Technische Universitat limenau
Institut fur Mathematik

The Byrnes-Isidori form for infinite-
dimensional systems

Achim llchmann, Tilman Selig, Carsten Trunk

22. Oktober 2013

Impressum:

Hrsg.: Leiter des Instituts fur Mathematik
Weimarer StraBBe 25
98693 limenau

Tel.: +49 3677 69-3621

Fax: +49 3677 69-3270

http://www.tu-ilmenau.de/math/ | I N |ed |a




The Byrnes-Isidori form for infinite-dimensional systems

Achim Ilchmann* Tilman Selig* Carsten Trunk*

submitted to SIAM J. Control and Opt.
October 22nd, 2013

Abstract

We define a Byrnes-Isidori form for a class of infinite-dimensional systems with relative degree r
and show that any system belonging to this class can be transformed into this form. We also analyze
the concept of (stable) zero dynamics and show that it is, together with the Byrnes-Isidori form,
instrumental for static proportional high-gain output feedback stabilization. Moreover, we show
that funnel control is feasible for any system with relative degree one and with exponentially stable
zero dynamics; a funnel controller is a time-varying proportional output feedback controller which
ensures, for a large class of reference signals, that the error between the output and the reference
signal evolves within a prespecified funnel. Therefore transient behavior of the error is obeyed.

Key words. Byrnes-Isidori form, relative degree, infinite-dimensional systems,
high-gain stabilizability, funnel control
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1 Introduction
We consider the class of linear infinite-dimensional systems

#(t) = Az(t) + bu(t),  t>0, (1.1a)
y(t) = (z(t), o), (1.1b)

where (A, b, ¢) satisfy, for some r € N, the assumptions

(A1) A:dom A C H — H is the generator of a strongly continuous semigroup (7°(t));>0 on a real
Hilbert space (H, (-,-)),

(A2) bedomA” and c&domA*,
(A3) system (A,b,c) has relative degree r: (A" "'b,c) # 0 and (A7b,c) =0Vj=0,1,...,r —2;

this class of systems is denoted by ¥, and we write (A,b,c) € X,.

*Institut fiir Mathematik, Technische Universitit Ilmenau, Weimarer Strafle 25, D-98693 Ilmenau, Germany,
achim.ilchmann, tilman.selig, carsten.trunk@tu-ilmenau.de



The mild solution of (LTa)) is given for any u € L (R>o,R) and any 2° € H by

loc
z(t) = T(t)z° + /Ot T(t—s)bu(s)ds, t>0. (1.2)

It is well-known that = and y are continuous functions; see [5, Lemma 3.1.5]. Therefore, we may define
the (mild) behavior of (1) by

x(t) = T(t):z:(())—l—/o T(t — s)bu(s)ds
and y(t) = (z(t),0), t>0

%(A,b,c) = (:E,u,y) S C(Rzo;H) X LIIOC(RZ(]?R) X C(Rzo;H)

For finite-dimensional systems, Assumptions (Al) and (A2) are superfluous, and Assumption (A3)
means that (A,b,c) has relative degree r in frequency domain terms, see e.g. [I1, p. 137]. If the
system ([LT)) is finite-dimensional and satisfies (A3), then it is easy to see that the relative degree r is
the minimal number so that u appears explicitly for the first time in the r-th derivative of y or, more
formally,

yI(t) =cA"z +cA by and YV () =cAlx(t) Vji=0,1,...,r—1. (1.3)

For infinite-dimensional systems, Assumption (A1) is standard in systems theory, see e.g. [5]; Assump-
tion (A2) is clearly restrictive; Assumption (A2) together with (A3) means that the system has relative
degree 7, see [14, Definition 1.3 and Lemma 2.9].

The guiding research idea of the present paper is whether it is possible to extend the following well
known results from finite-dimensional systems to the class X, of infinite-dimensional systems. For
linear, finite-dimensional systems the Byrnes-Isidori form is well understood; see [I}, 10} 11]. This form
together with the concept of stable zero dynamics is instrumental for various high-gain stabilization
and tracking results; see again [I1]. If the nominal system has relative degree one and stable zero
dynamics (often called minimum phase), then it is high-gain stabilizable by proportional a output
feedback u(t) = —ky(t), provided the gain k is sufficiently large. The drawback is that it is un-
known how large the gain has to be chosen. It can be resolved by an adaptive controller of the form
u(t) = —k(t)y(t), k(t) = y(t)?; see for example [4]. However, the drawback of the adaptive controller is
that the gain k(-) is, although bounded, monotone and may become too large, whence additive noise
corrupting the output may lead to instability and, more important, transient behavior is not obeyed
at all. This drawback was resolved by the funnel controller introduced by [10].

A generalization of these finite-dimensional results to infinite-dimensional systems cannot be expected
in full generality. However, we show that the class X, is an appropriate class to allow for a Byrnes-
Isidori form and subsequently for control theoretic consequences such as funnel control.

We describe the literature on infinite-dimensional systems related to our results. The basic idea to
identify the zero dynamics is the splitting the state space into the two subspaces

H=ct +1s{b}, (1.4)

this is sketched in [2, 3] for the class X1 of systems with relative degree one. For higher relative degree,

this decomposition generalizes to
1

H = ctnA)tn-nA o)t + 1s{b} +1s{Ab} + ... +1s{A"" '} (1.5)

gl —_gl
_Hc,A _HA,b




and has been studied in [14]; it is also the basis considered in the finite dimensional case when deriving
the Byrnes-Isidori form, see for example [I0]. We consider instead the decomposition

H =1s{c} + b* (1.6)
which generalizes to

H = ls{c} +1s{A*} + - +1s{4" ¢} + (o} n{Ab}n---n{ab}*. (1.7)

=:Hc,a =:Hyp

The difference of the two decompositions (L5]) and (L7)) is essentially taking orthogonal complements;
(L) is instrumental for our approach. In [I4], it is shown that the space H CL 4 is the largest feedback
invariant subspace of ¢; Furthermore, a more general definition of relative degree in the frequency
domain is given, and it is shown that (A2)-(A3) imply that (A,b,c) fulfills this general frequency
domain definition of relative degree.

Similarly, in [13] a multi-input multi-output system is called of generalized degree one if, and only if, its
transfer-function matrix G(-) is meromorphic on Cy := {z € C: Rez > 0} and admits a representation
as

G7(s)=sD™' + H(s),

where D is an invertible matrix and H(-) a bounded analytic function defined on Cy. If o(D) C Cy,
then [12] show that the plant described by G(-) can be stabilized by static output feedback of the form
u(t) = —ky(t), provided the feedback gain k is sufficiently large.

Clearly, the results presented here give an alternative proof of the finite dimensional results on the
Byrnes-Isidori form and the funnel controller as presented in [10] [11].

The present paper is organized as follows. In Section [2] we define a Byrnes-Isidori form for systems X,
of relative degree r and show that any system belonging to 3, can be transformed into Byrnes-Isidori
form. Furthermore, an internal loop form is derived; this form is instrumental for proving regulation
results later.

In Section B, we define the concept of (stable) zero dynamics and characterize it in terms of the Byrnes-
Isidori form.

From Section [] onwards we restrict our attention to relative degree one systems belonging to ¥;. The
previous results allow to show in Section ] that any system of class 3; with exponentially stable zero
dynamics satisfies the high-gain property, that means it is high-gain stabilizable by a static propor-
tional output feedback if the gain is sufficiently large.

