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Zusammenfassung

Thermische Energiewandlungsprozesse werden fiir gewohnlich von einer betracht-
lichen Menge Abwirme begleitet, welche oft ungenutzt an die Umgebung abgege-
ben wird. Ein Verbrennungsmotor wandelt beispielsweise nur etwa ein Drittel der
ihm zugefithrten Verbrennungswirme in nutzbare mechanische oder elektrische
Energie um. Etwa zwei Drittel der chemischen Kraftstoffenergie werden als Ab-
warme abgegeben. Die Riickgewinnung von Energie aus dem verbrennungsmo-
torischen Abgas ist ein Weg, um den Kraftstoffverbrauch zu senken und zu einer

verniinftigen Verwendung der Energieressourcen beizutragen.

Die vorliegende Dissertationsschrift hat die Analyse und Entwicklung einer neuen
und bisher kaum erforschten Technologie — den Pulsrohrmotor — zum Ziel, der
flir niedrigtemperierte Abwirme angewandt werden soll. Um das zu erreichen,
besteht diese Arbeit aus einem theoretischen und einem experimentellen Teil.
Sowohl ein analytisches als auch ein numerisches Simulationsmodell des Pulsrohr-
motors werden entwickelt, um sein thermodynamisches Arbeitsprinzip aufzuklaren
und Vorhersagen iiber seine Leistung und Effizienz bei Variation von Design und
Arbeitsbedingungen zu treffen. Die theoretischen Ergebnisse werden benutzt, um
einen Experimentalpulsrohrmotor im Labor aufzubauen. Dieser verwendet unter
Druck stehendes Helium als Arbeitsgas und ist mit einer Vielzahl von Sensoren zur
Messung von Temperatur, Druck und Leistung ausgestattet, was einen Vergleich

der gemessenen Motorleistung mit den theoretischen Vorhersagen ermdglicht.

In der Arbeit wird erstmalig gezeigt, dass die Anordnung von Pulsrohr und Re-
generator eine thermodynamische Asymmetrie bewirkt, welche den grundlegenden
Funktionsmechanismus des Pulsrohrmotors darstellt und der Regenerator — im
Gegensatz zum Stirlingmotor — fiir dessen Funktion essentiell ist. Es wird ana-
lytisch bewiesen, dass der Pulsrohrmotor intrinsisch irreversibel arbeitet. Eine
Relation fiir das zum Betrieb der Maschine minimal benétigte Temperaturver-
héltnis von Warmequelle zu Wérmesenke wird analytisch abgeleitet und anhand

des im Labor aufgebauten Pulsrohrmotors experimentell bestatigt.

Aus den theoretischen und experimentellen Leistungsdaten werden die Eigen-
schaften des Pulsrohrmotors bestimmt und Beschrénkungen seiner Effizienz auf-
gezeigt. Der im Labor aufgebaute Pulsrohrmotor besitzt eine maximale Netto-
leistung von 6 W bei einer Nettoeffizienz von 8%. Um Leistung und Effizienz zu
erhéhen, werden Vorschlige fiir ein verbessertes Design geschlussfolgert und fiir die
Entwicklung eines leistungsstarken Pulsrohrmotors benutzt. Weiterhin wird das
Potential des Pulsrohrmotors fiir dessen Anwendung in der Riickgewinnung ver-
brennungsmotorischer Abgasenergie diskutiert und mit dem thermoelektrischen

Energiewandler verglichen.






Résumé

Les procédés de conversion de I’énergie thermique sont généralement accompagnés
d’importantes pertes de chaleur, souvent rejetée dans ’environnement, inutilisée.
Un moteur a combustion interne, par exemple, ne convertit qu’environ un tiers
de T'énergie issue de la combustion en énergie mécanique ou énergie électrique
utilisable. Environ deux tiers de l’énergie chimique du combustible sont rejetés
comme chaleur perdue. La récupération de I’énergie du gaz d’échappement du
moteur a combustion interne est un moyen de réduction de la consommation en

carburant et contribue & 'utilisation des sources d’énergie de facon économe.

Cette thése de doctorat a pour objectif I'analyse et le développement d’une nou-
velle technologie peu étudiée jusqu’a présent - le moteur & tube a gaz pulsé - en
ce qui concerne son utilisation pour la récupération de la chaleur perdue. Pour
cela, ce travail se compose d’une partie théorique et d’une partie expérimentale.
Un modeéle analytique et un modéle numérique du moteur a tube & gaz pulsé sont
développés et utilisés pour expliquer son principe de fonctionnement thermody-
namique et prédire sa performance et son efficacité, en fonction de la variation de
ses caractéristiques de construction et de son mode opératoire. Les résultats de
I’étude théorique sont utilisés pour la réalisation d’'un moteur a tube a gaz pulsé
expérimental & I’échelle du laboratoire. Ce moteur fonctionne & I’hélium sous pres-
sion et est équipé d’une multitude de capteurs pour la mesure de la température,
de la pression et de la puissance, permettant une comparaison de la performance

mesurée du moteur expérimental aux prédictions théoriques.

Dans ce travail, il est montré pour la premiére fois, que la combinaison du tube
a gaz pulsé et du régénérateur conduit & une asymétrie thermodynamique, ce
qui constitue le principe de fonctionnement du moteur & tube & gaz pulsé et le
régénérateur est - contrairement au moteur Stirling - essentiel pour son fonc-
tionnement. Il est prouvé analytiquement que le moteur & tube & gaz pulsé a
un fonctionnement intrinséquement irréversible. Le rapport minimal de la tem-
pérature de la source de chaleur a celle du dissipateur thermique, nécessaire au
fonctionnement du moteur, est établi analytiquement et validé expérimentalement

en utilisant le moteur & tube & gaz pulsé a ’échelle du laboratoire.

Les propriétés du moteur a tube a gaz pulsé sont déduites des résultats théoriques
et expérimentaux de performance, et les limites de son efficacité sont cernées.
Le moteur a tube & gaz pulsé construit au laboratoire dispose d’une puissance
maximale nette de 6 W pour une efficacité nette de 8%. Afin d’augmenter la
performance et Uefficacité, des suggestions sont proposées et utilisées pour le
développement d’un moteur & tube & gaz pulsé performant. En outre, le potentiel
d’application du moteur a tube & gaz pulsé pour la récupération de ’énergie du
gaz d’échappement du moteur a combustion interne est discuté et comparé a celui

du convertisseur d’énergie thermoélectrique.






Abstract

Thermal energy conversion processes are usually accompanied by considerable
amounts of waste heat, which are often released into the environment unutilized.
An internal combustion engine, for instance, only converts about one third of the
supplied combustion heat into usable mechanical or electrical energy. About two
third of the fuel’s chemical energy are released as waste heat. Recovering energy
from the exhaust gas of an internal combustion engine is one way to reduce fuel

consumption and to contribute to a reasonable use of energy resources.

This PhD dissertation aims to analyze and develop a new and to date rarely
investigated technology — the pulse tube engine — with respect to its applicability
for low grade waste heat recovery. To do so, this work consists of a theoretical
and an experimental part. An analytical and a numerical simulation model of the
pulse tube engine are developed and used to clarify its thermodynamic working
principle and to predict its power output and efficiency under variation of design
features and operating conditions. The results of the theoretical investigations
are used to build an experimental pulse tube engine at a laboratory scale. It
uses pressurized helium as working gas and is equipped with a high number of
sensors for the measurement of temperature, pressure and power, which enables a

comparison of the measured engine performance with the theoretical predictions.

In this work, it is shown for the first time that the combination of a pulse tube and
a regenerator results in a thermodynamic asymmetry, which forms the underlying
working principle of the pulse tube engine, and the regenerator is — in contrast
to the Stirling engine — essential for its functioning. It is proven analytically that
the pulse tube engine’s operation is intrinsically irreversible. A relation for the
minimal necessary temperature ratio of heat source to heat sink, which enables
the engine to operate, is derived analytically and confirmed experimentally using

the built laboratory-scale pulse tube engine.

From the theoretical and experimental performance results, the properties of the
pulse tube engine are derived and limitations for its efficiency are outlined. The
pulse tube engine built to laboratory scale has a maximum net power output
of 6W at a net efficiency of 8%. In order to increase power output and effi-
ciency, suggestions for an advanced design are concluded and used for the de-
velopment of a powerful pulse tube engine. Furthermore, the potential of the
pulse tube engine for its application in energy recovery from the internal combus-
tion engine’s exhaust gas is discussed and compared to that of the thermoelectric

energy converter.
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Chapter 1
Introduction

“Das Gliick des Forschers besteht nicht darin eine Wahrheit zu besitzen, sondern die
Wahrheit zu erringen. In diesem fortschreitenden, erfolgreichen Suchen nach der
Wahrheit, da liegt die eigentliche Befriedigung... Dieses erfolgreiche Arbeiten, das ist
dasjenige, was den Quell jeder Anstrengung und auch den Quell eines jeden geistigen
Genusses darstellt. Wenn der Quell versiegt, wenn die Wahrheit gefunden ist, dann ist
es zu Ende, dann kann man sich geistig und kérperlich schlafen legen. Aber dafir ist

gesorgt, dass wir das nicht erleben, und darin besteht unser Glick.”

— Maz Planck, German physicist. Berlin 1942 —

1.1 Thermal energy conversion and waste heat

Thermal energy conversion processes are usually accompanied by considerable amounts
of waste heat, which are often released into the environment unutilized. An Internal
Combustion Engine (ICE), for instance, only converts about one third of the supplied
combustion heat (), into usable mechanical work W,,. Two third of the fuel’s energy
are released as waste heat — about one third via the cooling water ().; and one third via
the exhaust gas Q.. |1]. Fig. 1.1 illustrates the thermodynamic situation. The cooling
water temperature of an Otto engine is slightly higher than that of a Diesel engine [1].
The mean temperature of the cooling water is about 90 °C.

In passenger cars the cooling water waste heat is used for heating purposes. A
further conversion into mechanical or electrical energy is, due to the low temperature,
technically difficult and not economical [2].

The waste heat released from the internal combustion engine via the exhaust gas is
on a temperature level which is sufficient for its further conversion into a usable form
of energy. This is state of the art and done with the installation of a gas turbine in the

exhaust gas system of the engine. The turbine converts a portion of the exhaust gas

1
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Combustion
heat

Q, l (3/3)

" Q,, (=1/3)
<— mead Exhaust (400°C)
(=1/3) Q |

Q.| =1/3) W
Qch '

Cooling water (90°C)

Figure 1.1: Principle of Internal Combustion Engine’s (ICE) waste heat recovery. Combus-
tion heat @}, is delivered to the ICE. About one third of the fuel’s energy is converted into
usable mechanical work W,,. Two third of the supplied energy are released unused via the
cooling water ().1 and the exhaust gas Q... A portion of the exhaust gas waste heat ), can be
recovered and converted into mechanical work W, by an additional Energy Converter (EC).
The EC also releases waste heat Qo to the cooling water.

waste heat into mechanical work, which is used to drive a turbo compressor charging the
engine with compressed fresh air [1]. The turbocharger technology, originally invented
for aviation engines, is widely used in the automotive industry, especially in combination
with Diesel engines.

Nevertheless, even if a turbocharger reduces the temperature of the exhaust gas, its
turbine exit temperature is still at a temperature level which is high enough to be used
in an additional thermal energy conversion process. The exhaust gas temperature is —
depending on the engine (turbo-charged or uncharged, Otto or Diesel engine) and the
mode of operation (full or part load, engine speed) — on a temperature level between
200°C and 600°C |[3].

Fig. 1.1 shows how the thermal energy of the exhaust gas can be used by an
additional Energy Converter (EC). The additional energy converter recovers a portion
of the exhaust gas waste heat (), and converts it into mechanical work W,. The waste
heat Q.o of the additional energy converter is released to the cooling water of the
internal combustion engine. Since the exhaust gas waste heat — having an assumed
mean temperature of about 400 °C — allows only for an inefficient usage of this heat, in
general, the thermal efficiency of the additional energy converter is quite low. However,
even if the additional system converts only 5% of the exhaust gas waste heat into a
usable form of energy, such as mechanical work or electrical energy, the fuel efficiency of
the entire system, shown in Fig. 1.1, increases by about 1.6%. Harvesting this amount
of energy is much less a question of efficiency than of economy relating to the cost of

the additional energy converter.
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In recent years, the automotive industry has made huge efforts regarding the de-
velopment of such a working, low-cost additional energy converter. The main pursued
technological approaches are (organic) Rankine cycle based systems like [4, 5] and ther-
moelectric energy converters [6, 7, 8]. However, other heat engines for the usage of

internal combustion engine’s waste heat, such as [9] are continuously proposed as well.

The working principle of the (organic) Rankine cycle |10, 11| is based on the
Clausius-Rankine cycle [12], used in steam power plants for the provision of electri-
cal energy. An organic Rankine cycle does not use water, but an organic substance, e.g.
R134a, NH; or others [13| as working fluid, thus enabling the utilization of heat energy
at low temperatures in an energy conversion process with a phase change. Depending
on the working fluid and the temperature of the heat supply, the thermal efficiency and
the power output of this technology are quite high [13]. Since numerous components,
such as evaporator, fluid pumps, condenser, expansion engine (turbine or piston en-
gine) are required for the process, the procedural effort and technical complexity of the

(organic) Rankine cycle are also relatively high.

The second, currently pursued approach to utilize internal combustion engine’s waste
heat is the application of thermoelectric materials, which enable the direct conversion
of heat energy into electric energy, without the detour via a thermo-mechanical process.
This technology is preferably applied at low temperature waste heat. Its principle is
based on the Seebeck effect [14]. The efficiency of thermoelectric energy converters only
covers a single digit percentage range [15], its power output is quite low, and the costs
of thermoelectric materials as well as of the auxiliary cooling system are still too high

to allow its wide utilization yet |3, 16].

Moreover, the internal combustion engine is a highly dynamic system. In addition
to the mentioned temperature range of the exhaust gas, its mass flux also varies in a
wide range. As an example, the mass flux of the exhaust gas of a turbo-charged Diesel
engine for full load at an engine speed of 3000 rpm and a charging pressure of 2bar
is one order of magnitude higher than for idling at an engine speed of 600 rpm and a
charging pressure of 1bar (bypassed turbocharger). For an Otto engine this ratio is

even higher [17|. Thus, the available exhaust gas enthalpy flux is highly variable.

So far, due to the disadvantages of the (organic) Rankine cycle and thermoelec-
tric energy converter in combination with the highly dynamic situation of the exhaust
gas of internal combustion engines, both technologies have not been able to establish

themselves on a large scale in internal combustion engine’s waste heat recovery.

This overview demonstrates that there is a need for alternative concepts of waste

heat recovery. The present work is intended to contribute to the solution of this problem.
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1.2 The pulse tube engine for waste heat recovery

Since the discussed technologies for the recovery of internal combustion engine’s waste
heat are unsatisfying, a new concept is needed.

A thermodynamic process with the potential to be a good compromise between
simplicity, cost and efficiency, therefore being suitable for internal combustion engine’s
waste heat utilization, is the pulse tube process. It was invented in the 1960’s by
Gifford and Longsworth [18] and has since found extensive practical application for
cryogenic cooling purposes. So called pulse tube refrigerators have been research and
development objects for the last 40 years, e.g. [19, 20, 21, 22|, and are employed in
cryogenic technologies to provide as one-stage refrigerators temperatures around the
condensation temperature of nitrogen (77.2 K at atmospheric pressure) or as two-stage
refrigerators temperatures down to the condensation temperature of helium (4.2K at
atmospheric pressure).

The reversing of the pulse tube process enables the design of an astonishingly simple
prime mover — the pulse tube engine — for the conversion of externally supplied thermal
energy into mechanical energy or, using an electrical generator, into electrical energy.
The pulse tube engine, investigated in this work, was first reported by Hamaguchi
et al. [23| in 2005. Although the pulse tube engine is thermodynamically similar to
the pulse tube refrigerator, its operation and performance is much less understood
than for its cryogenic counterpart. The purpose of the present work is to fill this
gap by a symbiotic interaction between theory and experiment. It represents the first

comprehensive attempt to model and improve the pulse tube engine.

1.2.1 Working principle of the pulse tube engine

A brief introduction of the pulse tube engine’s working principle [24] is given below.

The basic engine design is shown in Fig. 1.2. A compression/expansion cylinder

\ cylinder  chx; pulse tube hhx regenerator chxo

\..

\

" (I

Th

material _—

gas temp. exp. temperature

~--gastemp.comp. T,|l

Figure 1.2: Basic design of the pulse tube engine. chx; — cold heat exchanger 1, chxy, —
cold heat exchanger 2, hhx — hot heat exchanger. For the sake of simplification, the material
temperature distribution is assumed to be linear in the pulse tube and the regenerator, and
spatial constant in the other components. The ideally assumed gas temperature distributions
in the pulse tube during compression and expansion are illustrated using dotted lines.
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supplies a pressure swing and gas shifting to the connected system consisting of an
almost adiabatic buffer space (pulse tube) and an isothermalizer (regenerator). Both
components are fluidically linked via a gas heater (hhx) at the temperature T}, pro-
viding the heat input. A gas cooler (chx;) at the temperature 7, is located between
cylinder and pulse tube. A heat sink (chxsy) at the temperature T, — to set the depicted
material temperature distribution — is located at the cold side of the regenerator. The
conversion of compression/expansion work (pV-work) into mechanical work and vice
versa is carried out by the resulting pressure force on the piston within the cylinder,
which is located at cold temperature level. A generator for the conversion of mechanical
energy into electrical energy can be joined to the cylinder/piston configuration via a

crank gear mechanism.

The functional principle of the pulse tube engine is based on a broken thermody-
namic symmetry. Thermodynamic asymmetry results from the fluidic linkage of the
almost adiabatic pulse tube and the almost isothermal regenerator. A simultaneous
compression and moving of the working gas into an area of high material temperature
is followed by a simultaneous expansion and moving of the working gas into an area of
low material temperature. Therefore, the piston moving from its bottom dead center
(BDC) to its top dead center (TDC) compresses the working gas and pushes gas from
the cylinder via chx; into the cold side of the pulse tube. Passing chx;, the gas is
cooled down to T.. The situation is illustrated in Fig. 1.2 by the dotted gas temper-
ature distribution in the pulse tube during the compression stroke. Meanwhile, in the
pulse tube, gas is compressed and shifted from the cold to the hot side of the tube.
Gas leaving the pulse tube at its hot side via hhx takes on heat and enters the hot
side of the regenerator with the temperature 7j,. The regenerator material, having the
depicted material temperature distribution of Fig. 1.2, absorbs heat from the working
gas. Thus, the heat taken on in hhx is entirely given off to the regenerator material. The
thermal capacity of the regenerator material is high enough to experience no significant
temperature swing. Since cold gas was shifted during compression from the cold to the
hot side of the pulse tube, it is able to take on heat from the tube’s wall material while
the piston is moving around TDC (high pressure thermal relaxation). The pressure
increases slightly. Now the piston moves from TDC back to BDC which results in an
expansion of the working gas flowing from the regenerator via hhx into the hot side of
the pulse tube. The situation is illustrated in Fig. 1.2 by the dotted gas temperature
distribution in the pulse tube during the expansion stroke. The regenerator material
gives back the heat stored during the compression phase. Since the gas entering hhx
is already at T}, it receives only an insignificant amount of heat. Meanwhile, in the

pulse tube, gas is expanded and shifted from the hot to the cold side of the tube. Gas
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leaving the pulse tube at its cold side via chx; is cooled and enters the cylinder with the
temperature 7,.. In the cylinder the gas is further expanded and its temperature goes
below T.. Since hot gas was shifted during expansion from the hot to the cold side of
the pulse tube, it is able to give off heat to the tube’s wall material while the piston is
moving around BDC (low pressure thermal relaxation). The pressure decreases slightly
till the initial state is reached again. Absorbing heat at high pressure and rejecting
heat at low pressure results in a higher mean pressure during expansion than during

compression and in a release of pV-work.

1.2.2 State of knowledge and objectives of this thesis

First concepts of prime movers similar to the pulse tube engine were presented in
1987 by Chen and West [25]. In 1995, Tailer was granted a patent [26] for a heat
engine based on a phase delay between pressure fluctuations and heat transfer (thermal
lag [27, 28, 29]). A patent describing a device resembling the pulse tube engine was
published in 2000 by Hofmann [30]. The concept of the pulse tube engine was first
presented in its entirety by Hamaguchi et al. [23]| in 2005, and later by Organ [24] in
2007. A number of experimental investigations to characterize the pulse tube engine
were also published by Hamaguchi et al. [23, 31|. Since 2007 further patents of the
pulse tube engine by Shauwei 32|, Shiyoui [33| and Kaiser et al. [34| appeared. A
proposition for its application in internal combustion engine’s waste heat recovery is
reported by Keen et al. [35] and patented by Kaiser et al. [36].

A different concept of the pulse tube engine having two pistons is patented by
Ishizaki et al. [37]. This type of pulse tube engine is an extension of the Stirling
engine by a pulse tube between the hot heat exchanger and the expansion cylinder of
the Stirling engine. An investigation of the pulse tube engine having two pistons is
reported by Ki et al. [38]. Moreover, Kaiser et al. [39] patented a version of this type
of pulse tube engine using a working fluid with phase change. However, the purpose
of this thesis is restricted to an investigation of the pulse tube engine having just one
piston and using a working fluid without phase change.

According to work flux measurements of Yoshida et al. [40] in 2009, the pulse tube
engine can be classified into the thermoacoustic [41| standing wave engine group [42, 43,
44, 45] with an underlying intrinsically irreversible thermodynamic cycle [46], although
the pulse tube engine is — by comparing its working principle with the thermoacoustic
engines investigated in [47, 48, 49, 50] — analogous to the Stirling engine [51, 52|, not
a thermoacoustic device.

However, no full-scale thermodynamic analysis of the pulse tube engine has ever been

comprehensively compared with accurate experiments over a wide range of parameters.
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Moreover, no relations to calculate the power output and efficiency of the pulse tube
engine exist. Up to now the exact influence of design features is not clear and working
pulse tube engines are designed through experiments. The object of the present work is
to bridge this gap, and to find detailed correlations between design features and working
conditions of the pulse tube engine, and its developed power output and efficiency.
This thesis is split into two main goals. The first goal is to get a deep theoretical
understanding of the pulse tube engine’s underlying thermodynamic process. To do so,
an analytical and a numerical model of the pulse tube engine are developed in chap-
ter 2. Both models are used to study the working principle of the engine, to derive
relations for its power output and efficiency, and to find pathways for its optimal de-
sign. The results of the two approaches are compared and used for the second goal of
this thesis, the design of a working engine in chapter 3. In contrast to prior works, in
which non-pressurized pulse tube engines using air as working fluid have been built, the
development focuses on the design of a pressurized pulse tube engine using helium as
working fluid. Compared to the investigated non-pressurized engines of |23, 31, 35, 40|
with power outputs of some hundreds of milliwatt the projected power output of the
working pulse tube engine in this thesis is in the range of several watts, which will en-
able obtaining reliable experimental results from the test rig. Furthermore, the present
approach has the virtue that all design parameters such as heat transfer areas, diame-
ters, porosity, dead volumes etc. are well known and available for the parametrization
of the simulation models. The experimental test engine is equipped with a high number
of temperature and pressure sensors, equipment for the measurement of the heat power
input and the mechanical power output as well as frequency and crank angle measure-
ment techniques. Furthermore, the test set-up is designed to perform difference power
measurements to identify power losses and get access to the power delivered to the
piston rod, which is calculated by the numerical simulation model. The measured data,
such as the time-dependent pressure, the temperature distribution and the power out-
puts shall be used to quantify the accuracy of the developed simulation models and to
systematically compare the performance of this engine with the theoretical predictions.
The overall aim of this research is to study the working conditions and the perfor-
mance of the pulse tube engine using theoretical and experimental methods simultane-
ously. The results are used first to quantify the potential of the pulse tube engine for
its usage in internal combustion engine’s waste heat recovery, and second to provide
general characteristics of the pulse tube engine, which are interesting for other appli-
cations as well. In chapter 4 the results and conclusions of this thesis are summarized
and discussed. Finally, a concept for an advanced pulse tube engine, resulting from this

work is presented.






Chapter 2
Theory of the pulse tube engine

In this chapter the differential equations describing the transient behavior of the pulse
tube engine are derived. The purpose is to predict the time-dependent pressure and
the time-dependent heat fluxes in the cylinder, the heat exchangers, the pulse tube and
the regenerator for prescribed values of the heating and cooling temperatures, filling
pressure and operating frequency as well as for specified geometry features and working
gas parameters. The differential equations are obtained from the balances for mass,

momentum, energy and entropy of the engine components.

ycylinder chx; pulse tube hhx regenerator chx,

) 0d 0d  od 0d 0d od
(a) Zero-dimensional approach of the analytical model

ycylinder chx; pulse tube hhx regenerator chx,

v 0d od  1d 0d 1d od

(b) Mixed zero/one-dimensional approach of the numerical model

Figure 2.1: Modeling approaches for the pulse tube engine. (a) Zero-dimensional (0d) ap-
proach for all engine components used in the analytical model; (b) Zero-dimensional approach
for the cylinder and the heat exchangers combined with a one-dimensional (1d) approach for
the pulse tube and the regenerator used in the numerical model.

