choose a sequence (2,, such that
(24 A82y,) — 0 and 1, Ap,, converge a.e. to zero for m — oco. Dominated
convergence then implies

lim |r(t)|dt = 0.
m—00 Q4 A2
Hence, there exist N € N and intervals (ay, b1), (a2,b2),. .., (an,by) such that
N

for 2 :=J,_, (ak, br)

(Q.A02) < = and (1) dt < L (3.8)

i < — an r < —. :
’ 46 2,0 16

We have 24 C [ag, bo] but it may happen that 2 ¢ [ag,bo]. In the latter case
we replace {2 by 2N (ao, bo). It is clear that for this modified set (2 (3.8) still
holds. Therefore, without loss of generality, we may assume that the intervals
(ag,br), & = 1,..., N, are disjoint and ordered in the way that by < ap41,
k=1,...,N —1 with (ag,br) C [ao, bo]. In particular, 2 C [ag, bg]. Define

1 if x € 02,
7(zr) =< -1 if x € [ag, bo] \ £2,
sgn(r(x)) if 2 € (—oo, ap) U (bg, 00).
Since T, C [ag, bo] and the signs of r and 7 coincide outside of [ag, by] we have

Tr C [ag,bo]. More precisely, Tz C {ag,bo,a1,b1,...,an,by}. Further, from
2 C lag, bo] and {r7 < 0} C [ag, bo] we obtain

{r < 0} = (A% N a0, b)) \ ) U (A7 Nfag,bo] N 2) C 2,402,  (3.9)

11



where it was used that 2, \ £2 = (A7, N [ao, bo)) \ £2 and
2\, =02\AL D2\ (AL U{r=0})=02NA" = A” NJag,bo] N £2.

Hence, (3.8) together with (3.9) implies
pprr<o) < ad [ gl (3.10)
46 {rr<0} 46
Observe, that 77 consists of at most 2(IN 4 1) elements. Choose § > 0 such that

(5<;min{|m—x'|:m,x’eﬂ,x;«éx’}, 45(N +1) < 4ﬂ

Lemma 3.2 provides a real function g € AC(R), such that 7g > 0 a.e., ||g|lcc = 1,
p{lgl < 1}) = 26-2(N+1) < ﬁ. Further ¢’ has compact support with
VvPg' € L*(R). Since 7g > 0 a.e. (3.10) implies

4p

Together with (3.7) this yields wy 4 < % O

p({rg <0} < = and Jﬁ PG

4. Proof of Theorem 2.2, Theorem 2.4, Theorem 2.5, and Theorem 2.6

In this section we prove the theorems in Section 2 on the absolute values
and imaginary parts of the non-real eigenvalues of A. We first collect some
useful estimates for functions contained in dom(A) = Dpax in the next lemma.
Observe also that \/pf" € L?(R) by Lemma A.2 (i).

Lemma 4.1. Suppose Hypothesis 2.1 holds with 1/p € L"(R) for n € [1,00]
and let f € Dpax-

(i) If n € [1,00) then

|f||oos(277

(ii) If n = oo then

n

HHUMN%WH)"HN”I. (4.1)

1£llse < (2VTT/pTell VB 11 7112) (42)

Proof. Let f € Duyax and (yn)nen be a sequence in R with y, — —oo and
f(yn) = 0 as n — oo; cf. Lemma A.2 (ii). First, consider the case n € [1,00).
Define 6 := 2""—_1 For arbitrary = € R we obtain

ummesu@mﬁ+a/ﬂﬂwﬁ*uwﬂw
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and, thus,
1715 < 6 / FOP 0] dr. (4.3)
R

The integral in (4.3) can be further estimated by means of the Holder inequality,

/R\f(t)l If(t)ldt<\/z3fllz</R 1 dt)

< VB /11 /2l ( N Clsas dt)nz" 44

< IWEL eI plallF T

Combining (4.3) and (4.4) leads to (4.1).
If s = oo for arbitrary € R we obtain

F@)? = ) +2 / FO (1) dt

Y

x
and, therefore,

2 3
||f||§oS2< [roiropa [ ”]f(?)'dt) < 2Tl VB Nzl 2

This shows (4.2). O

In the following for an eigenfunction f of A we consider

U@ = [ rolioPa ad ve)= [ (O OF +a0ioP) a
(4.5)

for z € R. Recall that \/pf’ € L*(R) and ¢f* € L*(R) by Lemma A.2 (i). Hence,
both functions U and V are well-defined on R, real and absolutely continuous.