Finally, in Section Bl we show that the well known funnel controller from finite-dimensional systems is
also feasible for systems belonging to 7 and having exponentially stable zero dynamics. This means,
tracking of a large class of reference signals within a prespecified funnel is possible with a time-varying
non-monotone gain.

The above theoretical results are verified for the one-dimensional heat equation in Section [6l

To make the presentation more readable, we have delegated some of the lemmata and proofs to Appen-
dices [Al and [Bl Appendix[A]also contains some basic definitions from the theory of evolution equations
in Hilbert spaces.



Nomenclature

RZO
Orr
H (Or H, (7))
B(H,X), B(H)

L>*(R>o; H)

LY(R>o; H)
Lip(Rxo, H)
CY(R>o; H)
C(R>0; H)

W (Rxo, H)

Is{x}

TX,

[0, 00)
0,...,0)T €R"
Hilbert space H with inner product (-, )

the set of bounded linear operators from H to a Hilbert space X or to H,
resp.

the set of equivalence classes of essentially bounded, strongly measurable
functions f :R>o — H

the set of equivalence classes of integrable functions f : R>g — H
the set of locally integrable functions f : R>q — H

the set of /-times continuously differentiable functions f : R>o — H
the set of continuous functions f : R>q — H

the set of functions which together with their first (distributional) derivative
belong to L>*(Rx>o; H)

the domain of the linear operator A

the adjoint of the inverse of a closed, bijective operator A in H, note that
A7 = (A7

the direct sum of two (linear) subspaces M, N. Here, a subspace is always
closed.

the linear span of x € H

the projector onto the i-th component of a vector x € X7 x Xo, ¢ =1,2

2 The Byrnes-Isidori form

We start with the definition of the Byrnes-Isidori form.

Definition 2.1. A system (A,b,c) € ¥, issaid to be in Byrnes-Isidori form if, and only if, H = R"xV

for some Hilbert space V and (A, b, ¢) satisfies the following:

(i) There exists an operator @) : dom @ C V — V which generates a strongly continuous semigroup

inV.

(ii) The operator A has the domain

dom A =R" x dom Q@

and a representation with respect to of the form

Qo
ai

Qr_1

Ui

[0 1 --- 0 0 07
. Qo &7y
000 0 0 0off 4 o
=|: . 1 0 O v €domA, (2.1)
0O O 0 1 0 Qp_1 Qp_1
Py P P, P, S 1 0
R 0 o 0 Q




where
(iii) the operators Py,...,P,1:R—> R, S:V - R, R:R — V are bounded;

(iv) The vectors b and ¢ have the form

[an}

c=|:]1€eR" xV.

[an}

@)

o

The main result of the present section is to show that every system (A,b,c) € ¥, can be transformed
into Byrnes-Isidori form. The appropriate transformation is constructed with the help of the following
three lemmata.

A simple, but for our analysis instrumental, observation is that the Hilbert space H may be decomposed,
for any (A,b,c) € X,, into the direct sum

H = Is{c} +1s{A*c} + - +1s{4" ¢} + (o} n{Ab}-n---n{ap}+ . (2.2)

=il A :ZHA’b

This follows immediately from Assumptions (A2) and (A3): first, ¢, A*c,. .. ,A*rilc are linearly inde-
pendent, and secondly _
Viec{0,...,r —1} : HapNls{A"c} = {0};

hence the sum H. 4 + H Ap is direct and since H 4 has by definition at most codimension r, equa-
tion (2.2)) follows.

Lemma 2.2. Let (A,b,c) € ¥, and define the operators
T
P":H—=R, xw— P"v: =P x— Z Pz, m=0,...,r—1, (2.3)
j=m+2

where
m . m . — (m7AT7(m+1)b)
Pl H—R, zw— P x:= AT

. j_l . A'rf’b
P H—R, zw Plla:= <P$+1A*’ lc—kz 2P,;”A*J lc)% j=m+2,...,m
=m-+

Then for any ¢,m € {0,...,r — 1} we have

P™"Hpp = {0} (2.4)
£ { 17 ng =m,

Pm"A* ¢ = . (2.5)
0, ifl#m.
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Proof. Assertion (2.4]) follows from Assumption (A3) and the definition of P™.
Similarly, Assertion (Z3]) follows for £ = m and ¢ = 0,...,m — 1. It remains to show (25l for
te{m+1,...,r—1}. By definition of P;" and Assumption (A3) we have

ijA*ec:O forall j=0+4+2,...,7, (2.6)
and therefore

L £ £
PrAYe = PR A e Y L PRAY e

m «t m Axt ¢ m Ax’
= PppAtc—PlA e=30 o PltAT e
<A*ZC, Ar—l—Zb)
(¢, Ar—1b)

=1

" / «f «£ ¢ !
= PRA%c— Zj:m—l—Z P]mA c— <P$+1A c— Ek:m+2 PrA C)

= 0.
This completes the proof. O

Lemma 2.3. Let (A,b,c) € 3, and use the notation as in Lemmal22. Then the operator
r—1 ] .
Pay:H—H, z+ Pyyai= <I—ZA*JCP]>:E (2.7)
j=0

is a projection onto Hay, and every x € H has a unique decomposition with respect to (2.2) of the

form )
z = (P'z)c+ (P'a)A*c+ -+ (P'2)A" ¢ + Paya. (2.8)

Proof. By definition of P4 and (2.4]) we have

Popr=x for all w € Hyy

and, by ([Z3), we have Is {c} + Is {A*c} 4+ --- + 1s {4 "¢} = H. a C ker Pyyp. Hence, in view of (22]),
P4y is a projection. Finally, (Z8]) is a direct consequence of the definition of Py . O

Lemma 2.4. The operator

PO
Ply
U:H—=R"'xHyy, x—Ux = (2.9)
Pz
PAJ,x
1s bounded and bijective with inverse
@
o r—1
U™ R x Hap — H, D e Y aate + 0 (2.10)
Qp_1 =0
n



Furthermore, with the orthogonal projector P+ : H — H onto Hyyp, we have

(z,0)
(x, A*c)
U™ :H—=R" x Hgy, x : . (2.11)
(z, A" ")
Pty
Proof. The assertions about U and its inverse are a direct consequence of Lemma The formula
for U™ follows since for all (ag,...,a,_1,n7)" € R" x Hayp and all x € H we have
Qg (z,¢) Qg
aq r—1 ‘ (x, A*c) aq
x, U™ : = |z, ZajA*]c + | = : ,
a1 7=0 H (z, A ¢ ar_1
i
N H Pra n R xHy

O

We are now in a position to state the main result of this section and show that any system (A,b,¢c) € X,
may be transformed into Byrnes-Isidori form.

Theorem 2.5 (Byrnes-Isidori form). Let (A,b,c) € X,. Then the bijective and bounded operator
U:H—R"x Hyy defined in (29) converts the system (A, b, c) into the system

(g,g, c) = (U_*AU*, U™, Uc) , with dom A :=U"* dom A, (2.12)
which is in Byrnes-Isidori form. More precisely, we have
0 1 0 0 07 0 (1)
0 0 1 0
(Ave =] S (2.13)
o o0 -- 0 1 0 0 ’
r P -~ Py Py S 1
(A"7"b,c)
R 0 0 0 @ 0 0
where P+ : H — H denotes the orthogonal projector onto Hyy and
P, =PiAY ¢ Vie{0,...,r —1} (2.14)
. _ o 1 gr
S:Hyp— R, N Sn= (PA,bA*T'c, 77) (2.16)
Qn = P An — R(c,n) Vnedom@Q = HypNdomA, (2.17)
domA = R’ x (HapNdomA) =R" x dom @, (2.18)

and Q generates a strongly continuous semigroup (Tg(t))i>o0 in Hap.
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The proof is in Appendix [Bl

Remark 2.6.

