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Abstract
We study the Weinstein equation

Ay — E@—F%u:O,
x2 0xy 5

on the upper half space Ri = {(a:g,wl,a:g) € R3} for 41 < (k+1)2. If
Il = 0, the operator x%k (Au — ﬁﬂ) is the Laplace-Beltrami operator

T2 Ox2

with respect to the Riemannian metric ds? = 332_% (Z?:o dmf) In case
k = 1 the Riemannian metric is the hyperbolic distance of Poincaré upper
half space. The Weinstein equation is connected to the axially symmetric
potentials. We compute solutions of the Weinstein equation depending on
the hyperbolic distance and x3. These results imply the explicit mean value
properties. We also compute the fundamental solution. The main tools are
the hyperbolic metric and its invariance properties.

1 Introduction

Weinstein introduced axially symmetric potential theory in [12]. The idea was to
consider the following simple elliptic differential equation with variable coefficients



in the neighborhood of the singular plane x,, =0

oh
or, 0,
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where as usual

B 0?h 0?h
= o2 + ..+ ou
Note that if p is an integer then a axially symmetric harmonic function in p + 2-
dimensional space satisfies the preceding equation in the meridian plane (see for
example [9])

We consider the solutions of the generalized Weinstein equation

oh

Ah

in an open domain whose closer is contained in the upper half space
Ri = {(Io,iCl,l'Q) ’ X0, L1, T € R, To > 0}

Our general technical assumption is that the constants [,k € R satisfy 4] <
(k + 1)2. This equation has been researched for example by Leutwiler and Akin
in [10] and in [1]. We transfer solutions of this equation to solutions of Laplace-
Beltrami equation of the hyperbolic metric in the Poincaré upper half space. In
the main result, we present the fundamental solution of the equation (1) in terms
of the hyperbolic distance function.
We recall that the operator

Apf = x%Af—azgaa—;;
is the hyperbolic Laplace-Beltrami operator with respect to the hyperbolic Rie-
mannian metric
daf + dat + da
= e

ds?

in the Poincaré upper half space model.
The hyperbolic distance may be computed as follows (see the proof for example
in [11]).

Lemma 1 The hyperbolic distance dy(z,a) between the points x = (zo, x1,x2) and
a = (ap, a1,a2) in R is

dp(z,a) = arcosh \(z,a),

where ) ) )
A a):(xo—ao) + (21 — a1) +w§+a§:\x—a\ 1
’ 22905 2790z

and |x — a| is the usual Fuclidean distance between the points a and x.



We also apply the simple calculation rules of the hyperbolic distance stated
next.

Lemma 2 If x = (29,21, %2) and a = (ag, a1, as) are points in R3 then

@ — al* = 2w3a (A(w,a) — 1), (2)
|z — a|* = 27205 (M(z,0) + 1), (3)
S e B0, g

where a = (ag, a1, —as).
We also note the relation between the Euclidean and hyperbolic balls.

Proposition 3 The hyperbolic ball By, (a,ry) with the center a = (ag, a1, a2) and
the radius ry, is the same as the Euclidean ball with the Euclidean center (ag, ay, ag coshry,)
and the Euclidean radius r. = ag sinh ry,.

2 The hyperbolic Laplace operator depending
on the hyperbolic distance in R’

We need the computations of the hyperbolic Laplace operator of functions de-
pending on A, computed in [2].

Lemma 4 If f is twice continuously differentiable depending only on A = X (x,e,)

then o 5
-1y 2L 39

Suf (@) = axz 2 ox

Using this it is relatively easy to compute the result.

Lemma 5 If f is twice continuously differentiable depending only onry, = dp, (z, e,,)
then the hyperbolic Laplace in R? is given by

0? 0
of + 2 coth rp,—— /

hf (rh) 8 2 a,rh

Proof. Using r, = arcosh \(z,e,), we compute

8T’h . 1
O\ sinhr,
and
9%ry, cosh 7y,

ON2  sinh® v



Hence applying the chain rule we obtain

8f (Th) @f 8rh 8f 1
o ry, ON - dry, sinhry,’
Pf(\)  f (O Of 8P,
oF o2 (5) T o 0N
_f 1 Of coshry,
N 8_7"%Lsinh2 T B 3_msinh3 r

completing the proof by the preceding lemma. =
If we know one strictly positive solution depending on 7}, we may compute all

the solutions depending on 7y,.