Lemma 4.2. Suppose Hypothesis 2.1 holds. Let f be an eigenfunction of A
corresponding to a non-real eigenvalue A. Then \U(z) = (pf')(x)f(z) + V(z)
for all x € R and

lim U(z) =0 and lim V(z)=0 (4.6)
hold. In particular,
Ivpf'1I5 < llg- £l (4.7)

13



Proof. We multiply the identity Af = A\f by rf and integrate by parts. This
together with Lemma A.2 (iii) yields

oo

AU (z) = / T Y (Tt + / dOIF (02 dt = (pf ) (@) F@) + V()

for all x € R. Again from Lemma A.2 (iii) it follows that

A lim Ux) :A/Rr(t)|f(t)|2dt:/R(p(t)lf’(t)|2+q(t)\f(t)|2)dt

T——00
= lim V(z)

Tr—r—00

and by comparing the imaginary parts we obtain (4.6) since A € C\ R. For the
estimate (4.7) note that lim,_, o V(z) = 0 implies

IVBI |2 = / p(t)| /()] dt = — / dOIf (0 dt < / o @O dt = g fl.

O

Lemma 4.3. Suppose Hypothesis 2.1 holds. Let f be an eigenfunction of A
corresponding to a non-real eigenvalue A and assume that there exist a > 0,
B > 0 (not depending on f and \) such that

lg-£2l < allfI3 and | fI3 < BIFIE. (4.8)

Furthermore, choose v > 0 and g € AC(R) real with ||g|lcc = 1 in such a way
that g’ has compact support, \/pg" € L?(R) and

g = (u({ITI <HUlal<HUEg<0) <1 [ ) dt)

satisfies wy ¢ < 1. Then

VaBlly/pg'll2 VaB|ly/pg'|2 + 3a
AN < 7 = d |\ . .
[tm A < (1= wygf) and M| < Y (1 —wy ) (4.9)

We mention that constants v and functions g with the properties mentioned
in Lemma 4.3 always exist; c¢f. Theorem 3.4.

Proof. Let U and V be as in (4.5). As lim,_,_~ V(z) = 0 by Lemma 4.2 we
have

VB2 = — / A (1) dt = - / (44(t) — a_(O)|f ()2t

< lla-f*lx < allf13.

(4.10)

14



As [|/pf'lI3 = 0 we conclude from (4.10) |lg+ /(|1 < [lg—f?|l1 and, thus,

/ O F(E)P dt = / (4 (1) +a_ (D) (D)2t < 2 / O (O) dt < 20 f2
: - - (4.11)

As a consequence of Lemma 4.2 the identity

A / ¢ (@)U (x)dz = / ¢@) () (@) @) da + / J@V()de  (412)

holds, where the compact support of ¢’ guarantees the existence of the integrals.
We estimate the first integral on the right hand side of (4.12) by

<l fllsollV/Pg ll2lVPF 2 < v/ aBlvpd 1211 £13,
(4.13)

/R ¢ (@) @) (/") () da

where we have used (4.8) and (4.10). For the second term in (4.12) integration
by parts together with lim|, o V(2) = 0 and the inequalities (4.11), (4.10)
yields

/Rg’(x)V(x) dz

_ ’— /R o(2)V' () do

< ||g||oo/R (p@)[f" (@) + la(@)[| f()]?) dz < 3| f]l5.
(4.14)

We want to find a lower bound for the left hand side in (4.12). The notation
I .= {|r] < ~v}U{|g| < 1} will be useful here. From integration by parts and
lim|;| 00 U(z) = 0 we obtain