(i) Let (A,b,c) € X, be in Byrnes-Isidori form as in Definition 211 Then A has a block operator
structure of the form

A A
A_[Am Q], (2.19)

where A1 : R™ = R", A19: Hyp — R" and Ag; : R” — H 4 are bounded operators, and only @
is (possibly) unbounded.

(ii) Let (A,b,c) € ¥, be transformed into Byrnes-Isidori form (A4, b, ¢) asin (2Z12]). Then U~* applied
to the mild solution (L2]) yields
t —~
U=*2(t) = U2 + / U=*T(t — U Du(s)ds, ¢ >0, (2.20)
0

~

and since the semigroup (7(t))¢>0 generated by A is T(t) = U*T(t)U*, we conclude

(Z’, u, y) S %(A,b,c) — (U_*‘Ta u, y) S %(K,g,a '

Next we rewrite the mild solution of a system in Byrnes-Isidori form as a functional differential equation.
This gives an equation in the output variable y(-) only and shows a simpler input/output structure.

Proposition 2.7 (Internal loop form). Let (A,b,c) € %,, 2° € H, u € L] (R0, R), and consider the

loc
system (LI)). Then, with the notation as in Theorem [2.3, the following are equivalent.
(i) J(z,u,y) € D Ab,e) with  x(0) = 0.
(ii) The function y is r — 1-times continuously differentiable and satisfies
y(t) (2, ¢) JyyV(s)ds
: _ S : . (2.21)
y () (20,4 ") Joyr(s)ds
Y= (1) (a0, 4 ") Jo 326 Pyt (s) + Sn(s) + (A7 "b, c)u(s) ds

n(t) = To(t)Pra® +/0tTQ(t —$)[R,0...,0] (y(s),...,y" D(s))Tds Vt > 0. (2.22)

(iii) The function y is r — 1-times continuously differentiable and its rth derivative satisfies
r—1
(1) = 3Py ) + (Typ)(®) + (A", ult)  ae., (2.23)
i=0

and, for the orthogonal projector P+ : H — H onto Hyp,

y(O) (2% ¢)
y(r_'l) o= U—*20 — (xO,A:*Hc) 7 (2.24)
n(0) P



where for n° = n(0) the causal linear operator T\o is defined by

TUO : Llloc(RZ()’R) — C(R207R)7

y — <t = STo(t)n° + Sfot To(t —s) Ry(s)ds) :

The functions x and 1 in (i) and (ii) are related by x(t) = U*(y(t),yM @), ...,y D (@),nt)".

Proof. (i) = (ii): Let (z,u,y) € B(ap,e) with 2(0) = 2°. Then z is a mild solution of (LIa). By
Lemma 2.4 and Remark [2.6](ii), the boundedly invertible transformation U ™" maps z onto the mild
solution (g, ...,qr_1,n) = Uz of

0 1 -~ 0 0] 0
ao(t) ao(t)
d . 0 0 0 0 , :
— : = : + 0 u(t). (2.25)
dt¢ a1 (t) : : 1 0 ar_1(t) A1y
PP - P_, S ( ,€)
n(t) 2o A n(t) 0
-0 1 - 0 A

Since | 9 © 0] g bounded, we may apply Lemma [A4] to (Z25)) to conclude from (AI3) that

ap(t) ap(0) fot ap(s)ds
o=l |+ o , (2.26)
ay_o(t) ar—2(0) Jo ar—1(s)ds
ar—1(t) ar—1(0) fg S0 Piai(s) + Sn(s) + (A™b, c)u(s) ds
n(t) = To(t)n(0) + /0 To(t—s)[R,0...,0] (a(s),... car_1(s)Tds Yt >0, (2.27)
and
ap(0) (29, ¢)
a,—1(0) ® (20, A" ¢)
7(0) PLa0

Since, by 212) and @I3), Uc = [1,0,...,0]", we have
y(t) = (z(t),c) = (U "z, Uc) = ap(t) V>0, (2.28)

and we conclude from (Z.28)) that y(*) = a(()i) =q; forall i =0,...,r — 1. Hence, (ii) is shown.

(ii) = (iii): If (ii) holds, then the lower line of (Z2T]) shows that the function ¢~ = a,_; is absolutely
continuous. Therefore, it is almost everywhere differentiable and its derivative satisfies (2.23)]).

(iif) = (i): Assume y satisfies (iii). Define (ag,...,a—1) = (y,...,y" D) and n by Z2ZZ). Then (2.28)
and (2Z27)) are fulfilled. Therefore, by Remark 2.6(ii) and Lemma[A.4] the function

z(-) = U*(ao(-), ..., op-1)(),n(-)) " is a mild solution of (LIal) with initial value 2°. Finally, (Z28)
yields (i). This completes the proof of the proposition. O



L e =S"Pa&+im| &=y
u i=1
+ (A", ) u(t)
i drfl
61” e 52 51 dt dir—1

Figure 1: The internal loop form

Note that the right hand side of equation (2.23]) may be interpreted as a ordinary differential term
Z’;& Py @ (t) + (A", ¢)u(t) which is perturbed by a functional term (T,y)(t); see Figure [l This
structure will be exploited to control the system in Section Bl

We close this section with a result on the uniqueness of the Byrnes-Isidori form. It shows in particular
that all P; in the entries of the representation of A in (2.I]) are uniquely defined. In terms of the internal
loop form in Figure [T, this means that the main block, i.e. the ordinary differential equation, is uniquely
given. Moreover, the input-output behavior of the perturbation block T,o is unique, although the
triple (Q, R, S) which determines the mapping T,o is internally only unique up to a bounded bijective
invertible transformation. This is made precise in the following proposition.

Proposition 2.8 (Uniqueness of the Byrnes-Isidori form). If (4,b,c) € %, is transformed by a bijective
and bounded operator W : H — R" x V into the Byrnes-Isidori form

001 0 - o0 o] (O [*
0 0 1 0
(W AW* Wb, We) = | | R |, AR (2.29)
0 0 - 0 1 0 0
PP - Py Py S 3
R 0 -~ 0 0 Q] 6 0

then the entries of [213) and (229) are related as follows:
(i) P, = P, forall i=0,....,r—1, and they are uniquely defined by (A,b,¢),

(ii) (@,ﬁ, §) = (}?Q}N/'_I,?R, 537_1), with dom@ = }N/'dom@ for some bounded and bijective
operator 'Y :V — Hpp.

(iii) by = b, = (A" 1b,c).
The proof is in Appendix
3 Zero dynamics

In this section the zero dynamics of a system (A,b,c) € ¥, are investigated. Roughly speaking, the
zero dynamics are those dynamics of the system which are not visible at the output.
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Definition 3.1. The zero dynamics of a system (A, b,c) € %, is the real subvector space of the mild
behavior defined by

ZD(ape) = {(2,u,y) € Bapel y =0} .

The Byrnes-Isidori form is instrumental to simplify the presentation of the zero dynamics as will be
shown in the following proposition.