Two modeling approaches are performed. In the first approach all engine compo-
nents are regarded as zero-dimensional with one representative value of each physical
property depending on the time only. A graphical visualization of this method is shown
in Fig. 2.1 (a). It is used to develop an analytical model of the pulse tube engine. The
second approach is an extension of the zero-dimensional model of Fig. 2.1 (a) by a one-

dimensional approach on the thermodynamics of the pulse tube and the regenerator,

9
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where the respective physical properties are time- and space-dependent. A graphical
visualization of this method is shown in Fig. 2.1 (b). It is used to develop a numerical

model of the pulse tube engine.

2.1 Governing equations

The derivation of the underlying differential equations is based on a control volume
analysis [53, 54]. The control volumes are in the case of a zero-dimensional analysis the
engine components and in the case of a one-dimensional analysis sub-volumes of the
engine component regarded. In order to formulate the governing equations of the pulse

tube engine process, the following simplifications are made:
1) The physical properties are assumed to be uniform within the control volume.
2) The working fluid is a perfect gas with constant specific heat capacities ¢, ¢,.
3) Kinetic and potential energy changes are disregarded.
4) Pressure wave reflections at the system boundaries are neglected.
5) Only forces parallel to the direction of motion are considered.
6) The mass of the working fluid is constant.

The relative error implied by the use of constant specific heat capacities, within a
temperature range of 20°C to 600 °C, for the working gas air, is Ac—i” = 5% [55], and is
negligible for the working gas helium.

Fig. 2.2 shows the schematic representation of the control volume. The internal
energies of the gas and the material are represented by U and U,,. The gas mass
content of the control volume is m and its entropy S. Heat can be exchanged between
the surroundings and the engine material via the heat flux Qem as well as between the
engine material and the working gas via the heat flux Qn,. The entropy flux due to
heat transfer between the gas and the material is represented by Sha- Entropy fluxes
between the material and the surroundings are disregarded. In the cylinder the working
gas is charged with the compression/expansion power (pV-power) W.

Between the control volumes mass fluxes m, enthalpy fluxes H and entropy fluxes
S are exchanged. Fluxes at the control volume’s left side are marked with  and fluxes
at the control volume’s right side with ”. Heat and entropy fluxes due to conduction
in the gas and the material are denoted with ch, ch and Qcm. Entropy fluxes in
the material are not considered. All entering fluxes are given a positive sign. The

kinematical situation of the gas mass m will be discussed in subsection 2.1.5.
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Figure 2.2: Schematic representation of
the control volume with internal energies
of the gas U and the material U,, as well
as the gas mass m and the gas entropy

;QEXt w S. Heat and entropy exchanged between
Qrm Q.n gas and material are represented by Qg
= Un - and Shp;. The heat flux Qe,s is exchanged
m m”  between the material and the surround-
- ™ ‘ Q.lz ‘ 5‘-}] ™ ings. Mass, enthalpy and entropy fluxes
. X .
H * ‘ H"  between the control volumes are denoted
. = gas @V, T) - . with 7, H and S. Left and right side
s’ §”  fluxes are marked with ’ and ”, respec-
_' Us T tively. Heat fluxes due to conduction in the
Qg m, o Qg gas and the material are denoted with Qg
& . ‘ o and Qcm._ Conductive entropy fluxes in the
& material %  gas are Sg. The compression/expansion
power (pV-power) is represented by W.

All balances used for the two modeling approaches of the pulse tube engine process

are presented in the following subsections.

2.1.1 Mass balance

The temporal change of the gas mass content within the control volume is given by

dm ./ N/

— =m +m. 2.1

o (2.1)
The thermal state equation of a perfect gas [56] with the pressure p, the volume V'
and the temperature 7' is represented by pV = m R, T, where R, is the specific gas

constant. The total differential of the thermal state equation is

dp dV  dT
dm =m|— + — — — ). 2.2
" m(p+V T) 22)

Inserting Eq. (2.2) in Eq. (2.1) leads to

dm (1 dp 1dV 1 dT) AP
=m|-— = .

w "o atva Ta

Converted, this results with the thermal state equation in the differential equation for

the pressure of the control volume

dp  R.T
a Vv

(m' +m'") — = — + = —. (2.3)
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2.1.2 Energy balance of the working fluid

Within the control volume the temporal change of the internal energy of the gas content

is given by
au

E:

The caloric state equation of a perfect gas is U = m ¢, T. Derived, this results in

Qne + Qhy + Qly + W + H + H". (2.4)

dU = dmc,T + mc,dT. (2.5)

Inserting Eq. (2.5) in Eq. (2.4) leads to

dU dm dT
hab N, it
dt v +

o M —s = Qhe + Q. + QY + W + H + H”. (2.6)

The compression /expansion power and the enthalpy fluxes between the control volumes
are W = —pdV/dt, H' =/ ¢, T" and H" = m"c, T", where the gas temperatures at
the borders of the control volume are denoted with 7" and 7”. Eq. (2.6), together
with Eq. (2.1) and the thermal state equation of a perfect gas results in the differential

equation for the gas temperature of the control volume

cpV dT

_ ‘ . . . v .
vk —c, T (' + ") + Qe + QLy + Qoy —p— + 1 ¢, T + 1" e, T". (2.7)

dt

2.1.3 Energy balance of the solid material

The temporal change of the material’s internal energy is given by

dU . . . .
d—tm = - Qhw + Q:;m + Q:;lm + Qert . (28)
With the constant material density p,, and the constant specific material heat capacity

Cm, the differential equation for the material temperature 7T, can be written in the form

T,

W = _th + Q/cm + Q/c,m + Qextu (29)

Pm Vin Cm,

where the material volume is represented by V/,,.

2.1.4 Entropy balance

Within the control volume the temporal change of the entropy of the gas content is

given by
@ o S + dSir?"
a o dt

+ S+ S+ 5+ 5, (2.10)
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where the entropy production rate due to irreversibility is denoted with dS;,,./dt. The
terms Ség and Sé’Q are entropy fluxes due to heat conduction. For a perfect gas, the

entropy can be expressed through [57]

T %4
or
T P 0

in which the constant S is set to be S°(T° V%) = S%T% p) = 0. The temporal
derivative of Eq. (2.11) is

T a TV a

ﬁ_d_m lz—i—RlK +mcvdT mRg dV
gt~ ar \@ o Ty
which, together with Eq. (2.1) and (2.7) as well as the thermal state equation of a

perfect gas results in

dS . ./ /i T V Qh:}c ' /cg . Zg -/ T, /) T//
E_(m +m) Cy lnﬁ—l —|—Rslnﬁ + T —i—T—FT—I—mcp?—kmcp?.
(2.13)

Using Eq. (2.12), the entropy fluxes between the control volumes can be expressed

trough
S = m’cplng—; — m' R, ln]];—; (2.14)
and ' - .
S" =m"¢, lnﬁ — m" Ry ln%. (2.15)

Inserting BEq. (2.13) to (2.15) in Eq. (2.10) and using Sh, = Qne/T for the en-
tropy flux due to heat transfer between gas and material as well as Ség = Q’cg /T and
Sé’g = "c’g/T for the conductive entropy fluxes, the entropy production rate due to

irreversibility results in

dSirr ) » T V
ke (m’ + m") (cv (lnﬁ - 1) + Rslnm)

T/ T/ / T// T// 7"
+ m/ (Cp (T - Znﬁ) + RSln}%) + m/, <Cp (? - lnﬁ) + Rsln%) .
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i Figure 2.3: Schematic rep-

., l ‘ Y resentation of the acting

pf P Af/j% Fp P forces on the control volume

U | u Cou e gas mass m having the ve-

! ! locity u. The acting forces

F]— m - F/ are pressure forces F), and F}/,

‘ ‘ momentum forces F] and Fy',

L and the flow friction force F,

‘ o which is always opposite to
\ positive direction T the direction of motion.

2.1.5 Momentum balance

The momentum balance is applied to the gas mass m of the control volume. According
to Fig. 2.3 the gas mass m is exposed to momentum forces F} and F}, pressure forces
F) and F), and the flow friction force Fy. The forces F7 and F) acting on the gas
mass m are in the positive direction, whereas the forces F7" and F) act in the negative

direction. The flow friction force is always opposite to the direction of motion.

The temporal change of the momentum I = mu of the gas mass m having the

velocity u is
dl - d(mu)
. dt
With the expression

= F, — F/ + F, — E!' — Fy. (2.17)

m = pAru, (2.18)

which relates the flux 72 of the gas mass m to its velocity u, the free flow area A; and
its density p = m/V follows
m Vm m
_ — - [ = 2.19
“ pAr  mAs m’ (2.19)
where L represents the length of the control volume. Using Eq. (2.19), the momentum
results in [ = mwu = L, and Eq. (2.17) becomes
dl dm

The momentum forces are calculated with the mass fluxes 7’ and " at the control
volume borders " and ” according to F; = /v and F} = m"u", where v" and u” are
the respective velocities of the fluid. With Eq. (2.18) and the thermal state equation of
a perfect gas follows F; = m* R, T"/(p' Ay) and F} = mR,T"/(p" A;). The pressure
forces are calculated with F) = p’ Ay and F) = p"Ay.

Inserting the relations for the momentum and pressure forces in Eq. (2.20) leads,
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together with V' = L Ay to

dm Rs T/ <12 Rs TN - 12 Af / /! Ff

According to [58] the flow friction force can be modeled using

21 || L

W 3 (2.22)

Fy = fy
where dj, represents the hydraulic diameter of the structure and f; the flow friction
factor.

With Ay/L = A?c /V and the thermal state equation of a perfect gas the temporal

change of the mass flux 7 becomes

(2.23)

p/ p//

din Ry (T @™ T" +A_“ji 2 fr R, T |
dt 1% '

_ /A
V(p p") p Ay dn

The use of absolute value for the mass flux ensures that the direction of the flow

friction force is always opposite to the direction of motion.

The derived system of non-linear coupled ordinary differential equations (2.3), (2.7),
(2.9), (2.16) and (2.23) represents the basis of the theoretical analysis of the pulse tube
engine in the following sections of this chapter. The equations will be applied to the
control volumes of the cylinder, the heat exchangers, the pulse tube and the regener-
ator. The differential equations of each control volume are coupled to the differential
equations of its neighboring control volumes through the mass fluxes m’ and m”, the
enthalpy fluxes H' and H”, the entropy fluxes S” and S”, the conductive fluxes of the gas
and the material Q' "oS S

cg’ cg’ cg’ cg’

"

om as well as the neighboring pressures

" and
p' and p”.
2.2 Parameter definitions

A generalized characterization of the pulse tube engine process requires the definition
of dimensionless operating and design parameters.
The operating parameters are the temperature ratio 7, defined as the ratio be-

tween the hot temperature T}, and the cold temperature T,
Th
= — 2.24
T g (224)

as well as the pressure ratio II, representing the ratio between maximum pressure
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Pmaz and minimum pressure P,in

[ .= Pmaz (2.25)
Pmin
Design parameters are the distribution ratio r,4, calculated as the ratio between
the regenerator gas volume V,., and the pulse tube gas volume V,;
V;eg
rqg = —— (2.26)
Vit
as well as the compression ratio r., representing the ratio between the maximum
engine gas volume V., and the minimum engine gas volume V,,;,, minus one
Vmax VZnt + V;'eg + th + V;l V:i

ro = 1= 1= . 2.27
me V;)t + Vtreg + th V;)t + ‘/reg + th ( )

The displacement volume of the cylinder and the sum of the heat exchanger gas volumes
are denoted with V; and V},,, respectively.

For the description of a working pulse tube engine it may be reasonable to add the
volume V., of chx; to the pulse tube volume and the volumes Vj,, and V., of hhx
and chx, to the regenerator volume. For the purpose of these definitions additional

dead volumes of the engine remain disregarded.

The four introduced parameters are used for all further investigations of the engine.

2.3 Analytical model of the pulse tube engine

In order to discover fundamental characteristics of the pulse tube engine and to derive
mathematical relations for its power output and efficiency, an ideal analytical model
describing the engine process is derived. Analytical approaches to describe the pulse
tube refrigerator are given, for instance in [59, 60]. A similar work for the pulse tube
engine has not been done.

The pulse tube engine is typically operating at low frequencies of only a few Hz.
Such slow thermodynamic processes can be approached using an isothermal model
|55, 61, 62, 63]. An isothermal analysis (d7'/dt = 0) of the cycle decouples the system of
differential equations (2.3), (2.7), (2.9) and (2.16), and enables an analytical integration
of the decoupled differential equations.

In the analytical model heat conduction is not considered. The pressure is regarded
as uniform throughout all engine components. Thus, the temporal change of the mass

fluxes may be disregarded.



2.3. ANALYTICAL MODEL OF THE PULSE TUBE ENGINE 17

2.3.1 Isothermal approach

This subsection explains the basics of the applied isothermal model.

As already shown in Fig. 1.2 the cylinder has the uniform material temperature
Toeyi = Te, the two cold heat exchangers have the uniform material temperatures
Tnchay = T chay = T and the hot heat exchanger has the uniform material temperature
Thhe = Th. Pulse tube and regenerator show the space-dependent linear material

temperature distributions

x
Topi(wp) = T + 2= (T, — T.) (2.28)
Lpt
and
xTE
Tm,reg(xreg) = Th - 7 g (Th — Tc>, (229)
reg

with z,+ denoting the pulse tube position starting at its cold side with x,; = 0 and z,,
denoting the regenerator position starting at its hot side with z,., = 0. The length of
the pulse tube is L,; and of the regenerator L,.,. For the following considerations these
temperature distributions are regarded as being constant over time. Thus, Eq. (2.9)
does not have to be solved.

Furthermore, all engine components consist of one control volume each, whereas
the gas volumes of the heat exchangers are neglected (see Fig. 2.1 (a) for the zero-
dimensional approach). Thus, the cold heat exchanger chx, does not need to be con-
sidered in this analysis. For pulse tube and regenerator the (spatial) mean material

temperatures are given through

1.

1
<Topt > =<Tpeg >= = (Th + Tp) = 5

: (r + 1). (2.30)

In the isothermal analysis of the pulse tube engine the gas in the cylinder, the
heat exchangers and the regenerator is always in thermal equilibrium with the mate-
rial [57]. The constant gas temperatures in these components are Toy = Tgey = T,
Teny = Tgener = Ty Thne = Typne = Th and Treg = Tyreg = < Tipreg > = Te (7 + 1) /2.

Due to cold gas being pushed into the cold side of the pulse tube during the compres-
sion stroke, the pulse tube’s mean gas temperature is below its material temperature
while the compression takes place. During the expansion stroke hot gas is pushed
into the hot side of the pulse tube. Thus its mean gas temperature is above the ma-
terial temperature while the expansion takes place. The situation is illustrated in
Fig. 2.4 (a). For compression and expansion, it is assumed that the gas in the pulse
tube has a constant temperature slightly below the mean material temperature (com-

pression stroke) and slightly above the mean material temperature (expansion stroke).
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TA pA

4
pulse tube ‘ > 1
cold position hot TDC BDC |
(a) Temperature of the pulse tube (b) Corresponding ideal pV-diagram

Figure 2.4: (a) Gas and material temperature of the pulse tube during compression and
expansion. In the isothermal model the compression gas temperature in the pulse tube T .
is assumed to be constant and slightly below the material temperature 7, ,;, whereas the
expansion gas temperature 7). is assumed to be constant and slightly above the material
temperature; (b) Corresponding idealized pV-diagram, TDC: piston’s top dead center, BDC:
piston’s bottom dead center.

Using this assumption, the pulse tube’s gas temperature is set to
1.
Tote = (1 —€) <Tppe >= (1 — €) 5 (1 + 1) (2.31)
during the compression stroke, and

T,
Tpt,e = (1 + Ee) < Tm,pt > = (1 + 66) ? (T + 1) (232)

during the expansion stroke. The parameters ¢, and ¢, are in the range of 0 < €. < 1
and 0 < €. < 1, respectively.

At TDC the pulse tube’s gas temperature undergoes a thermal relaxation [24] from
Tote to Ty and at BDC a thermal relaxation from 7). to T, .. Both relaxation
processes occur due to shifting and mixing of the gas in the pulse accompanied by
entropy production [64]. Since the relaxations take place at TDC and BDC, the gas
volume of the entire engine is constant and the differential equations can be solved

analytically [65].

Summarizing, the thermodynamic cycle is split into four phases. According to
Fig. 2.4 (b) an isothermal compression at T, . occurs between state 1 and state 2.
A high pressure thermal relaxation from 7, . to T} . takes place between state 2 and
state 3 at constant minimum engine gas volume. An isothermal expansion at 7}, oc-
curs between state 3 and state 4 and a low pressure thermal relaxation from 7}, . to

Tt takes place between state 4 and state 1 at constant maximum engine gas volume.
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2.3.2 Boundary conditions

Between the engine components, boundary conditions for all transferred quantities need
to be assigned.

The gas flowing between the components carries thermal energy and entropy. Both
are related to the mass flux and the gas temperature. In Fig. 2.5 the temperatures of

the gas crossing the control volume borders are designated. Gas leaving and entering

144 I I4

n
Tcy = c[zX:Tc Tilhx:Treg: T/z
152 |of=tt—=t+ ‘*
n 4 n 4 144
TCIIX: 7;71': TC Tpt: ThlzX: Y}Jt,c
n ’
TE[)C ThbX= Treg= 7}1
2-3 o K
y — ” ’ ” "
My =0 T =Tip= Tt o Tt
n r 144 ’
Tcy]=TchX=Tc T}th:Treg:le
354 =—]o . T b .
n ’ 14 n ’
Td)X: Tpt: 71pf,6’ Tpt: ThbXZY}z
44 _ 4 _ 44 4
T, cyl — Lchx— TC le]zx= T, reg= TII
4—1|o . o o .
' 144 Tl n r
BDC TC]]X= TD[: Tc 7}71‘: Thbxz Th

Figure 2.5: Boundary gas temperatures of the engine components during the four phases of
the cycle. Tj,: cylinder, Ty, ., Tpj,: cold heat exchanger, T}, Tj;: pulse tube, Ty, Ty
hot heat exchanger, T,feg: regenerator. The arrows between the components symbolize the
direction of the respective mass fluxes. The mass flux via the cold heat exchanger .y, is zero

during the high pressure thermal relaxation. The regenerator is closed at its right side.

the cylinder at its right side, respectively leaving and entering the cold heat exchanger

at its left side has the temperature 7", = T

eyl = Lopy = Te. Gas leaving and entering the hot

heat exchanger at its right side, respectively leaving and entering the regenerator at its

left side has the temperature 7}, = T, = Tj. Gas leaving the cold heat exchanger at

reg

its right side, respectively entering the pulse tube at its left side has the temperature
T//

chx

entering the pulse tube at its right side has the temperature T), = Ty, = Tj. During

= Ty, = T.. Gas leaving the hot heat exchanger at its left side, respectively

the compression stroke (1 — 2) gas is leaving the pulse tube at its right side and

entering the hot heat exchanger at its left side with the temperature T, = Ty, =T}, ,
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whereas during the high pressure relaxation (2 — 3) gas is leaving the pulse tube at
its right side and entering the hot heat exchanger at its left side with the temperature
=Ty, =Ty ...T

e Dy .. During the expansion stroke (3 — 4) gas is leaving the pulse

tube at its left side and entering the cold heat exchanger at its right side with the
S

ie- During the low pressure relaxation (4 — 1) gas is

temperature 7)), = T/,
entering the pulse tube at both sides.

Since all components except the pulse tube are isothermal throughout the entire
cycle, the denotations " and ” are only necessary to identify the boundary values at the
pulse tube’s cold " and hot ” side. The respective pulse tube boundary temperatures 7’

and 7" are assumed to be
T =N <Tpp >+ (1-X)T, (2.33)

at its cold, and
T" =N <Tppm>+ 1-=XN)T, (2.34)

at its hot side.

During the compression stroke, the pulse tube’s hot side exit temperature is

7. = (1 —€)T" and during the expansion stroke the pulse tube’s cold side exit
temperature is T}, . = (1 + €)T". The hot side exit temperature during the high
pressure thermal relaxation is 7); ... T}, . = (1 —e.) T"..(1 +¢.) T".

Gas is entering the pulse tube’s cold side with the temperature 7, during the com-
pression stroke and the pulse tube’s hot side with the temperature 7j, during the ex-

pansion stroke. Hence, the parameters \' and \” can be deduced from the conditions

T;;t,c =T, and T;ﬁ@,e =1 to
2¢€
N o= : 2.35
0= (r =1 (2.35)
and )
Te
N = - : 2.36
(1+e)(r—1) (2.36)
It follows . )
+ € — €¢
T]gt,e = ?EC Tc and T]Q/t,c = 1+ e TCT . (237)

2.3.3 Calculation of the time-dependent pressure

The result of the mass balance, obtained with Eq. (2.3) is used to calculate the pressure
throughout the thermodynamic cycle of the pulse tube engine.
For all considerations the mass fluxes via the cold and hot heat exchanger are de-

noted with 7., and .. The nonconsideration of the heat exchanger gas volumes
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r N
che — — Mepy

! ne and 1y, - are positive,

leads to 7, + my,, = 0 and m}, + m}, = 0, and thus 1 = Thene and

My = — My = Mppe, respectively. Left side mass fluxes m

"

and right side mass fluxes ),

and 1y, are negative.

With the definitions (2.26) and (2.27), Eq. (2.3) becomes

dp RS Tc . P d‘/cyl
a _ . — 2.38
dt Vo " " Vo dt (2.38)
for the cylinder,
d s 1 . .
B Rvdpt re (ra + 1) (one — Titne) (2.39)

for the pulse tube during the isothermal compression and the isothermal expansion,

dp Ry p dT),

= . 1) (Mene — Mpna — — 2.40

dt 7 (ra + 1) (thone = thana) + T, dt (2.40)
for the pulse tube during the thermal relaxations, and
d RS TT‘E c 1 .

L g Te(ra & )mhh:r (2.41)

dt N Vd Td
for the regenerator.

The cylinder gas volume at BDC is V., = V; and at TDC V,,; = 0. The resulting
mass fluxes can be calculated from Eq. (2.38) or (2.39) and Eq. (2.41). The mass flux

via the cold heat exchanger is during the isothermal compression and the isothermal

. Vd Tq 1 dp
chx,c/le — 7 | 2.42
Mcha.c/ Rsre(rg + 1) (Treg + Tpt) dt ( )

during the high pressure thermal relaxation

expansion

mchx,hp = 07 (243)

and during the low pressure thermal relaxation

. Va dp
choly = — - 2.44
B O (244)
Throughout all phases the mass flux via the hot heat exchanger is given by
V. d
e = ’ R (2.45)

Ryre(rg + 1) They dt -

The pressure during the four engine phases is calculated as follows:
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Isothermal compression from state 1 to state 2

Inserting Eq. (2.42) in Eq. (2.38) delivers

ldp _ 1 AVey (2.46)
p dt Vep + Ce dt )
with the abbreviation
Va T, T
C, = r + ) 2.47
Te(ra + 1) ( " Treg Tpt«:) (247)

Integrating Eq. (2.46) with the initial conditions V., (t;) = Vi = Vy and p(t;) = p1 =

Pmin leads to the pressure during the compression stroke

Va+ C.
l) =1 77—~ 2.48
p ( ) p1 ‘/cyl(t> + Cc ( )
which reaches in state 2 VoL
da + Cc
=p—. 2.49
P2 = D1 C. ( )
Thermal relaxation from state 2 to state 3
Inserting Eq. (2.43) and (2.45) in Eq. (2.40) together with the abbreviation
Td
Chp = 2.50
hp Treg ( )
results in L4 ) T
i G s (2.51)
p dt Toe + CrpTy dt
Integrating Eq. (2.51) from state 2 to state 3 leads to the pressure
CrpTote + 1) T e
ps = po G Lote T D yte. (2.52)
(Chp Tpe + 1) Tptc
Isothermal expansion from state 3 to state 4
Inserting Eq. (2.42) in Eq. (2.38) delivers
1d 1 dv,
e yl (2.53)

p dt Ve + Ce dt
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with the abbreviation

Vd Tc Tc
C, = + . 2.54
Te (rd + 1) (Td Treg Tpt,e) ( )

Integrating Eq. (2.53) with the initial conditions V., (t3) = V3 = 0 and p(t3) = ps =

Pmaz leads to the pressure during the expansion stroke

Ce

elt) = P35~ 2.55
Pe(t) = p3 Vou(t) + Co ( )
which reaches in state 4 o
=Py 2.56
b4 = Ps vV, + C. ( )
Thermal relaxation from state 4 to state 1
Inserting Eq. (2.44) and (2.45) in Eq. (2.40) together with the abbreviation
re(rg + 1) Tq
Oy, = 2.57
lp Tc + Treg ( )
results in L4 . T
ol I (2.58)
p dt Tor + CipTy dt
Integrating Eq. (2.58) from state 4 to state 1 leads to the pressure
CipThore + 1) Tt
pi = pa e e+ Dl (2.59)

! (Clp Tpt,c + 1) Tpt,e '

Closing the cycle through the combination of Eq. (2.59), (2.56), (2.52) and (2.49)

demands

ﬁ _ Va + C. (Chp Tpt,c + 1>Tpt,e Ce (Clp Tpt,e + 1) Tpt,c ; 1 (2 60)
b1 C’c (Chp Tpt,e + 1)Tpt,c Vd + Ce (Clp Tpt,c + 1) Tpme 7 ‘

which is fulfilled for all values of ¢, and €,. Without loss of generality the ratio between

€. and ¢, is defined as

€

= —. 2.61

70 e ( )

With € := ¢, results ¢, = 19e. The value of € can be obtained from the mean gas

temperature in the pulse tube during compression

Tpt,c = (T,

pt,c

+T.) (2.62)

DO =
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or during expansion
+ T//

pt.e

1
5 T;gt,e

T,

e = 5 ( ), (2.63)

respectively. Eq. (2.62) and (2.63) lead to the same result for

/170 — 1
= —. 2.64
‘ T+ 1 ( )
Summarizing, the main results of this subsection are the pressures throughout the
cycle obtained in Eq. (2.48), (2.52) and (2.55) as well as the temperature ratio 7

introduced in Eq. (2.61).