/R ¢ (@)U () dz = — / g(2)U" () dz = / g2y (@) | f () de

— / g(2)r(@) (@) P dz + / g(2)r (@) f () de.
{rg<0} {rg<0}°
(4.15)

For the first term on the right hand side we have with (4.8)

/ g(@)r(@)| f(x)|* dz > —||9||oo/ [ (@)|| f (2)]* da
{rg<0} {rg<0}

> IfI% / Ir(2)| da
{rg<o0}

> _BIf13 /{ @l
rg

15



As g(x)r(x) > v for all z € {rg < 0}°N I'® we obtain

/ guvunﬂmﬁdxz/’ o(2)r(@) | f () dz
{rg<0}°

{rg<o0}°nrIe

27/ F(@)]? da
{rg<o}°nre

(4.16)
:vQﬂ@—A @wgﬂmFM>

>y(IF13 = p{rg <0y u D) fl%)
>y(1—p({rg <o}u F)ﬁ)”f”;

where we used again (4.8). From (4.15)—(4.16) it follows

/Rg'(w)U(x) dz > (7(1 —u({rg <0}uUI)B) -5 ()] dﬂ«“) I1£113

{rg<0}

=7(1 —wygB)Ifl3 > 0.
(4.17)

We compare the imaginary parts in (4.12) and apply (4.13), (4.17), and Lemma 4.2.
Consequently,

A (1 =008 1713 < [ (3 [ 00010 )

= o ([ d @)@ 0|
< Vabllvad Il fI3

which proves the first estimate in (4.9). We compare both sides in (4.12) with
respect to the absolute value. Then by (4.13), (4.14), (4.17), and Lemma 4.2
we obtain

Lﬂv(l-wwgﬂ)ﬂfﬂgfé‘(Ajgg%xﬂj@ﬂdx>’

[ 4@ (0 @F@ + V@) da

< (VoBllvig' I + 30c) 113

which shows the second inequality in (4.9). O

Proof of Theorem 2.2. Without restriction we assume ||¢_|l, > 0. Let A be a
non-real eigenvalue of A with a corresponding eigenfunction f. Since 1/p €

16



L>*(R) and

1£13 < 11/pllocllvRf I3 (4.18)
we have f, f/ € L?(R) by Lemma A.2 (i). Thus, for all ¢ > 0 and every n € N

n+1

sip | f(x)? Ss/ ()2 dt + <1+i> /nn+1 FORd (4.19)

z€[n,n+1] n
holds, see, e.g. [23, Lemma 9.32]. Set

1

a:=2]g-|lu +41/pllclla-Ili and B := (4][1/pllece)?

and let € = (2|q—|lul|1/plloc) ™! > 0. With (4.19) and (4.18) we estimate

/R COFORPA< g[S sup |f(@)?

nez z€[n,n+1]

<lo- b (el + (14 ) 1412)

<ol (0plelBr B+ (1+ ) 1) (420

A

1
VP 5 + (la-llu + 201 /pllcllg-I2) 1£113

1 o
= LIVBFIE + 212
Together with (4.7) we obtain

Ivef'lz = 2lvef'I5 = Ivesf 13 < 2lla- Il = IVef I3 < all £113
and with (4.2) from Lemma 4.1 and (4.20) we find

1£1% < 2/ (11 /pllssell £13 = BIFI3 and  [lg-f2[l < ol £3-
With the choice of o and 8 we have
Vas = V2|1/p| Lt

and an application of Lemma 4.3 finishes the proof. O

Proof of Theorem 2.4. Suppose that Hypothesis 2.1 holds and let A be a non-
real eigenvalue of A corresponding to the eigenfunction f. (i) We first consider
the case s,n € [1,00) where s + 7 > 2. Then

s —n—s=ns—1)+sn—-1)>s-14+n7-1>0.

17



Choose

ns

277 1 2 2ns—n—s
_ 1
/3:(( . ) ||1/p||n||q|s> and o= q_[|.8%.

