Hyperbolic ),-scales
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Abstract

The Qp-scales were first introduced in [1] as interpolation spaces be-
tween the Bloch and Dirichlet spaces in the complex space. In '98, they
were generalized to R™ (see [4], [6]) using the automorphisms of the unit
disk @o(z) = ===, la] < 1, and a modified fundamental solution for the
Laplacian.

However, such treatment presents the disadvantage of only consider-
ing the Euclidean case. In order to obtain an approach to homogeneous
hyperbolic manifolds, the projective model of GEL’FAND was retaken in
[2]. With the help of a convenient fundamental solution for the hyperbolic
(homogeneous of degree a)) D, (see [5]) it was introduced in [7] and [3]
equivalent @), scales for homogeneous hyperbolic spaces. In this talk we
shall present and study some properties of this hyperbolic scale.

1 Introduction

In the last years the study of the so-called @p,-scales emerged from complex
analysis (see e.g. [1]). These function spaces are spaces of holomorphic functions
for which

- / ()PP (2 a)dady < oo, 1)
a€B1(0)
B1(0)

where g(z,a) = In|+=%| is the Green’s function of the two-dimensional real
Laplacian, B1(0) = {z : |z| < 1} is the complex unit disk, ¢,(2) = == are
automorphisms which map the unit disk onto itself and 0 < p < oo, their
importance lying in the fact that they form a scale of function spaces invariant
under the automorphism group of the complex disk and allowing a ” fine-tuning”
of the boundary behaviour of functions holomorphic in the unit disk.

A suitable generalization of such a scale to higher dimensions in Euclidean

spaces was done, in the framework of Clifford analysis, by K. Giirlebeck, U.
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Kéhler, M.V. Shapiro, and L.M. Tovar [6] and by J. Cnops and R. Delanghe [4].

In [2], [7] a Clifford Function Theory for hyperbolic spaces has been intro-
duced, by making use of a homogeneous description of the hyperbolic unit ball
whereby points are identified with rays in the future null cone and the isom-
etry group corresponds to the Lorentz group Spin(1,n). Here we will give a
definition of Q,-scales in the framework of the projective hyperbolic model.

2 Preliminaries

Let IR™ be the n-dimensional vector space, endowed with the usual Euclidean
metric. Moreover, we shall provide IR" with a quadratic form

p p+q

2 2

Q(z) :in - Z Ty
=1 i=p+1

and we will write RP? = (IR", Q).
We denote by C¥, , the universal real Clifford algebra which

i) 22 =Q(x), Vz € R™;
i) it is generated as an algebra by the above vector space;

iii) it is not generated as an algebra by any proper subspace of IR".

By i) we obtain as multiplication rules for the orthonormal basis ey, ..., e,
that
2 +17 1217710
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and
eie; +eje; =0, fori#j.

Hence CY, , is a 2"-dimensional real associative algebra, with basis given by
e =1and ey = ep, ---ep,, where A = {hy,...,hi} C N = {1,...,n}, for
1<h < ---<hg<n.

Each element x € Cf, , can now be written as a linear combination of such
elements of the basis. The particular linear combination of basic elements with
equal length k is designated a k—vector; we shall denote by [z]; the k-vector
part of x € CY,, 4.

We define an involutory automorphism in C¢,, 4, which we denoted conjuga-
tion, as T — T, given by its action on the basis elements as 1 =1, €; = —e; and
ab="ba.

Let Q@ € IR™ be an open domain. We define a Clifford-valued function
f=f(z)in Q as

fl@) =Y falz)ea,
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where all f4(z) stand for real-valued functions. Function spaces of Clifford-
valued functions are established as modules over the Clifford algebra C¥, ,, by
imposing the coefficient-functions f4 to be in the corresponding real-valued
function space. Therefore, we shall use for Clifford-valued function spaces the
same notations as in the real-valued case.

We define the Dirac operator on C¥?), 4 as

e
o =3 ez @

which satisfies —9% = A, — A,, where Ay is the s-dimensional standard Eu-
clidean Laplace operator. Moreover, a function is said to be (left) monogenic if
df =01in Q.

3 Hyperbolic Clifford Analysis

The following projective model has been introduced in the seventies by Gel’fand
as a way of describing the hyperbolic disk in projective coordinates. As main mo-
tivation for using this model is the study of the invariance group of null solutions
of the Dirac operator, which corresponds to the Lorentz group Spin(1l,n + 1)
and the fact that the subgroup Spin(1,n) of Mdbius transformations leaving
the unit sphere invariant is the isometry group for hyperbolic geometries.

