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Abstract

We consider differential-algebraic systems whose transfer function is outer: i.e., it has full row rank
and all transmission zeros lie in the closed left half complex plane. We characterize outer, with
the aid of the Kronecker structure of the system pencil and the Smith-McMillan structure of the
transfer function, as the following property of a behavioural stabilizable and detectable realization:
each consistent initial value can be asymptotically controlled to zero while the output can be made
arbitrarily small in the £2-norm. The zero dynamics of systems with outer transfer functions are
analyzed. We further show that our characterizations of outer provide a simple and very structured
analysis of the linear-quadratic optimal control problem.

Keywords: differential-algebraic equations, outer transfer function, matrix pencils, zero dynamics,
minimum phase, optimal control

Nomenclature

K=RorC the field of real numbers or complex numbers, resp.

N, Ny set of natural numbers N and Ny = NU{0}, resp.

R>o, R>o, set of non-negative, positive real numbers, resp.

C,y, C_ open set of complex numbers with positive real part, negative real part,
resp.

K[s], K(s) the ring of polynomials with coefficients in K, and the quotient field of
K[s], resp.

p(s) | q(s) p(s) € K][s] is a divisor of ¢(s) € K][s]

R™m the set of n x m matrices with entries in a ring R

Gl (R) the group of invertible n x n matrices with coefficients in a ring R

I, identity matrix of size n

Omxn the zero matrix of m x n
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MT, M* the transpose of M € R™*™ and conjugate transpose of M € C"™*", resp.
M0, M*>0 M € C™*"™ is Hermitian and positive definite, positive semi-definite, resp.
o(M) the spectrum of M € C"*"

diag(Aq, ..., Ag) the block diagonal matrix with A; € C™*™i m;,n; € Ng, for i = 1,...,k
(e, Ac C™" withm=mi+ ...+ mg, n=mn1+...+ng)

f the distributional derivative of f :7Z — K" with Z C R,

ess sup;e7 f(t) the essential supremum of f :Z — R on the set Z C R

L2(T — K"), the set of measurable and (locally) square integrable functions f : Z — K”

(L2 (ZT—K™) on the set Z C R

AC(Z—R™) the set of functions f : Z—R"™ which are absolutely continuous on each
compact interval I C Z, see [I3] p. 87]

H?(C,—CP) the Hardy space of holomorphic functions f : C — CP which have a square
integrable extension to iR, see [8, Sec. A.6.3]

H2(C4—RP) = {F e HA(C1—CP) | f(R>0) C R?}

H®(Cp—CP>m) the Hardy space of bounded holomorphic functions G : C; — CP*"™ | see [8|
Sec. A.6.3]

H®(CL—RP>™) = {G € H®(CL—-CP*™) | G(Rsg) C RP*™}

1 Introduction

We consider linear differential-algebraic control systems of the form

4 Bx(t) = Az(t) + Bu(t),
y(t) = Ca(t) + Du(t),

(1.1)

where E; A € K" B e K"™™ C € KP*" D € KP*™ and the pencil sE— A € K[s]"*" is regular, i.e.
det(sE—A) € K[s]\{0}; the set of these systems is denoted by %, ,, ,(K) and we write [E, A, B,C, D] €
Ynmp(K). Kis either R or C.

The function u(-) : R — K™ is called input, y(-) : R — KP is called output of the system; we call z(t)
the state of [E, A, B,C, D] at time ¢t € R. A trajectory (z(-),u(:),y(-)) : R = K" x K™ x KP? is said to
be a solution of (LIJ) if it belongs to the behaviour of ([LII):

Ezxz € AC(R—R")
B(p,4,B,0,D] = (x,u,y) € EIQOC(RZO—HR" x R™ x RP) | and (z,u,y) solves (LTI
for almost all ¢t € R

In this article, we investigate outer transfer functions. In the single-input single-output case, the
transfer function G(s) € K(s) is scalar and we define

G(s) = ;((88)) is outer = VAeCy : g(N\)#0, wheree(s) € K[s], ¥(s) € K[s]\{0}.



This means a scalar rational function is outer if, and only if, it is nonzero and all zeros are in the closed
left half complex plane. The notion will be extended to multi-input multi-output transfer functions in
Definition Bl in terms of the Smith-McMillan form.

Some of our results are also new for systems described by ordinary differential equations of the form

Ga(t) =Ax(t) + Bu(t),  2(0) =",

(1.2)
y(t) = Ca(t) + Du(t),

with unique solution z(-;0,2% u) and output y(-;0,2°%, ).
If the system (L2)) is stabilizable and detectable, then we will show that the transfer function satisfies
the frequency domain criterium outer if, and only if, the following two properties hold:

(P3) Vy? e KP\ {0} 320 €e R, u € L2 (R>0—K™) : (y°)*y(-;0,2% u) # 0.

Ve>0Val e K* Ju € L2(Rso—K™) :

P4’
(P4’) lim 2(0,2%u(-)) =0 A |ly(-;0,2°% u)||z2 < ¢
t—o00

Property (P3’) is simply equivalent to rk [C, D] = p, as we will prove in Corollary
Property (P4’) means that for any initial condition one may find an £2-input such that the state is
asymptotically steered to zero and the £%-norm of the output is arbitrarily small.

However, our main focus is on DAEs. The Properties (P3’) and (P4’) become slightly more technical
for DAEs since one has to take care of consistency of the initial value. The set of solutions of (L)
which satisfies the initial condition Ex(0) = Ez" is denoted by

Bip.a5.00)(") = {(@,1,9) € Bpapcp ‘ Ex(0) = Ba® }.
The vector space of consistent initial differential variables of [E, A, B,C, D] is denoted by
VA 5.0.0) = {$O € K" ‘ Bip,a,8.0,0)(@") # V)}~
The transfer function of [E, A, B,C, D] € ¥, n, ,(K) is the rational function
G(s) = C(sE — A)"'B + D € K(s)P*™.

Now the generalization of the Properties (P3’) and (P4’) is as follows

(P3) Vy? e KP\ {0} 3 (x,u,y) € B apcp : ©°)y()#0.

Ve>0Va® e Vil 5o p) 3@, uy) € Big apop(a”) :

P4
(P4) u € L2(R>0—K™) A tli)m Ex(t)=0 A |yl <e
el [e.9]




In Theorem [6.6] we will show, apart from some technicalities, that the transfer function of a behavioural
stabilizable and detectable system (1)) is outer if, and only if, Properties (P3) and (P4) holds.

Next we report the literature about outer transfer functions of systems described by ordinary differential
equations. This class plays a fundamental role e.g. in H®°-control, spectral factorization and linear-
quadratic optimal control [4H7,T0,12,27]. For instance, it follows from the results in [22126] that the
difference between the actual and optimal cost can be expressed as the square of the £2-norm of the
spectral factor system which has an outer transfer function (cf. Section [{).

There are many different definitions of outer in the literature: In [27, p. 366], a system ([2) is called
outer, if its transfer function belongs to H*°(C—KP*™) and has full row rank in C.

In [7], outer systems are defined via the property that the transfer function belongs to H>(C;—KP*™)
and that there exists a right inverse of the transfer function which has no poles in C;. In [16], outer
(they are also called minimum phase) for infinite-dimensional systems governed by ordinary differen-
tial equations is defined by the property that the input-output map from £2 to £? is bounded and
the range of the input-output map is dense in £2. This is, in the frequency domain, equivalent to
G(s) € H™®(C4—KP*™) and the multiplication operator induced by the transfer function has dense
range in H?(C,—KP). In [23], analytic operator-valued functions are studied, where outer is defined
via the property that a multiplication operator with dense range in H? is induced. It is stated in [I6]
that for the rational matrix-valued case (i.e., transfer functions of finite-dimensional systems) this is
exactly the class of transfer functions of systems being outer according to the definition in [27].

We note that there is a certain inconsistency in the definition of minimum phase (which has been
identified with outer in [16]). In [I4] and further article of this author, systems ([2) with p = m
st EA’ 703 } is invertible and all
generalized eigenvalues lie in C_. Note that no stability assumption is required for this definition;
however, generalized eigenvalues on the imaginary axis are not allowed in contrast to the aforemen-
tioned references. It is known that this minimum phase notion is equivalent to the fact that the zero
dynamics (i.e., the dynamics of the system generating a trivial output) are asymptotically stable. For
a justification of the notion minimum phase in terms of Bode plots, we refer to [I5] and the bibliography
therein. The equivalence to asymptotical stability of the zero dynamics allows to generalize minimum
phase to nonlinear systems [3].

and D = 0 are called minimum phase, if the system pencil R(s) = [

In the present article we investigate outer differential-algebraic systems. We allow for transfer func-
tions which are improper and/or have poles in the closed right half complex plane. Therefore, many
applications (such as linear-quadratic optimal control) where asymptotic stability of the systems would
be a restrictive assumption, are captured.

The paper is organized as follows. In Section 2] we collect some system theoretic concepts of differential-
algebraic systems, the Kronecker canonical form and its consequences is investigated.

In Section B, we show for behavioural stabilizable and detectable DAE (1)) that its transfer function is
outer if, and only if, the system pencil R(s) = [SEEA’ 7DB } has full row rank on C . Furthermore, and
this relates our concept to the definition in [7], outer is equivalent to the existence of a right inverse
which has no poles in C,..

In Section @ the zero dynamics of the DAE system (L)) are studied and it is shown that outer is
equivalent to the two properties: the system pencil satisfies rkyy) R(s) = n+ p and the zero dynamics
are polynomial stabilizability (that is, for each consistent initial value, there exists a polynomially
bounded trajectory of the zero dynamics). This allows to relate the present notion of outer to the

notion of minimum phase in [T41[15].



In Section [5, we characterize outer of the transfer function G(s) of the DAE system (L) if it is in
addition stable, i.e. it belongs to H>(Cy—KP*™). We show that G(s) is outer if, and only if, the
input-output operator has dense range in £2. This means that our notion of outer is, in the stable
case, equivalent to that of [16,23].

Section [0l is the main section of the present paper. We show that outer and behavioural stabilizable
DAE systems ([LT]) have the property that any consistent initial value can be asymptotically controlled
to zero under arbitrarily small output (in the £2-sense). The opposite statement holds true in the
sense: If each consistent initial value can be asymptotically controlled to zero under arbitrarily small
output, then some linearly dependent output components can be removed, such that an outer system
remains.

In Section [7 we discuss (new) consequences of the previous sections for ODE systems (L2 and show
simple characterizations of outer.

Finally, in Section [§ the previous results are applied to the optimal control problem for for ODE
systems ([2)). Feasibility of the optimal control problem is characterized in terms of the Kalman-
Yakubovich-Popov inequality and the Lur’e equation. These results are not new, but the approach
is new. It provides a simple and very structured analysis of the optimal control problem. It also
shows that the zero dynamics are instrumental to understand when the infimum of the optimal control
problem is a minimum.

2 Preliminaries

In this section we recall some well known basic concepts of system theory as well as of matrix pencils
needed in the following sections; some results on matrix pencils are new.