Proposition 3.2. Let (A,b,c) € X,.. Then, with the notation as in Theorem [2Z.0, the zero dynamics

s given by
O]R" STQ(-) PJ‘QSO
ZD = U y = , 0
(Asbye) { ( <TQ(-) PLx()) (Ar=1b, ¢)

where (T(t)),~, denotes the semigroup generated by Q.

2% € H} , (3.1)

Proof. Let (v,u,y) € ZD(ap) with x(0) = zY. By Proposition 27, (y,...,y D)7 and n(-) =
Pla() satisfy Z2I) and (222). Since y = 0, we have y® = 0 for all i = 0,...,r — 1, and solving
equations ([Z.21]) and ([Z22) for u and 7 yields n(t) = T (t) P12 and u(t) = —(A""1b,c)~1Sn(t). Since
Proposition 27 also states that 2(t) = U*(y(t),...,y""D(t),n(t))", the triple (z,u,y) belongs to the
right hand side of (B1).

07"
Conversely, let some 2° € H be given and define 20 := U* (P J_R~O>. Then (2I1]) shows
T
(2% ¢)
— U_*LZ'O — OFR
(x(], A*rﬂc) pLz0 )"
PJ‘$O

Using this equation, it can be seen that the functions

t) = t) = ———"—~CF—— t)y=To(t)P t>0.
YO0, w0 = ToOP Ve
satisfy (ii) of Proposition 27 with x°. Hence, this proposition implies that

. Ok~ STe()Pa° '\ (. 0%
<U <TQ(‘)PL50) ’_W’()) B (U (n(ﬂf)) =“(‘)’y(')> €Bape)-

Since y = 0, the left hand side is an element of the zero dynamics. U

Exponential stability of the zero dynamics and of a semigroup are defined as follows.

Definition 3.3. A system (A4,b,c) € 3, is said to have exponentially stable zero dynamics if, and only

: IM, 11> 0V (2,u,0) € ZD(ape VE >0 : [[(2(t),u(t))| < M|z(0)[e . (3.2)
A semigroup (T'(t))¢>0 is called ezponentially stable if, and only if, there exist M, > 0 such that

I1T(#)|| < Me™H Vit > 0. (3.3)

o

11



Now Proposition leads to a characterization of exponential stability of the zero dynamics in terms
of the Byrnes-Isidori form:

Proposition 3.4. A system (A,b,c) € ¥, has exponentially stable zero dynamics if, and only if, the
operator @ in Theorem[2.4 (i) generates an exponentially stable semigroup.

Proof. First note that Theorem [2.5limplies that ) generates a strongly continuous semigroup Tg. If this
semigroup is exponentially stable, then the assertion is an immediate consequence of Proposition
Assume on the other hand that (A, b, c) has exponentially stable zero dynamics and let 2° € H A be
arbitrary. Then 2° = P20 and equation (B.I) shows that

* Ogr STQ ()xO
<U (50 i) € ZPuser
Thus, the stability assumption ([3.2)) implies that
* Ogr * T —
w0 - o ()] o (35
Since U* is boundedly invertible, we conclude ||Tg(t)z°|| < [|U*||[|[U*||Me=#*||z°||. This shows the
exponential stability of the semigroup, because M and yu are by assumption independent of z°. O

In view of the internal loop form in Figure [Il we may observe: If (A, b, c) € X, has exponentially stable
zero dynamics, then Proposition 3.4] and (3.3])) show that T,0 maps bounded functions to bounded
functions. This property is crucial for the high-gain stabilizability results that we derive in the next
two sections.

4 High-gain stabilizability

In this section we concentrate on systems with relative degree r = 1 and show high-gain stabilizability:
if (A,b,c) € X1 has exponentially stable zero dynamics, then it is stabilizable by proportional output
feedback u(t) = —ksgn (b, c) y(t) provided the gain k > 0 is sufficiently large. This feedback applied
to ([IL1)) yields a closed-loop system

z(t) = Ax(t) —sgn (b, c) kb(x(t),c),
which is by the following proposition exponentially stable.

Proposition 4.1 (High-gain stabilizability). Let (A,b,c¢) € X1 have relative degree r = 1 and expo-
nentially stable zero dynamics. Then there exists a k* > 0 such that for all k > k* the operator

Ap:domAC H — H, xw~ Az —sgn(b,c)kb(z,c)
generates an exponentially stable semigroup.

Proof. Note that according to [0, Section II1.1.3], Aj generates a semigroup since A — Ay, is a bounded
operator. Furthermore, by Theorem we have for x € H

b(z,¢) = UD(U *2,8) = U* <(b£)c)> <U‘*:U, (é)) = U [_(g’ c) 8} U™z

=0 (3= [P Oy [Pkl S

and hence

0 0 R Q
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with the boundedly invertible transformation U*. So it suffices to show that the semigroup generated
by
Py —k|(b,c)| S

R Q

is exponentially stable for large k. By [5, Theorem 5.1.5) this is the case if, and only if, o(Ay) C {\ €
C : ReA <0} and

Ap:domACR X Hyp— R x Hyy,  Api=

sup ||(A — Ap) Y| < oo. (4.1)
Re >0

By Proposition [3.4] @) generates an exponentially stable semigroup and thus, there exists a kg > 0
with

sup [|(A = Q)71 < k- (4.2)
ReA>0

Now choose k£* such that
E*|(b,c)| — Py > kgl RIIIIS| -

Then for all k > k* and all A € C such that Re A > 0, the number hy, := A\—Py+k|(b, ¢)|-S(A\—Q) "' R #
0 and

1
hy

(4.3)

1 1
> < .
‘ (A= Fo+E[(b, o)l [ = ST Rk ' k*|(b, )| = Fo — (ISl Rk

It is well known, see e.g. [15, Lemma A.4.2(iii)], that
2 _ AR +E|b, )] =S
A= Ae= { ~R A—Q

is invertible if the operators hy and A — () are invertible and that in this case

. s LS - Q)
(=A™ = [—(A SQURE (- Q)+ (- QRSO - Q)‘1] |

The uniform bounds (42) and (@3]) imply that (£I) holds and hence, the claim follows from [5]
Theorem 5.1.5]. O

The high-gain result in Proposition [£.1] has some drawbacks: First, the size of the gain depends on
the system data, and this data may not be given explicitly. In fact, the assumptions that (A,b,c) is
in 31 and has exponential stability are only structural. So if we did not have to determine the size of
k in Proposition [4.1] a priori, we would need very little information to stabilize the system. Secondly,
if a feasible size of the gain is chosen, it may be too large so that corruption of the output is amplified.
A different feedback to resolve these drawbacks is introduced in the next section.

5 Funnel control

In this section, we assume that the system (A,b,c) € X, has exponentially stable zero dynamics and
relative degree r = 1. Note that these assumptions on the system are only structural, that means
no system data are required. We are going to design a special time-varying proportional feedback-
gain such that the closed-loop system has a global solution that is bounded with respect to the state
space norm. Besides this stability, we desire to achieve two further control objectives: The first
one is approximate tracking, by the output y, of reference signals y.o of class WI’OO(RZO,]R). In
particular, for arbitrary A > 0, we seek an output feedback strategy which ensures that, for every y,et €

13



W1(Rx0,R), the closed-loop system has bounded solution and the tracking error e(t) = y(t) — yref(t)
is ultimately bounded by A (that is, |le(t)|| < A for all ¢ sufficiently large). The second control objective
is prescribed transient behavior of the tracking error signal. We capture both objectives in the concept
of a performance funnel

Fp = {(he) €Roo xR | e € ()}

the boundary of which is determined by the reciprocal of a function ¢ belonging to

P = {90 € W (Rxo, R)

©(0) =0, p(s) >0V s >0, lirginfgo(s) >0
V& > 0 3 global Lipschitz bound of ¢! on [4,00) [

- g luti
| ’—* rror evolution

Figure 2: Prescribed performance funnel F,.