2.3.4 Calculation of pV-work, transferred heat and efficiency

In this subsection the pV-work obtained from the pulse tube engine and the amounts
of heat transferred per cycle in the engine components are calculated. The results are
used to determine the thermal efficiency of the ideal engine cycle.

The pV-work W,y is calculated through integration of the isothermal compression

power W, and the isothermal expansion power W, according to
2 4 0 Va
va = / Wc dt + / We dt = — / Pe d‘/cyl — / Pe d‘/cyl . (265)
1 3 Vy 0

Eq. (2.65) results with Eq. (2.48) and (2.55) in

WpV = Pmin (Vd + Cc) ln <% + 1) — Pmazx Ce ln <% + 1) s (266)

and can be expressed trough series expansion around ¢ = 0 as

W,y = iai ¢ 1= iai €. (2.67)
i=0 i=1

In Appendix T is shown that the coefficient ag is equal to zero. The physical meaning
of Eq. (2.67) is that the engine provides a work output or work has to be delivered to
the engine, only if € # 0. Thus 7y in Eq. (2.64) is a temperature ratio above which the
engine provides a work output or below which work has to be delivered to the engine.
After inserting of Eq. (2.64) in Eq. (2.66), the pV-work can be expressed through

series expansion around 7 — 75 = 0 as

Wy = > bw,yi(T — 1) (2.68)
i=1
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The heat fluxes Qcyl, th and Qreg to the gas in the respective components are

calculated using Eq. (2.7), which becomes for the cylinder

: - dV, .
0 =cyTemeny + Qeyt — D dtyl — Meha Cp 1t (2.69)
for the pulse tube during compression and expansion
0=c Tpt (mhhx - mchm) + th + Mehae Cp T" — Mhha Cp Tl: (270)

for the pulse tube during the thermal relaxations with the definitions (2.26) and (2.27)

cop Vy dT,
Rsre(rg + 1) dt

= CUT(mhhx - mchx) + th + mchx Cp TH - mhhx Cp le (271)
and for the regenerator
0= — Cy T’r‘eg mhhw + Qreg + mhhw Cp Th- (272)

Using Eq. (2.7) the heat fluxes in the heat exchangers are calculated for the cold heat
exchanger with
Qchx = Mcha Cp (T” - Tc)7 (273)

and for the hot heat exchanger with
Qnhe = Thha e (T — T, (2.74)

respectively.

Solving Eq. (2.69) to (2.74) for the four phases and integrating the heat fluxes over
the entire engine cycle leads to the heat transferred to the working gas or removed
from the working gas per cycle. Using series expansion for the transferred heat around
¢ = 0 shows that the coefficient of the constant components (aq €®) disappears for the
transferred heat. Moreover, for the transferred heat in the pulse tube, the coefficient of

the linear component (a; €') disappears as well. For details see Appendix T.

Using Eq. (2.64), the transferred heat can be expressed through series expansion

around 7 — 79 = 0 as

Qcyl = %Qcyl dt = Zchyl,i (T - 7—0>i (275)
i=1
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for the cylinder, as

Qchx - f@chx dt = Zchhw,i (T - TO)i (276)
i=1

for the cold heat exchanger, as

Qpt = f@pt dt = Zme,i (1 — n)’ (2.77)

for the pulse tube, and as
Qhhe = j{thx dt = Zthhz,i (r — 70) (2.78)
i=1

for the hot heat exchanger. The transferred heat is always zero at 7 = 7y (see
Appendix T).

The first derivative of Eq. (2.77) in 7 is

dQ — i = .

?pt = ZZbQPt’i (7' — To) ! = Z (] -+ 1) prtJ (7' — T())]. (279)
i=2 j=1

For 7 = 79 Eq. (2.79) becomes zero (see Appendix T). Thus, the transferred heat in

the pulse tube has a local minimum or maximum at 7 = 75. This information can be

used to calculate 75. The first derivative of Q) in 7 at 7 = 79 is

det _ R Pmin Vi (Td (TO - 1) _ ]‘)
dr T=T0 (/{ — 1) (’I”d + 1) T0

= 0. (2.80)

For the minimal temperature ratio above which the engine is providing a work output

results 1
= (2.81)
Td
The second derivative of Qp; in 7 at 7 = 79 is
FQp| _ KpminVarg 4ri(re — 1) + 2rera(re + 2) + 72 (2.82)

dr b= e = 1) (g + VP (ra (270 + 3) + ) Rralre + 1) + 7o)

The sign of Eq. (2.82) is governed by

o =4r3(re — 1) + 2r.rg(re + 2) + 12,
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If r. <1 and

34+ drg +2 — (rg + 1)

27“d+1

re < 271y

Y

o is smaller than zero and thus d*Q,;/dr*|,—,, < 0. In this case, at 7 = 7y a local
maximum of @), is located and integrated over one cycle heat is removed from the
working gas in the pulse tube.

If r. <1 and

Vi +4drg+2 — (rg + 1)

2rg + 1

re = 271y

Y

o is equal to zero and thus d*Q,;/dT?|,—,, = 0. In this case, integrated over the cycle,
no heat is exchanged between the working gas and the pulse tube material. In all
other cases, integrated over the cycle, heat is added to the working gas in the pulse
tube. This situation allows for an addition of heat to the working gas at temperatures
lower than 7}, enabling the engine to convert heat energy from sources with decreasing
temperature. Only this case is of practical interest.

Finally, the amount of heat transferred per cycle in the regenerator is

Qreg = f@reg dt = 0. (283)
The thermal efficiency is calculated with
W,
Men = ‘Q—”:‘ (2.84)

where ();,, represents the heat input. According to Eq. (2.75) to (2.78) and Eq. (2.83)
heat is added to the gas in the cylinder at the temperature 7T, in the hot heat exchanger
at the temperature 7j,, and for ¢ > 0 in the pulse tube at temperatures between T,
and Tj,. The heat added to the gas in the cylinder, in general, is provided from the
surroundings and does not have to be provided by the heat source.

Taking into account only the heat delivered by the hot heat exchanger at the tem-

perature T}, the thermal efficiency of the pulse tube engine is calculated with

= _ |WpV‘

= , 2.85
Nen, thz ( )
Series expansion around 7 — 79 = 0 delivers
T]t:h = ant:h’i (T - To)i . (286)
i=0

Considering in the case of ¢ > 0 also the heat delivered by the pulse tube at
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temperatures between 7. and T}, the thermal efficiency of the pulse tube engine is

calculated with

ng = %. (2.87)
The usage of series expansion around 7 — 75 = 0 leads to
n = ibnsﬂi (r — 1) (2.88)
=0
In both cases the thermal efficiency has a finite value at 7 = 7y of
W, =l = e (2.89)

This is only possible if 75 > 1.

Together with the pV-work, obtained in Eq. (2.66) or respectively Eq. (2.68), and
the amounts of heat transferred per cycle in the components, obtained in Eq. (2.75)
to (2.78) and Eq. (2.83), the main results of this subsection are the quantification
of the temperature ratio 7y, above which the engine provides a work output, with
Eq. (2.81), and the fact that the pulse tube engine enables an addition of heat along the
pulse tube.

2.3.5 Calculation of the entropy production

To get an understanding of power and efficiency limitations of the pulse tube engine,

the entropy production rate is calculated using Eq. (2.16).

For the cylinder follows

dSirr,cyl . Tc chyl . Tc p
— = — Meha (cv (lnﬁ - 1) + Ry ln 770 — Meng | 6 [ 1 —lnﬁ —I—Rslnﬁ

which together with the thermal state equation of a perfect gas results in

dSirr cyl . Tc po VO . Meyl
Wirret _ g (] 1) = - ms<l v 1), 2,
o Mehe R (n(pvcyl 70 Mene Rs (I 5 T (2.90)

where m, represents the gas mass content of the cylinder and m® a constant. Cycle
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integration of Eq. (2.90) delivers with 1., = — dme,/dt and

]{ dm = 0 (2.91)

Sir?“,cyl - %dsirr,cyl - Rs% <l mcyl + 1) dmcyl = 0. (292)
m

The entropy production rate in the cold heat exchanger is

dSiT‘TC x . T . T// T//
DT eha p (1 In —) — Meha Cp ( chz _ Ip Ch””) (2.93)

dt 70 T, 70
T T//
= Meha Cp (1 — ;f”” + In ;j“”) .

Cycle integration delivers with Eq. (2.37), (2.54), (2.56) and (2.61)

Sirr,chx -

(2.94)

CpPmaz VaCe [(10+ 1)€ i 1+ ¢
R,T. V;+C. ’

1 — 1€ 1 — 1€

Using Eq. (2.64) the entropy production in the cold heat exchanger can be expressed

through series expansion around 7 — 79 = 0 as
zrr chz Z bS(hx - To)i . (295)

The entropy production rate in the pulse tube is given trough

dSi'rr, . . T, V
TPt = (mchz — mhhz) (CU <l T—pg — ) + R n VO)

T/t T T// T// p
o) ) B ) )
. . Tt Vit
= (Mehe — Mpha) (c <lnﬁ — 1> + Ry (l 7o + In P ))

T/ T/ T// T//
+ mchx Cp (T_pt l TO) — Mhhx Cp (T_pt l TO) . (296)

Eq. (2.96) becomes with mcp, — mppe = dmy/dt, the thermal state equation of a

perfect gas and Ry = ¢, — ¢,

dSirT,pt . T dmpt mpt
— = (Mehe — mhhw)cpln 70 + 0t (R In— — cv)

Com oy m T
+ s Cp T_pt —In TO — Mphe Cp T_pt — lnﬁ , (2.97)
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where the gas mass content of the pulse tube is m,; and m is a constant. The cycle
integration of Eq. (2.97) delivers with Eq. (2.91)

. . Tpt . T];t T;;t ) T// T//
Sirr,pt = Cp% ((mchx - mhhx) In W + mchx(T_pt —n ﬁ — Mhhz T_pt In TO dt.
(2.98)

Using series expansion around 7 — 79 = 0 the entropy production in the pulse tube can

be expressed as

Sirrpt = stpt, T — ). (2.99)

The entropy production rate in the hot heat exchanger is

dSirr,hhz . T/ x T/ T . Th

— o = e G ( %Z — ln% — Mppa & | 1 — lnﬁ (2.100)
. T/Lh:l? Tilzhr
= Mhpha Cp ( Th —1 - ln Th .

Cycle integration delivers with Eq. (2.37), (2.47), (2.49) and (2.61)

¢ _ GPmn Voral —me) (14 (n+1)e
irr,hha R,T. rd(l — To 6) +1 1 — 1€ 1+ ¢
3 , )
. 15, T,
o\ — 1 —In—p= ) dt 2.101
+Cp/2 o <Th " ( )

Using Eq. (2.64) the entropy production in the hot heat exchanger can be expressed

through series expansion around 7 — 79 = 0 as

zr'r hhx Z bShhz,z - TO)i . (2102)

For the entropy production rate in the regenerator follows

dSirr reg . Treg ‘/re Th Th
— = -1 g
I mhhz<cv(ln To ) + R ln 770 ) + Mpha (Cp(Treg In To) + R, lnp >
(2.103)

In Eq. (2.103) all terms except of p and 7, are constant. Thus, its cycle integration

delivers

Tre Ty 1 Vie
Sirr,reg = %dsirr,cyl = <cv (ln TOg - 1> + ¢y (T —In TZ) + R In Vg> %dmhhz
reg

2.91)

+ R, fmhhx inLar 2 Rs?{mhm in L2 dr. (2.104)
p p
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With Eq. (2.45) Eq. (2.104) becomes

Vy T4 7{ P (2.60)
S — In*-dp "=’ 0. 2.105
T (g — 1) (rg + 1) Ty J 07 (2.105)

In order to investigate basic loss mechanism, the obtained entropy production in the
components can be used as a diagnostic tool. However, the total entropy production of

the ideal pulse tube engine is caused by an entropy production in the heat exchangers

and in the pulse tube.

2.3.6 Summary of the averaged model equations

The results for the pV-work, the amounts of heat transferred per cycle, the efficiency

and the entropy productions are summarized.

The functions for the pV-work and the amounts of heat transferred per cycle,
Eq. (2.68) and Eq. (2.75) to (2.78), as well as the functions for the entropy pro-
duction, Eq. (2.95), (2.99) and (2.102), are expanded into series in 7 — 7y. The different
orders of the series expansions are alternating around the exact solution. If the first
order expansion is lower than the exact solution, the second order expansion is higher
than the exact solution, the third order expansion is lower than the exact solution etc.,

see as an example Appendix T for the pV- work.

For the sake of simplified relations, applicable for the design of working pulse tube

engines, the first and second order solution
T = ap + a1 (T — 70) (2.106)

and
Ty ~ ag + a1 (1 — 1) + az (1 — )%, (2.107)

respectively, are combined to an averaged solution
T~ AT+ (1 — Ay) T2, (2.108)

which delivers sufficient results for Ay = 1. Thus, Eq. (2.108) results in

- 7 T
T%71+72:a0+a1(T—To)+%(T—TO)2- (2.109)

According to subsection 2.3.4 the constant term ag of Eq. (2.109) disappears.
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The absolute value of the linear component of the pV-work in 7 — 73 is

rg(r —1) =1
w, VvV, — DPmin Vd s (2110)
pVi (rd + 1)2
where Eq. (2.81) is used for 7.
With Eq. (2.109), expressed in terms of Wy, it follows for the pV- work
for the amount of heat transferred per cycle in the cylinder
Qeyt = Wpvi (1 + Xeyt) » (2.112)
for the amount of heat transferred per cycle in the cold heat exchanger
k(rg + 1
Qea ~ — Wpy; % (1 + Xeha) (2.113)
for the amount of heat transferred per cycle in the pulse tube
K(rg +1
Qpe = Wy, £lra t 1) )Xpta (2.114)
kK —1
and for the amount of heat transferred per cycle in the hot heat exchanger
K(rg + 1
Qnhe = Wyy, rlra + 1) (1 + Xnha) - (2.115)

-1

For the amount of heat transferred per cycle in the pulse tube, the linear coefficient
a, disappears as well. The functions x can be interpreted as linear perturbations of the

linear solution |66|. The respective perturbation functions are

(4r3(re + 1) + 7673 + 4rg + 1)) (rg (7 — 1) = 1)

XY e T g 1 1) (ra + 12 @ra(re + 1) + 1) - (2116)
B rg(rq(t — 1) — 1)
Xeha = T T e £ 1) 1 70) (2.117)
o — (r2(2rq + 1) —12- Argre(ra + 1) —4rg) (ra(r = 1) = 1) (2.118)
A(rg + 1)° (r2(2rg + 1)° + 2rqre (274 + 1))
and
Yoy = e Z T rar — 1) — 1) (2.119)

4(ry + 1)2 re(2ry + 1)
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The amount of heat transferred per cycle in the regenerator is equal to zero.

For the thermal efficiencies follows

- k- 1 B
mh~;@jj¢1 fi) (2.120)
and
< Kk — 1 B
My, =~ P (rd n 1) (1 f?) y (2121)

where the functions

2rg(rg(t — 1) = 1) (2rerd(re + 1) + ¢ (372 + 2(r. + 1)) + 72)

ho= 8rery + 1721 —=1)+207) + ra(re(17—7) =2) + 57.) (274 (re + 1) +7¢)
(2.122)

and
fQ _ (Td (T — 1) — 1) (41“3 (rc + 1) + 7"3 <6rc + 8) + 4rd (TC + 1) + TC) (2.123)

4(2rqg + 1) (r32re + 2) + r2(5re + 3+ 7) + rq(dre + 1) + 10)

have the property
lim f; = lim fo = 0.

T—T0 T—T0

Entropy is produced in the two heat exchangers and in the pulse tube. With
Eq. (2.109) follows, expressed in terms of W,y;, the entropy production in the cold

heat exchanger with
K(rg(t — 1) = 1)

; =~ 2.124
Sz'rr,chz Wle 4Tc (H — 1) ) ( )
in the pulse tube with
272 (r, + 1 (3 1 —-1) -1
2r.Te(k — 1) (2rqg + 1) (rg + 1)° 2ra(re + 1) 4+ 1)
and in the hot heat exchanger with
—1) -1
Sirr,hh:c ~ il <Td (T ) ) (2126)

MAT (k= 1) (rqg + 1)

In the other components the entropy production is zero.

The predictions for the ideal pulse tube engine cycle summarized in this subsection
are in combination with Eq. (2.110) the approximation of the pV-work in Eq. (2.111),
and the approximations of the amounts of heat transferred per cycle in Eq. (2.112) to
(2.115) as well as the approximations of the thermal efficiencies in Eq. (2.120) to (2.123).
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Obtained diagnostic tools, in combination with Eq. (2.110), are the approxima-
tions of the entropy production in the heat exchangers and the pulse tube obtained in
Eq. (2.124) to (2.126).

2.4 Consistency tests and accuracy evaluation

To prove the correctness of the analytical model, the obtained exact results for the time-
dependent pressure, the pV-work, the amount of heat transferred per cycle and the
entropy production due to irreversibility are used to check the conservation of mass and
energy as well as the entropy balance. After this step the accuracy of the approximated

solutions introduced in subsection 2.3.6 are compared to the exact solutions.

2.4.1 Consistency tests of the exact model equations

The consistency of the derived analytical model is investigated in two ways. First, the
conservation of mass Eq. (2.1) and internal energy Eq. (2.4) as well as the balance
equation of the entropy Eq. (2.10) are checked with the calculated results for the
pressure, the work output, the transferred amounts of heat and entropy as well as the
entropy productions. Only the results are shown. The interested reader will find further
details in Appendix T. Second, the engine cycle is calculated for e = 0, respectively
T = Ty, which leads to an isothermal compression and expansion device having no cycle

work output.

The conservation of mass throughout the cycle is already shown in subsection 2.3.3
with Eq. (2.60). The pressure at the end of the cycle p} is equal to the pressure at the

beginning of the cycle p;. Thus, no mass is lost and

is fulfilled.

Energy conversion throughout the entire cycle demands
j{dUdt = ]{Wdt + fZQidt + fZHfdt + }{Zﬂf’dt
dt i i 1 i 1
!

= %Wdt + Z%det = WpV+Qcyl+Qchx+th+thz+Qreg = 07

(2.127)
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where
fzmﬁ+fzmwo

is used for the enthalpy fluxes between the components. The fulfillment of Eq. (2.127)
is shown in Appendix T.

Closing the cycle also demands
j{—dt ]{Z%dt+%2‘§£dt+j{;sl{/dt-i—]{;d%;r’idt
= Zf_dt 4 fzdszrrz
= Z]{%dt + ZS =0, (2.128)

where
fZS;dt + ?{ZSQ’dt =0

is used for the entropy fluxes between the components. Except for the pulse tube,
the temperatures are constant throughout the cycle. Thus, together with Q,., = 0,
Eq. (2.128) becomes

dt + Spry = 0. (2.129)

+ +

T, T T,

%_dt _ Qcyl Qch:v thx %

The fulfillment of Eq. (2.129) is also shown in Appendix T.

Going back to the beginning of subsection 2.3.3. The parameter € is set to be € = 0.
In this case the abbreviations C, and C, become C, = C, = C. For the pressure after
the compression stroke ps follows with Eq. (2.49)

Va+C
o

P2 = D1
Since now Ty . = Tyt the pressure ps becomes, according to Eq. (2.52), ps = po. For

the pressure after the expansion stroke p, follows with Eq. (2.56)

c cC  Vi+C C
v,+Cc PPy i TP o v ro

Pa = P3 = P1-

Thus, the compression occurs at the same isothermal curve as the expansion, and the

engine should not provide a work output. This can be proven with Eq. (2.67) which
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becomes
va = Zaiei 6;0 0.
i=1
Similarly, all amounts of heat transferred per cycle calculated with Eq. (2.75) to
(2.78) become

Qcyl - Qchw - th - thx 6;0 0.

The amount of heat transferred per cycle in the regenerator is naturally zero.

To complete the consistency tests, the calculated entropy production is analyzed.
In the cylinder and the regenerator, the entropy production is zero. This result is ob-
vious since in these components the gas temperature is constant throughout the cycle
and no gas at a different temperature than the component gas temperature enters the
components. In the heat exchangers the temperature is constant throughout the cycle,
but gas at a different temperature than the heat exchanger gas temperature flows from
the pulse tube into the heat exchangers and causes entropy production due to gas mix-
ing [64]. In the pulse tube, the temperature changes during the thermal relaxations at
TDC and BDC, leading to entropy production [57]. Gas entering the pulse tube from
the heat exchangers mixes with the remaining gas. Furthermore, during the thermal
relaxation from state 2 to state 3 and the thermal relaxation from state 4 to state 1 gas
is mixed within the pulse tube, leading to a relaxation of the temperature gradient in

the pulse tube |24]. This causes additional entropy production.

In summary, the consistency test demonstrates that the analytical model satisfies the
conservation of mass and internal energy as well as the entropy balance. The calculated

entropy production in the components is physically reasonable.

2.4.2 Accuracy evaluation of the model equations

To show the accuracy of the used approximation according to Eq. (2.109), the pV-
work, the amounts of heat transferred per cycle, the thermal efficiencies and the entropy
productions are calculated exactly, with the linear and second order approximation and
with the averaging method introduced in subsection 2.3.6.

A virtual engine having the characteristics r. =43 =1, ppinVy = 1J and T, = 300 K
is simulated. It uses helium, regarded as a perfect gas with k = 1.66, as working fluid.
The minimum operating temperature ratio of this engine is according to Eq. (2.81)
7 = 2 (T, = 600K). The cycle is calculated for temperature ratios between
1 (T, =300K) and 5 (7}, = 1500 K).
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Figure 2.6: Comparison of the exact solution with the linear, second order and averaged
solution for the pV- work, the amounts of heat transferred per cycle and the thermal efficiencies
as functions of the temperature ratio 7. The exact solution of the pV-work is calculated with
Eq. (2.66), of the amounts of heat transferred per cycle with Eq. (2.75) to (2.78), and of
the thermal efficiencies with Eq. (2.85) and (2.87). Under consideration of Eq. (2.108) and
(2.109), the linear, second order and averaged solutions of the pV-work are calculated with
Eq. (2.110) and (2.111), of the amounts of heat transferred per cycle with Eq. (2.110) and
Eq. (2.112) to (2.115), and of the thermal efficiencies with Eq. (2.120) to (2.123).
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In Fig. 2.6, a comparison of the pV- work, the amounts of heat transferred per cycle
and the thermal efficiencies is shown. The averaged solution is a good approximation
of the exact solution for the pV-work, and of the exact solutions for the amounts of
heat transferred per cycle in the cylinder and in the heat exchangers. The results of
the linear and the second order solutions for 7 < 7y and 7 > 75 spread further from the
exact solutions. Since the amount of heat transferred per cycle in the pulse tube has no
linear solution, the averaged solution is smaller than the exact solution. The averaged

solutions for the thermal efficiencies deliver sufficient results.

All energies are zero at 7 = 79 = 2, whereas the thermal efficiency has its maximum
at 7. For 7 < 19 the pV-work is positive, and work has to be delivered to the engine,
which is thus not working as a prime mover. In this case heat is added to the working
gas in the cold heat exchanger and rejected in the hot heat exchanger. The engine is
operating as a heat pump. For 7 > 7y the pV/- work is negative and the engine is oper-
ating as a prime mover. Heat is added to the working gas in the hot heat exchanger and
rejected in the cold heat exchanger. Since r. = 1, according to the results of subsection
2.3.4, heat is always added to the working gas in the pulse tube, but the amount of heat

transferred per cycle in the pulse tube is much smaller than in the other components.