2.1 System theory

Definition 2.1 (Impulse controllable, behavioural stabilizable, behavioural detectable).
The system [E, A, B,C, D] € ¥, ,,, »,(K) is called

impulse controllable <= V[%?A,B,O,D} = K",
behavioural stabilizable <— Vab e V[%?A,B,O,D} I(z,u,y) € B(E.A,B,C,D]
. Ex(0) = Ex® A limy .o Ex(t) =0,
behavioural detectable <=V (x1,u1,y1), (¥2,u2,y2) € Big ap,c,p With
up = ug, Y1 =y2 : limyoo E(x1(t) — x2(t)) = 0.

Well known characterizations of these concepts are the following.

Proposition 2.2 (Characterizations of impulse controllable, behavioural stabilizable and detectable).
The system [E, A, B,C,D] € ¥, 1 ,(K) is

(a) impulse controllable = im[E,B] + A -ker E = K",
(b) behavioural stabilizable = YAeCy: tk [)\E —A, B} =n,
(¢c)  behavioural detectable = YAeCy: tk [)\Eg A] =n.



Proof. (a) See [1] and [9, Thm. 2-2.3].

(b) In [1Il Rem. 3.11 & Cor. 3.12] it is shown that the definition of behavioural stabilizable is indepen-
dent if B 4 B c,p is considered or the solution space of infinitely many times differentiable functions.
Therefore, [2I, Thm. 5.2.30] may be applied.

(¢) This can be concluded from [2T, Thm. 5.3.17]. O

2.2 Matrix pencils

A fundamental tool is the Kronecker canonical form which is a canonical form with respect to the
following equivalence relation.

Definition 2.3 (System equivalence).
Two pencils {SEEAZ" 7DB?'} € RKp)x(ntm)(s) i = 1,2, with [E;, A;, By, Gy, Di] € Zpymp(K) are called

7

system equivalent, if

. S 0 SEl—Al —B1 T 0 o 8E2—A2 —BQ
35T € Glo(K) [0 I,,H oy Dll lo Im] _l Cy DQ]'

It can be verified immediately that system equivalence is an equivalence relation on K" p)x(ntm)[g],
A canonical form of this equivalence relation is the Kronecker canonical form (KCF). To state this,
the following notation is necessary:

0

Nk = 1 .. ERka,
i 1 0 (2.1)
0 1 1 0

K, = , Ly = e RE=Dxk L eN
I 0 1 1 0

We are finally in a position to define the Kronecker canonical form. For the sake of the presentation,
we will consider pencils over C and not over R since the real Kronecker form canonical form is more
cumbersome.

Definition 2.4 (Kronecker canonical form (KCF)). The pencil sF — G € C9*[s] is said to be in
Kronecker canonical form (KCF) if

sF— G = diag (sF1 — Gi,...,sFy — Gy) (2.2)

where each of the pencils sF; — G; is one of the types



[—1 s
(UD) sKj. — Ly, = GR(kfl)xk[S]’
| -1 s
(s — A
(ODE) (S—A)]k—Nk = -1 . Eckxk[s]
i -1 s—2A
[—1
(AE) SNk—Ik = § & Ekak[S]
L s —1
[—1
(OD) sK,;r —Lg _ S - c ka(kfl)[s]’
o
i s

The acronyms (UD), (ODE), (AE) and (OD) refer to the following meaning of the associated DAE
(%Fi — G;)(z) = 0: under determined, ordinary differential equation, algebraic equation, over deter-
mined |11, Chap. XII, § 7].

Further note that a 0 x 1 (UD)-block (or a 1 x 0) (OD)-block) before or after some sF; — A; block
means that a column (or row) is attached to the sF; — A; block.

Remark 2.5 (Kronecker canonical form).
Let sF — G € C9*[s] with Kronecker canonical form ([Z2). Since the rank is invariant under system
equivalence, the following facts hold:

(a) g —1k[F, G] #{(OD)-blocks of size 1 x 0} = #{zero rows in (Z2))},

(b) g—rtk[L] = #{(UD)-blocks of size 0 x 1} = #{zero columns in [22)},
(c) g —1kcy sF -G = #{EODi-blocks in 22)},

( -
(

d)  l—rkeysF'—G = #{(UD)-blocks in [22)}
e) For A € C we have:
tk \F'— G <rtkggsl'—G <= ([Z2) contains an (ODE)-block (s — A\)I; — Nj.

As a consequence of these observations, we conclude, for the case g =/,

(f) sF' —Gisregular <= #{(OD)-blocks in (Z2)} = #{(UD)-blocks in (Z2))} = 0.

Kronecker’s celebrated result is that in each equivalence class of a pencil sF' — G € C"™*"[s] there is a
Kronecker canonical form.

Theorem 2.6 (Kronecker canonical form). [I1l, Chap. XII, §4 & 5]
For every pencil sF — G € C™*"[s] there exist S € Gl,,(C) and T' € Gl,,(C) such that sSFT — SGT =
S(sF — G)T is in Kronecker canonical form.



Definition 2.7 (Generalized eigenvalue, index).
For a pencil sF — G € K9*¢[s] we define

A € C a generalized eigenvalue <= tk(AF — G) < rkg(s) (sF — G),
v € Ny the index <= sF — G is regular and v is the size of the
largest (AE)-block in ([2.2).
Remark 2.8 (Kronecker canonical form, generalized eigenvalue).
(a) Let sF — G € C9%‘[s] with Kronecker canonical form ([22)). We obtain from Remark (e) that
A € C is a generalized eigenvalue of sF' — G <= (Z2]) contains an (ODE)-block (s — A)I, — Nj.

(b) For any system [E, A, B,C, D] € ¥, , ,(K) we have, by Remark (a), (c), (e), that

) EAB] _ .1 [AE-A, —
WAEC,: tk|[FAB] =k [P
#{(OD)-blocks of ([Z2]) of size 1 x 0} = #{(OD)-blocks of [22])}
and each (ODE)-block (s — A\)I; — Ny of [Z2) has A € C_.

Another useful system equivalence form is the following:

Proposition 2.9 (System equivalence form (SEF)).
Let [E,A,B,C,D] € ¥, ,(K). Then

s ollsE—a —BlIT o sk — A sEip — A —By
0 IpH c DHO Im]: " sN-Le 0, (23)

35, T € G1,(K) : [
Cy Cy D

where N € KF*¥ s nilpotent, and [Eyy, A11, By, C1] is impulse controllable.
Furthermore, the following statements hold true:

((l) C(SE—A)_lB+D201 (SEH—AH)il By +D.

xr1

(b) (z,u,y) € Big,a,B,c,D] = (z1,u,9) € Big,,, a11,B1,01,0], where x =T (7).
' Kn—k

(c) V[(}éf,fA,B,C,D} =T <ker [%z])

(d)  VYreC: ik [

AE—-A -B| AE — Ay —By
c D]—k:-f—rkl o D]'

Proof. The existence of a form (Z3)) is shown in [2 Prop. 4.2] where it is also shown that [E11, A11, By, C1]
is completely controllable. The latter yields impulse controllable, see [I, Cor. 4.3].

Assertion (@) and () follow from direct calculations, where the fact is used that nilpotency of N gives:

N9 = 9 implies 2o = 0.

Now we prove Assertion (@): The inclusion Vf}éﬁfA’ B,C.D] 2 T (K{Fk ) is an immediate consequence of ()

and impulse controllability of the subsystem [F11, A11, B1, Cy, D]. Since, further, the trivial trajectory



{0}

. {o}
satisfies (0,0,0) € B 45,00 (29) for all 2° € T (ker{E]\lﬂ ), we obtain V%?A73707D] oT <ker[E]\1f2} )

) ank
Altogether, this gives V[‘%HA B,C,D] 2 T <ker[E12} )
b b b K N

. 0
To prove the opposite inclusion, let 29 € V[‘ng’ B,C,D)’ and define (ié) = T7'20. Then there exists

some (z,u,y) € B a,p,c,p)(x"), whence, by ([B), z =T (7 ) for some K™ -valued function z1. Thus
we have (x,u,y) € B(E,4,B,C,D] (T (“O(l) )) This leads to

(0,0,0) = (z,u,y) = (x,u,y) € Big,a,p,c,0] (UCO -T (%? )) = Bp,4,B,C,D] (T (2?0 )) :

2

whence T ( zog) = 0. Thus we have

Ew| o |In, Er2| (0) 0\ _
lNl%_lo N | \a9 = SET () =0

{0}
This gives zJ € ker [b;\l,?} Altogether, we obtain 2% € T - (ker[ElQ} ), and therefore the inclusion
N

diff {0}
V[E’AB’C’D] cT ker|:E]\1[2:| holds true.

Finally, we prove Assertion (d)): Since N is nilpotent, we have tk(AN — I}) = k for all A € C, and
therefore

AE11 — A1n AE12 — A —DBy
VAeC: rk lAEC_A _zﬂ = rk 0 AN — I, 0 | =k+1k AE“C_A“ _51].
o] Cy D !
This completes the proof of the proposition. O

Definition 2.10 (Feedback equivalence).
The two pencils [SEEA“ ﬁi} ¢ K(n+p)x(ntm) [s], © = 1,2, with [E;, A;, B;, Ci, D;] € Xy m p(K) are
called feedback equivalent, if

S 0 8E1 - A1 —B1 T 0 SEQ - AQ —B2
mxn .,

Remark 2.11 (Invariance under feedback equivalence).
We collect, using the notation from Definition 210, the following observations:

(i) Feedback equivalence is an equivalence relation since
sE—A —-B| |S7! 0]||sEa—Ay —Bo| |T7! 0
C D| |0 I, Cy Dy | |-F Ip|’

(i)  (z,u,9) € Bgaypop] = (T 'zu—Fr,y) € Big, ay8,,0.0]



(iii) By Proposition Z2(a), (b) we have:
[E1, A1, By, C1, Dq] is behavioural stabilizable/detectable

<= [FE9, Ag, By, (5, Ds] is behavioural stabilizable/detectable, resp.
: diff _ pdiff
(iv) T- V[El,Al,Bl,Cl,Dﬂ - V[Ez,Az,Bz,Cz,Dzl'
(V) Cl(SEl — Al)ilBl =+ D1 = CQ(SEQ — Ag)leg =+ DQ.
The following feedback equivalence form (FEF) will we very useful as well.

Proposition 2.12 (Feedback equivalence form (FEF)).
Let [E,A,B,C,D] € ¥, n, »,(K). Then there exist S,T € Gl,(K) and F € K™*" such that

slyy, — A 0 skEi3— Az —DB
[S 0] [SE — A —B] [ T 0] _ 0 —In2 8E23 — Agg _B2 (2 4)
0 I, C D FT I, 0 0 sN — I 0 |’ '
& Cy Cs D

where N € KF*k is nilpotent. Furthermore, the following statements hold true:

x1
(a) (z,u,y) € %[E,A,B,C,D] = (z,u—Fuz,y) € %[In:AllyBl,ClyD—CQBQ]7 where v =T (BQ[UOFJE} )

K" k
(b) V[%HA B,C,D] = (ker [g;g } ) :
N

)\Inl - A11 0 —B1
(c) VAeC: rk [AEC_A _lﬂ =k+rk 0 —1I,, —Bs
C, Cy, D

(d) If [E, A, B,C, D] is behavioural stabilizable, then S, T, F can be chosen such that o(A11) C C_.
(e) If [E, A, B,C, D] is impulse controllable, then S, T, F can be chosen such that k = 0.