The aim is an output feedback strategy ensuring that, for every reference signal o € W1 (Rx0,R),
the tracking error e = y — e evolves within the funnel %,; see Fig. 2l For example, if lim inf, o (t) >
1/, then evolution within the funnel ensures that the first control objective is achieved. If ¢ is cho-
sen as the function ¢ — min{¢/7,1}/A, then evolution within the funnel ensures that the prescribed
tracking accuracy A > 0 is achieved within the prescribed time T > 0.

Loosely speaking, funnel control exploits an inherent benign high-gain property of the system by
designing — with appropriate choice of ¢ € ® — a proportional error feedback u(t) = —k(t) e(t) in such
a way that k(t) becomes large if |e(t)| approaches the performance funnel boundary (equivalently, if
©(t)]e(t)| approaches the value 1), thereby precluding contact with the funnel boundary. We emphasize
that the gain is non-monotone and decreases as the error recedes from the funnel boundary. The essence
of the proof of the main result lies in showing that the closed-loop system is well-posed in the sense
that v and k are bounded functions and the error evolves strictly within the performance funnel.

For ¢ € &, the funnel controller can be expressed in its simplest form as

ult) = k(@) sgn (be)e(®), k) = o () = ¥ — arlt) (51)

If (5.0)) is applied to any system (A,b,c) € ¥; with exponentially stable zero dynamics, then the
following theorem shows that the tracking error e(t) evolves within the performance funnel %, and
moreover, the error evolution is strictly bounded away from the funnel boundary, thereby ensuring
that the gain function k(-) and the control function u(-) are bounded.

14



Theorem 5.1. Consider a system (A,b,c) € X1 with relative degree r = 1 and exponentially stable

zero dynamics. Let ¢ € ® specify the performance funnel F,. Then for an arbitrary reference signal
Yret € WHP(Rs0,R) the control (5.1)) applied to (L)) yields the closed-loop system

1

z(t) = Ax(t) — b

0= A0 =T OO — et

y(t) = (2(t), c)-

The system (B.2) has a solution x € C(R>o,H) in the sense that the following equations hold for
allt > 0:

_ x =20
rsn (6, ) (u(t) — pre (1), (0) =27, (5.2)

z(t) = T(t)z" + /Ot T(t — s)bu(s)ds, with

(5.3)
1Y RN
= T Ma(e),e) — gurtey] )~ )

Every function that satisfies (5.3) on an interval can be extended to a solution on R>q in the sense

of (B3) and satisfies:
(a) The functions u, k, and e defined in ([B.1]) are bounded;

(b) e € (0,1) V>0 : le(t)) < (1—¢)p(t)L.

Proof. We use the equivalence of (i) and (iii) in Proposition 271 Since r = 1, Proposition 2.7 states
that (5.3) is, for any fixed initial-value 2° € H, equivalent to the functional differential equation

y(t) = Poy(t) + (Thpoy)(t) + (b, c)u(t) a.e.,
u(t) —senbe) ), (5.4)

- 1-— (p(t)|y(t) - yref(t)|
y(O) = WRU_*JJO = (330,0),

with the operator Ty o parametrized by n® := P10 More precisely, for any solution z of E3), the
function y(t) := (x(t), ¢) satisfies (5.4]), and, conversely, if (5.4) has a solution y € C(R>¢,R), then the
function z(-) := U*(y(-),n(-)) ", with n(t) := To(t)n° + fg To(t — s) Ry(s) ds, fulfils (z,u,y) € Bap,e),
which by definition means that (5.3]) holds.

In order to apply results from [9], we write (5.4]) in the equivalent form

y(t) = f(p(t), (Ty)(¢),u(t)) = Poy(t) + Ty (y)(t) + (b, c)u(t) (5.5)
u(t) :=sgn ((b, ¢))u(t). (5.6)
where
P RxRxR—R, (1,29, 23) = f(x1,22,23) := x2 +sgn (b, c) (b, c)x3,
T:C(Rx,R) = LS. (R>0,R), y = Poy() + Tpo(y) .

The triple (0, f,T) satisfies [9 Definition 3]; note that the first entry of f in [9] is a perturbation
which in our case is non-existent. Furthermore, @ is a feedback of the form as in [9, Theorem 7]. By
Proposition B4} the semigroup Ty is exponentially stable and it is already mentioned in [9], Section 4.2]
that operators of the form 7" with exponentially stable semigroups belong to the class considered in [9].
So all the prerequisites of [9, Theorem 7] are fulfilled and therefore there is a solution y € C(R>o, R)
of (5.5)), all solutions of (5.5)) can be extended to solutions on R>( and all solutions on R>( satisfy (a)
and (b). Since (B.5)-(5.6)) is equivalent to (54) and (5.3) is equivalent to (5.4)), it follows that all claims
hold for solutions of (5.3)). O
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6 Example heat equation
We consider a metal bar of length one that can be heated on every point simultaneously according to

Qur(§,t) = Fa(&t) +ut),  £€[0,1, >0,
z(€,0) = 2%(¢), €101,
agx(o,t) = agx(l,t)zo, tzO,

y(t) = [, cos*(m€)x(€, ) de.

The evaluation of the function z(&,t) represents the temperature at position £ and time ¢; the initial
temperature profile is 2°(¢), and u(¢,t) denotes the input function for the heat. It is well-known (see
[0, Example 2.1.1]) that the partial differential equation (6.I]) can be modelled in the form (1) by
choosing H = L?(0,1) and

(6.1)

A:domAC H — H, Af = f", dom A = {f e W12(0,1) | f'(0) = f'(1) = 0},

b(&) := 1 and c(§) = cos?(n€). Clearly, A is a self-adjoint operator in H, the vectors b and c are in

dom A = dom A*, and since
1
1
.c) = [ cos(m)dg = 3.
0 2
it follows that (A, b,c) € ¥1. According to Theorem [2.5] we may transform (A, b, ¢) into Byrnes-Isidori
form. We calculate the entries of this form:

(z,0)
(b,¢)

1
PAJ,:E:l‘—CPOJE:l‘—2COS2(7T')/ x(§)d¢ Vo € H,
0

P = Pz =

- 2/01:6@ d,

and by (Z2) we have H4, = {b}*. Since
d2
(A%c)(&) = % cos?(wé) = 27 (Sinz(ﬂé’) — cos?(m€)) and Ab=0 for all £ € [0, 1],
it follows that

Py = PYA*c= 2f01 2712 (sin? (7€) — cos?(n€)) d =0,

R = (Tlc)Ab =0,
Sn = (PapAtc,n) =2r2 [} (sin(n€) — cos?(n€),n(€)) A€ Vn e {b}*,
Qn = P+An— R(c,n) = P+An, V7 € {b}+ Ndom A.