Theorem 6 If i is a strictly positive solution of the equation

0 f Of coshry
Snf 0] = 8_7“,21 * 28_7“h sinh r},

+7f=0 (5)
depending on 1y, = dp, (x,e,) then the general solution of this equation is

frn) = ((] /Th sinh ™ up ™ (u) du + CO> 1 (h)

T0

for some real constants C' and Cj.

Proof. Assume that (1) is a particular positive solution of (5). Setting f (r),) =
g (rp) pu (ry) we obtain
d’g dp dg d*pu
0=pos +2o >+ 95
T dry, dry, dr?
coshry, du coshr, dg
2— g— +2— [~
sinh 7, ™ dry, sinhry," dry,
d*g dp dg coshr, dg
SHgs g T 22—
ry  drpdry, sinhr,’ dry

+ 19

Denoting jTi = h, we deduce

dh du coshry,
— 2— + 2 h = 0.
udrh + ( dry, + sinh ry, ﬂ)

Hence we solve

d
. (log h + 2log pu + 21log (sinhry)) =0
h

and therefore 5
8_7:qh =h=Csinh 2rpu2(ry) .



Consequently, the general solution is™

frn) = (
||

We recall the relation between solutions of (1) and eigenfunctions of the hy-
perbolic Laplace-Beltrami operator.

2—(k+1)?
4

C’/ ‘sinh 2 up 2 (u) du + O()) w(rn) -

0

Proposition 7 ([10]) Let Q C RY be an open subset Q of RY. If u is a solution
1—k

of (1) in Q, then f(z) = %%u(x) is an eigenfunction of the hyperbolic Laplace

operator corresponding to the eigenvalue i ((k+1)2—4l —4) . Conversely, if f

1s the an eigenfunction of the hyperbolic Laplace operator corresponding to the
k—1

eigenvalue v in Q then u(z) = z4,% f(x) is the solution of the equation (1) in
with 1 = 1 ((k+1)® — 4y — 4).

The mean value property for the solutions of (1) can be stated in terms of the
hypergeometric functions. We recall their definition:

m

x
m!’

oFy (a,b;c;) = Z%

0

where (a),, = a(a+1)...(a+m —1) and (a), = 1. This series converges for
satisfying |z| < 1. We recall also an important Euler’s integral formula valid for
a, b, c € C satisfying 0 < Reb < Rec

1 1
— [ N1 = )TN — )t
B(b,c—b)/o (1=t (1~ t2)

where the Beta funtion has the representation

I'(z)T (y)
I'(z+y)

2F1(a7 ba & Z) =

B(z,y) =

The mean value property for solutions of (1) with respect to the hyperbolic
surface measure was proved in [§].

Theorem 8 Let | and k be real numbers satisfying 41 < (k+1)* and U C R? be
open. If

1+4/(k+1)2—4 k+1)2—4]
Yog(rn) =€ s lrthl(l + ( 2)

,152:1 —e72)

then g 1.1 (r1) is an eigenfunction of the hyperbolic Laplace operator corresponding

to the eigenvalue 1 ((k+1)? — 4l —4). Moreover, if u : U — R is a solution of

the Weinstein equation

k Ou {

Au— ———+ su=0
Ty Oy T3

5



in U then

wo) = ot [ )
4 sinh® (rp)Ya..0(rn) JoB, @) ws%k
for all hyperbolic balls satisfying By, (a,r,) C U.

In our special case R?, we can give a simple formula for the function s (r3,)
as follows.