20 : : : : - Fig. 2.7 shows the entropy pro-
= chx  hhx . duction per cycle in the two heat ex-
e exact solution
e 15— —— second order solution / . changers and the pulse tube. The en-
o L —— averaged solution /' / . . .

I \ ;7 tropy production has no linear solution.
3 1O\ %t 1 The second order solution always ex-
s / .
a . second order ceeds the exact solution, whereas the
205 \s, ~ averaged | . .
o o averaged solution is smaller than the
L N 0 7 e exact solution, except in the hot heat
0.0 o= e
10 15 20 25 30 35 40 exchanger. There, the averaged solu-
Temperature ratio tion exceeds the entropy production for

Figure 2.7: Comparison of the exact calculated higher temperature ratios. Most en-

entropy production with the second order and av- tropy is produced in the heat exchang-
eraged solution in the heat exchangers and the
pulse tube as functions of 7. The exact values are ) .
calculated with Eq. (2.94), (2.98) and (2.101). trom the middle of the pulse tube with
Considering Eq. (2.108) and (2.109), the second a higher respectively lower temperature
order and averaged entropy productions are calcu-
lated with Eq. (2.110) and Eq. (2.124) to (2.126).

ers. This is caused by the gas coming

than the gas temperature of the heat
exchanger. Since the mass flow rate
through the cold heat exchanger is higher than through the hot heat exchanger, the
entropy production in the cold heat exchanger is highest. For all 7 # 7y entropy is

produced by the cycle. Thus, the ideal pulse tube engine is always irreversible.
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The accuracy evaluation shows that the approximated equations presented in sub-
section 2.3.6 are sufficiently accurate in order to predict the performance of the ideal

pulse tube engine and to diagnose its entropy production.

2.5 Analytical predictions for the pulse tube engine

In this section the thermodynamic cycle of the pulse tube engine is studied analyti-
cally. The influence of the parameters temperature ratio 7, compression ratio r. and
distribution ratio r4 on the engine behavior is determined.

The virtual engine introduced in subsection 2.4.2 with the characteristics
PminVyg = 1J, T, = 300K and k = 1.66 is used. The minimal pressure is p,,;, = 1 bar
and the displacement volume is V; = 10cm®. The cycle is calculated for different

temperature ratios, distribution ratios and compression ratios.

2.5.1 Influence of the temperature ratio

The influence of the temperature ratio on the thermodynamic cycle is investigated.
In subsection 2.3.3 the time-dependent pressure has been derived. The compression

and expansion pressure can be calculated with Eq. (2.48) and (2.55), respectively.

Fig. 2.8 shows the resulting pV-

350 _ diagram of the virtual engine for r. = 1,
sol | rq = 2 and temperature ratios of 1, 2
= and 3. The minimal temperature ra-
ﬁ 251 T tio for engine operation is 75 = 1.5
§ 20l _ (T}, = 450 K).
r;'i) The slopes of the isothermal com-

N
()}
T

pression and expansion increase with an

N
o
T

increase of 7. For 7 = 1 the expansion

o
N -

4 6 8 10

. ! stroke is on a lower pressure level than
Displacement volume [cm’]

the compression stroke. In this case pV-
Figure 2.8: pV-diagram of the virtual engine,
calculated with Eq. (2.48) and (2.55) for 7. = 1,
rq = 2 and temperature ratios of 1, 2 and 3.

work has to be delivered to the engine.
For 7 = 2 and 7 = 3 the expansion
stroke is on a higher pressure level than
the compression stroke and the engine provides a pV'- work output. The intensity of the
isochoric pressure rise at TDC is highly dependent on 7. In the case of 7 = 1, the gas in
the pulse tube is cooled at the end of the compression stroke, since its compression end

temperature is higher than the pulse tube’s material temperature. For higher temper-
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ature ratios, the compression end temperature is lower than the pulse tube’s material
temperature resulting in a heat addition to the gas at TDC. The same happens at BDC,
but with an opposite sign of the pulse tube heat flux. If the temperature ratio is too
small, the gas expands below the pulse tube’s material temperature and takes on heat
at BDC. Having higher temperature ratios, the gas temperature in the pulse tube does

not fall under the pulse tube’s material temperature and heat is rejected at BDC.
2.5.2 Influence of the compression ratio

The influence of the compression ratio on the engine cycle is analyzed.

In Fig. 2.9 the pV-diagram of the

virtual engine for r;, = 2, 7 = 2 and

40} §
35| | compression ratios of 0.001, 1 and 2 is
E 30¢f | shown. As expected from the theory,
g 25l | the pressure rise during compression in-
7 creases for higher values of r.. For all
&J 207 | compression ratios the isothermal ex-
1.5¢ T pansion is on a higher pressure level
1.0F : : : : ' than the isothermal compression. Thus,
0 2 4 6 8 10

: ! the engine provides a work output for
Displacement volume [cm’]
all values of r. > 0. The surface en-

Figure 2.9: pV-diagram of the virtual engine,
calculated with Eq. (2.48) and (2.55) for 7 = 2,
rq = 2 and compression ratios of 0.001, 1 and 2.

closed by the pV-curve is comparable
for all compression ratios. For r. — 0
the temperature change during com-
pression and expansion becomes zero. According to Eq. (2.125) the entropy production
in the pulse tube becomes singular, and thus, the energy dissipation becomes infinite.
This hampers an operation of the engine for r. — 0. The calculated work output for
r. — 0 is only a theoretical potential value for );, — oc.

According to Eq. (2.111) in combination with Eq. (2.116) the pV-work is only of
second order dependent on r.. To show this, the pV-work is plotted in Fig. 2.10 (a) as
a function of the compression ratio, for r; = 2 and temperature ratios of 2, 3, 4 and 5.
The values are normalized to the value for r. = 0.

The dependency of the pV-work on 7. is evident. For small temperature ratios the
influence of r. is insignificant. Nevertheless, an increase of r. reduces the pV-work of
the pulse tube engine slightly. The influence of the compression ratio on the pV-work
increases with the temperature ratio. On the other hand, according to Eq. (2.125), an

increase of r. decreases the entropy production in the pulse tube. This is also shown
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Figure 2.10: (a) Normalized pV-work as a function of the compression ratio, calculated
with Eq. (2.110), (2.111) and (2.116), as well as the entropy production in the pulse tube as
a function of the compression ratio, calculated with Eq. (2.110) and (2.125), of the virtual
engine having a distribution ratio of r4 = 2 and temperature ratios of 2, 3, 4 and 5; (b)
Corresponding thermal efficiency, calculated with Eq. (2.120) and (2.122).

in Fig. 2.10 (a). Thus, the power output of the real pulse tube engine should have an
optimal compression ratio at which the power output is best. This peak value should

be located in the region of high dS;,, ,/d7, around r. = 1.
The thermal efficiency, calculated with Eq. (2.120), is shown in Fig. 2.10 (b). With

increasing compression ratios up to 7. = 1 the thermal efficiency increases rapidly and
remains constant for higher compression ratios. This strengthens the assumption of a

peak pV-work around r. = 1.

2.5.3 Influence of the distribution ratio

The distribution ratio, discovered in subsection 2.3.4 to be an important characteristic

of the pulse tube engine, is studied with respect to its influence on the engine cycle.

Fig. 2.11 shows the pV-diagram of the virtual engine for r. = 1, 7 = 2 and
distribution ratios of 0.5, 1.2 and 3. For r; = 0.5 the engine does not provide a work
output. Increasing the distribution ratio enables the cycle to convert heat into work.
An increase of the distribution ratio increases the regenerator volume and decreases
the pulse tube volume. This directly influences the thermodynamic asymmetry caused
by the arrangement of pulse tube and regenerator. A higher value of r; increases the
mass flux passing the pulse tube and the hot heat exchanger, but decreases the mass
content experiencing a thermal relaxation in the pulse tube. Thus, an optimal value of

rq, maximizing the pV-work, exists. This can be shown using the linear component of
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the pV-work. The first derivative of Eq. (2.110) in ry is

dWw, - 1) — 1
O AL Ui Bl G i} (2.130)
drd (T’d + 1)
which becomes zero for .
T +
Td,opt ~  — 1 . (2131)

For different temperature ratios the pV'- work is calculated and shown in Fig. 2.12 (a).

N
o
T

Pressure [bar]
>

N
N
T

0.8

0 2 4 6 8 10
Displacement volume [cms]

Figure 2.11: pV-diagram of the virtual engine,
calculated with Eq. (2.48) and (2.55) for 7 = 2,
r. = 1 and distribution ratios of 0.5, 1.2 and 3.

The strong dependency of the pV/- work
on the distribution ratio is evident. The
influence of the regenerator on the cycle
becomes obvious. The lower the avail-
able temperature ratio, the higher the
value of r4 and thus the higher the nec-
essary regenerator gas volume to enable
a pV-work output. As expected, ex-
ceeding the optimal distribution ratio
leads to a decrease of the pV'- work out-
put. Since according to Eq. (2.131) the
peak value is a function of the tempera-
ture ratio, a careful design of the pulse
tube engine with respect to the distri-

bution ratio is necessary. The found re-

lation in Eq. (2.131) delivers an approximation of the optimal distribution ratio. In
contrast, the thermal efficiency, calculated with Eq. (2.120) and (2.122), and shown

in Fig. 2.12 (b) does not have a peak value at any distribution ratio. To increase the

thermal efficiency the distribution ratio has to be small. According to Eq. (2.81) the

minimal temperature ratio 7y, above which the engine provides a work output is a func-

tion of r4. Thus, the lowest possible value of r,; is limited by the available temperature

ratio.

As shown above the analytical model is applicable to predict the influence of the

temperature ratio, the compression ratio and the distribution ratio on the engine per-

formance. The analytical model will be verified in section 2.9 with the results of the

numerical model.
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Figure 2.12: (a) pV-work as a function of the distribution ratio, calculated with Eq. (2.110),
(2.111) and (2.116), of the virtual engine having a compression ratio of 7. = 1 and temperature
ratios of 1.5, 2, 2.5, 3 and 3.5; (b) Corresponding thermal efficiency, calculated with Eq. (2.120)
and (2.122).

2.6 Summary and conclusions of the analytical model

The basic characteristics of the pulse tube engine which were found are summarized

as follows:

1. According to Fig. 2.6 and 2.7, entropy is always produced if heat is converted into
pV-work and vice versa. This becomes obvious regarding Eq. (2.124) to (2.126).
The entropy production is proportional to the pV-work. Thus, the irreversible
nature of the pulse tube engine (7 > 75) and the pulse tube heat pump (7 < 79)

is proven.

2. The ideal pulse tube engine starts to operate at a temperature ratio 7 > 79 > 1,
where according to Eq. (2.81), 79 = (rq + 1)/r4 is determined by the distribution
ratio only. The pV-work output is zero for 7 = 7y and is increasing monotonously
for 7 > 719, whereas the thermal efficiency has its maximum at 7 = 75 and is
decreasing monotonously for 7 > 7. This is a result of the strong increase of the
entropy production, and an only moderately increasing pV-work output. Thus,
the pulse tube engine is preferably suited for low temperature ratios 7, which are

bound to the condition 7 > 7.

3. For the ideal engine, Eq. (2.111) and (2.112) in combination with Eq. (2.110) and
(2.116) disclose that the heat converted into pV- work is added to the working gas
in the cylinder only. The entire heat added to the working gas in the hot heat
exchanger and the pulse tube is rejected in the cold heat exchanger. This effect

enables a pulse tube engine with a non-isothermal cylinder to produce cooling
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energy in the cylinder. The pulse tube engine can thus act as a thermal driven
refrigerator, absorbing heat in the cylinder. Even if the thermal energy applied in
the hot heat exchanger and the pulse is not converted into pV-work it is essential

for the engine to operate.

. Since heat is added to the working gas in the pulse tube, the pulse tube engine

is able to use heat sources with variable temperature. It is possible to design a
pulse tube engine, which cools down a fluid, beginning at the hot heat exchanger,
along the pulse tube to the cold heat exchanger. This allows for the removal of a
larger amount of heat from a thermal energy carrying fluid compared to e.g. the

Stirling engine, which is only able to use heat at a small temperature range.

. The isothermal analysis of the pulse tube engine discloses only a second order

dependency of the pV-work on the compression ratio. In this analysis, no optimal
value of the compression ratio could be found. Since the pV-work and the entropy
production in the pulse tube are decreasing for an increase of the compression
ratio, the pV-work output of the non-ideal pulse tube engine should have a peak
value around r. = 1. The thermal efficiency increases for compression ratios up

to r. = 1. For higher compression ratios it remains constant.

. The pV-work and the efficiency of the pulse tube engine are strongly dependent

on the distribution ratio. The pV-work output is maximal for a certain value of
rq, which can be estimated with Eq. (2.131) to rgep ~ (7 + 1)/(7 — 1). The

thermal efficiency decreases monotonously with increasing distribution ratios.

The listed properties of the pulse tube engine give a pathway for its potential applica-

tions and engineering challenges.

2.7 Numerical model of the pulse tube engine

In order to get a more precise understanding of the pulse tube engine’s underlying

energy conversion process and the influence of design parameters on the engine perfor-

mance a non-isothermal mathematical model on the basis of a control volume analysis

is developed and solved numerically [67] using the programming language Modelica. A

related prior numerical approach on the pulse tube engine process is shown in [24].
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2.7.1 Numerical method

The used numerical schemes to solve the model equations are based on discretization
and integration methods of |68, 69].

To all engine components Eq. (2.3) for the pressure, Eq. (2.7) for the gas tempera-
ture, Eq. (2.9) for the material temperature and Eq. (2.23) for the temporal change of
the mass flux are applied. An entropy balance is not performed in this analysis. Due
to the high temperature gradients, the pulse tube and the regenerator are each divided
into sub-control volumes. The other components consist of one control volume each (see
Fig. 2.1 (b) for the mixed zero/one-dimensional approach). All left side fluxes 7/, Q'

N/
cm

cg’

7 Q" and H” are negative.

cg’ cm

Material temperatures have the index 7,,, whereas gas temperatures 7" have no index.

and H' are positive, and all right side fluxes m”,

Cylinder

The cylinder volume and the cylinder heat transfer area vary in time, given by [70]

v
V=W+ Td (1 + Ter — cos(wt — @) — /12, — sin? (wt — q§)> (2.132)
and
— Ahmd 2
Ape = Apzy + 5 <1 + 7o — cos(wt — @) — /12, — sin? (wt — gb)), (2.133)

where the crank ratio r.. = 2 L, /s is the ratio between piston rod length L, and crank
radius s/2, which is half of the stroke s. The angular frequency is defined by w = 27 f
and the starting position of the piston is ¢, where ¢ = 0 at TDC. The engine’s dead
volume and the displacement volume are represented by V, and Vy = wd?s/4. The
entire engine’s dead volume V| is assigned to the cylinder volume. Thus, the minimal
cylinder heat transfer area is calculated with Ay,, = 4 Vy/d+m d?/2, where d represents
the piston diameter, and the dead volume Vj is regarded as cylindric volume having
the diameter d and the cylinder shell surface 4 V/d. The area of the two cylinder cover
surfaces is calculated to 7 d?/2. The displacement area is given by Aj,, = 7d s.

The cylinder pressure is calculated with

dp R,T _, p dV p dT
@ _ _par  pal 9134
dt v " T v e T T o (2.134)

the gas temperature with

cvpVg
R,T dt

= Cva” + th - ch — P
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the material temperature with

dT,,

P Vin em — 1 = = Qna = Qi + Qeatent (2.136)

and the temporal change of the mass flux 7 with

where the assumption p’ = p is used.
Heat exchangers
The heat exchanger pressure is calculated with
% — R‘S/T (i — ") + %%, (2.138)

the gas temperature with

cvpvg
R,T dt

= —c, T (i — ") + Qne + QL — Q) + 1 ¢, T — 1"c, T", (2.139)

the material temperature with

T,

W = _th + Q/cm - ng + Qezt,chx/hh:ca (2140)

Pm Vm Cm

and the temporal change of the mass flux r with

A2
+ 0 (p/ . p//)

2f; R, T
o .

pAgdy,

dm, Rs m/Z T m//Z T"
=T < — > (2.141)

= p/ p//

The second cold heat exchanger chxs, in general, is closed at its right side. In this

case " = 0 and the assumption p” = p is used.

Pulse tube and regenerator

Both components have constant volumes. Since pulse tube and regenerator are located
between hot and cold heat exchangers, they have strong axial temperature distributions.
To take this characteristic into account, the regenerator and the pulse tube are each

divided into n sub-control volumes ¢ with a characteristic temperature 7;.
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Figure 2.13: Discretization of (a) pulse tube and (b) regenerator. Both components are
divided in a number n of sub-control volumes, which can differ for both components. Each
sub-control volume ¢ has the pressure p;, the gas temperature 7; and the material temperature
Ty . Between the sub-control volumes mass fluxes ) and 7/, enthalpy fluxes HZ’ and HZ(’,
as well as heat fluxes due to heat conduction Q.’Cg’l-, Qlcml, ./c/g,i and Q’C’mz are exchanged.
Fluxes at the left respectively right sub-control volume border are denoted with ’ and ”.
The heat fluxes Qert,pt /reg,i are exchanged between the material of the sub-control volume
and the surroundings. The initial material temperature distributions of pulse tube T, ,;, and

regenerator T, req,, calculated with Eq. (2.142) and (2.143), are shown below the components.

The numbers of sub-control volumes n can differ for both components. The situ-
ation is shown in Fig. 2.13 (a, b). Each sub-control volume has the initial material

temperature 75, ;| , which can be expressed for the pulse tube by
to

1
Tt =T, T, — T,), 2.142
i =Tt =@ - T) (214)
and for the regenerator by
1
Trnreq.i =T, — T, — T.). 2.143
regil,_, = Th = o5 (T ) (2.143)

The initial temperature distributions are symmetric to the hot heat exchanger.

For each sub-control volume of pulse tube and regenerator the pressure is calculated

with

At V/n T, dt -

In the pulse tube the pressure drop, in general, is negligible. Since the regenerator has

(2.144)

got a dense porous structure |71, 72|, having the porosity e = V/(V +V},), the pressure
drop is not negligible.
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The gas and material temperature of the sub-control volumes are calculated

according to

copi V/n dT;

P = = T = 1) + Quas + Qly = Ol + 1, T! — il T

cg,i
(2.145)

and

dT,, ; : : : .
Pm Vm/n Cm dt7 = - Qh:r,i + Qi;m,i - Q,C/mJ‘ + Qe:ctpt/reg,i . (2146)

For both components the temporal change of the respective sub-control volume mass

flux 7h; is calculated with

din; R, (sz - mé/QT{’) ALy M BTl

dt Vin \ p j24 V/n (i = wi) = pi Ay dy,

Control volume linkage

Linking two control volumes A and B is achieved by exchanging mass and energy. The
situat.ion is. illustrated in Fig. 2.14 (a). All fluxes add up to m/j+ 'y = 0, Q’C’A+ Q’CB =0
and H'{ + H}; = 0, while the pressures are processed with the equations for the temporal
change of the mass fluxes — Eq. (2.137) for the cylinder, Eq. (2.141) for the heat

exchangers, and Eq. (2.147) for the pulse tube and regenerator. In order to determine

rli
1
P PA DB PE
A 1y g B
AN A AL _
Ty 7y Ty Ty -rity. 0 + 1y my
(a) Control volume linkage (b) Smoothing function

Figure 2.14: (a) Linkage of two control volumes A and B. All fluxes add up while the
pressures are processed with the equation for the temporal change of the mass flux for each
control volume; (b) Visualization of the smoothing function according to Eq. (2.148) to handle
numerical instabilities caused by changes of the enthalpy flux direction.

the magnitude of the enthalpy fluxes H' and H” the following consideration according to
the upwind method [73] is made: When the mass m/} = m/; flows from control volume
A to control volume B it carries the enthalpy H) = m/j ¢, T = mzc, T} = Hj from
control volume A to control volume B and vice versa. Depending on the direction of
the mass flux, the temperature to calculate the enthalpy flux has to be altered between

the boundary temperatures of control volume A and B.
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To handle numerical instabilities resulting from the switching process, the tempera-
ture for calculating the enthalpy flux is modified to 7% = I'T"{ 4+ (1 — I') T;, where the
smoothing function according to Fig. 2.14 (b)

1, 1y > Ty
I = QT:LhBtT + %7 _mtr S mIB S mtr (2148)
0, my < — 1y,

with the threshold value my, for the mass flux is introduced. Thus, the enthalpy fluxes

are calculated with H = /i c, T* = — Hy = — 1y ¢, T*.

Initial conditions

Initially the cylinder and the two cold heat exchangers have a gas and material temper-
ature equal to T,., whereas the hot heat exchanger has a gas and material temperature
equal to Tj,. At the beginning, the material temperature distributions of the pulse
and the regenerator are given by Eq. (2.142) and (2.143), and the gas temperature

distributions are equal to the respective material temperature distribution.

Heat transfer, heat conduction and flow friction

The calculations of the heat fluxes th between the working gas and the material, as
well as of the conductive heat fluxes ch and Qcm in the gas and the material, and the

calculation of the flow friction factor are performed for the specific engine.

The numerical model has two remaining free parameters which have to be quantified.
These are the engine’s dead volume V[, which is assigned to the cylinder volume, and the
starting position of the piston ¢ in degree of crank angle relative to TDC at which the
pressure is equal to the engine filling pressure p;. Both parameters shall be determined

experimentally.

2.7.2 Calculation of the cycle power and transferred heat

In this subsection the techniques finalizing the numerical calculation are presented.
The system of differential equations is implemented within the object-oriented pro-
gramming language Modelica and solved numerically using the software SimulationX.
As a result, the dynamical state variables of the pulse tube engine such as the gas
temperatures {717, (t), Tenz, (t), Tpt(x,t), Thpe(t), Treg(x,t), Tena,(t)} are obtained. The
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cycle energy fluxes Ecyc are calculated by integrating the energy fluxes E over one
engine cycle and multiplying the results with the operating frequency f. As an exam-
ple, the cycle heat flux of a component and the net cycle power are calculated with
Qcyc = fodt and P, = fdet. All heat fluxes, calculated for each sub-control
volume of the pulse tube or the regenerator, are added to a total heat flux Q= > Q;

of the entire component.

The calculations are performed with minimum and maximum permissible time in-
crements of At,,;n = 1078s and At,.. = 107%s, respectively. For all calculations a
sufficient number of engine cycles is calculated until the changes from cycle to cycle are

negligible. The values of Qcyc and P, are averaged over the last ten cycles calculated.

The numerical model predicts the net power output of the engine, which is delivered
to the piston. The ideal cycle power output — denoted with gross power output P, — is
the power output of the thermodynamic cycle which does not take into account internal
power losses P ;,; due to heat transfer, heat conduction and flow friction. The net and

the gross power output are related through
P, = Py + Pint . (2.149)

The numerical model allows to switch off heat conduction and flow friction, but the
heat transfer constraints remain. The gross power output can thus only be estimated
by the model.

To get the shaft power output Py, the net power has to be reduced by an amount
equaling the power losses P .,+ due to solid body friction in the cylinder, the bearings

and the crank mechanism. The shaft power output can then be calculated from
Py, = P, + Prew. (2.150)

The sign convention is that all power outputs have a negative and all power losses a

positive sign.

2.8 Simplified numerical model

In order to find general dependencies and to facilitate the numerical computation, the
numerical model derived in section 2.7 is simplified. The simplified model is validated

and shall be used to calculate the thermodynamic cycle of the pulse tube engine.
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2.8.1 Model simplifications

The following simplifications are made:

1)

The pressure is regarded as uniform throughout the entire machine. The equations
for the temporal change of the mass fluxes, Eq. (2.137), (2.141) and (2.147), do not

have to be solved. The pressure drop due to flow friction is calculated afterwards.

All internal power losses P, ;,,; due to heat transfer, heat conduction in the gas and
flow friction as well as all external power losses P, ., due to mechanical friction
are calculated separately (see subsection 2.8.2), and are used to calculate the net
power output with Eq. (2.149) and the shaft power output with Eq. (2.150).

Material heat conduction is not considered, thus (), = Q7 = 0.

The material temperature is time-invariant, and Eq. (2.136), (2.140) and (2.146)
simplify to
Qezt = th-

No material temperature equilibrium has to be achieved and the necessary number

of cycles to be calculated is reduced. For all calculations, the number is set to 50.

The heat exchangers are ideal, i.e. the working gas takes on the locally prevailing
material temperature and exits the heat exchanger with this temperature (ideal

isothermal behavior). Hence, Eq. (2.139) simplifies to
0=—c,T(m —m") + Qu + ' e, T — "¢, T".