Proof. By Proposition there exist S1,T; € Gl,,(K), such that

By — An sEip— A B -~
Sl(sE—A)lels 110 1 88]1\2;_[;21, SB:l()l], CT:[C1 02}, (2.5)

where [EH,AH,Bl,Cl, D] is impulse controllable and N & KFxk _is nilpotent. By [I, Thm. 5.2 (a)],
there exists some I} € K"~ k such that the index of SE11 - (A11 + BlF 1) is at most one. Consequently,
there exist some Sp,T] € Gl,_;(K) such that

o (sl —Ay 0
Si(sEn — (An + BiF))Th = [8 0 " —1I ] '
n2

Finally, for

=[50 ], s=[50]8,  F=lRlT

10



the form (24)) is satisfied.

Assertion (@) is a consequence of Remark [ZTTI(ii) and the fact that nilpotency of N yields that
Niy = x9 implies 29 = 0.

Then Assertion () is an immediate consequence of (@).

The proof of statement (@) is analogous to the proof of Proposition (d) and omitted.

We prove Assertion (d). Assume that [E, A, B,C, D] is behavioural stabilizable. Then the system
[Er1, Ai1, By, Ch, D) is strongly stabilizable in the sense of [I, Def. 2.1 (k)] and [I, Thm. 5.2 (c) &
Rem. 5.3 (i)] implies that Fy can be chosen so that the index of 3E11 — (ﬁn + B1F1) is at most one
and, furthermore, all generalized eigenvalues of sEq — (AH + B1F1) lie in C_

Assertion (@) follows since an impulse controllable system [E, A, B, C, D] is already in a form (23] with
k = 0. This completes the proof of the proposition. O

Many properties will be analyzed by means of the Smith-McMillan form; it is a canonical form on
K(s)P*™ under the group action of multiplication from the left and right with unimodular matrices
(i.e., units of the ring of square polynomial matrices).

Theorem 2.13. (Smith-McMillan form [I7], Sec. 6.5.2])
For G(s) € K(s)P*™ with rkg) G(s) = r, there exist unimodular matrices U(s) € Gl (K[s]) and
V(s) € Gl,,(K[s]) such that

U N s)G(s)Vis) = [D(()S) 8] , where D(s) = diag (;11((2)),, ;:((Z))) (2.6)

with unique monic and coprime polynomials £,(s),i(s) € R[s]\ {0} satisfying ei(s) | €i+1(s) and
Yig1(s) | Yi(s) foralli € {1,...,r —1}.

Theorem 213 gives rise to the following (standard) definitions.

Definition 2.14. (Poles and zeros [27])
Let G(s) € K(s)P*™ with rkgs) G(s) = 7 and use the notation from Theorem T3l Then

(a) D(s) in ([Z0) is called the Smith-McMillan form of G(s);
(b) A € Cis called a transmission zero of G(s), if e,(\) = 0;

(c) A e Cis called an invariant zero of a realization [E, A, B,C, D] € ¥, y, »(K) of G(s), if

rk [AE A, B} < rk@(s) [sEaA, BB} ;

(d) A € Cis called a pole of G(s), if Y1(N\) =

3 Outer transfer functions

Definition 3.1 (Outer transfer function).
A transfer function G(s) € K(s)P*™ with Smith-McMillan form (2Z6]) is called

outer = tkg) G(s) =p AN VAECL : g(A) #0.

11



The following result relates outer transfer functions to the rank condition of an associated matrix pencil
of the system [E, A, B,C, D] € ¥, , »(K):

(P1) vaeCy rk{AEgA’ 7DB} =n+p

Remark 3.2 (Property (P1)).

(a) Assume that [E, A, B,C,D] € ¥, ,,,(K) fulfills (P1). Then rk[]AE — A, B] = n for all A € C;..
Combining this fact with Proposition (b), we obtain

[E, A, B,C, D] is behavioural stabilizable <= Vw € R: rk[iwE — A, B] =n.

(b) Consider a system [E,A,B,C,D] € X, ,,(K). In view of Remark ZIII(i), Property (P1) is
invariant under feedback equivalence. Therefore, by Remark (c), (e) Property (P1) can be
characterized in terms of the KCF as follows:

the blocks of the Kronecker canonical form of [SEEA’ _[?

(OD)-blocks do not exist, and each (ODE)-block (s — ), — Nj, has A € C_.

} satisfy:

(P1) — {

Now we give the first “almost characterization” of outer transfer functions.

Theorem 3.3 (Characterization of (P1)).
For any [E, A, B,C, D] € %y, mp(K) with transfer function G(s) = C(sE — A)™1B + D € K(s)P*™ we

have:
(a) (P1) = G(s) is outer.

G(s) is outer and
(b) (P1) , : .
[E, A, B,C, D] is behavioural stabilizable and detectable.
Proof. The proof follows from the observations in [24] specialized to systems of the form (L. O

We can furthermore characterize outer transfer functions by the structure of their right inverses.

Proposition 3.4 (Right inverses of outer functions).
Let [E, A, B,C, D] € %y, mp(K) with transfer function G(s) = C(sE — A)"'B + D € K(s)P*™. Then

3G (s) e K(s)™P : G(s)G™(s) =1, and
A€ Cis apole of G- (s) = AeC_.
Proof. Suppose that G(s) is in Smith-McMillan form (Z6]). Then

G(s) is outer =

is a right inverse and if G(s) is outer, then G~ (s) does not have any poles in C.
To prove the converse, assume that G~ (s) € K(s)™*?P does not have any poles in C; and is a right
inverse: G(s)G~(s) = I,. Then, we have

V(s)G™ (s)U(s) = [ F(s) ] for some F(s) € K(s)m=P)xP,

12



Since G~ (s) has no poles in C, this also holds true for D(s)~!; and therefore D(s) has no zeros in C.
This completes the proof of the proposition. O

Remark 3.5. The set of units in the ring H*°(C;—K™*™)NK(s)™*™ is a subset of the class of outer
function functions of dimension m x m. The the set of outer functions in H>(C—K™*™)NK(s)™*™
however further contains elements which might have inverses which are improper and /or have poles on
the imaginary axis; this holds already true for m = 1.

4 Zero dynamics

An important time domain concept related to the pencil [SE(;A’ }? } are the zero dynamics.

Definition 4.1 (Zero dynamics). The zero dynamics of [E, A, B,C, D] € ¥, n, ,(K) is defined as
ZDipapop = { (@) € Lh(R0—K" x K™) | (2,4,0) € Bipapco | -
The set of zero dynamics initialized by the “initial state” 20 € K" is

ZD(p ap,0,p)(2°) = {(xvu) € ZD(g A,B,c,D] ‘ Ex’ = Ex(0) }

The set of consistent initial differential variables for the zero dynamics are

2D pen = 1{2° €K' | 2Dipancoe”) #£0}.
The zero dynamics ZD|g a B,c,p) are called

polynomially bounded <= V(x,u) € ZDg s p,c,p) IP(s) € R[s] IM >0
for almost all 7 > 0: |[(z(7),u(7))|| < M - |p(7)];
asymptotically stable <= V(z,u) € ZDg A pc,p] @ 1M o0 ess sup, o, [|(z(7),u(7))|| =0 ;
polynomially stabilizable <= Va0 ¢ ZD?EFA? B,C.D)
Ip(s) € R[s] IM >0 3 (z,u) € ZD(g 4 p,c,p)(z°)
for almost all 7 >0 |[(z(7),u())|| < M - |p(7)];
stabilizable <= Val ¢ ZD?ngB,C’D] 3(z,u) € ZD|g A,B,0,D) (29)
limy o0 €88 sup,~, || (z(7), u(7))|| =0 ;

autonomous <= Vz'e K" : ZD[E,A73707D](360) contains at most one element.

Alternatively, we may write the zero dynamics as

(z,u,0) € Bip a,Bc,D]

ZDipapcop = { (,u) € Li, (R>0—K") x Lf,.(Rxo—K™) [ dpa - B] <x> B (0) - (4.1)
RN

C D u

We will now show that the space of consistent initial differential variables is the whole K. Namely,
by using (I, performing the substitutions E ~ [£], A ~» [A4] and B ~ [B] and invoking that
ker [£] = ker E, we can infer the subsequent statement from [I, Cor 4.3]:
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Proposition 4.2. For [E, A, B,C, D] € ¥, ,, »(K) holds
diff .
ZDipapop =K' = im[§J]+ 8] ker E=K"*P.

Now all concepts in Definition 1] are characterized in terms of some algebraic properties of the pencil

R(s) = [SE(;A’ }?}.

Proposition 4.3. Let [E, A, B,C, D] € ¥, , ,(K) and set R(s) = {SE6A’ 7DB}. Then the zero dynam-

ics ZDip a,B,c,p] are

a) autonomous rkg(s) R(s) = n+m;

YAeCt : tkR(A) =n+m;

VAeCy : tkR(\) =n+m;

VAeCy : tkg(s R(s) = rk R(\);

VA eCy ¢ rkg(s) R(s) =1k R(\)

Va0 e Zngf apo.p 3(@u) € ZDig A po,p)(a) :
limy oo Fz(t) =0 ;

[E, A, B,C, D] is autonomous and polynomially stabilizable;
[E, A, B,C, D] is autonomous and stabilizable
V'€ ZDi, g o py 3! (w,u) € ZDp ap,00)(2°) :
limy_, o Ex(t) =0 .

(
(b) polynomially bounded
(¢)

(d) polynomially stabilizable
(e) stabilizable

asymptotically stable

(&

(f) polynomially bounded
(9) asymptotically stable

rey 11010100

Proof. By Theorem 2.6l we may choose S € Gl,,(C) and T' € Gl,,(C) such that

SR(s)T = diag (sFy — G1,...,sFy —Gy) (4.2)
is in Kronecker canonical form. Using (1), we see that
21
z=(%) € ZDpapop (%FZ —Gi)(z)=0 Vi=1,...,f, where < : ) =Tz
zf

The representations of the solution sets of the DAEs (%Fi — Gi)(%) =0 in [11] Chap. XII, § 7] allow
to conclude the following equivalences for the zero dynamics ZDg 4 B,c,D]

#{(UD)-blocks in (£2)} =0
#{(UD)-blocks in (£2)} =0 and every (ODE)-block in (4.2)
corresponds to a generalized eigenvalues in C_

#{(UD)-blocks in (£2)} =0 and every (ODE)-block in (42
corresponds to a generalized eigenvalues in C_

and every (ODE)-block in (£.2)
corresponds to a generalized eigenvalues in C_

and every (ODE)-block in (£2)
corresponds to a generalized eigenvalues in C_.

(a") autonomous

(b") polynomially bounded

(c) asymptotically stable

1170

(d’) polynomially stabilizable

(e") stabilizable

!

