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Abstract

Often decision makers have to cope with a programming problem
with unknown quantitities. Then they will estimate these quantities
and solve the problem as it then appears - the ‘approximate problem’.
Thus there is a need to establish conditions which will ensure that the
solutions to the approximate problem will come close to the solutions
to the true problem in a suitable manner. Confidence sets, i.e. sets
that cover the true sets with a given prescribed probability, provide
useful quantitative information. In this paper we consider multiobjec-
tive problems and derive confidence sets for the sets of efficient points,
weakly efficient points, and the corresponding solution sets.

Besides the crucial convergence conditions for the objective and/or
constraint functions, one approach for the derivation of confidence
sets requires some knowledge about the true problem, which may be
not available. Therefore also another method, called relaxation, is
suggested. This approach works without any knowledge about the
true problem.

The results are applied to the Markowitz model of portfolio opti-
mization.

Keywords: multiobjective programming, stability, confidence sets,
estimated functions, relaxation, Markowitz model



1 Introduction

Often decision makers face a problem where not all quantities are completely
known. Then they usually estimate the unknown parameters or probability
distributions and solve the problem as it then arises. They hope that the de-
cisions obtained in that way come close to the true optimal decisions. Hence
there is a need for assertions that can justify this hope, so-called stability as-
sertions. Regarding the estimates as random variables, the decision problem
which is really solved, is a realization of a random problem. As reasonable
estimates approximate the true value in some random sense if the sample
size n tends to infinity, one can ask in what sense and under what conditions
the random decision problems approximate the true ones. Qualitative stabil-
ity statements provide conditions that ensure convergence (almost surely, in
probability, in distribution) of optimal values and solution sets of the random
surrogate problems.

In parametric statistics, in addition to the convergence (consistency) of
the estimators, confidence sets play an important rule. Confidence sets are
random sets that cover the true parameter with a prescribed high probability.
They are derived from samples of size n and they should shrink to the true
parameter if n increases. Thus they can provide important quantitative
information.

In the present paper we will derive confidence sets in the framework of
multiobjective decision problems. Decision makers usually have to take into
account more than one goals. Then the sets of efficient points in the image
set are investigated instead of the optimal values. We will use a minimization
framework, hence the sets of minimal points with respect to the usual par-
tial ordering in R* and the corresponding decisions - the solutions - will be
investigated. And again, estimates will have to be used instead of unknown
quantities and one arrives at a sequence of random multiobjective problems.

Estimates for unknown quantities are not the only framework where ran-
dom approximations occur. Random surrogate problems come also into play
if completely known decision problems are solved with an algorithm that
uses random steps. Sample size approximation [15] is an important example.
Furthermore, bootstrap procedures (in a wider sense) often sample from an
approximate model, which is obtained via an estimation procedure, hence
confidence sets for the parameters of the model are of interest.

Qualitative stability results for deterministic multiobjective parametric
programming problems can be found in [7], [8], [9], [13], [19], and [20]. The
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authors consider, among others, ‘semicontinuous’ behaviour of the sets of
efficient points and the corresponding decisions. Multiobjective stochastic
optimization problems are investigated in [3] and the probability measure is
regarded as parameter. In [28] stability results for sequences of deterministic
problems are formulated in a unifying framework.

The results from deterministic multiobjective programming, particularly
from multiobjective parametric programming, can be employed to derive
statements about convergence almost surely, see [23]. Note that the stochas-
tic approach usually requires considerably weaker conditions than the deter-
ministic approach, while in real-life situations an assertion that holds ‘almost
surely’ is usually not worse than an assertion that holds in the deterministic
sense. Weaker convergence modes, such as convergence in probability or con-
vergence in distribution, require even weaker assumptions and hence apply
to a larger class of problems.

In [23] a method was suggested which opens the possibility to derive
results about the convergence in probability from assertions for convergence
almost surely. In his PhD thesis Gersch [1] investigated convergence in distri-
bution for single-objective and multiobjective problems and considered also
e-efficient points.

Quantitative assertions for single-objective problems which provide bounds
for the distance between solution sets in terms of probability metrics are given
e.g. in [12]. Confidence sets for solution sets of single-objective optimization
problems were derived in [11] and [25]. Like in statistics, in our framework
a confidence set is understood as a set that covers the true set with a pre-
scribed high probability. Recall that many statistical estimates are obtained
as solutions of random optimization problems and hence fit into this set-
ting, cf. [24]. In statistics, however, confidence sets are usually derived for
single-valued solutions of an estimation-optimization procedure. Often so-
called identifiability conditions are imposed to enforce single-valuedness. In
the multiobjective setting we can not confine to sets that are single-valued.
The approach, which will be used here, relies on a quantified version of con-
vergence in probability. Such ‘quantified’ convergence assertions can not be
obtained in the way described in [23]. We therefore extend a method sug-
gested in [21]. While in [21] only a rate for the convergence in probability
was taken into account, the derivation of confidence sets also requires further
information.

In order to derive a confidence set for a set ¥y C RP, we can proceed as
follows: Assume that a sequence (V,,),en of random sets with the following
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property is available:

Vi >0: sup P{w: Yo\ Us,,Vn(w) # 0} < H(k). (1)

neN

Here (8,1 )nen is a sequence of nonnegative numbers tending to zero and
H satisfies lim H(k) = 0.

K—00

Given a prescribed confidence level 1 — 1, one determines xy such that
H(ro) < n. Then for each sample size n the set Ug, , W, covers the true set
U, at least with probability 1 — 7. Note that no knowledge about the exact
distribution or the asymptotic distribution is needed. Because confidence sets
for each sample size n can be derived in this way, Pflug [11], who first derived
confidence sets in the framework of stochastic programming, introduced the
denotion ‘universal confidence’ sets.

We call sequences of random sets which satisfy (1) outer approximations
in probability with convergence rate B3, . and tail behavior function H. The
denotations ‘convergence rate’ and ‘tail behavior function’ were suggested in
[11]. Note that the convergence rate ist different from the rate for convergence
in probability considered in [21].