The thermal contact between the working gas and the material of the regener-
ator is ideal, so that the gas temperature distribution is the same as that of
the regenerator material (ideal isothermal behavior). Thus, for the regenerator
Eq. (2.145) simplifies to

i N : -/ / N/ 1"
0 = —c,Ti (i — my) + Qnuay + mic, T] — mj ¢, T}

For the cylinder and the pulse tube, the heat transfer coefficient o and the heat
exchange area Ay, are combined to a heat transfer capacity v := « Ap,, which is
time- and space-invariant in the pulse tube, but varies sinusoidally with volume

in the cylinder.

Since pulse tube and regenerator consist of a number of sub-control volumes n,, and

Nreg, the dependency of the solution on n,; and n,., is investigated. For all calculations

both values are set to ny = n,., = n.
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Fig. 2.15 shows the integrated cycle values of the pV-work as well as of the trans-
ferred heat in the pulse tube and in the regenerator as functions of the number of
sub-control volumes. The calculations are performed for a representative test engine
of 100 cm® displacement volume, filled with air (pressure: 100kPa at BDC), having an
operating frequency of 5 Hz and minimum /maximum temperatures of 7, = 27°C and
T, = 327°C. No internal or external power losses occur. The cylinder is regarded as adi-
abatic (7,: = 0) and the heat transfer capacity of the pulse tube is set to v, = 0.2 W/K.
The maximum order of magnitude of the mass fluxes is 1g/s. The threshold value in
the smoothing function (2.148) is set by two orders of magnitude lower to a value of

1y = 10 mg/s.

Therefore, its influence on the solution

is small. The dependency of all energy

values on the number of sub-control
For high

values of n the results converge towards

volumes is clearly evident.

threshold values. The amount of heat
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Figure 2.15: Influence of the number of sub-
control volumes on the accuracy of the numerical
solution. For this investigation, the number of
sub-control volumes of the pulse tube n,; and of
the regenerator Npeg 18 set 0 Ny = Nypeg = N.

of an ideal regenerator (compare Eq.
(2.83) in subsection 2.3.4) is equal to
zero. From Fig. 2.15 can be con-
cluded, that a preferably large num-
ber of sub-control volumes should be se-
lected. This results in a high computational demand. Following standard practice in
technology, a compromise between accuracy and effort is chosen. For all calculations
the number of sub-control volumes is set to n = 100. Choosing this value the inaccuracy
of the calculated amount of heat transferred per cycle in the regenerator is 0.15 J which

is about 1% of the regenerator’s stored heat of 14.9 J during compression.

With the defined discretizations of pulse tube and regenerator of n = 100 and the
maximum permissible time increment of At,,,, = 107°s the numerical simulation model
enables to calculate a number of 50 engine cycles in about 5 hours on a regular state
of the art personal computer. It thus can be used to perform parametric studies of the

engine within a reasonable calculation time.
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2.8.2 Modeling of power losses

The power output of the engine is reduced by power losses. Simplified approaches used

to calculate internal and external power losses are as follows.

In the heat exchangers the transferred heat is calculated using fixed heat exchanger
temperatures. Thus, only heat conduction through the gas has an influence on the
cycle power. Both, the conductive heat flux through the pulse tube and through the
regenerator are globally calculated with Q., = A\, Ay (T), — T.)/L, where ), is the mean
heat conductivity of the working fluid, A; the free flow area, and L the length of the
regarded component. The resulting power loss due to heat conduction via the work-
ing gas is obtained by multiplying the conductive heat fluxes by the engine’s thermal

efficiency 7,
Pl,cd = Tth (ch,pt + ch,reg) . (2151)

Imperfect heat transfer in the heat exchangers can be considered using a heat ex-
changer efficiency n, = th’re/thd, where th,,—d and the are the maximal possible
(ideal) and the real heat flux, respectively. Typical values for heat exchangers can be
found in |74]. Due to their high heat transfer area, in general, regenerators have very
high values of 7, > 0.99 [61, 71|. Thus, the regenerator’s heat transfer loss is neg-
ligible. To quantify the influence of the heat exchanger efficiency, the global energy
balance on the entire engine is used. The gross power of the ideal cycle is given by
Poia = =, thd,i. With the heat exchanger efficiency the gross power of the real
cycle is given by Py, = =), th,rs’i = —Nha Y, th’id,i. Thus, the power loss due to

imperfect heat transfer in the heat exchangers amounts to
Pihe = |Poia — Porel = (1 — 0na) | Pyial - (2.152)

The friction force resulting from the mass fluxes m flowing through the heat ex-

changers and the regenerator leads to the power loss due to gas friction represented by

2f |m3|L
Pus = 1 § 20 i (2.153)

The mass flow rate and the gas density are results of the flow-friction-less transient
simulation. Since the flow paths in the heat exchangers are tight, the value of the
Reynolds number Re o d}, is small and the friction factor in the heat exchangers can
be expressed by f(Re) = 16/Re, which is valid for laminar flows. Assuming that the
regenerator is made of stacked wire mesh screens with the porosity e, the friction factor
fr(Re,e) can be calculated using experimental data from [58]|. The data for f(Re,e),

given in [58|, are obtained from steady-state flow measurements. The induced modeling
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error is judged to be of minor importance.

The total internal power loss is calculated with
-Pl,int = -Pl,cd + -Pl,h;v + Pl,fg- (2154)

To get the shaft power, the net power has to be reduced by external power losses
(solid body friction) in the cylinder and the crank mechanism. These power losses are
calculated from the friction force between the piston and the cylinder F nyl as well as
the friction momentums M;h in the connecting rod and the crank shaft bearings. The

resulting power loss due to solid body friction is

Pieat = fj{ (IF;ylup\ + Z]M;f;m) dt , (2.155)

with the piston velocity u, and the angular velocity v; of the respective bearing i.

2.8.3 Model validation

To use the simulation model for numerical investigations of the pulse tube engine its
results have to be validated.

The validation is done using the measured performance of an atmospheric pulse tube
engine with air as working fluid. The experimental results of this "Reference engine”
are reported in [23|. For all investigations the parameters given in Table 2.1 according
to the pulse tube engine reported in 23], page 6 to 11, are used.

The threshold value in the smoothing function, Eq. (2.148), is set to 7, = 10 mg/s.
The working fluid is air, which is regarded as a perfect gas. The temperature T}, ., Was
obtained directly from the author of [23]. The temperatures T, cha, and Ty, pp, are taken
from [23|, page 10, Fig. 14, measured at an operating frequency of 2.5 Hz. Nevertheless,
these temperatures are used for all frequencies. The heat transfer capacities of pulse
tube and cylinder are estimated using heat transfer correlations from [75]. The mean
heat conductivity of the working fluid air is 0.035 W/(m K).

Since the hot heat exchanger is part of the regenerator and chx, is a solid block
of aluminum, their dead volumes are zero. In contrast to that, the remaining dead
volumes of the cylinder and chx; are unknown and need to be determined. To do so,
the dead volume Vj is assigned completely to the cylinder while the dead volume of chx;
is considered to be zero. The error of this approach is small, because the time-averaged
temperatures in both components have similar values. For an operating frequency of
5Hz the dead volume V; and the filling pressure py at BDC are varied to meet the

measured minimal pressure of p,,;, = 87.1kPa and the measured pressure amplitude
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Table 2.1: Operating conditions and design parameters of the Reference engine [23]

Parameter Symbol Value
Material temperature hhx T hha 332°C
Material temperature chx; T char 35°C
Material temperature chxs T chas 51°C
Ambient pressure Da 101.325 kPa
Filling pressure at BDC Df 88.4 kPa
Minimum pressure Dinin 87.1kPa
Pressure amplitude D 28.4 kPa
Cylinder bore b 27.6 mm
Piston stroke S 60.0 mm
Crank ratio Ter 2
Pulse tube diameter dp 27.2 mm
Pulse tube length Ly, 73.5mm
Regenerator diameter dyeg 27.2mm
Regenerator length Liyeg 91.0 mm
Mesh number T, 50
Wire diameter dy 193 pm
Porosity e 0.762
Displacement volume Vi 35.90 cm?
Dead volume Vo 48.00 cm?
Pulse tube volume Vit 42.71 cm?
Regenerator volume Vieg 40.29 cm?
Heat transf. cap. cylinder Veyl 0.16 W/K
Heat transf. cap. pulse tube Vpt 0.19W/K

of Ap = 28.4kPa according to [23], page 10, Fig. 13. The results are Vj = 48 cm?® and
ps = 88.4kPa, respectively. The found high value of the dead volume could be a result
of leakage occurring in the engine, which lowers the pressure swing intensity. In this
case Vj represents a combination of the real unknown dead volume and virtual dead
volume due to leakage.

Excluding the dead volume, the compression ratio of the Reference engine is
r. = 0.43 and the distribution ratio is r4 = 0.94. The mean diameter of all bearings is
assumed to be d, = 5mm and the solid body friction factor (steel steel, lubricated) is
fs =0.01.

In Fig. 2.16 the calculated pressure and the cylinder volume displacement for one
engine cycle at an operating frequency of 5Hz are shown. The ambient pressure of
Pa = 101.325kPa (standard conditions at sea level) is reached at about 75 deg before
TDC. Initializing the engine process with ambient pressure at about 85 deg before TDC
leads to similar results. Thus, in the experiment, the engine was started around this
position of the piston. The phase difference between TDC and maximum pressure is

1.96 deg. The measured value given in [23|, page 10, is 2.28 deg. The mismatch is 14%.
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Fig. 2.17 (a) shows the resulting
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Figure 2.16: Calculated pressure and cylinder vol-

ume displacement of the Reference engine according Sents the gross indicated work (pV-
to |23] as functions of the crank angle. work), which amounts to —32.1 mJ.

This value can only be reached un-
der ideal conditions. In the real engine the shape of the pressure curve is significantly
influenced by loss mechanisms such as heat conduction, heat transfer losses and pres-
sure drop (see subsection 2.8.2). The last one mainly occurs in the regenerator. Taking
the mentioned energy dissipations of about 6.8 mJ into account, the net indicated work
amounts to —25.2mJ. The measured value in 23], page 8, is —24.4mJ. The difference
amounts to 3.5%. The estimated work dissipation due to solid body friction in the
cylinder and the crank mechanism is 2.6 mJ. The resulting shaft work is —21.6mJ.
In 23], page 10, Fig. 11, a measured value of —19mJ is reported. The mismatch of
about 14%, compared to the good match of the net indicated work is due to the high

uncertainly of the calculated solid body friction loss.

In Fig. 2.17 (b) the frequency dependencies of the absolute values of the calcu-
lated net indicated power P, and the calculated shaft power P,;, are compared with
the measured values of [23], page 10, Fig. 11. The order of magnitude of both calcu-
lated power outputs is in good agreement with the measurements. The property of a
maximum value for a certain frequency is clearly evident for measurement and calcu-
lation. Compared to the calculated values, the measured power outputs have a much
stronger dependency on the operating frequency. This is caused by several factors. The
strong increase of the measured power outputs for an increasing operating frequency
between 5 Hz and 8 Hz could be a result of lower leakage due to higher gap flow friction
of the gas leaking through the gap between piston and cylinder. Therefore, for higher
frequencies, the engine probably gets sealed better. The heat exchanger temperatures,
the minimum pressure and the pressure amplitude are taken from measurements at low

operating frequencies and used for the calculations at higher frequencies. Thus, the
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Figure 2.17: (a) Calculated pV-diagram of the Reference engine according to [23]; (b)
Comparison of the calculated and measured net and shaft power outputs of the Reference
engine according to [23].

real pressure curve and the transferred heat for higher operating frequencies can not
be clearly reproduced by the model. Moreover, the loss mechanisms — in reality —
interact. A pressure drop in the regenerator reduces the mass flux and thus, reduces

the transferred heat per time. This reduces the power output stronger than calculated.

2.9 Results of the simplified numerical model

After the successful validation, the numerical simulation model can now be applied to
calculate the engine cycle under variation of design parameters and operating condi-
tions, and to study the engine performance predicted by the analytical model in section
2.5 in more detail. It will be used to investigate the engine behavior under variation
of the heat input temperature, the compression ratio, the distribution ratio and the
heat transfer conditions in the pulse tube. The results will help to find optimal design

parameters for maximum power output and efficiency.

2.9.1 The pulse tube engine process

The previously validated simulation model is used to calculate the pulse tube engine
process at an operating frequency of 5Hz. At this frequency the modeling error is
smaller than 15%. Referring to Fig. 2.16 two results are evident. First, the working gas
pressure falls during the second phase of the expansion below ambient pressure. Thus,
the surrounding air is able to carry out work on the system due to the resulting pressure

force on the piston. This slows down the second phase of the expansion while assisting
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the first phase of the compression, which provides for a free piston operation of the
engine [76|. Second, the positive phase delay of 1.96 deg between maximum pressure
and TDC results in a slightly higher expansion pressure than compression pressure and

is therefore responsible for a release of work.

Fig. 2.18 shows the total energy

fluxes (see subsection 2.7.2 for their def-
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Figure 2.18: Calculated energy fluxes of the ference. The operating conditions are

Reference engine [23] components as functions of the same as in Fig. 2.16. The energy
the crank angle. The values are normalized to flyxes are normalized to their absolute
their respective maxima. power: compression/
exp. power difference, hf chx: heat flux in chx,
hf pt: heat flux in the pulse tube, hf hhx: heat energy flux is added to the working gas.

flux in hhx, hf reg: heat flux in the regenerator. [y phase 1 and 2 the piston moves from

maxima. A positive sign means that the

BDC to TDC, resulting in a compres-
sion of the working gas. During phase
3 and 4 the piston moves from TDC to BDC, which results in an expansion of the

working gas. Therefore the engine cycle can be described as follows:

Phase 1: Compression

Since the ambient pressure is higher than the engine pressure, the ambient air pushes the
piston in the direction of TDC, which is associated with a shaft power output provided
by the ambient air. The working gas is compressed. Simultaneously, it receives heat
from the cold heat exchanger 1 (hf chx), located between the cylinder and the pulse
tube. Therefore it must have gone below 75, ., during the previous expansion process.
A heat input by the hot heat exchanger (hf hhx) starts at about mid-phase. Within
the pulse tube the direction of the heat flux (hf pt) changes from heat output to heat

input. The regenerator material absorbs heat (hf reg).
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Phase 2: Compression

At the beginning of this phase the ambient air is still providing a shaft power output.
At about 100 deg after BDC the engine pressure exceeds the ambient pressure and com-
pression power has to be delivered to the shaft in order to further compress the working
gas. Within this phase, the direction of the heat flux in the cold heat exchanger 1
reverses and the compressed gas is cooled on its way to the pulse tube. In the pulse
tube and the hot heat exchanger, an enforced addition of heat to the working gas takes

place. The regenerator material still absorbs heat.

Phase 3: Expansion

For the majority of this phase the engine pressure is higher than the ambient pressure.
The working gas is expanding and pushes the piston in the direction of BDC, accom-
panied by a shaft power output provided by the working gas. At about 80 deg after
TDC the engine pressure falls below the ambient pressure and expansion power has to
be delivered to the shaft in order to continue the expansion of the working gas. The
regenerator material gives off heat. The heat flux in the hot heat exchanger comes to an
almost complete standstill since the small temperature difference between the working
gas — coming from the regenerator — and the heat exchanger material allows for almost
no heat to be supplied to the gas. Within the pulse tube the direction of the heat flux
changes from heat input to heat output. The cold heat exchanger withdraws heat from

the working gas on its way to the cylinder.

Phase 4: Expansion

To further expand the working gas, expansion power has to be delivered to the shaft.
The regenerator material still gives off heat and the heat flux in the hot heat exchanger
is still almost zero. In the pulse tube heat emission takes place and the cold heat

exchanger keeps withdrawing heat from the gas.

If the absolute amount of energy added to the shaft is smaller than the absolute
amount of energy released from the shaft, the engine acts as a prime mover. For the
compression of the working gas in Phase 2 and the expansion of the working gas in
Phase 4 energy has to be stored in a flywheel or any other mechanism. In the case of

a free piston engine, this can be the kinetic energy of the piston.

2.9.2 Influence of the compression ratio

In this subsection the influence of the compression ratio on the pulse tube engine perfor-

mance is studied numerically and compared to the predictions of the analytical model.
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Figure 2.19: (a) Gross power output and efficiency as functions of the compression ratio of
the modified Reference engine [23] for heat input temperatures of 200 °C, 332°C and 500 °C;
(b) Gross and shaft power output and efficiency as functions of the distribution ratio of the
modified Reference engine [23]. The cycle is also calculated for an adiabatic pulse tube.

The displacement volume and the dead volume are fixed at the values given in Table
2.1. The distribution ratio is kept at r; = 0.94, whereas the sum of pulse tube and
regenerator volume is varied. The engine is filled with ambient air (p, = 101.325kPa)
at 85 deg before TDC and runs at an operating frequency of 5Hz. In Fig. 2.19 (a)
the calculated relationships between the compression ratio and the gross power as well
as between the compression ratio and gross efficiency are shown. The engine process
is calculated for three temperatures of the hot heat exchanger, which are 7T, = 332°C
from Table 2.1 as well as T}, = 200°C and 7}, = 500°C. It can be seen, that the
performance of the engine strongly depends on the compression ratio. Optimal values
exist for the gross power and the gross efficiency. With increasing hot heat exchanger
temperatures the absolute peak values of the gross power and efficiency are higher at
higher compression ratios. Turning this result around leads to the conclusion that for a
free piston engine — having a variable stroke — the amplitude of the piston oscillation

increases with an increase of the hot heat exchanger temperature.

The engine provides a gross power output even for 7, = 200°C, which indeed is
too small to provide a significant shaft power output. Together with the distribution
ratio of the Reference engine (ry = 0.94), the minimum necessary hot heat exchanger
temperature, predicted by the analytical model with Eq. (2.81), results in 363 °C, which
is not observed in this numerical study. The reason could be the insufficient information

about the exact design of the Reference engine.

The highest gross efficiency is reached at higher compression ratios than the highest
gross power. The difference between both peaks increases with an increase of the

temperature. For T}, = 200 °C the difference is nearly zero, for T), = 332°C it amounts



2.9. RESULTS OF THE SIMPLIFIED NUMERICAL MODEL 61

to 0.2 and for 7}, = 500°C to 0.4. In the case of T}, = 332°C, the highest gross power
output of about —0.2 W is reached at a compression ratio of r. = 0.9 and the highest
gross efficiency of about 8.2% is reached at a compression ratio of r. = 1.1. Hence, the
supposed existence of a peak value around r. = 1 in section 2.6 is proven. Moreover,
according to Fig. 2.19 (a) the gross power becomes zero for r. = 0 and positive for
r. — 00. The relation for the gross power Eq. (2.111) in combination with Eq. (2.110)
and (2.116), derived with the analytical model, does not show this behavior.

To introduce the numerically observed dependency on 7., the linear component of

the pV-work Eq. (2.110) is multiplied with a function F (r.) having the properties

1. Flp— = 0, (2.156)
2. lim F < 0,
T'e—>00
dF
3. — 0 d
d?“c Tc,opt an
d*r
4. — 0.
d'rz Te,opt

Thus, the linear component of the pV-work becomes

rg(tr — 1) =1
W = F(re) poin V, , 9.157
Vi (re)p d (ra + 1>2 ( )
and the averaged pV-work of Eq. (2.111) results in
. rg(r — 1) =1
pV ~ — F(Tc)pmm Vd d( ) (1 + va) . (2158)

(Td -+ 1)2

The slight dependency of the compression ratio, which maximizes the pV-power,
on the temperature ratio — also visible in Fig. 2.19 (a) — is due to the dependency of
Xpv on the temperature ratio.

Since the linear component of the pV-work is modified with the function f (r.),
all quantities, presented in subsection 2.3.6, for the amount of heat transferred per
cycle and the entropy production have to be calculated with Eq. (2.157) instead of
Eq. (2.110).

The physical meaning of the function F (r.) is that at very low compression ratios
the engine does not provide a significant power output, because the pressure difference
between compression and expansion is too small. In Fig. 2.19 (a), the observed increase
of the engine performance up to the optimal compression ratio results from an increasing
mass flux passing the heat exchangers. The transferred heat and thus the converted

thermal energy into expansion work increases. On the other hand, the slope of the
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transferred heat decreases. This is caused by the stronger temperature rise during
compression, which lowers the temperature difference between the hot heat exchanger
and the working gas. For this reason, the optimal compression ratio increases for higher
temperatures of the hot heat exchanger.

At higher compression ratios, the pressure rises stronger and heat is added to the
working gas at a higher pressure. Additionally, for lower temperature differences, the
entropy production due to heat transfer decreases. This increases the efficiency and is
responsible for the higher value of the compression ratio, which maximizes the efficiency
compared to the value of the compression ratio at maximum power output. The highest
efficiency is reached when the compression end temperature equals the heat input tem-
perature. Due to the resulting lower amount of transferred heat, the power decreases
already at lower compression ratios.

At very high compression ratios the temperature rise during compression is too
strong, which leads to a lower amount of heat transferred to the working gas passing
the hot heat exchanger. Hence, the energy converted into expansion work decreases

and leads to a not-functioning engine.

2.9.3 Influence of the distribution ratio

The importance of the distribution ratio became already obvious through the predic-
tions of the analytical model. Its influence on the engine performance is now studied
numerically.

To explore the effect of the distribution ratio, the sum of the pulse tube and regen-
erator volume is kept at the constant value Vp, + V.., = 83 cm?. The distribution ratio
is varied between 0.2 and 12 while fixing the lengths and varying the diameters of pulse
tube and regenerator. All other dimensions and operating conditions are kept at the
values given in Table 2.1. The operating frequency is 5 Hz.

Fig. 2.19 (b) shows the gross and shaft power as well as the gross and shaft efficiency
of the engine depending on the distribution ratio. All values have a strong dependency
on the distribution ratio and come to zero for r4; — oo. For very small distribution
ratios the engine does not provide a power output. The efficiency has its maximum
between 74 = 1.2 (gross power) and r; = 1.7 (shaft power). The maximum gross and
shaft power are both obtained at r; = 4.7, which can be regarded as a limit of optimal
operation. The value of r4 = 0.94 used in [23| is therefore far from the optimal value
for maximum power output. The analytical model predicts with Eq. (2.131) a value,
maximizing the pV-work, of 744+ = 3.1.

In [31], page 1268 to 1270, a pulse tube engine is presented which has the same

regenerator volume as the one presented in [23|, but a 22% lower pulse tube volume.
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The distribution ratio is 74 = 1.21 and thus, according to Fig. 2.19 (b), in the range
of the highest efficiency. The measured shaft power is about 50% higher than the shaft
power of the engine presented in [23]. Changing the distribution ratio from 4 = 0.94 to
rq = 1.21, the numerical model predicts a shaft power improvement of only 36%. The
mismatch compared to the experimental observation is due to the increased compression
ratio of the engine in [31], which was increased from r. = 0.43 to r. = 0.47. This results

according to Fig. 2.19 (a) in an additional increase of the power output of about 12%.

Moreover, in [31], page 1272 to 1275, is reported, that additional heat storage ma-
terial (stacked wire mesh screens: 5 mesh/inch, 36 mm in length), placed at the hot
side of the pulse tube, increases the power output of the engine dramatically at about
2.7 times compared to the version without the additional heat storage material. The

created additional heat storage gas volume amounts to about 18 cm?

. Regarding this
additional heat storage gas volume as part of the regenerator, the distribution ratio is
increased from ry = 1.21 to r4 = 4.5. The numerically calculated ideal value is ry = 4.7!
Using the results of Fig. 2.19 (b), the model predicts an increase of the shaft power
of about 2.9 times, which is 7.4% higher than the experimentally observed value. The
difference is mainly due to the neglected opposite temperature distribution in the heat

storage material placed at the hot side of the pulse tube.

The found dependency of the engine performance on the distribution ratio is caused
by the working principle of the pulse tube engine, which is based on a broken thermo-
dynamic symmetry between pulse tube and regenerator. Thermodynamic asymmetry
is achieved by the set temperature distribution and the opposed heat transfer condi-
tions in both components (compare to Fig. 1.2). At low distribution ratios the nearly
adiabatic space (pulse tube) is large compared to the nearly isothermal space (regen-
erator). At high distribution ratios the inverse situation is present. In both cases the
thermodynamic symmetry is only slightly broken. For the found distribution ratio at
maximum gross efficiency, the thermodynamic asymmetry is below its maximum value
due to the influence of the heat transfer in the pulse tube. The maximum gross power
is reached for a three times larger regenerator space, which should have exceeded the
maximum value of thermodynamic asymmetry. In this case the mass flux crossing the
hot heat exchanger is higher, which increases the amount of heat transferred to the

working gas and thus the heat converted into expansion work.

To find the distribution ratio which maximizes the thermodynamic asymmetry, the
pulse tube is regarded as ideal adiabatic and the calculation of the process is repeated
for distribution ratios between 0.2 and 12. The adiabatic gross power as well as the
adiabatic gross efficiency are also shown in Fig. 2.19 (b). For values of r; < 2, the

adiabatic gross power is positive and the engine does not function. For values of r4 > 2,
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the thermodynamic asymmetry is high enough that a sufficient amount of heat energy is
converted into expansion work providing a power output. The maximum adiabatic gross
efficiency is reached at r4y = 3.4. This value can be regarded as the distribution ratio
which maximizes the thermodynamic asymmetry of the engine. For smaller distribution
ratios the adiabatic gross efficiency comes to zero and converges for higher distribution
ratios to the gross efficiency of the non-adiabatic case. The same happens with the
adiabatic gross power, which has its maximum at r; = 6 and converges for higher
values to the gross power of the non-adiabatic case. The reason of this behavior is the

decreasing amount of heat transferred in the pulse tube.