Now by Remark 25](d) and (e) the Assertions (a)-(e) follow from (a’)-(e’), respectively.
Assertion (f) follows from a combination of Assertions (a), (b), and (d).
Assertion (g) can be obtained by combining (a), (c), and (e). O
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The above characterizations immediately give the following characterization of the rank condition (P1)
which, in view of Theorem B3] is for stabilizable and detectable (in the behavioural sense) systems
equivalent to the transfer function being outer.

Corollary 4.4 (Zero dynamics and (P1)).

Any [E, A, B,C, D] € ¥, 1, »(K) with transfer function G(s) = C(sE—A)"'B+D € K(s)P*™ satisfies:
rkK(s) {SEEA’ _DB} =n+p and

ZDg,A,B,c,p] 1S polynomable stabilizable.

(P1) = {

5 Stable outer transfer functions

We will now present a time domain characterization of outer transfer functions. Under the con-
dition that the transfer function G(s) belongs to H*(C; — KP*™), ie. all poles are in the open
left half complex plane, the transfer function G(s) is outer if, and only if, the time domain system
[E,A,B,C,D| € ¥, p(K) satisfies the following Property (P2):

RS 52(R20—>Km)
Az =yl <e.

(P2) | Ve>0 VzeLY(Rs0—KP) 3(z,u,y) € Bipapen0) {

Theorem 5.1 (Equivalence of outer and (P2)).
For any system [E,A,B,C,D] € %, mp(K) with transfer function G(s) = C(sE — A)™'B + D €
K(s)P>*™ N H>(CL—=K"*P) we have

G(s) is outer = (P2).
Two technical lemmata are needed for the proof of the above theorem.

Lemma 5.2. Let G(s) € K(s)P*™ N H>®(CL—KP*™) be outer. Then

G(s)

3Ga(s) € K(s)MmPxm [ 340(C —Km—p)xm) . [ Galh)

1 € K(s)™ ™ NH®(CL—=K™* ™) s outer.
(5.1)

Proof. Consider the Smith-McMillan form of G(s) as in ([Z6]). Then Proposition B4 yields
U (s)G(s)V " (s) = [D(s) 0],

where, by the fact that G(s) is outer and belongs to H>(C . —KP*™) D(s) neither has poles in C
nor zeros in C4. Since V(s) is a polynomial matrix, we may choose k € N such that

1
Ga(s) == GO V(s) € H(Cy—K™ ™).

Then we obtain that (5I) holds true, and by
- G@s)| |[V7is) 0 D(s) 0
Ut = ;
(s) lGQ(s)l l 0 Iy 0 ielmp
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we see that

G(s) B ~1 D(s)~! 0 -1
l%@]:v<@[0 T Lt

does not have any poles in C;. The augmented matrix in (5.1]) is therefore invertible and does not

have any zeros in C,, whence it is outer. O

In the following lemma we show that Property (P2) yields that the input-output map of stable and
outer system has dense range in £?. Therefore, for H>-transfer functions, our definition of an outer
transfer function is equivalent to the definition in [16]23].

Lemma 5.3. For any G(s) € K(s)P*™ N H>®(C—KP*™) we have

the multiplication operator
G(s) is outer <= Mg : H?*(C4—K™) — H2(C—KP), u(s) — G(s)u(s)Vs € Cy

has dense range.

Proof. (a) We prove the statement for K = C:
<= Seeking for a contradiction, assume that G(s) is not outer and M¢ has dense range:
The Smith-McMillan form (Z8]) implies that there exists some A € C; and some £ € C™\ {0} such
that £*G(A) = 01,,. Consider the function

3(s) = gx € H2(C4—C™) N C(s)™. (5.2)

S J—
By the density of im Mg in H?(C,—KP) we have
1

V2Re(N)

30 e HX(C4—C™) = ||Z — Mgy <

Then, by using Cauchy’s integral formula we obtain

(2, Mgi)ye = %;’f (wi x’f)* G (w) t(w) dw
= o TW*}A Gw) t(w)dw = =GN\ a(\) = 0.

Therefore, the Pythagorean theorem yields

1

N 112 212 al|? 2|3
|12 = Ml = 1213 + IMciille 2 1ERe = 33075y

which contradicts (5.3)).

= : Step I: We prove the implication = for the case p = m:

Since G/(s) is outer, it follows from the Smith-McMillan form (26]) that the scalar rational function
g(s) = det G(s) € C(s) is outer as well. Then, by [20, p. 1251], the multiplication operator
M, : H?*(C4—C) — H*(C4+—C) has dense range. Then the Helson-Lowdenslager Theorem [19]
p. 22| implies that Mg has dense range.

Step 2: We show the implication = for the case p # m:
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Let z € H2(C, —CP) and € > 0 be given. Using Lemma [5.2, we obtain that there exists some
Ga(s) € K(s)m=p)xm n 3420 (C—KM=P)Xm) guch that

G(s) == l 52 ((35))1 € K(s)™™ N H®(CoaK™ ™)

is outer. By the result in Step 1 for the case p = m, there exists some u € H?(C,—C™) with

15~ (em)] =16 - w

This implies |2 — Mqt||y2 < €, whence this implication is shown.

H2<6.

We prove the statement for K = R:

<= Again seeking for a contradiction, assume that G(s) € R(s)P*™ N H>(CL—RP*™) is not
outer and M¢ has dense range.

Assume that G(s) has a zero in A € C4. Then there exists some z € CP \ {0} with z*G(\) = 0.

Since G(s) € R(s)P*™, we have that the element-wise conjugate of z satisfies Z*G(A) = 0. Define
the function 2 € H?(C,—CP) \ {0} as in (5Z). Then at least one of the functions

5= 21 30) € HACR),  m=1(z-30) € HACLoR)

is non-zero. Then, by the results in the complex case, we obtain for all & € H?(C,—R™) that Mg
is, in the H2-sense, orthogonal to both z; and 23 as in (5.2]). This leads to the same contradiction
as in the complex case.

= Let G(s) € R(s)P*™ N H>®(C,—RP*™) be outer, z € H2(C,—RP) and € > 0. Then, by a),
there exists some ; € H?(C,—C™), such that |z — Mgii||42 < e. Define

= %“1() € H2(C,—R™).

The realness of G(s) implies Mg (7)) = Mgui(7), and thus

12 = Maiilye <3112 = Maillye + 3 - || - Mot ()

HZ
|12 = Mgl + 3 -0 = Mg ()

1
2
1
2

o= F = Mgl <<

Proof of Theorem [5.1k First note that

(i) for (z,u,y) € Bg 4,B,0,p)(0), the Laplace transforms of y and u are related by g(s) = G(s)u(s)

Vs e Cy;

(ii) by the Paley-Wiener Theorem [§, Thm. A.6.21], Laplace transform defines an isometric mapping

from £2?(R>o—K™) to H2(C1—K™);

(iii) the norm of the multiplication operator Mg : H?(C, — K™) — H2(C, — KP) defined by

Me(u)(s) = G(s)u(s) Vs € Cy equals to |G|y~ [8, Thm. A.6.26];
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(iv) for all infinitely often differentiable u € £?(R>o—K™) with support contained in (0, c), there
exists some unique (x,u,y) € B(g 4 p,c,p](0)-

= Assume that G(s) is outer, € > 0, and z € L*(R>¢—KP?). Then we have to show
3 (z,u,9) € Bipapenp(0) : uwe L (R=K™) A z—yle<e.
Let 2 be the Laplace transform of z. By Lemma [53) there exists some 4y € H?(C—K™) with
|2 — Mgt |32 < /2. (5.4)

By a density argument, we see that there exists some infinitely often differentiable u € £?(R>o—K™)
with support contained in (0, 00), such that

lu— w2 - [|Gllnee < /2. (5.5)

By statement (iv), there exist z € L2(R>0—K"), y € L*(R>o—KP) with (z,u,y) € Bip a5.0,p](0).
Then we obtain

©) s = @) s - ~ ~ ~

lz=ylez = NZ=ble = 7= Mgl < [I2= Mgtllge + [|M(@ = Uiy
(i11)& B4 L () (5905

< 24 |Clu=la -Gl = e/2+ (1G] llu— w2 < e
<= Seeking for a contradiction, assume that G(s) is not outer and Property (P2) holds.
By Lemma [53] there exists some z € H?(C,—KP) and some ¢ > 0 such that for all & € H?(C,—K™)
holds

|z — Mgtz > €.

Assume that (z,u,y) € B(g a ,c,p)(0). Then

G) o o () _
Iz =yllc2 = 12 = Fllaz = 2 — Mcull32 > e.

This contradicts Property (P2). O

Remark 5.4 (Stable outer functions). Note that in [23] a (possibly non-rational) transfer function G €
H>(C;—KP*™) is defined to be outer, if the multiplication operator M as in Lemma [53]is surjective.
In the possibly non-rational case, Cauchy’s integral formula (cf. the proof of <= in Lemma [.3]) can
as well be used to infer that outer functions do not have zeros in C;. The converse direction =
in Lemma however does no longer hold true for non-rational functions. A counterexample is

G(s) = e, see [10].
6 Outer transfer functions

Next we wave the H*°-condition in Theorem 5l To this end the Property (P2) is strengthened to the
following two properties.

(P3) Vy? e KP\ {0} 3 (x,u,y) € Bipapcp : @)u()#0

and
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Ve>0Vale V[(}Ei‘f,fA,B,C,D} 3 (x,u,y) € Bp,a,p,0,0(x°) :

P4
(P4) u € L2(Rso—K™) A Jim Ex(t) =0 A lyllez <e.
- —00

Properties (P3) and (P4) mean for systems described by ordinary differential equations simply (P3’)
and (P4’), respectively; see page [B

0

Note that in Property (P4) we allow for arbitrary initial data z° € V[déHA B.C.D] but the internal

state Ex(t) has to go to zero. This replaces in a sense the H*°-condition of the transfer function in
Property (P2).

Remark 6.1. If a system [E, A, B,C,D]| € ¥, ,,,(K) has stabilizable zero dynamics, then Prop-
erty (P4) holds and we have

va® e VY 5op) 3@, u,y) € B apon) () :
u € L2(R5o—K™) A tli)m Ex(t)=0 A |y|lzz =0.
- o0

The main result of this section is Theorem where we show that a system has an outer transfer
function “almost if, and only if,” the Properties (P3) and (P4) hold. We first give an“almost charac-
terization” of Property (P3).

Proposition 6.2 (Characterization of (P3)).
For any system [E, A, B,C, D] € ¥,, 5, ,(K) the following statements hold true:

(a) (P3) z rk[EAB]=n+p

M) (P = lgepl=ntp and
[E, A, B,C, D] is impulse controllable.

Proof.

(a) Seeking for a contradiction, assume that rk [£ 4 B] < n+ p. Then

IEO -
320, 4°) € K™ x K?\ {(0,0)} : <y0> [ﬁj g‘ g]:o.