Holder’s inequality yields

2(s

lo- 2l < 171 [ la- )l ae
R

1
s

<11l </Rq_(t)|5dt> (/Rf(t”zdt)SSI (4.21)

2(s—1)

2
= lla-llsl[ sl 1l

Thus, together with Lemma 4.1 and (4.7) we obtain

n
Zns—m—s

220-1) \ Zysea—s on—1)2 . 2(-1)
1l * (2=2) /ol /B 311
||ngo: Lg < " B

1 £l 1115

ns

oM — 1 2 2ns—n—s
< (( "n ) 1/p||n||q||s) 1713 = Bl f1I3.

Using this estimate in (4.21) yields

1
llg-£211x < lla-IsB=11£15 = all 13-

Hence (4.8) is valid. By the choice of o and 5 we have /a8 = ||q_||§ﬂ% and
Lemma 4.3 implies the bounds for .
Now consider the case n = 0o and s € [1,00). Choose

B =A)1/pllscllg-ll) == and a=[lq—[ls5*.

The same estimate as in (4.21) applies here. Thus, Lemma 4.1 together with
(4.7) and (4.21) imply

171 = (”f"”) . <4||1/p||oo||\/ﬁf'|§||f5>zfl
17 y
< (@A11/plloolla—ll) = IF12 = BIFIIE.

Combining this with the estimate in (4.21) yields

2
s
o]

2
s
o]

1
la—f211 < lla-llsB11£15 = all f15.

18



Hence (4.8) is valid and vaf = ||q— ||§B% Lemma 4.3 implies the bounds for
A and the assertion (i) is shown.
(ii) Assume 7 = oo and s = co. Choose

a =gl and B =2vI[1/pllcllg-loc,

so that

1 3
VB =v2|1/pl%llg-|%.
We show that (4.8) holds. Observe, that

llg—f2ll < llg-lloolL£13 = e[l £1I3- (4.22)

Lemma 4.1 in combination with (4.7) and (4.22) leads to

1115 < 2V 11 /plloc VRS 1201 Fll2 < 24/111/pllolla-lloll 113 = BILFI13-
Hence (4.8) is valid and Lemma 4.3 implies (ii). O

Proof of Theorem 2.5. Assume that n = s = 1 and ||1/p|l1]l¢=]l1 < 1. Let
f be an eigenfunction corresponding to a non-real eigenvalue A\ of A. Then
Lemma 4.1 (i) and (4.7) yield

1£12 < I1/plallves 115 < I1/plilla= 211 < 11/plllla=1ll 112 < 1112
a contradiction. O

Proof of Theorem 2.6. By Lemma 3.2 for every § satisfying (2.5) there exists a
real function g € AC(R) with rg > 0 a.e., ||g||oc = 1 such that the support of ¢’
is compact and ||\/pg’||2 = P, where

{lah<1}={J @-0d,2+9).

€T,

Lemma 3.3 ensures that ~ is positive and {|r| < v} C 2. As rg > 0 a.e. we
have

wyg = p({lrl <} U{lgl <1}) < Z 20 = 26n.
zeT,UZ,

Choosing § sufficiently small as stated in (i), (ii) and (iii), respectively, together
with Theorem 2.2 and Theorem 2.4 completes the proof. O

Proof of Corollary 2.7. We apply Theorem 2.6. Since 7, = {0} and Z, = 0 we
have n = 1, v = 1 and P = /2/6. Without restriction we assume ¢_ # 0

1

The estimates then follow with the choice § = & (2|lg—|lu + 4[lg—[2)"2 in (i),

5 = L(dllg_1l) "7 in (i), and & = lq_||=? in (i), O
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A. Proof of Theorem 1.1

In this section we prove Theorem 1.1. Here the main objective is to prove self-
adjointness of the corresponding definite Sturm-Liouville operator associated to
the definite differential expression

_1(a d
] dePdz 71

on R. Let T be the maximal operator in L2(RR) associated to T,
Tf=71f, dom(T)= Dmax,
where
Dax = {f € L}(R) : f,pf' € AC(R),Lf € LZ(R)}.