2.9.4 Heat transfer conditions in the pulse tube

In a last step the thermal interaction of the working gas and the pulse tube material is
investigated with emphasis on the determination of the pulse tube engine’s underlying
thermodynamic working principle.

As discussed in Fig. 2.18, in a non-adiabatic pulse tube, heat is added to the
working gas at the end of the compression stroke and is released from it at the end of

the expansion stroke. This phenomena is called "thermal lag effect” |24, 26, 27, 28|.

To study the influence of the
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Figure 2.20: Gross power output and efficiency as ¢ rq = 3.4, which is regarded as the
functions of the heat transfer capacity v = a Ay, of
the pulse tube of the Reference engine [23]. The cycle
is calculated for a pulse tube only (rqy = 0), for the dynamic asymmetry and for a dis-
distribution ratio of the unmodified Reference engine
(rq = 0.94), for a distribution ratio of r; = 3.4 and

for a distribution ratio of ry = 4.7.

configuration of maximum thermo-

tribution ratio of ry = 4.7.

Fig. 2.20 shows the calculated
gross power outputs and gross effi-
ciencies for all four cases. The engine does not produce any power output for a pulse

tube only (r4 = 0, no regenerator). In contrast to the regenerator of the Stirling engine,
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the regenerator of the pulse tube engine is essential for its functioning. This observation
is in accordance with the predictions of the analytical model. As shown in Fig. 2.12 (a)
— depending on the temperature ratio — a minimum value of r4 > 0 is necessary for en-
gine operation. In the three other cases, the pulse tube engine provides power outputs,
which have maximum values at specific heat transfer capacities. For higher distribution
ratios, the heat transfer capacities, which maximize the gross power, decrease. The
highest gross power output of about —0.5 W is achieved for the conditions of maximum
thermodynamic asymmetry (ry = 3.4) at a heat transfer capacity of about 0.3 W/K.
For the gross efficiency the heat flux in the pulse tube plays an important role. The
maximum gross efficiency decreases for higher distribution ratios while the optimal heat
transfer capacity for maximum gross efficiency remains almost constant. The highest
gross efficiency of about 11% is achieved for the conditions of [23] (rq = 0.94) at a heat
transfer capacity of about 1.21 W/K. Thus, the pulse tube material is acting as a regen-
erator, which takes on heat from the gas at the end of the expansion stroke and gives
off heat to the gas at the end of the compression stroke. In contrast to the regenerator
of the Stirling engine, a well designed pulse tube enables the exchange of a specific,
optimal amount of heat between the pulse tube material and the working gas. At poor
heat transfer conditions the pulse tube loses its regenerative property and at good heat
transfer conditions the thermodynamic asymmetry decreases. Therefore, the thermal
lag effect increases the efficiency of the pulse tube engine, but is not responsible for
its operation. The underlying working principle is based on a broken thermodynamic

symmetry.

The numerical model was applied successfully to describe the pulse tube engine cycle
in detail, to confirm and enhance the predictions of the analytical model and to clarify

the working principle of the engine.

2.10 Summary and conclusions of the numerical model

The most important results of the numerical analysis are summarized as follows:

1. Heat supply from the hot heat exchanger material to the working gas mostly
occurs during the second half of the compression. During the expansion almost

no heat is delivered to the gas by the hot heat exchanger.

2. During the compression the regenerator material absorbs compression heat and
the heat added by the hot heat exchanger to the working gas. During the ex-
pansion the regenerator material completely releases the entire heat back to the

working gas.
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10.

. In the pulse tube, heat input to the working gas occurs towards the end of the

compression stroke and heat output occurs towards the end of the expansion

stroke.

. Except for the pulse tube, all energy fluxes come to a standstill at the turning

points of the piston.

. In a cylinder with poor heat transfer conditions the working gas is expanded

below the cold heat exchanger temperature, thus making the cold heat exchanger

regenerative as well.

. During the expansion stroke heat is released from the working gas by the cold heat

exchanger. Thus, the pressure drops below the piston’s rear side pressure, which
decelerates the second phase of the expansion and accelerates the first phase of
the compression due to the resulting pressure force on the piston. This enables a

free piston operation of the engine.

The compression ratio influences the performance of the engine significantly. In
subsection 2.9.2 the function [ (r.), having the properties of Eq. (2.156), is in-
troduced to correct the results obtained from the analytical model. Depending
on the temperature of the hot heat exchanger, the compression ratio has optimal
values for power output and efficiency. The optimal compression ratio of maxi-
mum efficiency is slightly higher than the optimal compression ratio of maximum

power output.

. The underlying working principle of the pulse tube engine is a broken thermody-

namic symmetry. Thermodynamic asymmetry results from the fluidic linkage of
an adiabatic space (pulse tube) with an isothermal space (regenerator) having the
temperature distribution depicted in Fig. 1.2. An engine with a perfect adiabatic
pulse tube can provide a power output. In contrast to the Stirling engine, the

regenerator is essential for the functioning of the pulse tube engine.

. The thermodynamic asymmetry can be maximized by the correct ratio between

pulse tube volume and regenerator volume. The maximum power output is
reached for more regenerator volume and the maximum efficiency for more pulse

tube volume.

The thermal lag effect in the pulse tube supports the process and increases the
efficiency of the engine. Maximum efficiency is achieved for a specific amount

of heat transferred between the pulse tube material and the working gas. The
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pulse tube has thus a regenerative property, which is bound to well adjusted heat

transfer conditions.

With the developed numerical simulation model, a deep understanding of the pulse
tube engine process was acquired and optimal design features for a working engine were
found. The calculation time of the model is short enough to enable its usage for the

design of working pulse tube engines.






Chapter 3
Development of a working engine

The results of chapter 2 are used to design and build a laboratory-scale test engine. In
contrast to prior works like |23, 31, 40|, the experiment focuses on the design of a pres-
surized pulse tube engine having a power output of several watts. This will allow for
obtaining reliable experimental results from the test rig. As will be detailed below, this
approach has the virtue that all design parameters such as heat transfer areas, diame-
ters, porosity, dead volumes etc. are well known and available for the parametrization
of the simulation models. The experimental test engine is equipped with a high number
of temperature and pressure sensors, equipment for the measurement of the heat power
input and the mechanical power output as well as frequency and crank angle measure-
ment techniques. Furthermore, to identify power losses and get access to the power
delivered to the piston rod, which is calculated by the numerical simulation model, the
test set-up is designed to perform difference power measurements. The measured data,
such as the time-dependent pressure, the temperature distribution and the power out-
puts, shall be used to quantify the accuracy of the developed simulation models and to

systematically compare the performance of this engine with the theoretical predictions.

3.1 Design of the experimental pulse tube engine

Engine power output and efficiency have strong dependencies on the engine design
and its operating conditions, such as the compression ratio, the distribution ratio, the
temperature ratio, the operating frequency and the filling pressure. The experimen-
tal set-up is designed to study the engine performance within a wide range of design

parameters and operating conditions.

69
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3.1.1 General engine design and components

A CAD visualization of the test engine is shown in Fig. 3.1 (a). It consists of a cylinder

hhx
regenerator with electrical
heater

chx,

cylinder

(b) Photograph

Figure 3.1: (a) CAD visualization of the pulse tube engine; (b) Photograph of the built
laboratory-scale pulse tube engine.

with a bore of 24 mm and a variable stroke, adjustable between 20 mm and 100 mm.
The cylinder is an AIRPEL Anti-Stiction air cylinder from the company Airpot. The
front side of the cylinder is connected to a water cooled heat exchanger chx;. The pulse
tube, the hot heat exchanger (hhx) and the regenerator are placed in a stainless steel
tube with an inner diameter of 20 mm and a total length of 230 mm. A photograph of
the built laboratory-scale pulse tube engine is shown in Fig. 3.1 (b).

An electrical resistance heater is placed inside hhx. A water cooled copper body
chx, with a connected copper tube of 4 mm in diameter and 143 mm in length is located
at the regenerator’s cold side. The structures of chx; and hhx are manufactured using
electro-discharge machining. The heat transfer area of the hot heat exchanger has no
theoretical limitation and is designed to be as large as possible. In contrast to that,
the cold heat exchanger chx; needs a certain heat transfer area to allow optimal engine
operation. To get the optimal heat transfer area the simulation model is used. The
calculated optimal heat transfer area is 56 cm?, which is thus used in the experiment.

See Appendix E for details (L., = 10 mm corresponds to Ay, ~ 50 cm?).
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The regenerator is made of stacked stainless steel wire mesh screens with a mesh

number of n,, = 50 and a wire diameter of d,, = 200 um. Its porosity is calculated with

1% 7 1000n,, d, 1000, dy,\ 2
— — L mTw gy (e 1
‘T ViV, 1 254 \/ +< 954 ) (3:1)

to e = 0.67. The total wire mesh mass amounts to 200 g. Photographs of the regenerator

material, the hhx with the electrical heater and the chx; are shown in Fig. 3.2. The

sl

(a) Regenerator material (b) Hot heat ex- (c) Cold heat exchanger
changer and electric
resistance heater

Figure 3.2: (a) Photograph of the regenerator material; (b) Photograph of the hot heat ex-
changer and the electric resistance heater, placed inside the hot heat exchanger; (¢) Photograph
of the cold heat exchanger.

pulse tube has a toroidal cross-section with inner and outer diameters of 10 mm and
20 mm, respectively.

The geometrical parameters of the components as well as the resulting values of the
gas and material volume V" and V,,, the free flow area Ay, the material’s cross-section

area A,, and the heat transfer area A, are listed in Table 3.1.

Table 3.1: Geometrical parameters of the engine components

Parameter Unit chx,; regenerator hhx pulse tube chx; cylinder

E3

L mm 143 122 40 68 11 40

dy, mm 4 0.4 0.6 10 0.6 24

vV cm® 1.8 25.6 2.8 16.9 0.8 21...39""
Vi, cm? - 20.8 2.4 4.5 1.8 -

Ay cm? 0.1 2.1 0.7 2.4 0.8 4.5
A cm? - 1.7 2.4 0.7 1.6 -
Aps cm? 18 1700 187 43 56 44..74"

* stroke used in the experiment
" oscillating

For a stroke of 40 mm the displacement volume of the cylinder becomes V; = 18 cm?.
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The maximum and minimum gas volume are given by
Vmax = V;i + VZJ + V;nt + V;"eg + Vh:c (32)

and
Vmin = ‘/O + ‘/pt + ‘/;’eg + Vhl’7 (33)

where Vj represents the sum of the dead volume of the cylinder, and of the connected
tubes and valves. The dead volume V| is located at low temperature and can en-
tirely be regarded as cylinder dead volume. It is split into a known (measurable) dead
volume V* and an unknown dead volume V. The measured known dead volume is
V@ = 7.5cm? and the free parameter Vj is replaced by the free parameter V. Its value
will be calculated from pressure measurements after building the engine. According to
the results of subsection 2.8.3 it partly represents virtual dead volume due to leakage

between piston and cylinder liner.

Adding the non-zero volume of chx; to the pulse tube volume and the non-zero
volumes of hhx and chxs to the regenerator volume the distribution ratio of the engine
results in r4 = 1.71. Without consideration of the dead volume and applying a stroke

of 40 mm the compression ratio of the engine results in 7. = 0.38.

3.1.2 Experimental set-up and operating conditions

An experimental environment is necessary to enable an operation of the engine.

The structure of the experimental set-up is shown in Fig. 3.3. The rear side of the
cylinder is connected to an external gas volume simulating a pressurized environment.
The engine is filled with pressurized helium up to a filling pressure of p; = 12bar. The
piston front and rear side have a connecting tube, which can be opened and closed
using valve V. This bypass tube allows to motor the engine without any pressure
swing and almost no gas passing chx;. The cold heat exchanger chx, can be opened
and closed to the gas volume using valve V,. This allows filling the engine with pres-
surized gas without opening V;. The whole system is connected to a vacuum pump via
valve V3 and a compressed gas cylinder via valve V,. It can be unpressurized by open-
ing valve V5 to the ambient air. The filling pressure is measured with a mechanical

pressure gauge.
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Figure 3.3: Structure of the experimental set-up. Vi...V5: valves, Qin: thermal power input,
py: mechanical pressure gauge, p1 and po: piezoresistive pressure sensors, Tone,, Thie, Tehess
Tpt, Treg: thermocouples, f: operating frequency, ¢: crank angle, My,: brake momentum,
M. drive momentum. The maximum permissible filling pressure of the engine is 12 bar.

The piston rod is guided by linear bearings. The linear movement is transformed
into rotation via a crankshaft mechanism. The connected flywheel serves as rotational
energy storage. Two electrical motors are connected to the flywheel. One is used as
an electrical dynamometer to apply a brake momentum on the engine. The resulting
electrical current is measured and used to calculate the brake momentum M;,. The
second electrical motor serves as a drive to motor the engine. The electrical current of

the drive motor is also measured to calculate the drive momentum My,..

The electrical heater, placed inside hhx, has a maximum permissible temperature
of 700°C and a maximum thermal power output of 160 W. The heater temperature
is measured and controlled using a two-level controller. It can be fixed between 40 °C
and 650°C. The cold heat exchangers are water cooled with a cooling water inlet

temperature of 20 °C.
A photograph of the experimental set-up is shown in Fig. 3.4. The corresponding

process flow diagram is given in Fig. 3.5.

The engine can be run in two modes. In the first mode, the engine is operated purely
through heating. In this mode the electrical dynamometer shown in Fig. 3.6 (a) is used
to apply a brake momentum on the engine. In the second mode, the engine is motored
or braked using the drive motor shown in Fig. 3.6 (b). In both cases the current of
the electrical dynamometer or of the drive motor is measured and correlated to the
respective dynamometer or drive motor momentum. The first mode is more accurate

in measuring the provided shaft power output.
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Figure 3.4: Photograph of the pulse tube engine in its experimental environment.
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Figure 3.5: Corresponding process flow di-
vacuum helium d/yd”?mometer agram of the experimental set-up. PTE:
pump vessel rive motor Pulse Tube Engine; fluxes: Qppe (= Qm)
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Figure 3.6: (a) Photograph of the electrical dynamometer; (b) Photograph of the crank
mechanism with the used electrical dynamometer, drive motor and light barriers.
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3.2 Measurement techniques

In order to characterize the pulse tube engine in operation, the signals of various sensors
and measuring devices are monitored. Details of the used measurement techniques,
developed in |77|, are given in this section.

The main measured quantities are temperatures 7', the supplied thermal power
Qm, brake and drive torques M, and My,, the working gas pressure p, the operating
frequency f and the crank angle of the flywheel ¢. The measured temperatures are in
particular the material temperatures of the heat exchangers Tipy,, Tene, and Thp,, as
well as the material temperature profiles of the pulse tube 7}, and of the regenerator

Treg- A scheme of the measurement is shown in Fig. 3.7.
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Figure 3.7: Structure of the data acquisition system. The operating frequency f, the brake
power Py, or the drive power Py,., the thermal power input Qm and the temperature of the hot
heat exchanger Ty, are visualized on two Liquid Crystal Displays (LCD). The signals of the
pressure sensors are transmitted to a personal computer (PC). All other measured quantities
are processed by the micro controller or the Agilent 34970A and transmitted to a PC.

The supplied thermal power Q;,, is calculated from the measured voltage and current
of the heater power supply. Heat losses are quantified experimentally in subsection
3.4.2. The torques of the two electrical motors M,, and My, are calculated from its
electrical currents, which are correlated to measured voltages of shunts. The current

of the brake motor is smaller than the current of the drive motor. To increase the
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accuracy of the brake motor current measurement, three switchable shunts are used.
The measured voltages are amplified and processed by a micro controller. To ensure
the highest possible precision, the amplification circuits were checked for their linearity
prior to the measurements. The conversion factors between the measured voltages and
the quantities to be identified were determined by calibrations. The values are stored
in the micro controller’s Flash-EEPROM. The measured brake and drive momentums
are used to calculate the brake power P, and the drive power P,.

The working gas pressure is recorded using piezoresistive pressure sensors p; and
po between chx; and cylinder as well as at chxs. The sampling rate is 4 kHz. The
voltage signals are logged by a data acquisition system and monitored with a personal
computer. Operating frequency f and crank angle ¢ are measured by two light barriers
(see Fig. 3.6 (b)) at the interrupt input of the micro controller. The first light barrier
is interrupted 20 times per revolution of the motor shaft, thus permitting a frequency
measurement with an accuracy of 0.05Hz. The determination of the crank angle is
made possible by the second light barrier which is interrupted only once per revolution
and thereby setting the zero position of the crank angle. Each other interruption of the
light beam of the first barrier increases the value of the crank angle by 18 deg. The crank
angle is converted into a voltage between zero and five volts via pulse width modulation
and then forwarded to the data acquisition system and the personal computer. With
this data the pV-diagram of the engine can be monitored.

The temperatures are measured with K-type thermocouples. The thermoelectric
voltages are converted into temperatures by an AGILENT 34970A transducer with
built-in reference junction. The data are transmitted via the RS232 interface every
two seconds to the personal computer. The thermoelectric voltage of the thermocouple
placed at the hot heat exchanger is also amplified externally and fed to the micro con-

troller. The signal is used to control the heater temperature with a two-level controller.

3.3 Preparation of the numerical simulation model

The numerical model developed in section 2.7 is used to predict the measured engine
performance. The following section aims to prepare the numerical model for realistic
calculations of the working engine. To do so, relations for the heat transfer and for the
internal and external power losses, which are applicable to a real pulse tube engine,
are introduced. Necessary computation parameters are set and the remaining free
parameters of the model, the unknown dead volume V{ and the starting position of the
piston ¢, are identified. Furthermore, the simulation model is used to study the heat

fluxes occurring in the components of the developed engine.
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3.3.1 Calculation of heat transfer and power losses

In the working pulse tube engine, the heat transferred from the solid material to the
working gas is limited. The power output is reduced by power losses due to heat
conduction and flow friction. The relations to calculate these mechanisms are presented

below.

Heat transfer

The heat flux Qp, between the working gas and the material is calculated with the heat

transfer area Ay, using
th - aAhz (Tm - T) ; (34)

where the heat transfer coefficient is calculated using o = Nu),/d,, with the Nusselt
number Nu, the gas heat conductivity A\, and the hydraulic diameter d;. The Nusselt
number is obtained from experimental correlations depending on the flow field |74].

The relation between inertial and viscous forces is characterized by the Reynolds
number Re, calculated with Re = rivdy/pu/Ayr, where p represents the dynamical vis-
cosity of the fluid. The relation between viscous and thermal diffusion is characterized
by the Prandtl number calculated with Pr = pc,/A,.

For the cylinder, the heat exchangers and the pulse tube, the heat transfer coefficient
« is obtained from correlations given in |75|. With ( = RePrd,/L the Nusselt number

for a tube flow is calculated from

) 3 2 5\’
Nu, = [ 49.371 (1.615 5 0.7) y ——e A 3.5
e ( * ¢ TViT et ) (35)

where the hydraulic diameter is calculated with the tube diameter d to d, = d. For a
rectangular duct flow the Nusselt number is calculated using

1
2 3
Nug = (428832 + 6.24( + 1/ ———— .
Ug (883 +6.24¢ + 1+22Pr§), (3.6)

where the hydraulic diameter is calculated with the duct width w to d, = 2 w.

lw

Since the porous structure of the regenerator is made of stacked wire mesh screens,
experimental correlations for o from [58, 78| are used. The heat transfer area A, in
the regenerator with the length L and the diameter d is given by

7d* L

Ape = €e(1 — e) i (3.7)
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The heat transfer coefficient is obtained from [58] to be

cp it Re
where the heat transfer module v is calculated with [78]
¢ = (2128 — 8.591 e + 9.6878¢%) Re~ 113~ 047¢ (3.9)

Internal power losses

Axial heat fluxes due to heat conduction in the gas and the material are only important
for the pulse tube and the regenerator. For each sub-control volume the heat flux due

to heat conduction is calculated at its left side with

: Ag/m A /m
Q/Cg/m:i = L (Tg/mifl - Tg/m,i) 5 (310)
and at its right side with
: Ag/m Ajjm
Qgpmi = =1 (Typmirt = Tyyma) (3.11)
where A/, represents the heat conductivity of the gas (g) or of the material (m). The

free flow area is Ay and the material cross-section area is A,,. For the pulse tube, in the
case of ¢ = 1 the temperature 7} /,, ;1 equals 7. and in the case of ¢ = n the temperature
Ty/m,i+1 equals Tj,. For the regenerator, in the case of i = 1 the temperature T}/, ;_;
equals 7}, and in the case of ¢ = n the temperature T}/, ;41 equals T¢. In the other
components no heat conduction is considered.

The gas flow in the cylinder, the heat exchangers and the pulse tube has low
Reynolds numbers (Re < 1000), so that the friction factor relation f; = 16/ Re for lami-
nar flow [79] is applicable. In the regenerator even lower Reynolds numbers (Re < 100)
are present. According to [80, 81| the flow field in porous media can be turbulent
at low Reynolds numbers, too. To calculate the friction force in the regenerator an

experimental friction factor correlation from |78|

~ 7187 — 1958 € + 1415.9 e? n 1.348/e — 0.854

ff Re R60'15

(3.12)

is used.
As mentioned in chapter 2 the experimental correlations for fr(Re, e) and ¢(Re, e),

given in |58, 78|, are valid for fully developed stationary flows, but also used for the
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present transient analysis. The induced modeling error resulting from this is judged to

have minor importance compared to the error induced by the one-dimensional modeling.

External power losses

The friction force in the cylinder is proportional to the constant gravity force of the
piston and piston rod. For the crank mechanism the friction force in the linear and
rotating bearings is a superposition of the constant gravity force of the rod and the
shear force caused by the crank mechanism. The shear force is proportional to the
oscillating mass force, which is proportional to the square of the operating frequency
f2. Thus, the total friction power loss P, ¢zt in the cylinder and the crank shaft can be

modeled according to

Pl,ea:t(f) - Af + BfSJ (313)

where the influence of the filling pressure variation is neglected and A and B are constant

fitting parameters obtained from the experiment.

3.3.2 Computation parameters

To perform comparable numerical calculations within the available time frame, reason-
able values for the number of pulse tube and regenerator sub-control volumes as well
as for the size of the time step have to be specified. Both values are set as follows:

After achieving an equilibrium material temperature Eq. (2.9) becomes

0= —Qn + Q. + Q" + Qeut - (3.14)

The total amount of heat exchanged per cycle between the material of the respective
engine component and the surroundings (heat source, cooling water etc.) is calculated
with Qewt,cyc =f4 Qewt dt, where Q.. is obtained from Eq. (3.14). The necessary
amount of cycles to achieve an equilibrium in the material temperature is about 300.
This value is used for all simulations. In order to reduce computation time the number
of sub-control volumes for pulse tube and regenerator is reduced t0 Npt/reg = Lypt/reg/2,
where L is the length of the pulse tube or of the regenerator measured in millimeters.

The threshold value in the smoothing function (2.148) is set to 7, = 10mg/s. All
calculations are performed with minimum and maximum permissible time increments
of Atpin = 1078s and At,,., = 1077 s, respectively, leading to a total calculation time
of about 20 hours for 300 cycles on a regular state of the art personal computer. The
numerical model can thus be used to predict the engine performance within a reasonable

calculation time.
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3.3.3 Model calibration

According to section 3.1 the remaining free parameters which need to be quantified are
the unknown dead volume V’ and the starting position of the piston ¢. Both are ob-
tained from the measured pressure swing of the motored engine at ambient temperature
(20°C). To do so the engine is calculated for filling pressures between 6 bar and 10 bar
at a fixed operating frequency of 8 Hz.

In the simulation, the parameters
VP and ¢ are varied until the differ-

ence between the calculated and mea-

N
N

RN
RN

sured minimum engine pressure and the

-
o

calculated and measured pressure am-
plitude becomes minimal. The results
of this procedure are ¢ = 76deg and
Vo = 13.5cm®.  Thus, the total ad-
ditional dead volume of the engine is
Vo = V@ + VY =2lcem® A comparison

Pressure [bar]

a o N o ©

0
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Figure 3.8: Comparison of the calculated and SUT¢ swing is shown in Fig. 3.8. The

measured pressure as functions of the crank angle. obtained relative differences between
The engine is motored at ambient temperature
(T, = T, = 20°C) for filling pressures between
6 bar and 10 bar at an operating frequency of 8 Hz.

the calculated and measured mini-
mum pressures and the pressure ampli-
tudes are smaller than 2.5% and 3.2%,

respectively.