3.1 The Projective Model

In what follows, we shall consider x = x1e; + --- 4+ x,e, to be an arbitrary
element of the vectorial space IR®™. Each point z will be assigned projectively
to an element of R by means of

L — X = Xlel +-+ Xnen + Xn+1en+1 + Xn+26n+2
= X+ Xnt1€nt1 + Xnio€nia

1—r? 1472
€41+ 42 €n+2, (3)

where r? = |z|? = Y"1, 27 denotes the usual n-dimensional Euclidean metric.
This transformation takes the form

X]’ = Tj j:].,...,m

2
Xpp1 = 5 (4)
Xpgo = 1%

and, with respect to the standard Euclidean basis, it defines a conic surface
NC in the vectorial space IR"™2. Moreover, its elements satisfy the quadratic
equation Q(X) = —(X?+...+X2,)+X2,, = 0. Hence, we have an embedding
of R”" into NC; = {X| Q(X) =0A X,,12 > 0} € R (see figure below).
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fig.1 - Projective model
Lemma 3.1 The mapping x — X is (up to the sign) an isometry.

Proof: ds3, = Y da? = dX2,, — Y/ dX? = ds.

We now consider the homogeneous mapping
z—ray(X)={Y =X, A >0}
which embeds IR®™ into the manifold of rays
ray(NCy) = {ray(X),X € NC,}.
For each Y € ray(X) we have the recovering formulas

1
r = ——— Y, for Y1+, 0
B Yn+1 + Yn+27 1 +2 ;é

where X lies in the paraboloid P

X2, = X{+---+X2,
P = Xn+2 > 0
KXnt1+ Xnpo = 1

while ray(0, —1,+1) is to be identified with the point at infinity co.

(7)

Remark that the mapping (5) is an injective projection of S™ = IR™ U {oco}

into the manifold ray(NCy ). Hence, the following identification holds

5" =TR"U{oo} &5 NCy N{X : Xppo = 1}

Moreover, the unitary ball B;(0) in IR" is to be identified with the set of points

of P such that X, = % > 0.



X

fig.2 - Null cone

Analyzing the invariance group for this model we have

i) the Lorentz group is the angle preserving group of IR", hence also of
ray(NCy).

ii) the unit sphere S"~! corresponds to ray(X| X,+1 = 0), while the unit
ball B(0) is associated to the region X,,+1 > 0, its invariance group being
Spin(1l,n).

Due to this considerations we shall restrict R»" ! to IR"™ by means
X + Xn+1en+1 + Xn+2en+2 lond X + Xn+29n+27 (8)

in order to preserve the hyperbolic structure of the model.

3.2 Hyperbolic Dirac Equation
We denote by Future Cone the set

FCy = {X] Q(X) > 0}. (9)

A function f( ) on B;(0) may be extended to P N RY™ by F(X) = f(z),

where X =z + 1 | |* €nta-

We now extend F to the whole Future Cone in such a way that it remains in-
variant on the manifold of rays ray(FCy) = {ray(X)| Q(X) > 0}. For that, we
define F in ray(FC..) as the a-homogeneous bundle £ @ given by the equivalence
relation

F(K + Xn+2en+2) ~ )\aF(K + Xn+2en+2); (10)

and we obtain a projective identification of f(z) with

F ()\(X + Xn+2en+2)) = )\OLF(X + Xn+2en+2), A>0. (11)



Next, we introduce homogeneous differential operators
P(X, Xpt2,0x,0x,,,) = ZA;,j(Xa Xn+2)8§8§(n+2 (12)

where 8% = 8?(11 . (“)?‘(’; and A ; are IRy ,-valued polynomials in X + X, {2€;, 2.
We say that the operator (12) has homogeneous degree o if

PAX, AXp12,050x,00x,,2) = A" P(X, Xpn12,0x, Xny2).

n+2

Moreover, P(AX,AX,12,0:x,0xx,,.) Will map sections of the bundle &,
into sections of the bundle £g with 8 — a = 0.

Definition 3.2 (a-Dirac equation) We define the a-homogeneous Dirac equa-
tion for the section bundle &, as

(*(%\K + e7l+26Xn+2)F = 0
(13)
(= 2imy XiOx, + Xni20x,,,)F = oF
for every F € &,.
Moreover, the system (13) in z-coordinates reads
2 n
DoF = -0, + w(g +eni2)(a+ Y i0s,)F. (14)

i=1

3.3 Fundamental Solution

We now establish a homogeneous version of the Cauchy-Pompeiu formula. We
recall the Léray form

L(X,dX) = Ex]|V(dX) (15)

arising from the contraction of the Fuler operator Ex = —Z?Zl XJHXJ. +
Xn420x, ., with the volume n + 1-form V(dX) = dX; - - - dX,d X, 4.

The oriented surface element is generated by the contraction of the Dirac
operator with the volume form V(dX),

G‘(dX) = axjXm tee anan+2
= Z(—l)jejXm-nde_ldeH "'an+2
j=1
— (=1)"*%e, 9d X - - dX,

and leads to the homogeneous version of the surface element

S(X,dX) = Ex|o(dX)
= —0x|L(X,dX)
= Ex|ox|V(dX). (16)



Theorem 3.3 (Cauchy-Pompeiu formula (see [7], [8])) Let F € &,, G €
Ep such that o+ 3 =1—n. Then

/ F(X)Z(X,dX)G(X):/ [(FD.)G + F(DsG)| L(X,dX).  (17)
oC C

where C' represents a n — 1-chain in the manifold of rays.