If y° = 0, then 2° # 0 and (2°)*E = (2%)*A4 = 0 contradicted the regularity of sE — A. Therefore,
y? # 0. Now assume that (z,u,y) € B 4,B,c,p]- Then

¥°)y() = (¥°) Ca() + (y°) Du(-) = = (2°)"Az(:) = (2°)" Bu() = —(2°) Ei(-) = 0

contradicts (P3).
To see that the reverse implication does not hold true in general, consider

[E,A,B,C,D] := Hg (1)] [é ﬂ m [1 0} , 0] €911 (6.1)
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In passing we note that the pencil sE— A is regular. Since Bip 4 p o p) = {0} X L} (R>0—K) x {0},
Property (P3) is not fulfilled. However,

01 100
1:rk 0001 0l=3=n+p.
00100
Step 1: We prove the assertion for the case E = I,,. Let 3° € KP\ {0}. Then
0\ [E A4 B 0rs 0y
07&<y0> lo c D]’ andso (y°)"C#0 VvV (y°)"'D#0.
Therefore,

20 e K™ Fu® e K™ () Oz + (y°)*Du’ #£ 0.

Define the trajectory
@O k) = (el Ceha® + 0 [ IR dr+ D) € By apony (62)

Then (x,u,y) is continuous with (x(0),u(0),y(0)) = (z°,u° Cz" + Du®). In particular we have
(1”)*y(0) = (y°)*Ca® + (y°) Du’ # 0, whence (y°)*y(") # 0.

Step 2: We prove the assertion for impulse controllable systems [E, A, B,C, D] € ¥, ,, ,(K):

By Proposition 212 (@)

T 0 0 Inl 0]lA;1 O | By
38, T € Gl,(K) 3F € K™*™ . lg IO] [g é ll_j 0O T 0 :[ 0 0| 0 I, |Bs
! 0 FT In 0 0]Ci G| D
Since
Z A B I,, 0|Ay 0 |B
ki o pl=tk| 0 0] 0 I,|B
0 0|]Cy G| D

and Property (P3) is invariant under feedback equivalence, it suffices to consider the DAE associ-
ated to the matrix on the right hand side, i.e.

&1 = Anz + Biu
0 = x9+ Bou
= Ciz1+ Coxs + Du

or equivalently, xo = —Bou together with

1 = Anz + Biu
y = Cix+ (D — C2B2)u.

Now we may apply Step 1 to show Property (P3) for B
that (P3) also holds for Bg 4 B .c D)

I'ny,A11,B1,C1,D—CsBs)s and it is easy to see

This completes the proof of the proposition. O
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Next we prove that, for any [E, A, B,C,D] € ¥, ,,,, the output space can be reduced to a system
with Property (P3). This is a key result to provide an “almost characterization” of the Property (P4)
in Proposition

Proposition 6.3. Let [E, A, B,C,D] € ¥, p, define
Vo = {yo e KP ‘ V(z,u,y) € Big,a,B,c,p) and for almost allt € R : (y°)*y(t) = 0 }

and choose
Y eKPPL imY =Yy A Y'Y =1,. (6.3)

Then we have
(i) B(p,A,B,0,0] = {(907U7Yy1) ‘ (z,u,y1) € Bpa,By*C,y*D] };
(i) [E, A, B,Y*C,Y*D] satisfies (P3);

ANE—-A -B AME—-—A -—-B
(iii) VAeC: rkl c Dl_rle*C Y*Dl'

Moreover, if (i) and @) hold, instead for'Y, for some Y € KP*P1 with Y*Y = I, , then imY = Vi
and hence Y and Y differ by a unitary factor from the right.

Proof. Since )Yy C KP is a linear subspace, the choice of Y is possible. We may also choose

Yo e KPXPPU - imYy =Yy A YiYo=1, . (6.4)
Then we have imY = ker Y;” and
By the definition of )}y we have
V(z,u,y) € Bgapcp = [ for almost all t € R: y(t) € y(ﬂ (6.6)
and Y'Y = I, yields that
YY* € KPP is an orthogonal projector onto Vg . (6.7)

We now proceed in several steps.
@, c: Let (z,u,y) € Bp a,,c,p- Then

(@,u,91) € Bpapy-cy-p  fory =Yy =Y"Cor+Y" Du

and ([6.6) and (67) yield y = YY*y =Y.
@, >: Let (x,u,y1) € Big a B y+cy+p) and define y = Cx + Du. Then (G.8) and (E1) yield

Yh=Y[Y*Cx+Y "Dul =YY" y=y and (x,u,y) € B A,B,c,D)
([@): Seeking a contradiction, suppose that

35° € KP\ {0} Y(z,u,y1) € B(g,4,B,y-c,y-p) and for almost all t € R : @) *y1(t) = 0. (6.8)
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Fix (z,u,y1) € B a,B,y+-c,y+-p] and define y := Cx + Du. Then
(x,u,y) € Bipapcop and Yy = Y*[Cx 4+ Du] =Yy

and ([6.6)-(6.7) yield that Yy; = YY*y = y, and therefore

(Y2 y(t) = () Y*Y y1 (1) € @) y1 (1) BB ) for almost all ¢ € R.
This shows Y% € YoNimY = YyN Y = {0}, whence, again by (3)), 7° = 0. This contradicts (G.5)).

Before we show Assertion (), we show the last statement of the proposition. Let Y € KP*P1 with
Y*Y = I, such that ({l) and () hold for Y.

~

We show im Y+ € ))y: Since (@@ holds for 17, we may choose

(-’L',U,y) € sB[E,A,B,C,D]v (xauv @\1) € SB[E,A,B,?*C,?*D} Y= Y:ljl
Then we have, for 3% € im Y4,

Gyt) = G@)Yy(t) =0  for almost all ¢ € R

and thus 7% € ),
We show imY+ = ))j: Seeking a contradiction, suppose there exists 3° € )y \ imY" and set
7" := Y*y°. Since Property (P3) holds for Y, we have

I, w,51) € By 4 poecpept @) T #0.
Since (i) holds for Y, we have (z,u,y) € Big,a,p,c,p) for y= ?@1 and we conclude
0# @) =Y =)y
and this yields the contradiction y° & ).
[): First we show, for Yp as in (6.4),
E=1I, =  YJ[C,D]=0. (6.9)

Let
YY) == Yoer € im Yy \ {0} = Do\ {0} for ke {l,....p—p1}.

Then

V(z,u,y) € By, 4,B,c,p) and for almost all t € R : (y2)*y(t) = 0

and, for arbitrary zg € K" and ug € K" and any trajectory
(x(4),ul-),y(-) = (eA'xO, u’, Cetz® + C/O.eA('*T)BuO dr + Duo) € B(1,,4,B,0,D]s
we conclude by continuity of y
(w)"y(0) = (WR)"[C. D] (25) =o.
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Since z¢ and g are arbitrary, it follows that (y)*[C, D], and the claim follows since k is arbitrary.

Finally, we show (i) for any [E, A, B,C, D] € ¥, p-
In terms of the notion from Proposition we have, for all A € C,

My, — A 0 AEq3 —B1
'k ANE—-A -B @) k 0 —In2 AEo3 + Ass  —By
c D = 0 0 M-I 0
1 Cy Cs D
) My, — A 0 —By
Nt gk 0 —I,, —DBs
Cy Cy D
My, — A 0 —By
@ | O e B

Y*Cy Y*Cy Y*D

Using Proposition 12| (@), we further obtain from (69) that

YJCl =0 and YJ(D — CQBQ) =0 (6.10)
and continue
—)\Inl — AH 0 _Bl
AMNE—-A —-B @Im) 0 —Ip, —DBy
k l c D ] = kIl yee veo, veD
| 0 Yy Cy Yy C2Bs
AL,, — A1 O —B
_ 0 —I,, 0
= MR vl v, YD - B
| 0 0 0
)\Inl — AH 0 —B1
= k+ 1k 0 —I,, —Bs
Y*C; Y*Cy Y*D

A, — A 0 AEi3+ Az —B
N n:ﬂpt. ok 0 —In2 AFE93 + Aoz —Bsy
0 0 AN — I, 0
| Yy Y*(Cy Y*(Cs Y*D
(P) ok AME—-A -B
Y*C Y*D|"
This completes the proof of the proposition. O

We are now in a position to show the first “almost characterization” of the Property (P4).
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Proposition 6.4. For any system [E, A, B,C, D] € ¥,, ,, ,(K) the following statements hold true:

— rk [E
(a) (P4) s { 0

] =rk[MoA P waecy

is impulse controllable. ,B,C, D] is behavioural stabilizable.

(P4) and [B,A,B,C,D} { rk [ B
Proof. We preface the proof with some basic observations needed in the steps of the proof. First note
the following facts.

(O1) A real system [E, A, B,C, D] € £, »(R) satisfies Property (P4), if, and only if, it satisfies (P4)
as a complex system [E,A,B,C,D] € ¥, ,,,(C). The property of impulse controllability does
also not depend on regarding [E, A, B,C, D] as a real or as a complex system. Further, the
transformation to Kronecker canonical form is complex, independent of the matrix pencil being
real or complex. As a consequence, it suffices to prove the statements for the case K = C.

(O2) The property

VA e Cy: rk[’gég} :rk[)‘ECTA’ _IJ)B} (6.11)
is equivalent to
VAEC, : im | PP = im M4 P (6.12)

(03) Property (6.IT) is invariant under feedback equivalence since

0 0
T 0

WET W(ABRYT WB| _ [W 01 [FAB].
L0k ] loCD FT I,

0 cT D

oo~

" ees prgenr ) [ 1) i) ()

We are now ready for the proof and proceed in several steps.

(a) < Step 1: We first additionally assume that all generalized eigenvalues of sE — A are belonging to C_
and the index of sE— A is at most one. The latter yields that [E, A, B, C, D] is impulse controllable.
Let Y € KP*P1 be as in (G3]). Since (6I1)) holds by assumption, we have, by using (02),

e, ME-A B _[t. 0] \E-A -B
Wy« y*p| T o v ™| © D

e ([, o]  [-E -4 -B] . [-E -4 -B
- iy oo p| ™™o v*¢ v*D|’



and therefore

VAECJr:rkl)‘E_A —B]:rk[—E A —B]:rk[E A B

Y*C  Y*D 0 Y*C YD 0 Y*C Y*D] =ntp,
where the last equality follows from the fact that [E, A, B,Y*C,Y*D] satisfies Property (P3) by
Proposition [63] () and hence we may apply Proposition [.2(a). Therefore, the system

[E, A, B,Y*C,Y*D] satisfies (P1). By Theorem (a), we obtain that the transfer function
G(s) = Y*D + Y*CO(sE — A)"'B € C(s)P*™ is outer. The assumption that all generalized
eigenvalues of sE/ — A are belonging to C_ and the index of sE — A is at most one yields that,
additionally, G(s) € H>®(Cy—KP**™). Let ¢ > 0 and 2° € V[dng,B,C,D] = R". The Kronecker
canonical form allows to assume that the system is in the form

o In1 0 A11 0 o B1 . 0 __ .’EOl
sE A-s[o Onj lo IE B = Byl C—[Cl 6’2}, o= 02
and, by the assumption that the set of generalized eigenvalues of sFE — A is contained in C_, we

have (A1) C C_. In these coordinates, a solution ((z3),u,y1) € Bg a By+c,y+p) satisfies, for
all t > 0,

t
x1(t) = eAntg 01 +/ eAn(t=7) By u(r)dr
0
IEQ(t) = — Bgu(t)
Y1 (t) = Y*Clscl(t) + Y*Cgfbg(t) + Y*Du(t) .