3.3.4 Calculation of the heat fluxes in the components

The numerical model is used to investigate the heat fluxes occurring in the engine
components.

In Fig. 3.9 the calculated total heat fluxes between gas and material (see subsection
2.7.2) for pulse tube, hhx and regenerator are shown over one engine cycle. A positive
sign means that heat is added to the gas. In the hhx the calculated amount of heat
added to the gas at the end of the compression is much higher than during expansion.
The regenerator material is absorbing heat from the gas during compression. The
assumption that the working gas takes on heat during compression is satisfied for this
engine. The absorbed heat is stored in the regenerator material and given back to the

gas during expansion.
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The heat flux progression be-
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Figure 3.9: Calculated and measured heat fluxes

over one engine cycle; BDC: bottom dead center,
TDC: top dead center. Compression stroke: Odeg ing a thermal lag. The arrangement

to 180 deg, Expansion stroke: 180deg to 360 deg. of pulse tube, hhx and regenerator

ideal adiabatic pulse tube suppress-

makes this possible.
Moreover, as predicted in the subsections 2.3.4 and 2.9.1, in the pulse tube, heat
is added to the working gas throughout the cycle, enabling the pulse tube engine to
use heat at the temperature of the pulse tube, which has the distribution shown, for

instance, in Fig. 1.2 of subsection 1.2.1 or Fig. 3.10 of the following section.

3.4 Characterization of the experimental set-up

To characterize the experimental set-up and to quantify the measured power output,
the temperature distributions, the thermal power loss of the electrical heater and the

power dissipation in the cylinder and crank mechanism are investigated in this section.

3.4.1 Measured and calculated temperature distribution

The material temperature distributions along pulse tube and regenerator are calcu-
lated with the numerical model and compared to the measured material temperature
distributions.

The measured material temperature profiles along pulse tube and regenerator after
the first minute and after half an hour of operation are shown in Fig. 3.10 (a). It can
be seen that the regenerator needs a certain operational time to reach an equilibrium
temperature. A comparison of the calculated equilibrium material temperature distri-
bution with the measured values is shown in Fig. 3.10 (b). The thermocouples are set
with a positioning accuracy of 2mm. They are fixed using metal stripes. The error in

the temperature measurement due to unknown thermal contact between thermocouple
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Figure 3.10: (a) Measured material temperature distribution along pulse tube and regen-
erator after the first minute of engine operation and after half an hour of engine operation;
(b) Comparison of the calculated and measured material temperature distribution along pulse
tube and regenerator. The temperatures are T, = 25°C and T}, = 600°C.

and material is estimated to be 30 K. On a qualitative basis and within the existent
error ranges for the positions and the temperatures, the results of the calculation and
observation match well. The model predicts the bent profile of the pulse tube’s material
temperature and the more linear profile of the regenerator’s material temperature. The
higher axial heat flux in the regenerator material leads to a linearization of its temper-
ature distribution compared to the pulse tube. The lower material temperature profile
of the pulse tube is a result of the incoming cold gas from chx; during the compression
stroke and the conversion of supplied heat power from hhx into expansion power dur-
ing the expansion stroke. In Fig. 3.10 (a), the monotonous temperature rise between
the highest pulse tube and the highest regenerator temperature does not represent the
hhx temperature distribution. Both values are just jointed by a straight line in the
plot. For calculation and measurement, the gradient of the pulse tube’s hot end tem-
perature is much higher than the gradient of the regenerator’s hot end temperature.
Thus, a gas parcel traveling during compression from the pulse tube through the hot
heat exchanger is heated more than a gas parcel traveling during expansion from the

regenerator through the hot heat exchanger.

3.4.2 Measured versus calculated thermal power input

The measured thermal power input is now compared to the numerical predictions.
The engine operates at T, = 600°C, T, = 25°C and filling pressures between 6 bar
and 10bar. The electrical dynamometer is used to apply a brake momentum on the

shaft and the respective thermal power input is measured and calculated. The measured
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thermal power is obtained from the electrical power consumption of the heater placed

inside the hot heat exchanger. A comparison of the measured and calculated thermal
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Figure 3.11: (a) Comparison of the calculated and measured thermal power input as func-
tions of the operating frequency for filling pressures between 6 bar and 10 bar; (b) Non-linear
correlation between the measured thermal power input and the filling pressure. The cooling
temperature is 25 °C and the heater temperature is 600 °C.

power input is given in Fig. 3.11 (a). The measured thermal power input is about 40%
(10 bar, 8 Hz) to 95% (6 bar, 4 Hz) higher than the calculated thermal power input. The
reason is that not all the electrical power converted into heat power is transferred to
the working gas. A high portion is lost to the surroundings. This loss can be avoided
using heat radiation insulation, which was not applied to the present experimental set-
up. However, calculated and measured heat power input increase linearly with the

operating frequency at an average slope of about 7.2 W/Hz.

The calculation predicts a monotonic increase of the thermal power input with the
filling pressure. According to Fig. 3.11 (b), in the experiment, the thermal power input
increases only between 6 bar and 8bar of filling pressure. For higher filling pressures
the thermal power input decreases. Two reasons could be responsible for this behavior.
First, an increased heat transfer in the pulse tube, which acts according to subsection
2.9.4 as a regenerator, increases the engine efficiency. Second, a smaller temperature
difference between the working gas and the heat exchanger material associated with a
lower entropy production during the heat transfer process decreases the heat transfer

power loss.
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3.4.3 Friction power loss in the cylinder and crank shaft

To quantify the external friction power loss experimentally the engine is motored using
the drive motor while valve V; is open. Thus, no compression occurs in the cylinder.

In this mode the power consumption of the drive motor equals the friction power loss
in the cylinder and the crank mechanism. The experiment is done for filling pressures
between 6 bar and 10 bar and frequencies between 4 Hz and 12 Hz. The result is shown
in Fig. 3.12.

The observed influence of the filling

14 —, . . . pressure on the friction power loss is
1ol ] small. According to subsection 3.3.1, at
— fitting parameters each frequency the friction power is av-
2 10} A=(0.301+-0.022) Ws 1 ‘
5 B = (0.005 +- 0.001) Ws® eraged over all filling pressures, and the
= L 4 .. . .
g 8 averaged friction power is fitted with
filling pressure
é 6r ¢ 10bar A Eq. (3.13).
2 o  9bar . .
w4} A 8bar - The resulting fitting parameters
ol voghar ] are A = (0301 £ 0.022) Ws and
4 6 8 10 12 B = (0.005 £ 0.001) W 53,
Frequency [Hz]
Figure 3.12: Fit of the measured power con- In order to simplify the graphical vi-

sumption due to mechanical friction in the cylin-
der, the linear bearings and the crank shaft as a
function of the operating frequency. The filling
pressure is varied between 6bar and 10bar, and ical power outputs and power losses
the resulting shaft power consumptions are aver-
aged at each frequency.

sualizations in the following sections 3.5

and 3.6 all heat power inputs, mechan-

have a positive sign. Mechanical power
input by the drive motor is given a

negative sign.

3.5 Measured and calculated engine performance

In this section the thermal power inputs, the mechanical power outputs and the engine
efficiency are measured and shall be compared to the theoretical predictions using the
numerical and the analytical model.

To do so, the performance of the developed pulse tube engine is measured for dif-
ferent filling pressures, heater temperatures and operating frequencies, and the ob-
servations are compared with the corresponding calculated predictions. To allow the

quantification of power loss all measurements are done for opened and closed valve V;.
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3.5.1 Measured shaft power and efficiency

The shaft power can be measured directly. The respective measured performance results
of the engine are presented in this subsection.

The operating conditions of the engine are the same as in subsection 3.4.2. For
T, = 600°C and filling pressures between 6 bar and 10 bar the measured shaft power
Py, and shaft efficiency 7, are shown in Fig. 3.13 (a, b). The efficiency is calculated
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(a) Shaft power (b) Shaft efficiency

Figure 3.13: (a) Measured shaft power output as a function of the operating frequency;
(b) Measured shaft efficiency as a function of the operating frequency. The filling pressure is
varied between 6 bar and 10 bar. The temperatures are T, = 25°C and T}, = 600 °C.

with 7y, = P/ Qm, where Qm is the measured electrical power consumption of the
heater. As shown in subsection 3.4.2 the calculated thermal power input is about 40%
to 95% lower than the measured value. Thus, the thermal power delivered to the
working gas is smaller leading to a lower efficiency than what is predicted. However,
power and efficiency increase with higher filling pressures. For a given filling pressure the
peak frequency of the power is slightly higher than the peak frequency of the efficiency.
Both values increase with higher filling pressures. Having a filling pressure of 10 bar,
the highest shaft power of about 0.9 W with an efficiency of about 1.2% is provided
at a frequency of 5Hz. According to subsection 3.4.3 the friction power loss at this

frequency is 2.2 W.

3.5.2 Engine performance capabilities

To evaluate the maximum performance of the present experimental pulse tube engine,
its shaft power output capabilities at maximum operating conditions are investigated.
The maximum permissible filling pressure is limited by the burst strength of the stainless

steel tube. Due to the high heater temperature a filling pressure of 10 bar is used.
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For a heat input temperature of 653°C and a cooling temperature of 25°C the
measured and calculated thermal power inputs for operating frequencies between 4 Hz
and 9 Hz are shown in Fig. 3.14 (a). As discussed in subsection 3.4.2, it increases linearly
with the operating frequency. The calculated and measured thermal power inputs for
Ty, = 653°C have a comparable slope of 6.12W /Hz and 8.57 W /Hz, respectively. The
calculated power inputs are about 40% lower than the measured ones. The reason is
a loss of supplied thermal energy to the surroundings as discussed in subsection 3.4.2.

The model does not take this loss mechanism into account.
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Figure 3.14: (a) Comparison of the calculated and measured thermal power input as func-
tions of the operating frequency at maximum operating conditions; (b) Shaft power and effi-
ciency as functions of the operating frequency at maximum operating conditions. The cooling
temperature is 25°C and the heater temperature is 653 °C. The filling pressure is 10 bar.

The measured shaft power output and the shaft efficiency are shown in Fig. 3.14 (b).
The brake momentum is applied with the electrical dynamometer. The efficiency is
calculated with the measured and the calculated thermal power input from Fig. 3.14 (a).
It is evident that shaft power and efficiency have clear maximal values for specific
operating frequencies. The optimal frequency for the shaft efficiency is about 1Hz
smaller than the optimal frequency for the shaft power. This behavior is a general
characteristic of heat engines, and is due to the fact that the shaft momentum reaches its
peak value at a lower frequency than the shaft power. After the peak shaft momentum
has been reached, the shaft power still increases, but the slope is lower than that of the
thermal power input. The peak shaft efficiency occurs at about the same frequency as

the peak shaft momentum.

The power output and efficiency capabilities of the built pulse tube engine are low,
but within the projected range of several watts. This is sufficient to obtain reliable
experimental results from the test rig and allows a comparison with the theoretical

predictions.
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3.5.3 Measured versus calculated net power and efficiency

The net power of the pulse tube engine is obtained experimentally from the difference
between the measured power consumption of the motored uncompressed engine (V;
opened) and the motored compressed engine (Vi closed). In this subsection the gained
experimental results for the net power and efficiency are compared to the predictions
of the numerical model.

In the uncompressed case, the drive motor has to deliver power P, to the shaft,
which equals the power loss P, .;; due to mechanical friction in the crank shaft and the
cylinder. In the compressed case, the amount of power delivered by the drive motor
is reduced by the net power output P, produced by the pulse tube engine. The net
power is calculated from P, = P, + P . and the net efficiency is calculated with
N = Py /Qm, where P, is the measured net power and Qm the heat power input to
the gas obtained from the numerical simulation. Measurements and calculations are
performed for heat input temperatures of 200°C, 400 °C and 600 °C as well as filling
pressures of 6 bar, 8 bar and 10 bar. A comparison of the measured and calculated power
outputs and efficiencies is given in Fig. 3.15. The filled symbols represent the measured
and the unfilled symbols the calculated net power outputs and efficiencies. Within
the restricted accuracy of the one-dimensional model, the calculated power outputs
match the experimental results well. At all filling pressures the relative difference in
the calculated and measured net power outputs for 7, = 400°C and T}, = 600°C is
smaller than 40%. At a heat input temperature of 7T}, = 200 °C the relative difference is
very high. A maximum error of 465% occurs at 7}, = 200°C, py = 6bar and f = 8 Hz.
Due to its low absolute value, the uncertainty of the calculated net efficiency is quite
high.

The modeling error is estimated to be about 20%. The relative uncertainty of
the measurement procedure is in the range of 30% and at least of 0.4 W. The total
relative difference of the net power between calculation and experiment is thus about
50%. For Tj, = 400°C and T} = 600°C the error of the net power output is in the
range of this uncertainty. Since the net power output for 7;, = 200°C is smaller than
0.4 W, the obtained relative error can be very high, but is still within the range of
the measurement uncertainty. With increasing frequencies, the measured net power
increases more strongly than the calculated net power. This could be caused by an
increasing heat transfer rate, which is not reproduced sufficiently by the simulation
model.

The engine provides a net power output for all heat input temperatures and filling
pressures. The measured net power output for 7, = 200°C is not reliable since the

values are smaller than the measurement uncertainty of 0.4 W. It is possible, that
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Figure 3.15: Comparison of the calculated and measured net power output and net efficiency
as functions of the operating frequency for T, = 25°C and heat input temperatures of 600 °C,
400°C and 200°C at filling pressures of 10 bar (a, b), 8 bar (¢, d) and 6bar (e, f).
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the engine does not provide a net power output for 7, = 200°C. However, the net
power increases with temperature and pressure. The increase rate slows down strongly
for higher temperatures, such that the temperature has no significant influence on the
efficiency anymore. This result implies that with increasing temperature difference,
more heat energy is dumped due to an enthalpy flow from the hot to the cold side
of the pulse tube, which is in accordance with the predictions of the analytical model
in section 2.6. For T}, = 600°C, p; = 6bar and 9Hz the engine has a maximum net
efficiency of about 8%. The peak of the net power is always at a higher frequency than
the peak of the net efficiency. Compared to the shaft power and efficiency, the peak
values of the net power and efficiency are about 5 Hz higher, which is a result of the

power dissipation in the cylinder and crank mechanism discussed in subsection 3.4.3.

3.5.4 Internal power losses, gross power and efficiency

The functional principle of the pulse tube engine is based on an intrinsically irreversible
thermodynamic cycle [46]. Gross power is produced due to an irreversible thermal re-
laxation in the pulse tube. The results of the analytical model gained in subsection

2.3.6 shall be compared to the measured engine performance.

Fig. 3.16 shows the pV-diagram

1200} . . {1 of the working pulse tube engine, cal-
| e _ culated with the numerical model for
3 polytropic expansion
1100 p=10bar 4  py = 10bar, f = 8Hz, T}, = 600°C and
’E' = © .
oy Ih_S:?CC T. = 25°C. The engine operates be-
% 1000 |- f=gHz 1 tween minimum pressure p,,;, and max-
lytropi i .
@ polytropic compression imum pressure p,,q... In contrast to
o | . . .
900 |- b 1 the assumption of an isochoric thermal
, , , , relaxation at TDC and BDC made in
20 24 28 32 36 40

. s the analytical model, the working pulse
Cylinder volume [cm]

tube engine does not show this prop-
Figure 3.16: Calculated pV-diagram of the

built pulse tube engine with a filling pressure of ] ) ]
10 bar, a heat input temperature of 600 °C, a cool- of the engine disclosed in chapter 2 re-

ing temperature of 25 °C, and a frequency of 8 Hz. main.

erty. However, the basic characteristics

Applying a global polytropic model
[57] to the entire engine, a polytropic compression stroke from BDC to TDC occurs
with the polytropic exponent n;(V) and a polytropic expansion stroke from TDC to
BDC occurs with the polytropic exponent n5 (V). If the function ng (V') differs from the

function ng (V) the engine is able to provide a gross power output.
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With the ratio of the maximum to the minimum engine gas volume
Vinaz/Vmin = 1.26 and the experimentally observed pressure ratio of II = 1.34, the

mean polytropic exponent n, can be obtained from

Vmar np
I = 3.15

to be n, = 1.27. The used working gas helium has a mean adiabatic exponent of

k = 1.67. Thus, the global compression and expansion processes tend to be close
to isothermal behavior (n, = 1). This backs the used isothermal compression and
expansion for the analytical model in section 2.3.

A result of the analytical model in subsection 2.3.6 is an approximation of the pV-
work. Furthermore, in subsection 2.9.2 the function f (r.) was defined to introduce the
numerically observed dependency of the pV-work on the compression ratio. The gross
power P, is related to the pV-work through P, = f W,. Using Eq. (2.158) its absolute

value can be approximated by

(r—1) -1
(ra + 1)°

r
Pg ~ fF(Tc)pminV;i d (1 + va), (316)

with
4r3(re + 1) + 7673 + 4rg + 1)) (rg(r — 1) = 1)

4(2rg + 1) (rg + 1)2 (2rg(re + 1) + re)

Xpv = —

The net power output of the engine is P, = P, — P, ;,;, where the total internal
power loss P, in general, is a function of at least f, p;, T', geometry parameters
such as 7., rq and V; as well as working gas properties. The geometry of the engine
(r. =0.38, r4 = 1.71 and V; = 18 cm?) is fixed. Thus, the internal power loss is reduced
to being a function of f, p;, T" and the working gas properties. The main influence of
the temperature on the internal power loss is due to the temperature dependency of the
working gas properties. Assuming a perfect gas and neglecting the remaining secondary
dependency of the internal power loss on the temperature, the internal power loss is
only a function of the frequency f and the filling pressure p;.

Since 7. is fix, the function F (r.) becomes a constant factor. The net power can

thus be expressed trough

(r—1) -1

Td
Pn ~ Ffpmmvd
(Td+1)2

(1 + xpv) — Pone(fipr)- (3.17)

For a fixed frequency and filling pressure, the factor F and the total internal power loss
P, ;nt can be obtained from the experiment. To do so, the net power output is measured

for filling pressures of 6 bar, 8 bar and 10 bar and frequencies from 4 Hz to 12 Hz. For
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Figure 3.17: (a) Fits of the measured net power outputs as functions of the temperature ratio
for filling pressures of 6 bar, 8 bar and 10 bar, an operating frequency of 8 Hz, and 7, = 25°C;
(b) Factor F obtained from the fit as a function of the operating frequency.

each pair of (f,py) the engine is motored at heat input temperatures between 40°C
and 600 °C. The minimum pressure is considered to be independent of the temperature
distribution. In reality, due to the thermal relaxation, the temperature distribution
slightly influences the minimum pressure and the pressure amplitude. From Fig. 3.8,
the experimentally observed minimum pressures are p,,;, = 5.15 bar for a filling pressure
of 6 bar, p,,;, = 7.00bar for a filling pressure of 8 bar and p,,;, = 8.55 bar for a filling
pressure of 10 bar.

The measured net power P, is plotted versus the temperature ratio 7 = 73, /7, and
adapted with Eq. (3.17). The fitting parameters are f and P, ;,;. For f = 8Hz the
result is shown in Fig. 3.17 (a). For all filling pressures the net power becomes zero
at 7 = 1.62 £ 0.05. The respective minimal heat input temperature above which the
engine is working is Tj, = 210°C £ 15 K. A relation for the minimal temperature ratio
above which the engine provides a gross power output was found in subsection 2.3.4

Eq. (2.81) with
rqg + 1

Ta

T0 —

The distribution ratio of the engine is r4 = 1.71 and thus 7 = 1.59. This value is
within the range of the experimentally observed value and differs from the measured
mean value about 2%! The result is highly interesting, since simplifications such as
isothermal compression and expansion were made for the analytical approach. It seems
that the property of the pulse tube engine to have the calculated and measured minimal
temperature ratio 7y is a fundamental characteristic of the engine. The analytical model
is robust enough to detect this property exactly. Furthermore, the model predicts that

the minimal temperature ratio is only a function of the distribution ratio. At least for
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Figure 3.18: (a) Internal power losses as functions of the operating frequency for filling
pressures of 6bar, 8 bar and 10bar. The internal power loss is obtained from the fit of the
measured net power in Fig. 3.17 (a) with Eq. (3.17); (b) Comparison of the measured net and
gross power outputs with the numerically calculated net power output and the numerically
calculated flow-frictionless power output as functions of the operating frequency for a filling
pressures of 10 bar, a heat input temperature of 600°C, and a cooling temperature of 25°C.

a variable filling pressure, the experiment confirms this result.

For all investigated filling pressures and frequencies, the fitted factor f is shown in
Fig. 3.17 (b). It seems to be slightly dependent on the operating frequency. The func-
tion F (r.) is assumed to be only a function of r.. Thus, the observed slight dependency
on the operating frequency has to be taken into account or is just a systematic error of
the experiment. Its mean value is < F > = 0.159 and its absolute and relative errors
are AF = 0.016 and AF /F = 10%, respectively.

The results disclose that the engine’s gross power output is quite equal to its net
power output. To show this, the internal power loss, also obtained from the fitting
procedure, is plotted in Fig. 3.18 (a). Up to an operating frequency of about 8 Hz the
internal power loss is very low (< 0.5 W). After exceeding this frequency it is increasing
heavily. Fitting the internal power loss with the function P, = ¢ f* delivers an
exponent of [ =~ 5. Mechanical power loss due to deformation of the regenerator mesh
is proportional to f and flow friction power loss is proportional to f3. Thus, the
observed internal power loss does not have its origin in mechanical or flow friction. The
thermodynamic situation in the engine seems to change for higher frequencies, leading
to the observed strong increase of the internal power loss.

For a heat input temperature of T;, = 600°C and a filling pressure of 10bar the
measured net and gross power outputs are compared with the numerical calculated
net and gross power outputs. In order to calculate the gross power output with the

numerical model, the flow friction is switched off in the simulation. The results, fitted
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with the function P, = co+c; f+c3 f2, are shown in Fig. 3.18 (b). The measured power
outputs are slightly higher than the calculated. The difference between the gross and net
power output is for calculation and experiment up to a frequency of 8 Hz small. Thus,
the internal power loss is small for calculation and experiment. At higher frequencies,
the difference between gross and net power output in the experiment is more distinct.
The numerical simulation model does not reproduce the internal power loss sufficiently

for higher frequencies.
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Figure 3.19: (a) Measured gross power outputs as functions of the operating frequency at a
filling pressure of 10 bar and heat input temperatures between 40 °C and 600 °C; (b) Measured
gross power outputs as functions of the operating frequency at a heat input temperature of
600 °C and filling pressures of 6 bar, 8 bar and 10 bar. The cooling temperature is 25 °C.

In Fig. 3.19, the measured gross power output is shown as a function of the oper-
ating frequency, for (a) a fixed filling pressure of 10 bar and heat input temperatures
between 40°C and 600°C, and for (b) a fixed heat input temperature of 600°C and
filling pressures of 6 bar, 8 bar and 10 bar. In all cases, the observed gross power output
increases (7, > 200 °C), respectively decreases (7}, < 200°C), linearly with the operat-
ing frequency. This is in accordance with the theory. As can be seen in Fig. 3.19 (a),
the engine starts to operate for a heat input temperature above 200 °C, which happens
at the theoretically predicted value of 7p = 1.59. For lower heat input temperatures
the engine does not function. In this case heat is just transported from the hot to
the cold heat exchanger without any cycle energy conversion, respectively without any
pV-work output. As predicted by the theory, the gross power increases with the heat
input temperature.

Referring to Fig. 3.19 (b), it is evident that — within the range of the measurement
uncertainty — the gross power output increases linearly with the filling pressure. The

analytical model predicts a linear dependency of the gross power output on the minimum
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engine pressure, and hence, a linear dependency of the gross power output on the filling

pressure.

In order to analyze the gross efficiency of the pulse tube engine the numerical sim-
ulation model is used to calculate the thermal power input of the engine for a filling
pressure of 10 bar, frequencies between 4 Hz and 12 Hz and heat input temperatures
of 200°C, 300°C, 400°C, 500°C and 600°C. The results are used to calculate the
gross efficiency of the pulse tube engine from the ratio of the measured gross power of

Fig. 3.19 (a) to the respective numerically calculated thermal power input.

The results and also the efficiency

potential of the pulse tube engine are
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of 7. Since the gross efficiency cannot

exceed the analytical (ideal) thermal ef-

ficiency, calculated with the numerical model, as
functions of the temperature ratio 7. The mea-
sured efficiencies are available up to a heat input
temperature of 600°C. To show the existence of

ficiency it has to decrease above a cer-
tain temperature ratio 7,,;, which is too
high for an experimental investigation.