Once an outer approximation is found, each sequence of supersets also
forms an outer approximation. Since one is interested in small confidence
sets, one could therefore ask for sequences which tend to be contained in
the true set. So-called inner approximations with convergence rate and tail
behavior function, defined by

Ve >0: sup Plw: U, (w)\ Us,, Vo # 0} < H(k), (2)

ne

have this property.

Note that a sequence which is an inner and an outer approximation with
the same convergence rate and tail behavior function is Kuratowski-Painleve-
convergent with this convergent rate and tail behavior function, see [25] for
the relation to Kuratowski-Painleve-convergence in probability.

However, inner approximations need not be contained in the true set for
fixed n. Approximations which are contained in the true set for each n with
a high probability will be called subset-approximations, see [27]. These kind
of approximations will be needed in the relaxation approach.

In multiobjective decision problems the sets of efficient points and the
corresponding solution sets are of main interest. However, it is well-known
from parametric multiobjective programming that the sets of efficient points
of the approximate problems usually do not approximate the set of efficient
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points of the true problem, they tend to be contained in a superset, the
set so-called weakly efficient points. At the end of Section 2 an example
with a deterministic sequence of approximating problems is provided which
shows a typical situation. Hence, additionally to the sets of efficient points,
also the sets of weakly efficient points and the corresponding decisions (weak
solutions) have to be taken into account. We will provide outer and inner
approximations for the image sets, the sets of efficient points, the sets of
weakly efficient points, and the corresponding solution sets. In this paper we
will not consider approximately efficient solutions, as for instance dealt with
in [18] and [28]. This topic will be considered elsewhere.

The assertions will be illustrated by the Markowitz model of portfolio
optimization. As some of the conditions usually imposed in stability theory
in multiobjective deterministic programming do not apply to the Markowitz
model, we will also prove results which are particularly useful for linear and
quadratic objective functions with estimated parameters.

The results assume certain convergence properties of the objective and/or
the constraint functions. Sufficient conditions for these assumptions are con-
sidered in [26] for functions which are expectations. Regression functions are
dealt with in [16] and [17]. The case of estimated parameters for a Lipschitz
function will be added in this paper.

Besides the convergence of the objective and perhaps the constraint func-
tions some knowledge about the true problem is needed. In many cases
bounds for the continuity functions or growth functions, employed in the
following, are available. If one can or will not rely on information about the
true problem, one can use an approach called relaxation. It was investigated
in [27] for the single-objective case. In this paper it will be elaborated in the
multiobjective framework.

The paper is organized as follows. The mathematical model is provided
in section 2. The Markowitz model is introduced in section 3. Section 4
investigates the image sets. Moreover, further sufficient conditions, which
particularly apply to the Markowitz model, are derived. In section 5 results
about outer and inner approximations of the sets of efficient points and the
sets of weakly efficient points are proved. Section 6 deals with the solution
sets and section 7 explains the relaxation approach.



2 Mathematical Model

Suppose that we are given the deterministic multiobjective programming
problem

(Fy) min fo(z)

€l

where 'y C RP is a nonempty closed set and fo|RP — RF. Minimization is
understood with respect to the usual partial ordering “<” in RF, which is
generated by the cone RE. By (aj...ax)” < (bi...by)"; a;,bi € R, we
mean a; < b; Vi € {1,...,k}.

We consider random surrogate problems

(Py(w)) min f,(z,w)
z€l'y (w)

where I',,,n € N, are multifunctions defined on a given complete probability
space [, A, P] with values in the o—field of Borel sets XF. f,|RP x Q — RF
is taken as (XP ® A, ¥¥)— measurable. Sufficient conditions for this property
are given by Vogel [21]. To avoid restricting the model to closed-valued
multifunctions we, additionally, assume that the graphs Graph I',,,n € N,
belong to A ® ¥P. In our setting multifunctions with measurable graphs are
measurable, i.e. [ 1 (M) :={w e Q: T, (w)N M # 0} € A for every closed
set M € >P.

[y and I',,(w) may be specified by inequality constraints:

Iy:= {xER”:gg(aj) <0,j€J},

[y(w) = {z € R?: gj(z,w) <0,j € J},

where g}|RP — R'; g¢I|R" x Q — R'is (X? ® A, X')-measurable and .J
is a finite index set. Multifunctions I',, of the above form have measurable
graphs.

For sake of simplicity we assume that there is a compact set K C RP such
that 'y € K and I'),(w) C K Vn € N Yw € Q.

When a single component of fy or f,, or other vector-valued functions is
dealt with, the same letter is used with a superscript: f7 denotes the j-th
component of f,. For elements of R?, R™, or R*, however, we use subscripts:
x; denotes the j-th component of .

Firstly, we have to deal with the image sets. We will denote them by Fj
and F,:

Fo :={fo(x) : x € T} = fo(Lo),
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Fo(w) = {fulz,0) s 2 € Tp(w)} = fu(Ta(w), w).

The sets of efficient points (or efficiency sets) for the original problem (F)
and the approximate problems (P, (w)) are explained by

Ey={yeFy:Ay € Fywith (g <yAy ;éy)}:{yeFoz(y—Rﬁ)ﬂFoz{y}},

E,w):={ye F,(w): By € Fy(w)with ( < yAy#y)}
={y € F(w): (y— RY) N FE,(w) = {y}}.

By Sy and S,, we denote the corresponding solution sets:
So = {z €Ty: AT € Iy with (fo(Z) < fo(z) A fo(@) # folz))},
Sp(w) ={z el,(w) :AZ € I'y(w) with (f,(Z,w) < fulz,w)Afo(Z,w) # fu(z,w))}.

Moreover, we introduce the sets of weakly efficient points
Wy = {yeFo:/ﬂngFowithg<y}:{y€FO:(y—intRﬁ)ﬂFO:(Z)}
and

Wo(w) == {y € F,(w) : Ay € F,(w) with § < y} = {y € F,(w) : (y—int RE)NF, (w) = 0}

and the corresponding ‘weak’ solution sets
SV i={x eTy:B7 € ywith fo(z) < fo(w)},

SW(w) :={r €T, (w): AT € I'y(w) with f,(Z,w) < fu(z,w)}

. By definition, the sets of efficient points are contained in the sets of weakly
efficient points and a corresponding relation holds for the solution sets.