In the next two lemmas we collect properties of the T and the maximal
domain Dy, applying standard techniques in Sturm-Liouville theory, see e.g.
in [12, 13] and [24, Appendix to section 6].

Lemma A.1. Suppose Hypothesis 2.1 holds. For everye > 0 there exists Cc > 0
such that for all £ € R

£+1 E+1

sup | f (@) < Ce/ If(t)lz\r(t)ldtJre/ pOIf @t (A1)
z€[€,6+1] € 3

for every f € Dpax-

Proof. Let € > 0. Since 1/p € L"(R) for some 1 < 5 < oo there exists § > 0

such that
T+
1
/ L <t
r—0 p(t) 2

for all z € R; this can be seen with the help of the Holder inequality. We can
also assume that § < %. Using conditions (b) and (c) in Hypothesis 2.1 it follows
that there exists ¢ > 0 such that

er%

/ ()] dt > ¢
o3

for all x € R. For f € Dy and =,y € R

2

[f(@)]* < 21f ()P +21f(x) = F)I =2/f(y)]” +2

/: f(t)dt

(A.2)

<2l +2 [ pols ol ar mp(lt)dt.
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We multiply (A.2) with |r(y)| and integrate over I(z,§) := [§,£+1]N[z—§, 2+0)]
for arbitrary £ € R and = € [, + 1]. The length of each interval I(x, ) is > 6.
Then

(@) / Ll / L WPy

+2/I(M) (/;p(t)|f’(t)|2dt /ym p(lﬂdt) r(y)| dy

E+1
<2 /E 1F@)PIr(w)] dy

1 §+1 ) )
+2/I(a:,§) rldy /z(m) p(y)dy/£ ) (W) dy.

We divide this by f[(:r ¢ Im()| dy and define C. := 2¢~!. This proves (A.1). O

Some parts in item (i) and the assertion of item (iii) in the next lemma were
proven under slightly different assumptions in [12] and [13].

Lemma A.2. Under Hypothesis 2.1 all f, g € Dpnax satisfy
(i) f,pf" € L*(R) and qf? € L*(R),

(i) there exist sequences (Tn)nen and (Yn)neny with lim, oo 2, = oo and
lim,, o0 Y = —00 such that lim, e f(x,) = lim, oo f(yn) =0,

(i) 1, 2o (pf") (@) 9(2) = 0.

Moreover, the operator T is self-adjoint in L%(R) with respect to the scalar
product (-, ), and semibounded from below.

Proof. Let f,g € Dmax- Then integration by parts yields

[ @nws@rola= [ (sor @ +a0505®) d
Y Y (A.3)

+ (M W9y) — (pf)(x)g(x)

for all y < x. We show item (i). By Hypothesis 2.1 (c) there exists C, > 0 with
|r(z)| > C, for a.a. x outside of a compact interval [a, b] and we obtain

/|f (Ot < (b—a) sup |f(@) + Clr/R\[ RCRICEEED

z€[a,b]

where the continuity of f implies the boundedness on [a,b]. This shows f €
L2(R).
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From now on we assume that f is a real function; this is no restriction. Let
y<zsuchthat ]l <z —y. Forn e Nwithl <n<z-—y<n+1 we have

xT xT y+n
[ wolrr< [ aolroras [ awisop

r—k+1 y+k
= Z </ lq (t)\lf(t)l2dt+/ I(J(t)llf(t)lgdt>

y+k—1

< 2[lq]lu Z sup OF +2llqll Z sup |f(H)*dt.

e 1t€$ k,x—k+ —1 t€ly+k— 1,y+k]

Fix ¢ > 0 such that 4/|¢_|[,e < § and let C. as in Lemma A.1. Then

[ s <2l (= [~ poir@paec. [ iropiola)

y+n ytn
olal (= [ polr @R [ @Rl ar)