Apply
Z() = CleA“'xOl S 52(R20—>Kp)

to Theorem (.1l Then
B ((ﬁg; ) ,u,yg) S %[E,A,B,Y*C,Y*D}(O) : u e Ez(Rzo—ﬂKm) A H -2z — y2H£2 <e€.

Since (<x21+§22“'”*’01) U, Y2 + z) € B(g,A,B,Y*C,Y*D] (29), we have, by linearity of the behaviour,
that
Aqq-
(.’E, u, ?/1) = ((x21+§2211 % ) S Uy 2+ y2> € %[E,A,B,Y*C,Y*D} (CCO)

By Proposition (i), we have (z,u,y) := (2,4, Y1) € Bg,a,B,c,D] (20), and the orthonormality
of the columns of Y gives rise to
[9llcze = Y yllc2 = llyallez = Nz + walle2 <e.

Moreover, since o(Aj;) C C_ and u € L2(R>o—K™), it can be shown (see e.g. [I3, Rem.2.3.11])
that 1 € £2(R20—>Kn1), X9 € £2(R20—>Kn2), and limy_, o :Cl(t) =0.

Step 2: We prove the implication <= in the general case:
By Proposition 212} there exist S,T € Gl,(K) and F' € K™*" such that (24) holds true, where
N € K¥¥¥ is nilpotent and (A1) € C_.

Step 2a: We prove that the system

£.4.5.6.D) ::Hfgl 8},[14011 ﬂ,[gj,{cl 02],19] (6.13



has property (611). It suffices to prove that

)‘I"I 7A11 O, 731 * I"l 0 A11 0 B1 .
VA e Cy: ker [ 0 —In, Bz] C ker { 00 0 In, BQ}
Ch Co D 0 0C, Co D
z1 Mpy—A1n 0, —Bp7* _ _
Assume that | z, | € ker { 0 —In, B } with 71 € C™, 29 € C™2. Then for

u Ch Cy D

By = —(AN = 1) (\Bag — Agg)*&s + (\Eng — A1s)"&1 + C3)

z1 Mp,—A11 0 AE13—A3, —B1*
22 | € kerc 0 —In, AE23—A23, —B2 )

we have
7s 0 0 AN—I;, O©
o C1 Cs Csy D

Since, by Observation (
cation of Observation (

3), the Property (G.I1)) is invariant under feedback equivalence, an appli-
2) yields

z1 Iny 0Ei3 An 0 Az Bi]*
T2 c ker(c 0 0FE23 O 7In2 Ass B

O
O

T3 00N O 0 I O
'J 00 0 Ciy Cy Cs3 D

and hence

71 Iny0 A 0 Bi7*
2. | Ekerc| 0 0 0 —In, Ba| .
u 00C Cy D

Step 2b: We prove that [E, A, B, C, D] has Property (P4):

20

. 1
Let 20 € V[déffA B,C,D] and define <m8> = T~ '20. By the results in Step 2a, we see that the system