The following deterministic example shows that, in general, one can only
expect that the sets of efficient points of the approximating problems tend

to a subset of the set of weakly efficient points of the true problem.

Example. Suppose that f)(x1,22) = x1, fE(x1,22) = x5 and 0 < z; <
1, © = 1,2. Then the set of images is the set

Fyi= {(filwra), fi(en,22)) 10 <2y < 1, 0 = 1,2) = [0,1] x [0, 1]
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and the only efficient point is the point (0,0). The approximating functions
are assumed to have the form f!(z;,x9) = x; and
Py m) = 1—(n—1)z + 2, if0< 2y <2, 0< 2y <1,
nAly o2 oy, if D<oy <1, 0< 2, < 1.
Then the set of efficient points of

Fy = {(fHy,z), f2(21,22) : 0< 2, <1, i = 1,2}

is the set

1 1
E,={(z1,29) : 0 <21 < — 29 = 1—=(n—1)a1 JU{(21,22) : — <21 <1, 29 =
n n
which, for n — oo approximates the set Wy = ({0} x [0, 1]) U ([0, 1] x {0})
in the Hausdorft metric and in the Kuratowski-Painlevé sense.

In [23] we showed that measurability of the sets under consideration is
ensured under the assumptions of this paper.

3 The Markowitz Model

As an example we will consider the well-known Markowitz model of portfolio
optimization. An investor has an amount of money of value 1 and can invest
his money into a set of p assets. Markowitz suggested to maximize the
expected return and minimize the variance of the return as an indicator of
risk. Thus, denoting the proportion invested into the i-th asset with z; and
the random return of the ¢-th asset with p;, we have the decision-vector
x = (z1,...,2,)" and the random vector of returns p = (py,...,p,)". Let
= (p1,..., 1) be the expectation of p and B its covariance matrix. Then,
in our minimization setting, we obtain the objective functions

fi@) = —E(aTp) = —"p
and

fi(z) = var(2”p) = 2" Ba.
We assume that estimates

n

A . . 1
Hn = (Mn,l; cee 7,Un,p>T = g ; p(l)

1—1’1

n—1
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for the expectation and

n

A 1 . .
By=—=> (0" = i) (p" — jin)"
=1
for the covariance matrix, based on i.i.d. random samples p) = (pgl), e ,pﬁ,l))T [ =
1,...,n, are available. Thus the approximating objective functions have the

following form:
fé(mac‘» = _mTﬂn(w)7
fAz,w)) = a:TBn(w)x.

The constraint set is given by
To:={z € RPlw; >0,i=1,...,p; Y z; <1}
i=1

and in this form there is no need for approximations. We would like to note,
however, that further restrictions, e.g. in form of shortfall constraints, could
be incorporated. Then also approximations of the constraint set would come
into play.

Note that the measurability assumptions imposed in section 2 are satis-
fied.

4 Approximation of the Image Set

The sets of efficient points and the sets of weakly efficient points are subsets
of the image sets. Therefore we start with the investigation of the behavior
of the image sets F,,. We present an assertion for the inner approximations
and an assertion for the outer approximations.

In the following theorems sets H, B and A occur. B is the set of sequences
of positive numbers that converge monotonously to zero. H denotes the set
of functions H|R™ — R with the property lim H(x) = 0.

A is defined by e

A :={A\|RT — R™: \is increasing, not constant, right-continuous,

and satisfies A\(0) = 0}.
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The functions in A allow for a generalized inverse in the following form:
A y) :==inf{z € R* : X(2) > y}. || - || denotes the Euclidean norm and d
the metric induced by this norm. A neighborhood U.A of a set A C R is
defined by U.A = {z € R' : d(z, A) < €}. UTy denotes a suitable neighbor-
hood of I'y.

Theorem 1-(i). Suppose that the following conditions are satisfied:

(CI'-i) There exist a function H; € H and for all £ > 0 a sequence
(67(19;)neN € B such that
Vi >0 sup P{w : Tn(w) \ Uy To # 0} < Hi (k).
nEN n,K

(Cf) There exist a function Hy € H and for all K > 0 a sequence
(B%h)nen € B such that
Vi >0 sup P{lw: sup [|fulz,w) — fo(@)|| = BELY < Ha(k).
neN 2€UTy
(Sf) There exists a function A € A such that for all € > 0
Va,y € Ulo: |[fo(z) = fow)ll 2 e = [lz —yl| = Ale).

Then for 85} := max{28{%, 2A~1(85))} the following relation holds:
V& >0
sup P{w : Ué’“) Iy C UTy and F,(w) \ UB<3> Fo # 0} < Hi(k) + Ha(k).
nenN n,K n,K

Proof. Assume that for given 0 < k, n € N, and w € () the relations
U,y C Uy and F,(w) \ Uﬂ(g) Fy # 0 are satisfied. Then there exists a
yn(w) € F,(w) which does not belong to Uy Fo. To yn(w) we find 2, (w) €
F?()w) with f,(z,(w),w) = yn(w). Hence Vg € Ty @ || fu(zn(w) — fo(zo)|| >
B

Firstly, assume that d(z,(w),y) > '), Then (w) \ Uy To # ) and
we can employ condition (CI'-i).