We now introduce the following simplification of notation: we shall denote
by t the last coordinate, X, 1o. Hence, we write X = X + te,4o.

Definition 3.4 (Eelbode, see [5]) The fundamental solution for D, is given

by
n—1
_1)%5
EX,t) = %m
1
n—1 n_:
(*31 + en+28t) A2 / (t—ry)*(1 - y2)ngy (18)
= Jo
with r = | X]|.

Theorem 3.5 (Cauchy’s Integral Formula) For every G € &g such that
a+ 8 =1—n we have

/ E(Y - X)X(Y,dY)G(Y) = G(X)+
ac
/ [E(Y — X)(DsgG)] L(Y,dY). (19)
e}
Proof: This theorem is an immediate consequence of the Cauchy-Pompeiu

formula (17), assuming F(Y) = E(Y — X) € &,.
(]

4 () p-scales on the Hyperbolic Space

In the complex case, the Q,-spaces

{f1f hol. in B1(0), sup / ()P g (2, a)dady < oo}
aEBl(O)B ©)
1

represents a continuous scale of spaces linking the Dirichlet space

D = {f|f anal. in B1(0),D(f) = /A |f'(2)Pdady < oo} (20)



to the Bloch space

B = {f|f anal. in B.(0),B(f) = sup (1—|z*)[f'(2)| <o}  (21)
z€B1(0)

by strict inclusions. However, in higher dimensions the Green function g(z, a)
of the original definition (1) has a singularity which only allows to consider Q,-
spaces for p < n/(n —2). Hence, we follow [6] by replacing the term g”(z,a) by
(1 — |pa(2)]?)P, with ¢, an automorphism of the unit ball.

4.1 General Definitions

Definition 4.1 Let L be a first order differential operator. Moreover, assume
that, for every F € Ker(Dq)NEy we have LF € Ker(Dg)NEg (hence a+ 0 =
—n). Then we define the Qr p-space as the set of all F' € Ker(Dqy)NEy satisfying

sup / [LF(X) 8% (0(X)) L(X, dX) < oo (22)
p€Spin(1,n) J B1(0)

where 0 < p < oo, Sp(X) = |X2,, — > X2| and B1(0) denotes the identifi-
cation of the unitary ball as subset of {X|2X, 42 — 2?21 Xj2 =1A[X]?> <1}

Moreover, we define the corresponding Dirichlet space D, as the set of all

F € Ker(D,) N &, satistying to

sup / |LF(X)PL(X,dX) < . (23)
B(1)

@€Spin(1,n)
Then it is easy to see that
i) the Q. p-spaces form a scale of Banach Clifford-modules.

ii) they satisfy the usual inclusion property, that is, Qzp, C Qrq, for 0 <
p<gq.

ili) Qzo=Dg.

4.2 A First Estimate

From (19) we have

Lemma 4.2 For every G such that LG € Ker(Dg) N Eg it holds
/ EY - X)2(Y,dY)LG(Y) = LG(X). (24)
ac

We now obtain an estimative for the modulus of LG in the origin.



Theorem 4.3 Let G be such that LG € Ker(Dg)NEg. Then there exists a real
constant K (o) > 0 such that

ILG(0)] < K(e) /BC XX, dX)[[LG (X)) (25)

for every n —1-chain C in {X[2t = 377" | X7 = 1A|X[* <1}.
Proof: Indeed

[LGO)] <

E(X)S(X,dX)LG(X)
oC

/ B(X)||S(X, dX)|£G(X)]
oC

IA

The fundamental solution (18) of the a-homogeneous Dirac operator can be
written as

n—3

2 dy

1
E(X,t) = C(a)(—8§+en+28t)agl/o t—ry)*(1—vy?)

S {C<a><—1>j 6) [ 10— T -0 + ena0)o ta-f‘w‘}

= Z {C/(a,j)(—aé + en+28t)a£71 ta_j'rj}

(_1)n;1

n—1 1
a2nm 2 I(%5=)

where C'(«) is, up to the sign, and

n—3

2 dy| #0,

1
C'lad) = (1Y) () [ W -1)
forall j =0, --- .
Hence, for every n — 1-chain C'in {X[2t — 377 | X7 = 1 A|X[* < 1} (which
implies 3 < || < 1) we have

|IE(X,t)] <

NE

" (@, j)(=0x + en 200" t27ir|

<.
Il
o

NE

(|c"(@,as t2=37 | + |C' (e, ™ ¢e-7r7]),

<
I
o

which ensures the existence of a positive constant K («) given by

NE

. (|c" @z t==0] + | (a, parp ™ 12=vd) ).

J

Il
<
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