It is well-known that the eigenvalues of A are {—n?7?|n = 0,1,2,...} with corresponding eigenvectors
bn(€) == /2 cos(nmé); see for example [5, Example 2.3.7]. Since ¢g = b and {¢,,(£)|n =0,1,...} is an
orthonormal basis of L?(0, 1), we have

HA,bZIS{¢n’n:1727”‘}7

which shows that H 4 is invariant under A and hence

Q = PJ_A|HAVbﬂd0mA = A|HA’bﬂd0mA7 domQ = {b}l N dOHlA
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So the Byrnes-Isidori form reads

_ TR s} [0 s ] A <1 /2) _ <1>
A = = s b = s = .
|:R Q 0 A|{b}1-ﬂd0mA 0 ¢ 0

By Proposition [3.4], the system (A, b, c) has exponentially stable zero dynamics if, and only if, Q) gen-
erates an exponentially stable semigroup in H 4. The latter is true because the operator A|g ApNdom A
has the eigenvalues {—n?7%|n = 1,2,...} with corresponding eigenvectors {¢,|n = 1,2,...} and

hence, by [15, Example 3.3.3 and 3.3.5], it generates a semigroup with growth bound —72.

Therefore, the system (6.1 fulfills the prerequisites of Theorem [5.] and the funnel control (51J) is
feasible.

We illustrate this by a numerical simulation. The class W1 (R>q; R™) of reference signals consists
of bounded signals with essentially bounded derivative, or in other words, bounded functions that are
uniformly Lipschitz. For our simulation, we have chosen a rather vivid signal: he first component of
the chaotic Lorenz system

Go= 10(G—G), €1(0) = -8
(o= 28G -GGG, ((0)=8 (6.2)
G o= G&e-53¢, (3(0) = 27,

see [8, Ex. 3.1.27]. The signal yyef(-) := (1 is indeed of class W1°°(R>0; R™) since the unique solution
of ([62) is bounded and has a bounded derivative as by [8] Ex. 3.2.33] solutions are attracted to
a compact set. The function determining the funnel boundary was chosen to be (t) = min{2¢,6}.
In Figure B the numerical solution of the partial differential equation (6.1]) controlled by the funnel
controller (B.I) and initial value

oy ) B £€[0,1/2],
x(g)_{—a ¢e(1/2,1).

is depicted. It can be seen in Figure [3] that the output trajectory y evolves strictly within the funnel,
indicated by solid red lines, around the reference trajectory u,cf, and that the input is large only if the
output is close to the reference signal.

Appendix A Mild solutions

In this section we collect some basic facts on mild solutions needed for the proofs of our main results.

Definition A.1. Let A : dom A C H — H generate a semigroup on H. Then we define for some
A € p(A) the norm
|zllzry s = A= A) " 2g Vo e H,

and denote by H4 1 the completion of H with respect to || - ||z, _;- o

It is well known (see e.g. [15] Section 3.6]) that || - [/, _, is independent of the choice of A € p(A) in
the sense that different choices of X yield equivalent norms. Furthermore, A admits an extension to a
continuous operator Alg : H — Ha .
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Fig. b: The output-trajectory (dashed) and the funnel

(red) around yrer (dotted).

Fig. a: Solution of (1) with feedback (G.1)).

501

-50

Fig. d: The error e = |y — Yret|-

The input signal u produced by the con-

troller (B.)).

Fig. c:

Figure 3: Funnel controller (5.]) applied to the heat equation (6.I]) to track a chaotic reference signal

min{2¢,6}.

(1 from the Lorenz equation (6.2]) within the funnel specified by ¢(t)

yref(') .
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Definition A.2 (Mild and strong solution). Let (7°(t));>o denote the semigroup generated by A :
domACH— H,2°€ Hand f € Llloc(RzmH)- Then the mild solution of the Cauchy problem

x(t) = Az(t) + f(t), z(0) = 2° (A1)

is the function .
(1) = T(1)a® + /O T(t—s) f(s)ds  t>0. (A.2)
A function z is called strong solution of (AJ) in H if x € C(R>o, H), Algz(-) € L (R0, Ha,—1) and
o(t) = 20 + /O CAlr(n) + f(dr Vi 0, (A3)
where this Bochner-integral is defined with respect to the norm of H4 1. o

In view of [I5] Definition 3.2.2 (i)], our definition of strong solutions is just a reformulation of [I5]
Definition 3.8.1], (put n = 0 there).

Lemma A.3. Assume that A : domA C H — H generates the semigroup (S(t))i>0, the operator
D € B(H) is bounded and f € L (Rso, H). Denote the semigroup generated by A+ D by Sp. Then
x € C(R>o, H) is a mild solution of

z(t) = (A+ D)x(t) + f(t), z(0) = 2, (A.4)

if, and only if, it satisfics
2(t) = S(t)® + /0 "t — s)(Da(s) + f(s)ds W i>0. (A5)

Proof. The mild solution z of (&) satisfies, by definition,
2(t) = Sp(t)a? + /O CSp(t—s) f(s)ds  Vi>0. (A.6)

This equation coincides with [I5] (3.8.2)] and [15, Theorem 3.8.2 (iv)] shows that x is a strong solution

of (Ad) in H.

This means, by Definition [A.2] that z satisfies the equation
t t
z(t) = a° +/ i(s)ds =20 + / (A+ D)|gx(s)+ f(s)ds  Vt>0 (A7)
0 0

in terms of the integrals defined with respect to the norm | - ||z, , of the rigged space Hayp 1
belonging to A+ D.

As D is bounded, the norms of H4 _; and H 44 p 1 are equivalent and these two spaces coincide. With
similar arguments as above, it follows that any # € C(R>, H) satisfying (A5 is a strong solution in H
of

() = AZ(t) + (1), 7(0) =a°,
with f(t) := Dz(t) + f(t). This means, that z fulfills, in H4 _;, the equation

(t) = 2° t:’vs s=a t (s (s s)ds .
7 =o'+ [ i) ds =o'+ [ Al + Do + f()ds Viz0, (A8)
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where the integrals are now defined with respect to the H 4 _;-norm, which is equivalent to the H 44 p —1-
norm. Due to the boundedness of D, the extension (A + D)|y satisfies

(A+ D)|gx = Algz+Dx Yz € H.

Thus, the equation (A.8) is equivalent to
t
(1) = o +/ (A+ D)|ui(s) + f(s)ds  Vi>0.
0

Therefore, any & which satisfies (A.8)) also fulfills (A7), and vice versa. Since by [15, Theorem 3.8.2 (ii)]
the solutions of (A7) and (A8)) in H are unique, the claim follows. O

Lemma A.4. Let U, Xy and X5 be Hilbert spaces and let A;; be an operator which generates the
semigroup (S;i(t))i>0 in X; for i =1,2. Let Ajp € B(X2,X1), Ao1 € B(X1,X2) and By € B(U, X1),
By € B(U, X3) be bounded operators, x° € H and u € L%OC(RZO, U). Then z is a mild solution of

i(t) = [ji j;j (1) + (gg) u(t),  2(0) = 2° = @)) , (A.9)
if, and only if, the projected functions z1(-) = mx,x(-) and x2(-) = wx,x(-) satisfy
z1(t) = Sui(t)2] + /Ot S11(t — s) (A12w2(s) + Bru(s)) ds, (A.10)
2o (t) = Sp(t)zh + /Ot Saa(t — 8) (Ag121(s) + Bau(s)) ds. (A11)
If (A10Q) holds and A1y is bounded, then xq satisfies
z1(t) =2l + /Ot Ay1x1(s) 4+ Apgza(s) + Biu(sds V>0, (A.12)

where the integral is defined with respect to the norm of X1; and furthermore, x1 is differentiable with
respect to the norm of X1 almost everywhere with

11'71(75) = Alll‘l(t) + A12:E2(7f) + Blu(t) for a.a. t > 0. (A.13)

Proof. We apply Lemma [A.3] to the operators

L All 0 L 0 Alg
A.—[O A22], and D= [A21 0].