Secondly, assume that here exists zo(w) € T'o with zo(w) € Uy (za(w)).
Then, by (Sf) and ||z,(w) — zo(w)|| < BY), the inequality ||fo(z,(w)) —

fo(zo(w))|| < 655—32”” follows. From || f,(zp(w),w) — fo(zo(w))|| > BE we ob-

(3)
tain || f(x, (), w) — folx,(w))|| > % As z,(w) € Uy T'o € UT'g we have
sup ||fn(z,w) — fo(z)|| > B and the assertion follows by (Cf). O

zeUTly
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In the conclusion we use the condition U o) I'o € UT'y. This is no restric-
tion, we only have to make sure that Ul is large enough to cover all sets
U o) y[o. If UTy does not have this property, we have to replace sup P{...}

neN
by sup P{...}.

n>ng

Theorem 1-(ii). Suppose that (Cf), (Sf), and the following condition
are satisfied:

(CT'-0) There exist a function H; € H and for all K > 0 a sequence
(B8 M) nen € B such that
Vi >0 sup P{w: To\ Uy T'n(w) # 0} < Hi(k).

neN

Then for ), : max{QBn iy 2071 7(112;)} the following relation holds:
Vi >0
sup P{w : Uy T'o € Ul and Fp '\ Uy Fo(w) # 0} < Hi(k) + Ha(k).
neN n,k n,k
Proof. Assume that for given 0 < k, n € N, and w € () the relations
U,y C Uy and Fy \ UB(S) F,(w) # () are satisfied. Then there exists a

yo(w) € Fy which does not belong to Uy Fi(w). To yo(w) we find zo(w) € Ty

with fu(z0(w), w) = yo(w).
Firstly, assume that d(z¢(w),',(w)) > B!} Then Lo\ U (1)F (w) # 0.

Otherwise we choose z,(w) €

[y (w) with ||zo(w) — 2, (w)]| < ﬁ and pro-
ceed as in the proof of Theorem 1-(i

). 4

Sufficient conditions for (CI'-i) and (CI'-0) are available for the case that
the constraint set is given by inequality constraints. Then assumptions sim-
ilar to (Cf) are imposed for the constraint functions, see [25]. The condition
(Sf) is a ‘continuity’ condition. In many cases it should be possible to give
at least a rough bound for the function A. Note that, once a function A
satisfying (Sf) is found, each function in A with smaller positive values also
satisfies (Sf). Smaller values for A, however, result in larger confidence sets.

Sufficient conditions for the condition (Cf) can be derived from sufficient
conditions for single-objective functions, see the introduction for references.
The case of estimated parameters has not been considered so far and will be
added in the following. We confine the investigation to functions with values

in R
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Suppose that there exist a function f|RP x R™ — R! such that fy(z) :=
f(z,y0) for some yo € R™. If y, is estimated by a sequence (Y;,)nen of ran-
dom variables, we obtain f,(z,w) = f(z, Y,(w)).

Lemma 4.1. Suppose that 'y is compact and that f is continuous on
RP x {yo}. Furthermore, assume that there exist a neighborhood UT', and
for all K > 0 a sequence (5, x)nen € B such that the following conditions are
satisfied:

(Lf) To each k > 0 there exists a constant L(x) such that for all x € UT

and all y € Ug,, {y} the relation |f(z,y) — f(x,y0)| < L(x)|ly — yol|
holds.

(CY) There exist a function H € H such that
Vi > 0 sup Pl [[Ya(w) — 3oll 2 B} < H(x).
neN

Then (Cf) is satisfied with 8% = B and Hy = H.

Proof. Assume that for given 0 < k, n € N, and w €  the rela-
tion sup |fn(z,w) — fo(z)| > 5,(122; is satisfied. Hence there is an x € UT,

zeUTy
such that |f(z,Y,(w)) — f(z,v0)] > ﬁﬁnn If Y,(w) ¢ Us,, {yo} condi-
tion (CY) can be employed. Otherwise, because of (Lf), |f.(z,w) — fo(x)| <
L(k)||Yn(w) —wol| < B2 in contradiction to assumption. O

Proposition 2.1 could be applied to the Markowitz model and used to
derive uniform concentration of measure results for the expected return and
the variance of the return under a uniform boundedness condition of the
random returns. Because of the simple structure of the constraint set in the
Markowitz model, we will instead provide a direct proof for a bound. Note
that we do not need to approximate the constraint set, hence instead of tak-
ing the supremum over a neighborhood of I'y it suffices to take the supremum
over the set I'y.

Lemma 4.2. Assume that there exists a constant C' € R such that

|pi] < C a.s. Then we have

’{2
P{w : sup [ (w) — p"|z > 25} < 2pe” %77 and
ze€ly
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A~ NQ
P{w : sup |2T(B,(w) — B)x| > \/iﬁ} < 2p’e”sc*.
xz€lg

Proof. Firstly, we use Hoeffding’s inequality [2] and obtain
Pl & I
P{w : sup | 2[%12/)5? — Ep{Jz;| > n}

z€lg j=1

< Plw: JFje{l,...,p} with sup|12pjl) E,o] z; = 1}

zel o
nn2
< P{w: Jje{l,...,p} with |2 Zp] p(l)| > 1} < 2pe_2p2nc2.
With n = f the first conclusion follows
For the second assertion we consider A(w) := B,(w) — B and make use

of the following inequalities:

T Alw)z < max |a; T < max Ja; (W)
J J
{1 """ P E{l ,,,,, p

Hence |27 A(w)z| > n implies r?ax }|az~7j(w)| > .
ijefl

.....

! . ! .

aig (W) = —— Y (0 (W) = (@) (6] (@) — 15(w)) = cov(pi, py),
=1

where fi;(w) stands for fi,, ;(w) and cov(p;, p;) = E[(pi —Ep;)(p; —Ep;)]. Since

the summands in the above sum are not independent, we can not make use

of Hoeffding’s inequality. Instead we use McDiarmid’s inequality [6]. a;; can

be regarded as a function of the i.i.d. vectors (p!", p§ N, p§n)):

ai ;= 9((p; ', p; pi s P;
1

:;qz<”—1z#%< lzp> cov(pi, py)-

(1) (1)) ((”) (n))>
=

1

Note that E(a; ;) = 0. Z(p(l) (w) — ﬂi(w))(p(-l) (w) — f1;(w)) can be rewritten

as =

LS| . ! . _ _
;@ﬂm—mw»@%w—ww»:mwFme>

where p; = (Pgl) —His .- 701('”) —Mi)T7 and M = (mi,j)i,jzl ..... n With m; ; = 1—%

and m;; = = if i # j.
Consequently we have for all (y;,z;) with |y;| < C and |z;] < C the
inequality
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l9((y1s21)5 s Wrs 20)s oo« Yo 20)) — (W1, 21)5 5 (s 20)5 -+ - (Uny 20))