Thus, for all y < z with 1 <z — y we obtain

/ @I FOR < 4glla ( / PO (1) dt + C / 1P| dt) C(A4)
Let A = —4]|¢q||uCs. Then by (A.3) and (A.4) we obtain

| @=nn@i@iola= [ (ol oF - (dol+ N ohioF) a
+ (0 )W) W) — () (@) ()

1 x
> 5/ pOIF'@OF dt+ (pf") () f(y) — (pf") (@) f(2)

Y
(A.5)
for all y < & with 1 <z —y. Assume that \/pf’ is not square integrable over
(0,00) and fix y = 0. Since f € Dpax the left hand side in (A.5) is bounded
for all x > 0. The integral on the right hand side is nonnegative for all x > 0
and tends monotonically to co as x — oco. Thus, there exists b > 0 such that
(pf")(x) f(x) is positive for all z > b. Due to Hypothesis 2.1 the function |r| is

bounded from below on [b, 00) by some C, > 0 (one possibly needs to increase
b) and we obtain

- 2 Y 2 " (pf)(s)[(s) s) Ir
| wwprola= [ (1rop 2 /b ST 4 o

>C/ (b)|*dt =
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which contradicts f € LZ(R). This shows that /pf’ is square integrable over
(0,00). In the same manner one obtains the integrability over (—oo,0). From
(A.4) together with \/pf’ € L*(R) and f € LZ(R) one obtains ¢f* € L'(R),
which finishes the proof of (i). Moreover, the continuity of f and f € L%(R)
imply (ii). In fact, by the mean value theorem we find a strictly increasing
sequence (&, )nen With

[rora=3 [ rora= S i

neN neN

Thus, f(z,) — 0 as n — co. The sequence (y,)nen can be constructed in the
same way. This proves (ii).

We show that lim,_, (pf’)(x)g(z) = 0 for all f, g € Diay, where it is again
sufficient to consider only real functions. Let f,g € Dyax be real. Due to (A.3)
the limits lim, 4+ (pf’'g)(z) exist and are finite. Assume

lim p(z)|f(z)g ()] =: a > 0.

Tr—00

Then there exists b > 0 such that |f(z)| > 0 and

g (@) 2 5o
for x € [b, 00). Multiplication with |f’(z)| and integration leads to
. o [0 acn g [ L0 af -3 ful 42
[ ooirwgna=5 [ aes G [ 2l a5 m 22
(A.6)

Let 2 in (A.6) run through the sequence (2,)nen from (ii). One obtains that
the right hand side grows to oo while the left hand side is still bounded since (i)
holds. This is a contradiction and hence the assumption o > 0 was false; thus
limg o0 (pf’)(x)g(z) = 0. The analog result for + — —oo follows in the same
way. This shows (iii).

From (iii) we obtain

lim () @f(@) - e @)g@) — tim ()W) W) - ) 9E)) =0

for all f,g € Dpax. This implies the self-adjointness of T, see e.g. [11, Theo-
rem 5.1]. From (A.3), (A.4) and (iii) we obtain for £ > 0 with 4[¢_[.e < 3

(Tf.f)r = / (OIFOF + a®LFOF ) > VL2 — lafl:
> LIV 1E = e lnCa . e = —Ala—uCef, £

for all f € Diyax, which shows that T is semibounded. O
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Proof of Theorem 1.1. The map

(Jf)(x) :==sgn(r(2))f(z), z€R, feLi(R),

is a fundamental symmetry of the Krein space (L2(R),[,],) such that [-, ], =
(J-,-)r. Therefore, as T is self-adjoint in the Hilbert space L2(R) it is clear that

A=JT

with dom(A) = Dpax is self-adjoint in the Krein space (L2(R), [+, -],.). It remains
to show the assertions on the non-real spectrum of A. If the signs of r near co and
—oo differ then the claim follows by [3, Theorem 4.2]. Otherwise, one obtains
the proposed spectral properties of A in a similar way as in [3, Theorem 4.2] by
applying [3, Corollary 3.9]. O
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