0
~~~~~ 1‘3

[E, A, B,C, D] defined in (6I3)) is impulse controllable and satisfies (GI1). Now Step 1 gives

x9 ~ m ~
3(7,1,7) € %[5727575’5}(( )) L e L2RogmK™) A 7l < e

Lo

Further, since all generalized eigenvalues of sE— A belong to C_ and the index of sE — Ais at
most one, the property u € L£2(R>o—K™) together with the latter statement in Step 1 implies
that x € E2(R20—>Cnl+n2).

Proposition 212 (@) gives

() = (T (§) i+ FT(§).v) € Branco:

The £2-norm of the output thus satisfies ||y|| 2 = ||7]|z2 < &. Since, further, Proposition 212 (B
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0 Ey3 .
leads to x3 € ker | E53 |, we obtain
N

Inl 0 E13 1‘1(0) Inl 0 .%'1(0)
Ex(0)=W=t]0 0 Eyp||z0) |=w""[{0 0] \z(0)
0 0 N | \z3(0) 0
[ I,, O (9 I,, 0 Ei3| (29
=Wl o of\ay)| =W 0 0 Eo| |2
I 0 0 0 N | \a§
[1,, 0 Ei
=W 0 0 Eyp|T '2°=E"
0 0 N

Therefore, (z,u,y) € B(g a,B,c D (29), and summarizing we have shown that [E, A, B, C, D] satis-
fies Property (P4).

Consider the example [E, A, B,C,D] € Y31 as in ([@I)). Since the behaviour is B 4 p.cp) =
{0} x L3 .(R>0—K) x {0}, it follows that (P4) is fulfilled. However,

. EAB] _ . [083007 e | PN [AE—4-B
V)\G(C.rk[OCD}—rk[ggcl)(l]g}—37&2—rk{(1)—018}—1“1{[ = D}.

Since [E, A, B, C, D] satisfies (P4), it follows that [E, A, B,C, D] is behavioural stabilizable. Let
S € Gly1p(C), T € Gly4m(C) such that

S[ME5A BT = diag (sFy — Gi.....sFf — Gy)  asin @D,

By (ii) it suffices to prove that all (ODE)-blocks are corresponding to generalized eigenvalues in

C_, and all all (OD)-blocks are of size 1 x 0.
Step 1: 'We prove:

Ve>0Vje{l,...,f} V) € C% 3z; € L2(R50—CH) -
Fij(O) = F]Z? AN tlgglOF]zj(t) =0 A Fjij — Gij S EQ(RZQ—)(Clj) AN HF]ZJ — szjH£2 < E.

Since the blocks may be suitably reordered, it suffices to prove the statement for j = 1. Define,
for 29 € Ckr,
(””g) —7! {1’51} 29 where z° € C", u° € C™.

u

Then impulse controllability of [E, A, B,C, D] and (P4) yields the existence of some (z,u,y) €
Bip 45,00 (") such that lim; o Ex(t) = 0 and [jy|lz2 < ||S]|7! - e. Equivalently, () = Tz

TTOE 01 0 EIE-EIO
e 5 1] (1) 0 )
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Then
a0 (018§ g7 a0 = mois 5] (26

eais i3] () =trs [ 4] rls)-

and for wy :=[1, 0] S (§) € L2(R>o—C") we have
wy = F121 -Gz, Jlim Fyz1(t) =0, 1F121 =Gzl g2 = [[will g2 < ([ 2y OS] llyllz2 < e

This proves the claim in Step 1.

Step 2: We prove that if sF; — Gj = sly, — (My; + Ny;) is a (ODE)-block for some j = 1,...,k,
then A € C_.

Seeking a contradiction, assume that A € C,. Again, it is no loss of generality to assume that
j = 1. Then o(—G1) C C_, and by [25] Thm. 3.28] there exists some P > 0 which solves the
Lyapunov equation (—G1)P + P(—G1)* + I, =0 or equivalently

1R+QG =@ for Q=P

Let 20 € CF\ {0} and set & := (29)*Q2Y = (P7120)* P(P~12) > 0. Then by Step 1 there exists
21 € L2(R5o—C*) such that

21(0) = Z? VAN tlLIglozl(t) =0 A wy:=%2 — G127 € EQ(RZ()—)(C]CI) A ||U}1||%2 < (Z?)*QZ?,

and we conclude, for all ¢ > 0,

t

Q4 — 207 @n() =~ [ & (16YQa() ar =~ [ 2267 Qu(rar
S /Ot (21(7')*622,21 (1) +221(7)" Qw1 (7)) dr
= [ (ea ) + w I ~ ) dr < [ )P
0 0

Now taking the limit for ¢ — oo and invoking lim;_, 2j(t) = 0 yields the contradiction
(21) Q21 < Jlwi ][22 < (2)" Q.

Step 3: We prove that if sF; —G; = sK,;:_ — ng is an (OD)-block for some j =1,...,k, then its
size is at most 1 x 0.

Again, it is no loss of generality to assume that j = 1. Seeking a contradiction, assume that
k1 > 2. Define fo,..., fr, € R such that

_fk‘lfl
(s—DF =fot.. 4 fr, 18 4 eRls]  and F:=| : I | e RbxtatD),
—fo

Then a straightforward calculation gives

sly, — Ay :=F (SK,;E - LIL) satisfies det (sly,, — A1) = (s — 1)k,
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Let 2§ € C¥ and £ > 0. Then by Step 1
321 € L2(R50—CF) 1 K, 21(0) = K, 20 A tli>m K, z1(t) =0
- o0
N wy = Kk;lfél — L;ﬂzl S EQ(RZ()—)CIQJA) VAN leH%g < HFHil - £,

and since K}, has full column rank, we see that z1(0) = 29 and lim;_,o. 2z1(t) = 0. Moreover,
Fuy = 2 — A1z € L2(R>0—CH) and [|[Fuy|% < ||F|| - |[F||~' - e = e. This leads to the same
contradiction as in Step 2.

O

In the following we present a characterization of Property (P4) in terms of the reduced system in
Proposition
Proposition 6.5. Let [E, A, B,C,D| € ¥, p,p, and Y € KPPt as in ([63]). Then
[E, A, B,C, D] satisfies (P4) <= [E,A,B,Y"C,Y"D] satisfies (P1) and is behavioural stabilizable.
Proof.
< Let e >0and 2 € V[dng,B,C,D] = V[‘%ffA’By*C’Y*D]. Since [E, A, B,Y*C,Y* D] satisfies (P4) by
Proposition (a), behavioural stabilizability yields

3, u91) € Bipapy-cyp)’) : u€ L2R2—K™) A lim Ex(t) =0 A [lyille2 <e.

Now Proposition [63](i) together with the orthonormality of the columns of Y gives (z,u,y) €
B ap.0p(2) for y = Yyr and Jyllgs = lylles < e Hence, [E, A, B, C, D] satisfies Prop-
erty (P4).

= In view of Y*Y = I,,, and Proposition 63| ({l) we see that [E, A, B,Y*C,Y*D] satisfies (P4), Note
also that behavioural stability of [E, A, B, C, D] follows immediately from Property (P4).

Step 1: 'We prove, under the additional assumption that [E, A, B, C, D] is impulse controllable,
that [E, A, B,Y*C,Y*D] satisfies (P1).
Since the assertion gives that [E, A, B,Y*C,Y™*D] is impulse controllable, we may conclude

AE — A, —DB | PrBAb) ik E A B | prE3(E)
Y*C Y*D| 0 Y*C Y*D| prEab)
and so [E, A, B,Y*C,Y*D] satisfies (P1).

Step 2: We prove the implication = in the general case:
Since the properties (P1) and (P4) are invariant under system equivalence, we can, in view of
Proposition 229] assume that

Vae Cy: rkl n+pi.

sE—A _B sk — A sEip — A1 —By where N € K**¥ is nilpotent
[ c D] - 0 sN — I 0 |, and[En,An, B, O (6.14)
Gy Cy D is impulse controllable.

Since [E, A, B, C, D] satisfies (P4), an application of Proposition 29 () yields that the subsystem

[E11, A11, By, C1, D] satisfies (P4), too. Now we may apply Step 1 to conclude, for all A € C,,
AE11—A11 AE12—A12, —Bi _ _ Step 1

rk [AE-A ZBL | — rk{ 0 AN—I;, 0 } = krk | AP A SBU SRR L ol = ntpy.
|: i| v*e, Y*CQk VoD |: Y*C, Y Di| 1TP1 P1

Therefore, [E, A, B,Y*C,Y* D] satisfies (P1).
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This completes the proof of the proposition. O

Finally, we are in a position to “almost characterize” outer transfer functions in terms of Properties (P3)
and (P4).

Theorem 6.6. For any system [E,A,B,C,D]| € ¥, ,,(K) with transfer function G(s) = C(sE —
A)"IB+ D € K(s)P*™ the following statements hold true:

(a) (P3) & (P)) (P1) and [E, A, B,C, D]
a <
4 1s behavioural stabilizable.
(b) (P3) € (P}) — G(s) is outer.
G(s) is outer and [E, A, B,C, D] is
(c) (P3) & (P4) = . .
behavioural stabilizable and detectable.
Proof.

(a) = Since [E, A, B,C, D] satisfies (P3), we have Y = I, for Y as in (G.3). Now the implication is a
consequence of Proposition

(a) < Step 1: We first additionally assume that [E, A, B, C, D] is impulse controllable.
We have P

Yae Cy . rk[]gég}zrk{)‘EaA”lf} (1 n+p2rk{§ég},

and thus

VAEC, : tk [MA Pl ik [FAB ] —np.

Proposition [62](b) now yields Property (P3), and Proposition [6.4(a) implies Property (P4).

Step 2: We prove the implication for general [E, A, B,C, D] € X, ,(K): Since the Proper-
ties (P1), (P3), (P4) and behavioural stabilizability are invariant under system equivalence, we
can again, by Proposition [Z0] assume that the system [E, A, B, C, D] is in the form (GI4]). Then

. (P1) AME—-A —-B . ANEL— Ay —B
V)\E(CJr.n—f—p—rk[ c D]—k‘—i—rk[ o D]

and so [Eq1, A11, By, C1, D] satisfies (P1) and is impulse controllable. We can immediately con-
clude from Proposition ZXAI(D) that behavioural stabilizability of [E, A, B, C, D] is equivalent to
behavioural stabilizability of [E11, A11, By, C1, D]. Therefore, we may apply the result of Step 1
to conclude that [E11, A11, B1, C1, D] satisfies (P3) and (P4). Finally, Proposition Z9([0) yields
that [E, A, B, C, D] satisfies (P3) and (P4).

(b)&(c) The implications in Assertions (b) and (c) are a consequence of Assertion (a) and Theorem B3]

This completes the proof of the theorem. O

30



7 Systems described by ordinary differential equations

Here we discuss consequences of the results in Sections BHbl for systems described by ordinary differential
equations
%x(t) = Ax(t) + Bu(t), z(0) = 2,
y(t) =Cx(t) + Du(t).

The essential additional feature of ordinary differential equations is that for any initial state 2° € K"
and input z° € K", u € L3 (R>o—R™), there exist unique functions z = z(-;0,2% u) and y =
y(-;0,2% u) with (z,u,y) € %[LAB,C’D](xO). The following conclusions can be drawn from this fact
for any [I, A, B,C, D] € 3, p, »(K):

(ODE 1) By 4 p.c.p) = {(2(-:0,2%,u),u,5(-0,2%,0)) | 2" € K", u € L} (Rx—R™) };

(ODE 2) Vﬁifg BCD = K™. In other words, any [I, A, B,C, D] € £, », ,(K) is impulse controllable;
VA, B, O 1s behavioural stabilizable if, and only if, |/, A, B, C, 1s stabilizable;

ODE 3 1, A, B,C, Dj is behavi 1 stabilizable if, and only if, [I, A, B,C, D] i bilizabl

(ODE 4) [I,A, B,C, D] is behavioural detectable if, and only if, [, A, B, C, D] is detectable.

For the notions of stabilizability and detectability of ordinary differential equations, we refer to [25]
Sec. 3.10 & Sec. 3.11].

Taking into account (ODE 1) and (ODE 2), we obtain that Properties (P1)-(P4) read as follows for
ordinary differential equations:

(P1’) VAeC, : rk{MaA’ *DB} = n+p.
(P2") Ve>0 VzeL2(R>0—KP) Jue L2(Rso—K™) :
Iz = y(-30,0,u)|lz2 <e.
(P3) Vy? e KP\ {0} 320 €e R, u € L2 (R>0—K™) : (y°)*y(-;0,2° u) # 0.
Ve>0Va® € K®" Ju € L2(R>0—K™) :
(P4’)

lim 2(t;0,2% u()) =0 A ly(-:0,2% )2 <e.
t—o00

Using Properties (ODE 3) & (ODE 4), we can formulate the following corollary of Theorem B3t

Corollary 7.1 (Equivalence of outer and (P17)).
For any [I,A, B,C, D] € %y, 1 »(K) with transfer function G(s) = C(sI — A)"'B + D € K(s)P*™ we
have:

(a) (P1’) = G(s) is outer.

(b) (P1’) <= G(s) is outer and [I, A, B,C, D] is stabilizable and detectable.
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It is straightforward that Theorem ] becomes:

Corollary 7.2 (Characterization of (P2)).
For any system [I,A,B,C,D] € ¥, m,(K) with transfer function G(s) = C(sI — A)"'B+ D €
K(s)P*™ N H>(C1—K™*P) we have

G(s) is outer = (P2’).
Using (ODE 2), Proposition and

the following characterization of Property (P3’) can be made:

Corollary 7.3 (Characterization of (P3’)).
For any system [I, A, B,C, D] € £, p, »(K) the following statements hold true:

(P3’) <= tk [C, D] = p.
Property (ODE 1) implies that the space ) as defined in Proposition reads as follows for an
ordinary differential equation [I, A, B,C, D] € ¥, 1, »:

Yy {yo c K? (7.2)

vzl € K" Vu € L2 (R>0—K™) and for almost all t € R :
(yo)*y(';oaxo)u) =0 .

Now we show that this space has a rather simple representation.

Proposition 7.4 (Representation of )p).
For any system [I, A, B,C, D] € £, p, »(K), the space Yy as in [T2) is given by

Vo = (im[C, D])*.
Proof. O: Assume that ¢° € (im [C, D])l. Then for all 2° € K", u € EIQOC(REO—HKT”) holds
(yo)*y( ; 0,$0,u) = (yo)* [C, D] (1‘( ;O{Lzo,u)) = O’

and thus y° € ).
C: Let 4° € Y. Then for all 2° € K" and u® € K™, an application of the constant input u(-) = u
gives

0

0= (yO)*y( 5 07 xov ’U,),
and we can conclude by continuity of y that
0= (y")*y(0) = (y°)*[C, D] (33) Va0 e K, u¥ € K™,
whence 30 € (im [C, D])*. O

An immediate consequence of Proposition [74] is that, for ordinary differential equations, the matrix
Y € KP*P1 as in ([6.3) is equivalently characterized by

Y KPP imY =[C, D] A Y'YV =1,. (7.3)
This representation of Y together with (ODE 2) and (Z.1]) allows to infer the subsequent characteriza-
tion of (P4’) from Propositions and 6.0
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Corollary 7.5 (Characterization of (P4%)). Let [I,A,B,C,D] € ¥, and Y € KP*P1 qas in (3.
Then

(P4’) = n+ 1k [C, D] =rk [’\IEA’ _lf} VA€ Cy and [I, A, B,C, D] is stabilizable,

= [I,A, B, Y*C,Y*D] satisfies (P1’) and is stabilizable.

Using Properties (ODE 3) and (ODE 4) we can conclude an equivalent characterization for (P3’)&
(P4’) from Theorem

Corollary 7.6. For any system [I,A,B,C,D] € %, ., ,(K) with transfer function G(s) = C(sI —
A)"IB+ D € K(s)P*™ the following statements hold true:

(a) (P3°) € (P4’) = (P1’°) and I, A, B,C, D] is stabilizable.