Theorem 9 Let | and k be real numbers satisfying 41 < (k + 1)2 and U C R3. be
open. Denote
(k+1)2—4l

2

and vy, = dj, (z,e,). Then
Voya(ry) = e "5 F1(a,1;2;1 — e ™)
[ el £ (k)2
Th if 4l = (k +1)2,

sinh ry, ?

18 the eigenfunction of the hyperbolic Laplace operator corresponding to the eigen-

value 1 ((k+1)? — 4l — 4).

For the sake of completeness, we first prove the lemma.

Lemma 10 If x| <1 then

(=) "
2Fi(a, 1;2;2) = { o HaF L

_loglmn) g — 1,

Proof. If we replace ¢t with 1 — s in Euler’s integral we obtain

2Falabicr) = % /0 (1—az+as) " (1—s)"" s lds
_1-9"T( [’ zs \ " b—1 c—b—1
_F(b)F(c—b)/o <1+1—x> (1—-5)""s ds.

In case a # 1 we infer




If a = 1 we compute

! zs \ '
oFi(a,1;2;2) = (1 — x)_a/ (1 + > dt
0 11—z

1—
—(1-2)" :vlog<1+1fm>

log(1—ux)

=-———"

]
We are ready to verify the preceding theorem.

Proof. Setting a =1+ —”(HZM # 1 we obtain

k+1)2—4¢
Yo pa(rn) = e o Fy (1 + ( +2)

€2rh(a—1) -1
_ pary
‘ <<1 —e 1) (a— 1>)

erh(a—1) _o—rp(a—1)
— e~ hern(a=1)orn 2
@)

5 (a—1)

J1;2:1 — 6_2”)

sinh (rp, (a — 1))
(a —1)sinhry,

If a = 1 then

log e=2"n 2ry, Th

— _p"Th e - .
Vo k1 (Th) € (1—e2m) (ern —e=Tn)  sinhry,

Note also that
hm ¢2,k7l(rh) = 1

Th—o0
and with this extension 1,1 is a continuously differential function. m
Substituting the values of 15, for the mean value theorem we immediately
obtain the result.

Theorem 11 Let k be a real number and U C Ri be open. If u: U — R is a
solution of the Weinstein equation

0
T3AU — ky a;n =0

in U then

k-1

W2 k41 _ ki3

u(a) = an® |k +1] / zy 2 u(x)do
87 sinh(ry,) sinh <w> 0By (arn)

in case k # —land in case k = —1

1 1
= - do.
u(a) 4magry, sinh(ry,) /83,1(@“) Ty ul)do



Similarly, the general solution of the equation (5) has the representation.

Theorem 12 If v = 1(4 — (k 4+ 1)%) and k # —1 the general solution of the
equation (5) is

cosh <w)

2

sinh (M>

2

=C C
f () """ sinh Th +Co sinh r,
for some real constants Cy and Cy. If k = —1 the general solution for v =1 1is
Th
=C C )
frn) "sinh Th + o sinh ry,

Proof. Assuming k£ # —1 and substituting

sinh <—T"‘k+1|)
2

plrn) = sinh 7},
in
Th
fra) = (c [ st du+ co> wrn).
ro
we obtain
o (k1) sinn? (M52 2sinh (2472)
rn)=|C sinh™“u du + C, .
fr) /TO 4sinh~2u 0 |k + 1| sinh 7y,
|k+21|7“h sinh (Th|’;+1|>
=|C sinh™2 (s)ds 4+ Cy | ————%
LESTE sinh ry,
3 TL‘k+1‘
k 1 k 1 sinh (—} )
= [ C coth m — C'coth H_J + Cy —2
2 2 sinh ry,
completing the proof, if we choose the constants properly. The case k = —1 is

proved similarly. m

Corollary 13 The particular solution of (5) with v = $(4 — (k+1)?) outside the
point es 18

cosh <W> cosh (|k+1\dh(x,62)>
2 2

F = =
(z) sinh dy, (x, e3) |z — coshdj, (z,es) ea]

k=1
and x4 F (ry,) is k-hyperbolic harmonic.