It states that z is a mild solution of ([A.9) if, and only if,
G = [ sao] G+ L1 s o] (L ] (G0 + (32) 0) o
) [ s S 07 (a0) + (525 Bt o
> N /t (511@ — 5) A122(s) + S11(t — 8) Blu(s)> .
0

522(75 — S) Aglﬂfl(s) + 522 (t — 8) BQ’LL(S)
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The additional claim follows from [I5, Theorem 3.8.2]: If the operator Ay; is bounded, the rigged space
X14,, 1 introduced in Definition [A 1l coincides with X7, and therefore x; satisfies

z1(t) = 29 + /Ot (A1121(s) + Ar22(s) + Byu(s)) ds Vit>0, (A.14)

where the integration is carried out in Xj.
To prove ([A.13]), note that equation ([A.12]) and Corollary 2 of [7, Theorem 3.8.5] imply that, for almost
all ¢, the limit
lim xl(t + h) - a:l(t)
h—0 h

= Alll‘l(t) + A12$2(t) + Blu(t)

with respect to || - || x, exists. This shows (A13]) and completes the proof of the lemma. O

Appendix B Proofs of Theorem and Proposition [2.8]

We first collect three technical lemmata which are essential for the proof of Theorem

Lemma B.1. Let (A,b,c) € ¥,. Then
A*n = (P A*n)c + PapA*n €1s{c} + Hay Vne HapNdomA*. (B.1)

Proof. If » = 1, then (BI) follows immediately from (22) and [27). Assume r > 1 and let €
Hypndom A*. Then ([22) and (27) yield

A'n=apc+ ayA¥c+ -+ ozr_lA*rilc + PapA™n  with o; = PiA*n e R and PypA*n e Hay,

and thus

0B (1, 4b) = (A", b) 2 a,_ (4" e b)

and (A3) yields a,—1 = 0. Next,

22

0 & (5, 4%) = (a*n, Ab) ‘&

oA e, Ab) = ay_o(A* e, b)
and (A3) yields a2 = 0. Proceeding in this way, we conclude

r—

0 @ (T],Ar_lb) — (A*T],AT_2Z)) (*’g’) al(A*c, Ar—2b) — al(A*

‘e, b)
and arrive at 0 = a,,_1 = - - - 1. This proves the lemma. O

Lemma B.2. Let (A,b,c) € ¥,. Then, for any m =0,...,r — 1, the operator P"™A* is closable and
densely defined, and its closure is the bounded operator

r j—1 g
- (a;, Ar_mb) wi—1 J wi—1 (ZE, AT—H ]b)
PiA:H SR, w2 P LAY e prAY TV T (B2
(c, Ar—lb) j§-2< +1 k:%:_,_g k ) (c, Ar—lb) ( )

The operator PA7bA*|HA7b with domain Hap N dom A* is a closed and densely defined operator in H 4
and satisfies

PypA*n = A"n— <P0A*n> c=A"n— (POA*n) c Vne HapNdomA®. (B.3)
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Proof. Obviously, for € dom A* the mapping defined in (B.2) coincides with P™A*z, see Lemma 2.2
Since b belongs to dom A", the right hand side of (B.2)) is also defined for arbitrary € H, hence P™ A*
is closable and its closure P™A* is given by (B.2)).

Statement (B3] follows from (B and the fact that POA*n = P9A*p for n € dom A*. Since A* is
closed and densely defined in H and POA* is a bounded operator by ([B.2), PayA*|g 4 18 by (B3) a
closed and densely defined operator in H 4. This completes the proof of the lemma. O

Lemma B.3. Let (A,b,c) € ¥, and let P™ be as in Lemma[2Z2. Assume P;, R and S are given by

EI3)—([ZI6). Then
R= (P'A*)" = (PYA*)*, R*=P0A*, (B.4)

S*a = aPAJ,A*Tc YVaeR.
Let Q be defined by [2.11), then Q is a densely defined closed operator in Hyy and satisfies
Q= (PapA*lm,,)" Q" = PapA*|p,, with domQ* = HyyNdomA* (B.6)

Proof. The operator POA* is bounded, see Lemma[B.2l Hence (PYA*)* = (POA*)*. If P+ denotes the
orthogonal projector onto H 43 in H, we have, for all n € Hsj and all o € R,

S— E2,22 [ (n, A™b) g PLATh @)
0 * — - @@ = _—_— g
(o), B2 (i) = (a0 mo,

This proves (B.4). Equation (B.) follows immediately from the definition (2.16)).
It remains to show (B.6)). We have, for arbitrary n € Hap Ndom A* and § € Hap Ndom A,

(Pasdn. Oy, "= (A0,6) - <(P°A*77)c, £)H = (0, A&y — (POA*n, 1)R (©&)n

(. Prag - Re.on), = 0,004,

Hence, dom @) C dom (PA,bA*’HA,b)* and Qx = (PA7bA*\HA)b)*a: for all x € dom Q). Thus it remains
to show that dom (PA,bA*|HA,b)* C dom@. Since dom@Q = Hyjp NdomA it is sufficient to show

dom (PA,bA*|HA,b)* C domA. Let £ € dom (PA,bA*|HA7b)* and x € domA*. We write x in the
form (2.8) and observe that, by Assumption (A2), n:= P4z € dom A*. We compute

r—1 .
(e, B (e + Y (Pir) (47 6)
7=0

r—1

D (PO an)e.e) + (PapA'n.&) + 3 (Px) (47 cre)
7=0
@D = -
= 0ROy, + (1, (PasAl,,)"€) + Y (Pla) (47 eg). (B)

The mapping which maps z € dom A* to the right hand side of (B.7) is continuous with respect to
the norm of H, and thus ¢ € dom(A*)* = dom A. So the first equation in (B.G) holds and it implies
that @ is closed. The second equation in (B.6]) follows immediately from the first one and therefore
the proof of the lemma is complete. O
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Proof of Theorem We claim that (g,g, ¢) fulfills Definition 2.1l with V' = Hy . For the proof

we proceed in in several steps.

Step 1: We show that b and ¢ satisfy Definition 2](iv): R

Applying U* tob e H j,b yields, with the representation (2.I1]) and (A3), the equality b = U~*b =

(0,...,0,(A" b, ¢),0)". The equations (23], 1), and Z9) show that ¢ = Uc = (1,0,...,0).