(b) (P3°) € (P4’) = G(s) is outer.
(c) (P3°) € (P}’) — G(s) is outer and [I, A, B,C, D] is stabilizable and detectable.

We finalize this section with an example where the generalized eigenvalues of the system pencil R(s) =
[sI—A, -B

¢’ D } lie on the imaginary axis.

Example 7.7.

(a) Consider the stabilizable and detectable system

dat) = —a(t) +u(d), 2(0) = 20,
y) = alt) - ult).

Then the system pencil R(s) = [Stl’ :H has only the generalized eigenvalue A = 0. Thus Prop-

erty (P1) holds and, according to Corollary [Tl the transfer function G(s) = =% is outer. By

Corollary [[3] Property (P3’) is valid and so, in view of Corollary [0, Property (P4’) holds.
This property says that for arbitrary 20 € R and arbitrarily small € > 0, there exists some
u(-) € L2(R>p—R) such that tlim 2(t;0,2% u(-)) = 0 and [|y(-;0,2°,u)| 2 < &.

- — 00

For instance, choose § > 0 with [2°2 § < 2 €2 and
u(-) = (1—20) e 20 € L2(R5o—R).
-

(7.4)

3-

Then, by variation of constants, we obtain x(-;0,1,u) = e % 2% whence y(-) = § e 20 and

Iyllce = V072 %] <e.
(b) Consider the stabilizable and detectable system
Get) = —x(t) +u(), z(0) = 27,
y(t) = ().
s+1, —1
1

0
canonical form consists of only one 2 x 2 (AE)-block. It follows as above that the Properties (P1’),

(P3’), and (P4’) hold. For instance, choose § > 0 with [2°> § < 2 &% and
u(-) = (6 —1)/6 e/ 20 € L2(R>o—R).
Then, by variation of constants, y(-) = z(-;0,1,u) = e~ /% 20 and ||y||z2 = /0/2 |2°] < e.

(7.5)

Then the system pencil R(s) = { } has only generalized eigenvalue at oo, its Kronecker
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8 The optimal control problem of ordinary differential equations

In this section we investigate the optimal control problem for stabilizable systems described by
La(t) = Az(t) + Bu(?), z(0) = 29, (8.1)

where A € K™ B € K™™, 20 ¢ K”. The results of the present section are known; the novelty
lies in the simple proofs. The concepts of outer transfer function as well as (stable) zero dynamics
have a unifying power. This allows for simple and structurally interesting proofs of the relationships
between the feasibility of the optimal control problem, Lur’e and Riccati matrix equations, the Kalman-
Yakubovich-Popov (KYP) inequality, and - most importantly - of the zero dynamics and outer. For
example, we will show that if u is an optimal control function, then (x,u) belongs to the zero dynamics
of a certain system that will be constructed from a solution of Lur’e equations.

Moreover, we strongly believe that the approach of the present section is the right approach to solve
the optimal control problem for differential-algebraic equations. This will be subject of future research.

Definition 8.1 (Feasibility of the optimal control problem, stabilizing solution of the Lur’e equation).
Consider a stabilizable system [I, A, B,0,0] € X, ,,, o(K) and

(Q,5,R) € K" x K™™ x K™™  with Q=Q* and R = R". (8.2)

We say that the optimal control problem for [I, A, B,0,0] is feasible, if the cost functional

VER SRUGs) ot PCE) R GR)e e

lim¢— 00 2(t)=0
satisfies
V' e K" : VT (20) e R.
We call triple (X, K, L) € K"*" x KP*" x KP*"™ with X = X* a solution of the Lur’e equation, if

A'X+XA+Q=K'K,
XB+S=K*L, (8.4)
R=L"L;

and (X, K, L) is called a stabilizing solution, if additionally

VaeCy @ 1k {’\I;(A’ 7LB} =n+p. (8.5)
The reason why (8] leads to the notion of “stabilizing solution” is due to the fact that if for all
20 € K" there exists a unique (z,u,y) € B(1,4,8,0,0] (2°) with lim;_,o 2(t) = 0 and minimizing the cost
functional (83]), then the Lur’e equation is equivalent to an algebraic Riccati equation (see (8I3))),
and its Hermitian solution solution leads to rk(A\l — (A — BR™YB*X + §*)) = n for all A € C. The
latter is called stabilizing solution of algebraic Riccati equations, see [I8] Sec. 9.3].

Algebraic criteria for the solvability of the Lur’e equation can be found in [22].

Remark 8.2 (Lur’e equation and Kalman-Yakubovich-Popov (KYP) inequality).
We collect some important consequences of the Lur’e equation (84):
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(i) The Lur’e equation (84 is equivalent to

A X +XA+Q XB+S K*
l B*X + S* R ]:lL*] [K L}' (8.6)

(ii) If (X, K, L) solves the Lur’e equation (84), then by (86) the matrix X solves the Kalman-
Yakubovich-Popov (KYP) inequality, i.e.,

lAX+XA+Q XB+S| ®.7)

B*X + S5* R

(iii) If X solves the Kalman-Yakubovich-Popov inequality (87]), then we may choose K € K"*P and

L € K™*P of full rank p = rk [A*é}ﬁgfcg X%FS} so that (X, K, L) solves the Lur’e equation (84)).
(iv) It is shown in [22] that if (X, K, L) is a stabilizing solution of Lur’e equation, then X is the
maximal solution (with respect to the partial order >) of the KYP inequality (8.7]).

(v) If (X, K, L) solves the Lur’e equation (8.4]), then we have, for every (z,u,y) € Bj; 4,p,0,0 and
0 < t; < tg, by the fundamental theorem of calculus, the product rule of differentiation, and
omitting the arguments 7,

x(tg)*X.%'(tg) — x(tl)*Xx(tl)
to to
= / Lo Xadr = | 22"Xidr =
t1 t1 ty

to
20" X (Ax + Bu)dr

to
&3 / —2*Qr+ " K*'Kx —u*S*v + v L*"Kx — 2" Su+ 2" K*Lu — v*Ru + v*L* Lu dr
t

1

to to
- _/t (2)* [gg} (Z) d7+/t | Kz + Lu|?dr. (8.8)
1 1
This yields that V*(2°) := (2°)* X2 is a dissipation function for [I, A, B,0,0], that is we have,

v B VO <ty <tg: VT(z(t])) = Viz(ty)) < 2an\ Qs =(1) q
(@, u,y) €Byra500 YOSt <to: V7(x(th)) (z(t2)) < - um) 57 r) Lum ) 47
1
(8.9)

(vi) If (X, K, L) solves the Lur’e equation (84), then (88) yields that for every 2° € K™ and (z,u, ys) €
‘%[LA,B,K,L} (xo) with limy_, o (t) = 0 we have

L GO 123 (G0) ar = @rxat+ / lys(r) 2 dr. (8.10)

We are now in a position to state and to give a simple prove of the celebrated optimal control theorem.

Theorem 8.3 (Necessary and sufficient criteria for the optimal control problem). For any stabilizable
system [I, A, B,0,0] € £, ,,0(K) and (Q, S, R) as in [82) the following statements are equivalent:

(a) The optimal control problem is feasible.
(b)) IX = X* e K" V' e K*: VH(a¥) = (2°)*X 2. This means, the cost functional is quadratic.
(c) There exists a stabilizing solution (X, K, L) of the Lur’e equation.
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Proof. (a) < (b): This is stated in the proof of [26, Thm. 3] where it is additionally assumed that
the system [I, A, B,0,0] is controllable. The claim can be proved, even without the assumption of
controllability, by invoking the parallelogram law. The proof is omitted.

(b) = (c¢): We proceed in several steps.

(i):  Since VT is a dissipation function for [I, A, B,0,0], Remark B2([@) yields that (89) holds for
V(%) = (2°)* Xav.

(ii): We show that X satisfies the KYP inequality (87)).

Let 2° € K", u(-) = u’ € K™, and consider (z,u,y) € B(1,4,B,0,0] (2°). Then (83) yields, for all h > 0,

g (60 —rxao) < 1 [1(0) 23] ()

and invoking continuity of u and x, and taking the limit A — 0 gives

(50)7[2 5] (=) > = 20" Xa® — (2°)"Xi(0) = —(A2® + Bu®)"Xa® — («°)" X (Az° + Bu')

(%) [-A*X —XA —XB] (a°

A\ -B*X 0 ul )’
Since 2V, u® are arbitrary, this proves (87).
(iii):  Since (7)) holds, it follows from Remark B2I() that (86| is valid. Therefore, the Lur’e
equation (84 holds for (X, K, L) by Remark R2I({).

(iv): Since rk[K, L] = p, Corollary yields that [I, A, B, K, L] satisfies the Property (P3’).
(v): Equation ([8I0) reads, for every (z,u,ys) € %[[’A737K’L](1‘0) with limy_, o z(t) = 0,

IR [#2() ar = v it

and hence the definition of V' yields that [I, A, B, K, L] satisfies Property (P4’).
(vi): Now it follows from Corollary [T0l(a) that [I, A, B, K, L] satisfies Property (P1’). Therefore,
(X, K, L) is a stabilizing solution.

) = (b):

(c
(vii): The lnequahty V() > (29)* Xz for all 2° € K" follows since we have, for all (z,u,y) €
D1, 4,5,0,0 (") with lim; . z(t) = 0,

0

(%) X2° < (2°)* X2° +/ |Kz(r) + Lu(r)| dfm/ o [SQ;} (s0)dr. (8.11)

(viii): We show the inequality V(%) < (2°)* X2? for all 2° € K.
For 2° € K" and (x,u,ys) € Bir,a,.8,K,0)(T 9), equation (B3] reads

X el = [ (20) (&3] (29 ar 2 vhe) @12

By B3), [I, A, B, K, L] satisfies (P1’); and since [I, A, B, 0, 0] is stabilizable by assumption, stabilizabil-
ity of [I, A, B, K, L] follows. Therefore, we may apply Corollary [[.6](a) to conclude that [I, A, B, K, L]
satisfies (P4°). Finally, (P4’) applied to (8IZ) shows (z°)*X2? > V*F(29).

This completes the proof of the theorem. O
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Remark 8.4 (Optimal control, Lur’e equations and outer). Let [I, 4, B,0,0] € 3, », o(K) and (Q, S, R)
as in ([82) and assume that (X, K, L) is a stabilizing solution of the Lur’e equation (84]) (i.e., the

optimal control problem is feasible by Theorem [R3]). Then the following can be concluded from
Theorem [7.6F

(a) [I,A, B, K, L] is stabilizable.
(b) The transfer function of [I, A, B, K, L] is outer.
(c) [, A, B, K, L] satisfies the Properties (P1’), (P3’), and (P4’).

Next we characterize the existence of a minimizer (z,w,y) in [83)); if it exists, then Willems [26] calls
the corresponding input u the optimal control. We stress that this characterization shows that the
concept of zero dynamics is an instrumental for the optimal control problem.

Proposition 8.5 (Characterizations of an infimum which is attained).

Suppose [I,A,B,0,0] € ¥, ,0(K) is stabilizable and the optimal control problem is feasible, where
(Q,S,R) is as in B2). According to Theorem [8.3(c), we may choose a stabilizing solution (X, K, L)
of the Lur’e equation. Then the following characterizations hold.

(a) The infimum in [83) is attained at (z,u,y) € By1 4,B,0,0] (20) for 20 € K™ if, and only if,

(x,u,y) € ZD[LA,BK’L](xO) and  lim z(t) = 0.

t—o0
(b) The infimum in B3) is attained for all 2° € K" if, and only if,

ZD%&B,KL} =K" and ZDjap K1) is stablilizable.

(c) The infimum in [B3) is uniquely attained for all z° € K" if, and only if,

ZD?IiifA,B,K,L] =K" and ZDi; 4 p k1) s asymptotically stable.
Proof.
(a): The equivalence follows from (8I0]).
(b): By a), we see that the infimum in (83)) is attained for all z° € K" if, and only if,

va® € K" 3(z,u) € ZDr 4 px.p)(x") ¢ lim x(t) = 0.

t—o00

In view of the second characterization in Proposition £3](e), the above is equivalent to the second
assertion in (b).
(c): Using again that, by a), the infimum in (83)) is uniquely attained for all z° € K" if, and only if,

vzl € K™ 3! (z,u) € ZD[I’AyByK’L](:cO) : lim z(t) =0,

t—o00

the second characterization in Proposition 3](g) implies that the above is equivalent to asymptotic
stability of the zero dynamics of [I, A, B, K, L]. O

Proposition B35 allows to conclude the following necessary conditions for the uniquely attained infimum
for all z° € K",
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Corollary 8.6. Let [I,A,B,0,0] € X, ,,0(K) be stabilizable and suppose the optimal control problem
is feasible, where (Q,S,R) is as in 82). According to Theorem [83(c), we may choose a stabilizing
solution (X, K, L) of the Lur’e equation. If the infimum in [83) is uniquely attained for all x° € K,
then we have:

(a) The zero dynamics ZD(; a g k1] are autonomous.

(b) The pencil [SII_(A’ _LB} s reqular, and hence p = m.

(c) L € Gl (K).
(d) R e Gl,(K).

(e) The state feedback u(t) = —R™YB*X + S*)x(t) applied to (BI) yields an asymptotically stable
closed loop system.

Proof. (@) follow from Proposition and Proposition B3]

[@): Proposition yields that keryy) {SI;(A’ _LB } = {0} and hence regularity follows from (8X).
(@) is a consequence of Proposition

(d) is a consequence of (@) and R = L*L.

@®): Since L™*(B*X + S*) = K, the Lur’e equation (84) can be written as the algebraic Riccati
equation

A X +XA+Q— (B*X + SR Y(B*X + 5*) = 0. (8.13)
Applying Proposition again, we see that asymptotic stability of the zero dynamics implies that

rk [’\II_(A’ _LB} =n+m for all A € C,. Therefore, the equations B*X 4+ S* = L*K and L*L = R yield,

for all A € Cy,

_ A-A, B _ A—A, -B] _ A—A, —B
”""m_rk{ K L } _rk[ L*K L*L} _rk{B*XJrS* R }

— 1k {)J—(A—BR;l(B*X—I—S*) _IB} — m+rk()\] . (A . BRfl(B*X + S*))

This proves the assertion and completes the proof of the corollary. O
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