< L1~ hace = e,

ﬁence, by McDiarmid’s inequality, for each pair (4, j),
TL'VQ
P{w :a;;(w)] >n) < 267%, and finally
nn2
Plws max oy ()] 2 1} S p2P{w aig @) 2 0} < 2%,
i P

With n = \/iﬁ the conclusion follows. O

5 Approximation of the Sets of Efficient Points
and the Sets of Weakly Efficient Points

As mentioned in the introduction and section 2 the sets of efficient points of
the approximate problems tend to be contained in the set of weakly efficient
points of the true problem. Therefore problems for which the set of efficient
points and the set of weakly efficient points coincide are of special interest.
Fortunately, there are some important cases where this property is fulfilled,
see e.g. [20] or [21]. Particularly for the Markowitz model the following
condition (VE) is useful:

(VE) For all y) with yx = Ay1 + (1 — N)ya, y1 € Fo, y2 € Fo,
Y1 # Y2, A € (0,1), the set (yy — intRY) N Fy is nonempty.

Lemma 5.1. If (VE) is satisfied the equality Ey = W, holds.

Proof. Suppose that there is a yo € W, which does not belong to
Ey. Hence there exists y € Fpy such that y < yp and y; < yo; for some
j € {1l,...,k}. Consider yx = Ayo + (1 — A)y. Then to y, there is g\ € Fy
with 7, < yn and consequently, because of y) < yo, also ), < yo in contra-
diction to yy € Wj. O

Lemma 5.2. In the Markowitz model condition (VE) is satisfied if the
returns have pairwise different positive expectations and the covariance ma-
trix is positive definite.

Proof: Consider y1, y2 € Fo, y1 # Yo, Yr = Ay1+ (1= Ay with A € (0, 1),
and the preimages z; € 'y and zo € Ty with fo(z;) = v;, @ = 1,2. We
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construct y € (yn — intR%) N Fy. Because of the strict convexity of f§ we
have for z) = Az1 + (1 — A)xo the relation fZ(x)) < y2. Note that there is
a neighborhood U{x,} of z) with fZ(x) < yro for all z € U{xz,}.

If x) is an inner point of Ty, we find x € U{z,} NTy with f3(z) < fa(z)
and can choose y = fo(z).

Finally we assume that x) belongs to the boundary of I'y. We construct
an x € I'g such that y = fo(x) has the desired property. We distinguish two
cases:

p
(i) Let z); = 0 for all ¢ in an index set  C {1,...,p} and Y x); < L.
i=1

Then, taking into account that fi(z) = —27ji we find v > 0 and z such
that z :=x\+7>_ e; € g and fl(z) < y1,1. Here e; denotes the unit vector
igl

with 1 in the é-th position.
P

(ii) Let x); = 0 for all 4 in an index set I C {1,...,p} and > =, = 1. Then
i=1

the set 7 = {1,...,p} \ I contains at least two elements. Let iy € I be such
that E(p;,) > E(p;) for all i € I'\ {p;,}. Then, with iy € I'\ {p;, }, we choose
x:=x)\+y(e, —ey) € . O

Theorem 2. Suppose that there exist a function H € H and for all
k> 0 a sequence (B, x)nen € B such that

(CF) Ve >0 sup Pl{w: (Fy(w)\ Us, , Fo) U (Fy \ Us,, Fn(w)) # 0} < H(k).
(i) If, additionally, there exists a function §; € A such that
(C1) Ve > 0Vy € (Us,oFo \ U-Wo) 3yo € Wo : Us,o{wo} Cy — intRY
is satisfied, then for ﬂ,% = 07 '(B,.x) the following relation holds:

Vi >0 sup P{w: W,(w) \ UBS,LWO) # 0} < H(k).

neN

(ii) If, additionally, there exists a function dy € A such that

(02) Ve >0 \V/yo c E() Elyl - E(] . U52(a)(y1) C U5<y0) and
[(Usae)(y1) — RE)\ Us(yo)] N Usy (e Fo = 0

is satisfied, then for 67(10,){ = 05" (Bn.x) the following relation holds:
Vk >0 sup P{w : E,(w) # () and Ej \ Ugo) En(w) # 0} < H(k).

neN
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Proof. (i) Assume that for given k > 0, n € N, and w € () the relation
W (w )\U ) Wo # () is satisfied. Then there exists a y,(w) € W,,(w) C F,(w)
which does ot belong to U 0 Wo. Firstly, assume that y,(w) ¢ Ug, . Fo.

Then, because of y,(w) € F, ( ) we immediately obtain F,(w)\ Us, . Fo # 0.
Secondly, suppose that y,(w) € U, Fo. Hence yn(w) € Up, . Fo \ Uys Wo.

By condition (C1) with ¢ = B,(f),{ there is yo € Wy such that Ug, (1) C
Yn(w) — RE. By definition of W, y,(w) — intR% can not contain elements
of F,(w). Consequently we obtain U,gm( 0) N F,(w) = 0 and, taking into
account that yo € Fy, also Fy \ U, Fi(w) # 0.

(ii)) Assume that for given k > 0, n € N, and w € Q the relations
E,(w) # 0 and Ej \ U/B;OLEn(w) # () is satisfied. Then there is yo(w) € Fy

which does not belong to Uﬁ@) E,(w). By condition (C2) to yo(w) we find

() € Ey such that Us, ()} € U fyo(e)} and (U, ,fn ()} — RE)\
U B (yo( )} N UﬁnﬁFo = 0.

Flrstly, assume that Ug, {yi1(w)} N FL.(w) =0. As y1(w) € Ey C Fy we
obtain Fy \ Ug, , Fy(w) # 0.