Denote
cosh (|k+1\céh<x,a>)

sinh dy, (z, a)

We obtain this function by transforming the preceding function with the transfor-
mation 7 () = asx + Pa.

F(z,a) =



Corollary 14 The function F}, (x,a) satisfies the equation
o? 0 h
f N _f coshry, N

or Ory, sinh ry,

vf=0

k-1

with v = +(4 — (k+1)?) outside x = a and x,® F}, (x,a) is k-hyperbolic harmonic
outside x = a .

Proof. Since the hyperbolic distance is invariant under Mobius transformation
mapping the upper half space onto itself, applying 7 (z) = asx + Pa we infer

dp (1 (2),a) =dy (z,es)

and

2
sinhdy, (7 (x) ,a)

Since the hyperbolic Laplace operator is invariant under Mobius transformation
mapping the upper half space onto itself the function

cosh <|k+1\d2h(ac,a)>
1 _
B @) = sinhdj, (z,a)

cosh (|k+1|dh<T<x),a>>

F(z)=

is the eigenfunction of the hyperbolic Laplace operator with the eigenvalue with
v = 1(4 — (k+1)?), completing the proof. m

Lemma 15 The function Fy, (x,a) is Lebesgue integrable in the hyperbolic ball
By, (a,rp) and

_SktL hr, —1)°  sinh?
/ Ty 2 Fy(x,a)de < M (a,ry) <(COS "h ) + ot Th) ,
Bh(avrh)

6 2

for some function M (a,ry) > 0 with a bounded limit when r, — 0.
Proof. It is enough to prove the statement for a = e;. Note that

|x|2 +1

oy A (x,eq) = coshdy, (x,ez) .
Since e < xy < €™ in By, (e,1,) = B (coshryey, sinh ) we obtain

1+5k 1+5k
- k+1|d - k+1|d
z; ? cosh ( k1] h<z,a>) z, ? cosh ( [kt \;(wﬂ)

2

sinh dy, (z, e5) B V-1V +1
145k
Ty 5 cosh (%)
A—1

V227 cosh (lkﬂ‘m)
2

0zl 41— 22,

IN

<



in By, (a,rp,) it is enough to consider the integral

/ dx
Bu(ersn) o [|x|> +1 — 22
/ dx

Denote ¢ = coshrpes. Changing the variables

o = rsinf cos ¢,
xr1 = rsinfsin ¢,
X9 = rcosf + c,

we obtain

/ dx
B(cosh rpez,sinh ) \/m
/smh ™ / / r? sin dOddr
¢ =

r2+2r(c—1)cosf + (c —

sinh rj,
_27r/ =t 1) —rre—1)dr
0 c—1

c—1
W/ -
0

(r(c—l—r)—r(?"—i—c—l))dr

r(r—c+1)—r(r—|—c—1))dr

sinh 7,
+ 27 /
sinh r,
7 dr + 27 / rdr

:27r/
0 -1

2 , sinh®r, 1 2
=21 =(c—1 —=(c—1
w(3<c ERELLLL P

1 , sinh®r,
=2r|=(c—1

completing the proof. =
We recall the Green formula in some Riemannian manifolds.

Proposition 16 ([1]) Let R C R% be a bounded open set with the smooth bound-
ary contained R and denote the volume element corresponding to the Riemannian

metric
dz? + da? + dx?

ds® =
x3k

by dmy = x5 38 dm, the surface elements by dowy = x5 2kdo and the outer normal
82?@ xlg g“ where n s the outer normal to the the surface OR. Then the Laplace-
Beltrami operator is

kE 0

bt (8- £ 0)
T2 (hg



and

ov ou
Agodm — v gudm) = P,y
/R(u podmy — vARu m(k)) /8R (uank Uank) O(k)

for any functions u and v that are twice continuously differentiable functions in
an open set containing the closure €0 of €.

