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Let D denote the well known Moisil-Theodoresco opeggtor acting on bi-
quaternion valued functions f according to the rule Df = = _, exe,f, where

@

@ = 5= € are standard quaternionic imaginary units (see,lg.g., [3], [6]) and
the function f of real variables x;, X3, X3 has the form f = i:o frex, where
fx 2 C, k = 0; 3 are continuously dizerentiable functions.

Consider the Schrodinger operator j A +v applied to a scalar function .
Let ® be a purely vectorial biquaternion valued function such that D Ly
(“'!J)2 = jv. Then, as was shown in [1], [2], the following equality is valid

(iA+v)' =D+M*D | Mb, ()
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where M * stands for the operator of multiplication by ® from the right-hand
sid: MPF=fcb,

The operator D + M bis closely related to the static Maxwell system, to
the classical Dirac operator as well as to the so called Beltrami or force-free
fields (see [4]). In [5] the factorization (1) was used in order to obtain integral
represengation§ for solutions of the equations (D + M b )f=0,(D+°)f =0
androt f +°f =0, where b — ®,(x;1)e; and © = °(x;) is a scalar function.
These three equations were reduced to a set of Schrodinger equations.

In the present work we study the case when ® has the form

b = (x))e; + ®(xa)er + O5(Xs)es: (2)

For example, in a particular case when b — i ((i1+A(X1))e; +mey) with !
and m being constants, the operator D + M ™ represents the Dirac operator
for a particle of mass m, frequency ! moving in an electric field with the
potential A [4].

Moreover, let the permittivity " of a medium be of the form "(x) =
"1(X1) €"5(X2) € "3(X3). Then the static Maxwell system

div("(x) I'li (x)) =0 and rot &(x) =0

IS equivalent to the equation
(D + M*)E(x) = 0;

.| ;
where E = p"E and ® has the form (2) with ® =e,"=(2"), k =1,2; 3.
Denote by ® () the result of the following involution:

M _o e k=0:1:23;

where the bar stands for the quaternionic conjugation.
The following proposition is valid.

Proposition 1 Let f be a solution of the equation
(D +M*)F =0 (3)

Then the components fy are solutions of the Schrodinger equations (j A +
wi)fk =0, k = 0;1;2;3; where wy = D ® () i (4&3 k)2,



The following fact gives us a method for constructing exact solutions of
(3) having obtained solutions of the corresponding Schrodinger equations.

Proposition 2 Let four scalar functions gk, k = 0; 1; 2; 3 satisfy the follow-
ing equations (j A + vk)gk = 0, where vg = D&® ; (X2 Then the
function
b X
f=(MDiM") due (4)

k=0
is a solution of (3).

Moreover, we prove the following theorem which guarantees that under
certain conditions any solution of (3) has the form (4).

Theorem 3 Let  be some domain in R3 which can coincide with the whole
space, F (£2) and G(2) some functional spaces such that the equation

(i A+we(X)u(x) ="1(x); x2€Q k=0;1,2;3

has a solution for any right part ' 2 F(£2) and the solution u belongs to
G(€2). Then any solution f 2 F(£2) of (3) has the foom f = (D | M )g
where g 2 im (D+M é’)(G(Q)) and g satisfy the equations ( A+vk)gk =0
in Q.

Finally, let ux be a fundamental solution of tI'Re operator j A + vk, k =
0;1;2;3. Then the integral operator Ty'(X) = ,Uk(X j y)'(y)dy under
some natural conditions is a right inverse operator for the operator j A + vy.
Denote

, X
Tef =(D i M) (Tefien)):
k=0

It can be verified that T4 is a right inverse operator for the operator D-+M b,
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