Secondly, suppose that there exists y,(w) € U, , {y1(w)}NF,(w). Because
of yo(w) ¢ U st0) En (w) we have U ©) {yo(w)}NE,(w) = 0. Consequently, since

Us, Ay (w )} C Upo) {yo(w)}, yn( ) does not belong to FE,(w).

Hence we ﬁnd an element ¢,(w) € E,(w) which ‘dominates’ y,,(w) with
respect to the order relation, i.e. §,(w) € (y,(w) — RE) N E,(w) and further
n(w) € (U, ()} — RY) N Ey(w).

Because of yo(w) ¢ UB,({?%E"(LU)’ Un(w), which belongs to E,(w), can
not be an element of Uﬁﬂ{yo(w)}. Consequently 7, (w) € (Us, {pn(w)} —
REY\U 500)  {yo(w)}). Because of (C2), we obtain ¢,(w) & Us, . Fo, hence

()\%M%#@ 0

Since the sets of efficient points are contained in the sets of weakly effi-
cient points, under the assumptions of Theorem 2-(i) we immediately obtain:
Ve > 0 sup P{w @ En(w) \ Uy Wo # 0} < H(k).

TLEN n,K

The existence of functions d, was already considered in [21]. However
in the setting of [21] the additional property dy € A is not needed. In [14]
the existence of functions §; € A and d, € A is shown under compactness
conditions for Fy and Ej. Particularly, the function d, may be hard to de-
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termine in the general case. The problem becomes considerably easier under
convexity conditions, e.g. (VE). Special cases will be considered elsewhere.
If it is not possibly to determine d5 or s, the relaxation approach, presented
in section 7, can be employed.

For the condition E, (w) # @) in the conclusion of Theorem 2-(ii) there are
several sufficient conditions, which can be found in textbooks on multiobjec-
tive optimization.

6 Approximation of the Solution Sets

In the deterministic parametric framework, stability results for the solution
sets are usually derived for one-to-one objective functions. In our setting
we need a quantification with a growth function p for this property, see the
following condition :

(Gf) There exist a function p € A and a neighborhood UT, such that
Ve >0

Va,yeUly: [z =yl = e=[[fo(x) = fow)l| = p(e).

Theorem 3. Suppose that (CI'-i), (Cf), and (Gf) are satisfied. Further-
more assume that the following condition holds:

(CW) There exist a function H3 € H and for all K > 0 a sequence
(/BSZ?L)nEN € B such that

Sup Plw : Wi (w) \ Uy Wo # 0} < Hs(k).
ne ’
Then for @(14,1 = max{,u_l(ﬁg,l + @%), @(11,1, @(12,1} the following relation
holds:
Ve >0
sup P{w : UgnT'o € Ul and SV (w) \ Uy Sy #£ 0} < Hi(k) + Ha(k) +

neN

7‘[3(%.)

Proof. Assume that for given kK > 0, n € N, and w € () the relations
U,y C Ul and SV (w) \ U6(4) Sy # () are satisfied. Then there exists

an x,(w) € S¥(w) which does not belong to U4 S}. Firstly, assume that
Tn(w) ¢ Uy I'o. Then we can employ (Cr-i).
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Secondly, assume that 2, (w) € Uga Lo. I [| fu(2n(w), w) = fo(zn(w))[| =

B we make use of (Cf). Otherwise we have ||f,(z,(w),w) — fo(zn(w))|] <
B,(?,l and can proceed as follows: For zy € S}V we obtain || f,(z,(w),w) —
fo(@o)ll 2 |lfo@o) = fo(an(@)l] = [lfulwn(w),w) = folan@)I] = p(Bi2)
B,(?,l > 67(13,1 Since the last inequality holds for all xy € S}V we have
Wya(w)\ U 5 Wo 7 (), and the conclusion follows. d

Theorem 4. Suppose that (CI'-i), (Cf), and (Gf) are satisfied. Further-
more assume that the following condition is fulfilled:

(CE) There exist a function Hs € H and for all kK > 0 a sequence
(BS))nen € B such that
sup Plw: Eo \ Uy En(w) # 0} < Hs(k).
ne ’
Then for 85 = max{p1 (87 + B5)), 8L, BZLY the following relation
holds:
Ve >0
sup P{w : UymTo € Ul and SEN\ Uy SE(w) # 0} < Hi(k) + Ha(k) +

neN

7‘[3(5).

Proof. Assume that for given kK > 0, n € N, and w € () the relations
U,yTy C Uly and SF \ UB(4) SE(w) # 0 are satisfied. Then there exists

an x9(w) € S which does not belong to Uy SE(w). Consider an z,(w) €
SP(w). Firstly, assume that z,(w) ¢ Uy Lo Then we can employ (CT-i).
Secondly, assume that z,(w) € Uy To. I || fo(@n(w), w) — folzn(w))]] =

B2 we make use of (Cf). Otherwise we have that || f (2, (w), w)— fo(zn(w))|| <
B, and can proceed as follows: For all 2, (w) € SE(w) we obtain || f, (7, (w), w)—

Jo(@o(@))|| = |l fo(wo(w)) = fo(@n(@)) =l fu(@n(w), w)=fo(wa(w@))]| > p(Bik)—
) > 8. Since the last inequality holds for all z,(w) € SE(w) we have
Eo\U 5 E,(w) # 0 and the conclusion follows. O

The existence of a growth function y is considered in the following lemma.

Lemma 6.1. Let fy be continuous. Furthermore assume that for a com-
pact neighborhood UT'y the following condition is satisfied:
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Vo € ULy Vy € (UL \ {z}) : [|fo(z) — fo(y)]| > 0.
Then (Gf) holds.

Proof. Firstly we show that condition (C) is fulfilled:
(C) Ve > 0 Fife) > 0Va,y € UTy: [l — yl| = & = [1fo(@) — fo)l| = ife).

Assume, to the contrary,
Je > 0Vn € N 3z, yp € UTq : ||xn — yal| = € A folzn) — folyn)l| < 2.