A function f : Q — R is called k-hyperbolic harmonic if
in Q. The theory of k-hyperbolic harmonic functions was developed in [3]. Denote

o1 o COSh (w>
H €T — 2 T P}
(T, y) = y? s d, (z.9)

We will show that H (z,y) is the fundamental k-hyperbolic harmonic functions
with a pole in . We need following lemma.

Lemma 17 Let Q C R3 be open and x a point with By (x,7,) C Q. Then

OH (x,
1i fth(:v,rh) u B(Hky) da(k) <y)
im 1 = —u(x)
rh— T

for any hyperbolic balls By, (x,ry) satisfying By, (x,r) C Q.
Proof. Using Proposition 3 we infer that in 0By, (z, ) the outer normal at y is

_ _ (yO — 2o, Y1 — T1,Y2 — T2 cosh Th)
n = (nOanlanQ) — A

To sinh Th
Denote r, = d (x,y). We first compute
O (z,y) OH (z,y)
G Y, = ¥ (ngradv).

Cosh<
3k—1 k—1

_ 2 2 (9

=Yy 2

tlrn ) o
o N B S i, H
ary, sinh 7, — " y; * 2 v2 oM (7,y)

k+ 1| k+1|r 2. or
= yNH (2,y) (’T tanh (’Th> — coth rh) an—h

= O
kE—1

+ Tyé“’lnzH (2,9).

Applying Lemma, 1 we infer

Orp,  Oarcosh A (z,v)

Dy B Oy -

y; — x; — o (coshry, — 1) d;p

Yoo sinh 7y, ’

11



and therefore we conclude

8rh o 1
i—1 "0y Y
Hence we have
0H k+1 kE+1 k—1
p (z,y) = y5 ' H (2,9) <% tanh <%) — cothry, + 5 n2> :

3k—3
Since By, (x,rp) = B (z.,x9sinhry,) for z. = (xg, z1, z2 coshry) and uy, ?  is con-

tinuous we obtain

3k—3

\k+1|rh>
2 3k=3
u(y)y, * dog (y) = 0.

k £ sinh <
1

,—0 8T sinh ry, OBy (z,mn)

Similarly we deduce that

o 1 / ys 'u (y) noH (x,y)
OBy (z,rh)

d
rhn—0 8T 2o sinh 7y, o) (¥)
(k= 1)a,* 1 |k +1]
. —Dax 3k—1 + 1|7y
= lim —2/ u 2 — x9 cosh 1) cosh —————do ) = 0.
rn—0 8mad sinh® ry, Jop, () W)y " (y2 =2 2 2 ()

Lastly we infer

k+3
2 ‘k+1vh
x45? coshry, cosh ( 5

) ) =

lim — e

—u(z)
. 2 - ’
r,—0 4’71'17% sinh Th OBy (z,rn) Yo 2

completing the proof. m

Theorem 18 Let Q_ - Ri be open and R a bounded open set with a smooth
boundary satisfying R C Q. If w is twice continuously differentiable functions in
Q and v € R then

1 OH ou 1

where doy,, dmy and %are the same as in Lemma 16. Moreover, if u € Cg (R)
then

1
U($) = —E/RHAkudm(k).

Proof. Applying Green formula in the set R\ B}, (z, 7)) we obtain

H

R\Bp (z,rp) AOR\By, (z,r1,) ony, ony,
H
or \ Ong ony,

ou OH
— H— — U —_— dO' .
/8Bh(a:,rh) < 8nk (y> ank) ;

12



Since H is k-hyperbolic harmonic in R\ B}, (z,r),) we obtain

ou OH
[ Hewswmdn )= [ (#
R\Bp (z,rp) OR

_/ (Héz_uéﬁ)@%
OBn(zrn) \ Ok ony,

Since

0
/ H—udak
OB (x,1) ony,

|k+1|rp
’“gl cosh (T Ou _3kt1
=Ty — i
sinh 7, 0By (z.rp) Mk

_3kt1
and g—&% > is bounded in 0B, (z, 1) we obtain

/(93h(zvrh)

for some founction m > 0 with bounded limit when r;, — 0 and therefore

o
lim HZ 4oy = 0.
rn—0 OBy (x,rp) Ony,

P
Nk

LIS k+1
dop < m(x,r,)xy? 4cosh (%) msinh 7y,

Since the function Agu (y) is a continuous function and by Lemma 15 H (x,y) is
integrable in a bounded set R we obtain

lim H A puydmp,y :/HAkudm(k).
R

rh—0 R\Bp(z,m1)