Step 2: For A we show that if A is defined by (ZI3), (ZI8) with entries ZI4)—(ZI7), then it satisfies
domA=U*domA  and A=U*AU". (B.8)

Since the entries of A defined by (Z14)—(2I6) are bounded, the domain of the adjoint of A is given by
R” x dom Q* and Lemma [B.3] yields

dom A* = R" x (HapNdomA™¥). (B.9)

Moreover, by Lemma [B.3] the operator A* s given, with respect to the decomposition R" x H 4, by

0 0 0 PYA*c  POA*T
Qo 10 0 Plave 0 @0
a1 . . aq
—~ BRI : Yag,...,ar_1 € R,
A* . _ 01 . . 0 : 0 r—1 (BlO)
’ . 0 Pr—2A*TC 0 ’ \V/’I’]GHAJ,memA*.
(e 7] : - Qpr_1
1 0 0 1 P~1A%c 0 1
0 0 -+ 0 PapA¥c PapA*]
Next, we show
dom A* = U~" dom A* and UA*z = AUz Vo edomA®. (B.11)

Let (ag,...,or_1,m) € dom A*. Then n € HaypNdom A*, which, together with (A2), shows

r—1
U g, ... ,ar_l,n)T = ZaiA*lc +n € dom A*.
i=0

Conversely, fix x € dom A*. Then

€T @ (P0$)C _|- (PIZE)A*C _|_ . _|- (Pr_lilf)A*TilC + PA7b$,

and (A2) yields
r—1

n = Papx LR T — Z(ij)A*jc € HypNdom A%,
3=0

which implies, in view of the definition of U and (B.9)), that Uz € dom A*. Hence the first equality in

(B.11) follows.

The decomposition (Z8) applied to the vector A*' ¢ gives

r—1
PrlgAY c =Pz Z(PjA*Tc)A*Jc + PapA* c (B.12)
=0
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and we conclude

r—1
vae B U4+ Y (Pnare
7=0
ED -«
: j+1 T
= U | (P°A*n)c + PayA*n + 2:(P]:17)A*3+ c+ (P lz)AY ¢
=0
EI2) r—2 r—1
: j+1 ; T j T
= U | (P°A*n)c + Py A+ Z:(P]:E)A*J+ c+ Py Z(P’A* c)AY ¢+ PypA* c
7=0 7=0
POA*TC(PT_1$) + POA*’I’] 0 0 0 POA* ¢ POA*
POz 4+ PLA* (P~ 12) 10 0 PlA*c 0 P(l]x
r . . P'x
@), &) Ply 4+ P2A* (P~ 12) I U P : 0
5 : 0 P24%¢ 0 prely
Pr—2g + Pr—lA*’"C(PT’—1$) 0 0 1 Pr—14*¢ 0 0
PapA* c(P"" a) + Pay A 0 0 -+ 0 PapA®c PapA”]

= AUz,

This proves (B.I0) and the remaining part of (B.ITJ).
Recall that (XT)* = T*X* for any densely defined operator 7' and bounded operator X and, if in

addition X is boundedly invertible, we have (T'X)* = X*T*; see e.g. [16], Section 4.4]. Hence, (B.8])
follows from (B.II). This completes the proof of (B.8)). Since U* is a boundedly invertible transfor-
mation and (A,b,c) € X, we have (A,b,¢) € X,

Step 3: It remains to show that @) generates a semigroup, i.e. it fulfills Definition 2.1(31).
It is clear that A generates a semigroup on R" x H 4. In the block operator notation (2.19) for A the

operators A11, A12, and A21 are bounded. So

All A\l2
A21 0

9

diag(0, Q) := [0 0} = A-

0 @Q

is a bounded perturbation of E, and, in view of [6] Section I11.1.3], it is a semigroup generator whose
domain equals dom A. Obviously {0} x H 4 is a closed, diag(0, Q)-invariant subspace of R" x H. Since
the spectrum of @ is equal to the spectrum of diag(0, Q) up to the value 0, the condition (iv) of [I5]
Theorem 3.14.4] is satisfied. This theorem implies that diag(0, Q)|(0yx s, , With domain

dom AN ({0} x Hap) = {0} x (HapNdom A),

generates a strongly continuous semigroup on {0} x H 4 ;. Now the identification of H 4 j, with {0} x H4
and @ with diag(0, Q)|{0}XHAJ7 completes the proof.
O

Proof of Proposition 2.8t We mimic the proof for finite-dimensional time-varying linear systems
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in [I] and proceed in several steps.
Step 1: Consider the bounded bijective linear operator

YR xHpp =R xV, Y:=WTU*

which admits a representation with respect to R" x Hy; and R" x V of the form

Yoo Yor -+ Yor Vi :R—> R, i,j€1{0,...,r—1}
Yo Yn -+ Yir Yir : Hap — R, i€{0,...,r —1}
S : Y, iRV, jefo,....r—1}

with bounded
Yo Y1 -+ Y., YW:HA,b—HN/

and write o
(A, b,¢):= (W_*AW*,W_*b, Wc) .

Then we have, with A from Theorem 25

yAy—! = wur av—wr B g gy B0 7
Simply applying A from @29) (r — 1)-times to b yields
(A" b, ¢) = (WA "W*W ~*b, We) = (A"'b,¢) = b,.

Hence, we have shown (iii) and

0 0
% (') CID - 2D (')
(A™1b, ¢) (A" 1b, )
0 0
We calculate

Yoo 1 1
. 0 0
ooy || By B B
Yatr—l : :
s, 0 0

This, together with (B.I6), gives

1 0 0 0 0
Yio Y1 Yi,o 0 Yi,
Yy — : : : : : 7

Yo 20 Yro1 -+ Yo, 9 0 Y. o,

Yoo10 Yro1n o0 Yeli,2 1 Y,

| Yo You - Yo 0 Y., |

and
0,1,0,....00 Z 0, ,0A"P 10, 0vA

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)



0,0,1,0,...,0]

We proceed by calculating the first r rows of Y in this way until

[0,...,0,1,0]

and arrive at

The operator Y is bounded and bijective. Therefore,

0,1,0,....0]4 "V |
5 01,0, 04y B |
- [Y207 Ty Yé,r—Qa 07 Y2T]-
2D 10,...,0,1,0,0]4 = [0,...,0,1,0,0]Y A
L e
= [}[7“—1707 e 7Y7”—1,7”—27 17 YT’—l,T’]a
[ 1 0 0 0]
0 1 0
Y = : . :
0 0 1 0
_Y;“,O Y;“,r—2 0 Y;“r-_
?:HAJ)—)?, ?::}/rr

....,0Y A

~

0,0,1,0,...,0]Y

[0,...,0,1,0,0]AY “=7[0,...,0,0,1,0]Y

(B.19)

is a bounded, bijective operator. This, together with (B.15)), already shows that S = SY~!. Now the
special structure of A, A, Y in ([2.1), (229), (BI9), resp., yields

[?Rv Y;“Ov s 7}/7“,7“—27 ?Q]
M1 0 0
0 1
:[07 5 07 I] . . T
o ... 0 1
Yoo oo Yiro O
= [0, , 0, IlYA
B [0, , 0, I|AY
[0 1 0
0O 0 1
=[0, ..., 0, I]|- S
9 9 ~0
P P - P
= [ﬁ—’_ é}/?“07é}/7“17’ .. 7@1/7“77“—27 0 7@37] .
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_YT’O

Pr—2A*TC Pr—lA*Tc

0
0 1
YT’,T’—2 0

0
0
1
0

0

[an}

0
0
0
1

0

Qunoo o o



By successively comparing the blocks in order from (r — 2)th to first and by finally considering the last
entry, we see that

Yypg=0=---=Y,0=0 and R=YR, Q=YQY '

Finally,

(1 0 ... 0 0]

1 0
Y = : . .. :

O ... 0 1 0

0 ... 0 0 Y]
and (B.I5]) give (ii). This completes the proof. O
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