UTy being compact, there are subsequences (2, )ien and (yn, )ien of ()nen
and (yn)nen, respectively, which converge to zg € Ul'y and yo € UTy. Be-
cause of the continuity of fo we have fo(zg) = fo(yo) but ||xg — yo|| > € in
contradiction to the assumption of the lemma.

Once a function ¢ — fi(e) with property (C) has been found, each function
fi1 with smaller positive values satisfies condition (C). Hence by i we denote
the function which assigns to each ¢ the supremum over all possible values.
Furthermore, we define p(«) := €H>1£ fi(¢). The function u is by definition

increasing and right continuous. p(0) = 0 follows by (C) because of the
continuity of fj.

In order to show that g € A it remains to confirm that p is not con-
stant. Suppose that p(a) = 0 for an @ > 0. Hence there are an x
and a sequence (z,)neny C Ul'g with ||z, — 20|| > &n, ligglfén > « and

lim || fo(z,) — fo(zo)|| = 0. Because of the compactness assumption there

n—oo

are an Ty # xo and a subsequence (z,)eny with llirn [|Zn, — Zo|| = 0 and
—00

lliglo || fo(zn,) — fo(Zo)|| = 0. Consequently we obtain ||fy(zo) — fo(Zo)|| =0

in contradiction to the assumption. ]

In some applications, among them the Markowitz model, condition (Gf) is

not satisfied. Therefore we we prove another result with the weaker condition
(w-Gf), which applies to the Markowitz model if (VE) is fulfilled.

(W—Gf) 380>035€AVO<8§80V$0€S§ ‘
dr € Io with d(z,x0) = 3j € J: fi(x) — fi(z0) > 0(e).

Lemma 6.2. Suppose that S ist compact, connected, and not single-valued
and that fy is continuous. Furthermore assume that (VE) is satisfied. Then
(w-Gf) holds.
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Proof. Firstly we show that
Jeg > 0V0 <e < g 35 > 0V € S¥ 3w € Ty with d(x,z0) = ¢
Fj e J: fola) = filwo) = 6.
Assume, to the contrary,
Vn e N Je, with 0 <e, < Vre N 3t € S§ Va,, € Ty with d(2? ., z,,) =
En
Vi€ J: f(wn,) = fi(ah,) < 1

For each n € N, let r tend to infinity. Then, because of the compactness
of SF, to () ,.)ren there is a subsequence (z . )ien which converges to an
x) € S§. Furthermore, to (29, )ieny We consider a sequence (&, )ien With
Tpnr € SE. Such a sequence, which belongs to SF C T, exists, because
SE is connected and not single-valued. (z,,,)ieny € SE in turn contains a
converging subsequence which tends to z,, € S¥. We obtain d(2%,,) = %,
but Vj € J Vr € N : fi(z,) — fl(20) < L. Hence to each 20 € SE¥ there
exists x, € S¥ with d(z,,2°0) = % for sufficiently large n € N and Vj € J :
fl(z) — f1(2%) = 0 which contradicts (VE).

In order to show that to the function e — §(¢) there is a function § € A
which satisfies (w-Gf) we can proceed as in the proof of Lemma 6.1. O

With this condition we obtain the following modification of Theorem 4.

Theorem 4-M. Suppose that the conditions (CI-i), (Cf), (w-Gf), and
(CE) are satisfied.

Then for 5,(3,1 = max{(S‘l(Zﬁq(f,,l + ﬂq(zgf)s), 57(52@ 57(122;} the following relation
holds:

Vk >0 sup P{w : Uy To € UTy and SEN Uﬁﬁ‘flsf(w) # 0}

neN

< Hl (Fd) + HQ(KJ) + 7‘[3(%).

Proof. Assume that for given kK > 0, n € N, and w € () the relations
U,yTy C ULy and SF \ Uy SE(w) # O are satisfied. Then there exists

an zo(w) € S which does not belong to Uy SE(w). Because of (w-Gf)
there exists Zo(w) € T'o \ U, SE(w) such that for a j € J the relation

j (4)
fo(@o(w)) — fo(zo(w)) > 5(6"7”) holds.
Then we can proceed as in the proof of Theorem 4, replacing z(w) with
ZZ‘Q (CU) 0
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7 Relaxation

The assertions of the foregoing sections impose assumptions about the true
problem, namely the knowledge of the continuity function A, the growth
function p, and the functions 9y, do. If this information is not available,
one could try to estimate these functions from the data. How this approach
works in the case of one objective function is considered in [27]. In [27]
also another approach is proposed, the so-called relaxation. It relies on the
following consideration: If a convergence rate has to be taken into account
it can be used to ‘relax’ the constraints and the objective functions with the
error, which is ‘usually’ not exceeded, namely the convergence rate.

We will derive sequences of random sets S W and Sp’ which cover S§V
with a probability which is bounded by a tail behavior function. These sets
can be regarded as ‘superset-approximations’. They depend on the argument
k of the tail behavior function, although this is not indicated in the denota-
tion. Hence in order to derive a confidence set, one can proceed as explained
in the introduction for outer approximations with convergence rate and tail
behavior function. Because of S¥ C S}V, also confidence sets for S’ are
obtained in that way.

Firstly, we assume that the ‘continuity’ function A is known. It will
become clear from the proof of the next theorem that also a bound for A
will do, and such a bound is is often available, at least locally. The general
case without any knowledge about the true problem will be considered in
Theorem 6.

We introduce a ‘shifted’ order cone, which will be used to cope with the
approximation of the objective function. For sake of simplicity we use the
same convergence rate for all components of the objective function, one could,
however, also deal with individual convergence rates for each component Let,
for a glven contlnulty functlon AeA By, = 288 + )\(ﬁn H)

R’“%K : + 615, a

Shnw) = {z € Uy Tu(w) : (fulz,w) —intRE )N F,(w) = 0}

. Here 1* denotes the k-dimensional vector (1,1,...,1)%.
Then we have the following assertion.