Combining all the preceding steps and applying Lemma 17 we conclude the result.
|

Corollary 19 Let 2 C R be open and R a bounded open set with a smooth
boundary satisfying R C Q. If w is k-hyperbolic harmonic in 2 and x € R then

! (ua—H _ H@) doy (1)

- 47T OR
where doy,, dm,y and %are the same as in Lemma 16.

Note that if £ = 1, then

& du

H (z,y) = coth (dy, (z,y)) = / _

<12

and if k = —1, then
1 B 1 B 2
Toyesinhdy (z,y)  xoypvV/A2—1 |z —y||z — yl

13

H(z,y) =



These kernels were already used in integral formulas for hypermonogenic functions,
see for example in [2] and [6]. Mean value properties for hyperbolic harmonic
functions were verified in [7] .

We may prove also similar results for eigenfunctions of the hyperbolic Laplace
operator.

Theorem 20 Let QC Ri be open and R a bounded domain with a smooth bound-
ary satisfying R C Q. Denote v = ;11(4 — (k+ 12 If wu is twice continuously
differentiable functions in Q) and x € R then

w(z) = /8 ) (ua—F - F@) doy () — /R F (Apu — ) dmn,

- 47 Gnh anh B 4
where doy, = Z—g, dmy, = ‘i—? and % = yQ%. Moreover. if u € C3 (R) then
2 2
(z) ! F (A )d
u(xr)=—— u — yu) dmy,.
ar Jn h Y h

Proof. Using Green formula in the set R\ B, (z,7,) we obtain

/ (F (Apu —yu) — u (ApF —yF))dmy, = / <Fﬂ - ua—F> doy,
R\Bp(z,rn)

OR\By(zrn) \ Onn  Ony

ou oF
= /aR (Fa— - a—) don

From ALF (z,y) — vF (x,y) = 0 in R\ By, (x, 1), it follows that

/ F (Apu—yu)dmy, = / (Fa—u — ua—F> doy,
R\Bp(z,r1) OR ony, ony,

OBp(z,rp) anh anh

Since 8% is bounded in 0By, (x, ) we obtain
0 k+1
/ F(z,y) u(y) doy, (y) < 4m (z,r,) cosh mﬂ'fﬂg sinh 7,
OB (z.rn) O,

for some function m > 0 with a bounded limit when 7, — 0 and therefore

0
lim F(z,y) u(y)
rp—0 8By, (z,r1,) émh

doy, (y) = 0.

Since the function Apu — yu is a continuous function and by Lemma 15 F' (x,y)
is integrable in a bounded set R we obtain

lim F (2,) (L — ) dim, (y) = / F (2,y) (Bt — yu) dmi, ()

=0 JR\By, (2,r1) R

14



The proof is completed when we verify that

) u@f;(;,;y) doy, (y)

. fBB . (T, R
lim h(@Fn
rp—0 47

=—u(z).

This follows from the preceding calculations similarly as earlier proof, since

F 1 1
or = F(x,y) (% tanh (M> — coth rh)

6nh 2
and
OF (z,y) cosh <%) cosh ry, udo
lim u———"—">doj, = — lim — / —
Th—0 OBy (z,r1) anh Th—0 sinh Tn OBy (z,r1) Y
= —dnu (x).
[

Corollary 21 Let Q C Ri be open and R a bounded open set with a smooth
boundary satisfying R C Q. If wu is an eigenfunction corresponding to the eigen-
value v = 3(4 — (k+1)% in Q and x € R then

1 OF (z,y) ou
u(zr) = ), (u B F (z,y) 0nh) doy,.
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