Theorem 5. Suppose that the conditions (CI'-i), (CI'-0), (Cf), and (Sf)
are satisfied. Then the following realtion holds:
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Yk > 0:
sup P{w : Uy To C UTg and S§" \ S} (w) # 0} < Ha(k) + Ha(k).

neN

Proof. Assume that for given k > 0, n € N, and w €  the relations
U 7(11’26].—‘0 C UTy and SV \ SE,(w) # 0 are satisfied. Then there exists an
zo(w) € S which does not belong to S}’%Vn(w) If zo(w) ¢ Uy I'n(w) we
have T’y \ Ug;{LFn(W) # () and can employ (CT-0). Hence, in the following we
assume that zg(w) € U[g;{LFn(w).

Because of zo(w) ¢ S}ﬁgn(w) and the definition of Sy, (w) there is an
zn(w) € T'y(w) with the property
fo(zn(w),w) < falzo(w),w) = By (3)
If z,(w) ¢ Uﬁ%{LFO we again have I',(w) \ U&(&LFO # () and make use of
(CT-i). Hence we can assume that z,(w) € Uﬁy(f,iro' To x,(w) we consider
To(w) € Ty with minimal distance to x,(w). If Zo(w) ¢ U55L{L{$n(w)} we
have I';,(w) \ U 50, [y # () and can again employ (CI'-i). Now we assume that
To(w) € UB&%L{I”(CU)}' Then
1fo(Fo(w)) = folmn(@))|| < A(n)- (4)

Because of z,,(w) € UTl'y we can either apply (Cf) or we have for x,(w) and

zo(w) the relations || f(z,(w),w) — fo(zp(w))]| < 8% and || fr(zo(w),w) —

fo(xo(w))|| < BYL. In the latter case we obtain from (3) and (4) f,(2n(w), w)—
1

Folxn (@) + fol(Fo(w)) < fulzo(w),w) = fo(wo(w)) + folze(w)) — B2, + A(BLA)
and can by || f, (0(w), ) —fo(za(w))|| < Bk and || £ (w(w), ) — folza ()| <
B8, conclude fo(Zo(w)) < fo(wo(w)) which contradicts xg(w) € SY. O

Now we will cope without any knowledge about the true problem. This,
however, requires the knowledge of sets which are subsets of the constraint set
with prescribed high probability. Inner approximations need not be subsets
of the true set, hence we introduce so-called subset-approximations. Such
approximations are also considered in [27].

Definition. A sequence (I'$"?),cn which satisfies the condition

Vi >0: sup P{w: T5%(w)\ Ty # 0} < H(k)

n,K
neN
is called subset-approximation in probability to 'y with tail behavior function

H.
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If Ty is given by inequality constraints, it is easy to obtain a subset-
appproximation, see [27] and a simple method at the end of this section.

In order to derive a superset approximation for the set of weakly efficient
points, we consider the image set Fg}fj’ of a subset-approximation for I',,:

Frl(w) = {falz,w) s 2 € T (W)}.

Furthermore we introduce Rgm = Rﬁ + ZBn,Klk and

Spa(w) :={z € UB%I,LF’L((U) C(folz,w) — intRZM) N F(w) = 0.

Theorem 6. Suppose that (T'5%),cn is a subset approximation to T
with tail behavior function H3 and that the conditions (CI'-0) and (Cf) are
satisfied. Then the following relation holds:
Vi > 0:
sup P{w : Uyn) I'g C UT'g and So' \ Shn(w) # 0} < Hi(k) + Ha(k).
neN TR

Proof. Assume that for given k > 0, n € N, and w € () the relations

UynTo € UTo and Sg¥ \ Sg,(w) # 0 are satisfied. Then there exists an
zo(w) € SY which does not belong to Shn(w). If zo(w) ¢ Ugg{LPn<W) we
have Iy \ UBS,LF”(CU) # () and can employ (CI'-0). Hence, in the following we
assume that zo(w) € UBS,LF”((’U)‘

Because of z9(w) ¢ Sp,(w) and the definition of Sy (w) there is an
Tn(w) € T8 (w) with the property fn(zn(w),w) < fu(zo(w),w) — 2B,

If 2,(w) ¢ Ty we have T'5(w) \ Ty # 0. Otherwise, because of (Cf),

the relation fo(z,(w)) < fo(xo(w)) follows, which contradicts the assumption
zo(w) € SV O

If the constraint set is not approximated, like in the Markowitz model,
only the approximation of the objective functions has to be taken into ac-
count. Hence, for I';,(w) = T'g Vn € N Yw € Q, we have F,(w) = {f.(z,w) :
z € I'g} and define

S’}gn(w) = {z €To: (fulz,w) —intR5, )N F,(w) =0}
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Lemma 7.1 Suppose that (Cf) is satisfied. Then
Vi > 0: sup P{w : S§¥ \ S}, (w) # 0} < Ha(k).

neN

Lemma 7.1 can be proved similar to Theorem 6.

In order to derive a subset-approximation of I’y := {x € R : go(x) < 0}
we introduce the following sets for oo < 0:

I'Yw):={zr € R: gy(z,w) < a}.

Here go and g, can be regarded as the supremum of a set of constraint
functions. Obviously, for a < 0 we obtain a subset of I',,. Furthermore, we
have the following assertion:

Lemma 7.2: If there exist a function Hs and to all kK > 0 a sequence

(@(ff)f)ne ~ such that
sup P{w: inf (ga(z,w) — go(x)) < =Bk} < Ha(k)
neN zeUTlo

for a suitable neighborhood UT,

50
then (I'y, B”’N)ne ~ 1s a subset-approximation for I'y.

(1)
Proof. (i) Let w € 2, n € N and k > 0 be such that F;Bn’“(w) \ Ty # 0.

_5W
Then there is an z,(w) € r,” "*(w) which does not belong to I'y. Hence

gn(n(w), w) < —B!) while go(zn(w)) > 0 and we can employ the assump-
tion. 4

Another subset approximation could be obtained if a suitable neighbor-
hood of the boundary of I';,(w) is removed from I',,(w).
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