To show the existence of 7,,; the numer-

a peak efficiency in 7, the efficiency is calculated
numerically up to a heat input temperature of
1000°C. The filling pressure is 10bar and the
cooling temperature is 25°C.

ical simulation model is used. The pulse
tube engine is simulated for heat input
temperatures up to 1000°C (7 = 4.27)
and the gross efficiency is calculated nu-
merically. The result is also shown in Fig. 3.20. The numerically calculated gross effi-
ciency reaches its peak value at about 7,,; = 3. For higher temperature ratios, the gross
efficiency decreases slowly. Further numerical calculations for higher temperature ratios
show that the numerically calculated gross efficiency does never reach the value of the
analytical thermal efficiency. For a heat input temperature of 1500°C (7 = 5.95) the
numerically calculated gross efficiency is with 5.5% smaller than the analytical thermal

efficiency of 5.8%. At 7 = 75 the numerically calculated gross efficiency is 2%. This
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indicates the existence of a finite efficiency at 7 = 7y as predicted by the analytical
model. The power output of the working engine for 7 — 7y is too small to allow an
experimental determination of the respective efficiency.

For the working engine the gross efficiency increases with higher operating frequen-
cies. The reason is the increase of the phase delay between pressure swing and heat flux
in the pulse tube (thermal lag). For higher frequencies the time at which heat is added
to the gas and removed from the gas in the pulse tube gets closer to TDC and BDC,
respectively. The amount of heat transferred due to thermal relaxation in the pulse

tube increases and the cycle gets closer to the theoretical cycle described in section 2.3.

3.6 Experimental design parameter studies

Section 2.5 and 2.9 show theoretically that the engine performance strongly depends
on the compression ratio and the distribution ratio. The theoretical predictions are
now investigated experimentally and compared to the results of the analytical and the
numerical model. Moreover, as claimed in subsection 3.1.1, the cold heat exchanger
chx; needs a certain heat transfer area to allow optimal engine operation. To proof this
experimentally the influence of the heat transfer area of chx; on the engine performance
is studied.

For all considerations the model calibration (see subsection 3.3.3) is kept at the
values of the engine geometry investigated in section 3.4 and 3.5. Thus, the calculated
values will differ quantitatively from the experimental observations. Nevertheless, the
tendency of the performance by changing the engine geometry can be reproduced by

the model as well.

3.6.1 Influence of the compression ratio

The influence of the compression ratio on the engine performance is investigated exper-
imentally and compared to the theoretical predictions.

To do so the engine is motored at piston strokes between 20mm and 60 mm.
Fig. 3.21 (a) shows the resulting measured net power outputs for operating frequencies
between 4 Hz and 12 Hz at a heat input temperature of 600 °C and a filling pressure of
12 bar. The highest values are observed for a stroke of 60 mm. With the experimental
set-up, power outputs at higher strokes can not be measured reliably. A comparison of
the measured and numerically calculated net power outputs depending on the compres-
sion ratio is shown in Fig. 3.21 (b). In this case the operating frequency of the engine is
8 Hz, which is slightly lower than the peak frequency of the net power output. Observa-

tion and calculation show an increasing net power for higher compression ratios. Thus,
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Figure 3.21: (a) Measured net power output as a function of the operating frequency for
piston strokes between 20 mm and 60 mm at a heat input temperature of 600°C and a filling
pressure of 12bar; (b) Comparison of the calculated and measured net power outputs as
functions of the compression ratio for heat input temperatures of 400°C and 600°C, and a
filling pressure of 12bar. The cooling temperature is 25°C.

on a qualitative basis, the numerical model reproduces the observed engine behavior
well. For T}, = 400 °C the mismatch between calculation and observation is higher due
to lower power outputs and thus a stronger influence of the modeling error. The exper-
iment shows an optimal compression ratio of 0.47 (50 mm stroke) for 7}, = 400°C and
an optimal compression ratio of 0.56 (60 mm stroke) for 7;, = 600 °C. This observation
is in accordance with the theoretical prediction, which claims that higher heat input

temperatures enable higher compression ratios and higher power outputs.

3.6.2 Influence of the distribution ratio

The analytical and the numerical model disclose that the distribution ratio strongly
influences the engine performance. Its influence on the engine’s net power output is in-
vestigated experimentally and compared to the analytically and numerically calculated
power outputs.

To study the influence of the distribution ratio experimentally three regenerators
with lengths of 111 mm, 122mm and 143 mm are manufactured and placed into the
230mm long stainless steel tube. The resulting lengths of the pulse tube are 76 mm,
68 mm and 44 mm. The version with the 122 mm long regenerator has a 3 mm longer
chxy, compared to the two other regenerator versions. The extension just increases the
pulse tube length for about 3 mm. With these dimensions of pulse tube and regenerator
the distribution ratios are r; = 1.38 (short regenerator), 4 = 1.71 (medium regenerator)

and 74 = 3.4 (long regenerator). The volume of chx; is added to the pulse tube volume
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and the volumes of hhx and chxs are added to the regenerator volume. For the motored
engine the measured net power outputs at heat input temperatures of 200 °C, 400 °C and

600 °C are shown in Fig. 3.22 (a-c). For all temperatures the short regenerator always
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Figure 3.22: (a-c) Measured net power outputs as functions of the operating frequency for
distribution ratios of 1.38, 1.71 and 3.4, heat input temperatures of 200 °C, 400 °C and 600°C,
and a filling pressure of 10 bar; (d) Comparison of the numerically and analytically calculated
net power output with the measured net power output as functions of the distribution ratio
for heat input temperatures of 200°C, 400°C and 600°C, a filling pressure of 10 bar, and a
frequency of 8 Hz. The cooling temperature is 25 °C.

leads to the lowest power outputs. At 7T}, = 400 °C the medium and the long regenerator
show comparable power outputs. For lower temperatures the long regenerator becomes
advantageous and for higher temperatures the medium regenerator is favored. An
ideal engine having a high value of r; (long regenerator) has a high thermodynamic
asymmetry and is according to subsection 2.9.2 operating best. In the real engine the

long regenerator is accompanied by a short pulse tube. Thus, the hot heat exchanger
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is closer to the cold heat exchanger. A higher portion of the applied thermal power
flows directly to chx; and is released unused. This power loss increases for higher heat
input temperatures and leads to the observed better engine performance with a medium

regenerator length.

In Fig. 3.22 (d), the measured net power outputs depending on the distribution ra-
tio for an operating frequency of 8 Hz are compared to the calculated predictions of the
numerical and the analytical model. According to subsection 3.5.4, at this frequency,
the difference between the gross and net power output is small, and the results of the
analytical model can be compared to the results of the numerical model and the exper-
iment. For all temperatures the numerical calculations predict a stronger dependency
of the net power on the distribution ratio than the experiment, whereas the analytical
calculations predict a lower dependency of the net power on the distribution ratio than
the experiment. The best match is reached for the medium size regenerator. The mod-
els were calibrated for this case. Nevertheless, the existence of an optimal distribution
ratio is evident from measurement and calculations. Both models can thus be used to

design a working pulse tube engine.

3.6.3 Heat transfer rate of the cold heat exchanger

As found by numerical calculations, the heat transfer rate in the cold heat exchanger
chx; influences the performance of the engine in the way that an optimal heat transfer
rate exists at which the engine is operating best. Details are given in Appendix E. To
confirm this experimentally, the heat transfer area of chx; is modified in the experiment
and the performance of the engine is measured. Three cold heat exchangers are man-
ufactured with heat transfer areas of 56 cm?, 112 cm? and 163 cm?. For T}, = 400°C
the measured net power output as well as the measured net efficiency are shown in
Fig. 3.23 (a, b).

At frequencies lower than 8 Hz the influence of the heat transfer area of chx; on the
engine performance is small. At higher operating frequencies the heat exchanger with

an area of 112 cm? delivers best performance results.

The observation shows the importance of a careful design of the cold heat exchanger.
In contrast to Stirling engines a maximized heat transfer capability does not lead to

the highest performance of the pulse tube engine.



3.7. SUMMARY AND CONCLUSIONS OF THE EXPERIMENTS 99

35 T T T T T T T T 6 35 T T T T T T T T T
— _ o
30L  p,=10bar n AT | p, = 10 bar 5
— 301 Th =400°C \)-
S 251 ;] = T =25°C
% 25 § o5l ) |
: 20 13
a heat transfer area chx, E 20 heat transfer area chx, g
-— - qJ 4
2 15r s 56 cm’ 1 % o 56cm’
o 112cm’ Z 15} o 112 cm? .
1.0r 4 163 cm? 1 s 163 cm?
0 5 Il Il Il Il Il Il Il Il Il 1 0 L1 Il Il Il Il Il Il Il ]
T4 5 6 7 8 9 10 11 12 4 5 6 7 8 9 10 11 12
Frequency [Hz] Frequency [Hz]
(a) Net power output (b) Net efficiency

Figure 3.23: (a) Measured net power output; and (b) net efficiency as functions of the
operating frequency for heat transfer areas of chx; of 56 cm?, 112 cm? and 163 cm? at a filling
pressure of 10bar, a heat input temperature of 400°C, and a cooling temperature of 25°C.

Summarizing, a working pulse tube engine was successfully designed, manufactured
and built at a laboratory scale. Its performance is in the projected range of several
watts. Power output, efficiency and loss mechanisms were quantified and compared to
the theoretical predictions leading to a profound understanding of the pulse tube engine
and practical criteria for its design. The experimental set-up can be used for further

engine component tests.

3.7 Summary and conclusions of the experiments

The results of the experimentally investigated engine performance compared with the

theoretical predictions are summarized as follows:

1. A pressurized working pulse tube engine using helium as working fluid is built
successfully. The measured and calculated time-dependent pressure and material
temperatures are compared. The power loss of the thermal power input to the
surroundings and the mechanical friction power loss in the cylinder and the crank
mechanism are quantified. For the working engine it is shown that the heat flux

in the pulse tube is out of phase with all other heat fluxes.

2. The shaft, net and gross power output as well as the shaft, net and gross effi-
ciency of the engine are measured under variation of the engine filling pressure,
the heat input temperature and the operating frequency. The influence of these
operating conditions on the engine performance is investigated experimentally,

and compared to the calculations using the numerical and the analytical model
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developed in chapter 2. The accuracy of the calculated net power output of the
numerical model is quantified to about 40%. The minimum error of the measured

power output is 0.4 W.

. At a filling pressure of 10 bar, a heat input temperature of 600 °C and a cooling

temperature of 25°C the working pulse tube engine has a measured maximum
gross power output of 7.2 W at an operating frequency of 12 Hz and an efficiency
of about 8%, as well as a measured maximum net power output of 6 W at an oper-
ating frequency of 9 Hz and an efficiency of about 7.8%. The measured maximum
shaft power output of the engine is due to high friction in the crank mechanism
used, 1.1 W at an operating frequency of 5.5Hz and an efficiency of about 2%.

The accuracy of all power outputs is 40%.

. The internal power loss is quantified. Up to an operating frequency of 8 Hz, its

value is very small (< 0.5 W). Exceeding this frequency, it is increasing heavily
with P, o< f5. The difference between net and gross power output up to a
frequency of 8 Hz is only marginal. The inefficient nature of the pulse tube engine
can probably be compensated for by its practical efficiency caused by low internal

power losses at low operating frequencies and a simple timing mechanism.

. The theoretically found minimum temperature ratio 7y above which the engine is

working is confirmed experimentally. The measured value is pressure-independent
and amounts to 75 = 1.62 (7}, = 210°C), with an absolute error of A7 = 0.05
(AT, = 15K). The value calculated with Eq. (2.81) amounts to 75 = 1.59
(T, = 201°C) and is thus within the error range of the measured value. The
relative difference between calculation and experiment is very small at 2%. Since
Eq. (2.81) is obtained from an ideal analysis of the pulse tube engine and the
measurement delivers the same result, the minimal temperature ratio 7y seems to
be a basic property of the pulse tube engine and the developed analytical model

is robust enough to determine this basic engine property.

The gross power output of the engine is measured for different heat input tem-
peratures and filling pressures. Its dependency on these operating conditions cor-
responds to the found dependencies of the pV-work in Eq. (2.157) and (2.158).
The function F (r.), introduced in subsection 2.9.2 — being a constant in the in-
vestigations in section 3.5 — is quantified to F = 0.16. Using this value for F the
gross power output can be calculated with Eq. (3.16).

An upper limit for the efficiency of the pulse tube engine is found in Eq. (2.120)

together with Eq. (2.122). The measured and numerical calculated gross efficiency
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never exceeds this limit, which is highest for 7 = 75, and decreasing monotonously
for 7 > 7y. The gross efficiency of the working engine is zero for 7 = 7y. It increases
up to a certain temperature ratio 7, which is found to be about 7,,; ~ 3, and

decreases for higher temperature ratios.

The dependency of the engine performance on the compression ratio is studied
experimentally. With the analytical model, it is not possible to calculate the en-
gine performance depending on the compression ratio. The numerical simulation
model allows for this investigation. Under variation of the compression ratio, the
numerically calculated engine performance corresponds — within the accuracy of

the one-dimensional model — to the measured engine performance.

. The dependency of the engine performance on the distribution ratio is studied

experimentally. Both, the analytical and the numerical model can be used to
investigate the engine performance under variation of the distribution ratio. The
calculated performances are comparable to the measurements, whereas the numer-
ical model predicts a stronger dependency of the net power on the distribution
ratio than the experiment, and the analytical model predicts a lower dependency

of the net power on the distribution ratio than the experiment.

It is shown experimentally that the heat transfer rate in the cold heat exchanger
chx; has an optimum at which the engine is operating best. This behavior was

also found by numerical simulations.

As has been shown above, the developed working pulse tube engine, in combination

with the simulation models, provides a powerful tool to study the performance of the

pulse tube engine for various design parameters and operating conditions.






Chapter 4
Summary and further development

In this chapter the results of the present thesis are summarized, discussed and compared
to the objectives formulated in chapter 1. As a practical achievement of this work, the
concept of an advanced powerful prototype-like pulse tube engine, which is currently

under development, is derived.

4.1 Achieved state of knowledge

The pulse tube engine has been investigated theoretically and experimentally with
respect to its usage for low temperature waste heat recovery, e.g. of internal combustion
engines. In this section the results are discussed and compared to the goals formulated
in subsection 1.2.2. Afterwards, conclusions of the gained results with emphasis on a

further development of the pulse tube engine are conducted.

4.1.1 Results of this thesis

The state of knowledge from the beginning of this thesis has been increased by a detailed
theoretical disclosure of the pulse tube engine’s underlying thermodynamic process, by
the formulation of mathematical relations for its power output and efficiency as well as
by the definition and determination of important design features resulting in a successful
realization of a working engine.

Two mathematical models were formulated and their results compared to the mea-
sured characteristics of the working pulse tube engine. The first, an idealized analytical
model, presented in section 2.3 was aimed to discover fundamental characteristics of
the pulse tube engine and to derive mathematical relations for its power output and
efficiency. The aim of the second, numerical model, presented in section 2.7, was to get
a more precise understanding of the pulse tube engine’s underlying energy conversion

process and the influence of design features on the engine performance.
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The results of the theoretical analysis of the engine in chapter 2 were used in chapter
3 to design and build a pressurized working engine at a laboratory scale having several
watts of power output. The experimental test engine, equipped with a high number
of temperature and pressure sensors as well as measurement techniques for heat power
input and mechanical power output, was used to quantify the accuracy of the developed
simulation models and to systematically compare the performance of this engine with
the theoretical predictions. Furthermore, design parameter studies were performed

experimentally to support the development of an advanced powerful pulse tube engine.

Using the analytical model, it was proven mathematically in subsection 2.4.2 that
the pulse tube engine is intrinsically irreversible. This supposition was formulated
in [40], since the pulse tube engine process is similar to the thermoacoustic standing
wave engine, which is intrinsically irreversible as well |46]. Moreover, the intrinsically
irreversible nature of the pulse tube engine leads to a minimal temperature ratio 7y > 1,
derived in subsection 2.3.4, above which the engine starts to operate as a prime mover.
Its value was derived from the analytical model to be 79 = (r4+1)/ry — only dependent
on the distribution ratio, defined in section 2.2. The theoretically predicted value of 7

was experimentally confirmed in subsection 3.5.4 with an accuracy of 2%.

With the analytical model relations for the ideal power output and the ideal ther-
mal efficiency were derived in subsection 2.3.6. The resulting equations of the analytical
model were enhanced in subsection 2.9.2 by the numerically found strong influence of
the compression ratio on the engine performance. The accuracy of the formulated an-
alytical relations for the power output and efficiency were investigated experimentally
in subsection 3.5.4. It was found theoretically in subsection 2.4.2 that the pulse tube
engine’s ideal thermal efficiency is highest for a temperature ratio equal to 7y and is
decreasing monotonously for an increase of the temperature ratio. The experimental
test engine delivers a gross efficiency being equal to zero for a temperature ratio equal
to 79, followed by an increase of the gross efficiency up to a temperature ratio of about
T ~ 3, followed by a numerically calculated decrease of the gross efficiency for higher
temperature ratios. This result is discussed in subsection 3.5.4, where numerical inves-
tigations up to a temperature ratio of about 7 = 6 (7}, = 1500 °C) were performed. The
numerically calculated and measured gross efficiency are always below the thermal effi-
ciency calculated with the analytical model. Thus, the derived relation for the thermal
efficiency in subsection 2.3.6, which relates the thermal efficiency to design parameters

and working gas properties is an upper bound for the efficiency of the pulse tube engine.

The analytical model discloses that — for the ideal engine — the heat converted into
pV-work is added to the working gas in the cylinder only. The entire heat delivered

to the working gas in the hot heat exchanger and in the pulse tube is rejected in the
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cold heat exchanger. This effect — also calculated numerically in subsection 2.9.1 and
observed qualitatively at the working engine — enables a pulse tube engine with a non-
isothermal cylinder to provide a cooling power. The pulse tube engine can thus act
as a thermal driven refrigerator, which absorbs heat in the cylinder and converts it
into pV-work. An application for a respective German patent |82| of a thermal driven

refrigerator has been made within the framework of this thesis.

The numerical model was successfully used to calculate the non-ideal cycle of the
pulse tube engine. The results are presented in subsection 2.9.1. It has been discov-
ered that the underlying working principle of the pulse tube engine is not only the
supposed thermal relaxation [24] in the pulse tube, it is more a broken thermodynamic
symmetry. Thermodynamic asymmetry results from the fluidic linkage of an adiabatic
space (pulse tube) with an isothermal space (regenerator). Thus, the regenerator of the
pulse tube engine is essential for its functioning. The thermodynamic asymmetry can
be maximized by the correct distribution ratio. Maximum power output is reached for
higher, and maximum efficiency for lower distribution ratios. These observations result-
ing from the numerical model are in accordance with the analytically derived equations

in subsection 2.3.6 and with the experimental observations in subsection 3.6.2.

In contrast to the claimed necessity [24| of a non-adiabatic pulse tube, enabling a
thermal relaxation or thermal lag |27, 28, 29|, a pulse tube engine having a perfect
adiabatic pulse tube is able to provide a power output, but not an engine having no
regenerator. This is proven in subsection 2.9.4. There, it is also shown, that the thermal
lag effect in the pulse tube supports the energy conversion process and increases the
efficiency of the engine. Maximum efficiency is obtained for a specific amount of heat
transferred between the pulse tube material and the working gas. The pulse tube has

thus a regenerative property, which is bound on well adjusted heat transfer conditions.

Moreover, the operating and design parameters temperature ratio, compression ra-
tio and distribution ratio, introduced in section 2.2, are well suited to describe the
influence of the operating conditions and design features on the engine performance.
This was observed analytically in subsection 2.5, numerically in the subsections 2.9.2
and 2.9.3, and experimentally in section 3.6. Especially the distribution ratio highly
influences the engine performance. The higher the distribution ratio, the lower the
minimal temperature ratio 75, above which the engine is working and the higher its
power output, but the lower the achieved efficiency. The pV-work output of the engine

is maximal for a certain distribution ratio, which was estimated in subsection 2.5.3 to
Td,opt ~ (7- + 1)/(T - 1)
As a very practical disclosure of this research, it was found that a specially designed

pulse tube engine is able to take on heat along the pulse tube having the temperature
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distribution shown in Fig. 1.2 of subsection 1.2.1. Hence, heat can be added to the
working gas at a continuously decreasing temperature between T} and T, along the
pulse tube. This property of the pulse tube engine — only dependent on its design —
was found in the subsections 2.3.4, 2.9.1 and 3.3.4. Thus, the pulse tube engine is able
to use heat sources at different temperature levels. It is possible to design a pulse tube
engine, which cools down a fluid beginning at the hot heat exchanger temperature, along
the pulse tube to the cold heat exchanger temperature. This allows for the absorption
of a larger amount of heat from a thermal energy carrying fluid compared to e.g. the
Stirling engine, which is due to the regenerative cycle only able to use heat at a small

temperature range.

The shaft, net and gross power output as well as the shaft, net and gross efficiency of
the developed working pulse tube engine were measured in section 3.5 under variation
of the engine filling pressure, the heat input temperature and the operating frequency.
The results were compared with the theoretical predictions. According to subsection
3.5.3, the relative difference in the numerically calculated and measured net power
outputs is for T}, > 400°C smaller than 40%. The measured maximum power outputs
of the laboratory-scale working engine having a filling pressure of 10 bar, a heat input
temperature of 600°C and a cooling temperature of 25°C are: 7.2W at an operating
frequency of 12 Hz and an efficiency of about 8% for the gross power, 6 W at an operating
frequency of 9Hz and an efficiency of about 7.8% for the net power, and 1.1 W at an
operating frequency of 5.5 Hz and an efficiency of about 1.2% for the shaft power.

The measured internal power loss is, up to an operating frequency of 8 Hz, with
a value of about 0.5 W, very small. Exceeding this frequency it is increasing heavily
proportional to f°. Thus, gross power and net power are comparable for low operating
frequencies. This is an advantage of the pulse tube engine, which is related to its
simplicity. The main power loss of the built working engine results from external power
losses in the crank shaft, which can be reduced by a more efficient crank shaft mechanism

or the use of a linear electrical alternator.

In future research, the gained knowledge about the pulse tube engine as well as
the developed theoretical and experimental tools can be used symbiotically to further

develop this kind of prime mover.

The two prospected main goals of this thesis, formulated in subsection 1.2.2, con-
cerning a deep understanding of the pulse tube engine’s underlying thermodynamic
processes and the successful development of a working engine within the projected
power range have been achieved. The results of this thesis were brought to the inter-
national scientific community via three publications in international referred journals
[83, 84, 85|. A fourth publication about the results of the analytical model is submitted
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to Energy [86]. Furthermore, three German patent applications [82, 87, 88| have been
submitted. The results of this research were discussed on national and international
conferences and workshops [89, 90, 91, 92, 93, 94, 95|.

4.1.2 Conclusions from this thesis

The overall aim of this thesis was to quantify the potential of the pulse tube engine for
its usage in internal combustion engine’s waste heat recovery and to provide general
characteristics of the pulse tube engine, which could be interesting for other applications
as well.

Theory and experiment show that the pulse tube engine is able to operate at heat
input temperatures present in the exhaust gas of internal combustion engines. Even if
its prospected efficiency is with a value under 10% comparably low, its simplicity and
especially its ability to use heat along the pulse tube from a heat source continuously
decreasing in temperature, a practically operating pulse tube engine can recover a large
amount of heat from the exhaust gas of an internal combustion engine. This is an
important advantage of a well designed pulse tube engine. As an example, existing
thermoelectric energy converters [3| are able to recover heat from the exhaust gas in a
temperature range of about 100 K. The exhaust gas enters the thermoelectric energy
converter at a temperature of about 400 °C and exits it at about 300 °C. A well designed
pulse tube engine, in contrast, would be able to recover heat from the exhaust gas
beginning at the heat input temperature of 400 °C theoretically down to the temperature
of the cold heat exchanger. Assuming that the exhaust gas leaves the pulse tube engine
at a temperature of 200°C, the amount of heat recovered from the exhaust gas is
twice as much as the amount of heat recovered by the respective thermoelectric energy
converter. Supposing that the pulse tube engine and the thermoelectric energy converter
have comparable thermal efficiencies, the practical efficiency of the pulse tube engine
is thus twice as much as that of the thermoelectric energy converter. Moreover, in
contrast to state of the art thermoelectric energy converters, the pulse tube engine
operates reliably at heat input temperatures higher than 400 °C.

Since the mechanical design of the pulse tube engine is very simple and heat is
provided from external heat sources, it can be used in a wide range of other waste heat
recovery applications as well. A utilization as a low noise electrical power source or as
a thermal driver refrigerator is also possible. The remaining research and development
challenge, necessary to provide a breakthrough of the pulse tube engine in waste heat
recovery, is to find an efficient and economic mechanism for the conversion of the pro-
duced net power into shaft power or electricity. A first approach to meet this challenge

is briefly described in the last section of this thesis.



108 CHAPTER 4. SUMMARY AND FURTHER DEVELOPMENT

4.2 Concept of an advanced pulse tube engine

Based on the theoretical and experimental results, the design of an advanced powerful
prototype-like pulse tube engine is proposed. Optimal design features concerning the
distribution ratio and the heat transfer conditions in the pulse tube are used to build up
an engine having a comparatively high efficiency at a low heat input temperature. The
conversion of the produced pV - power into electrical power is done by a linear electrical
alternator, developed in [96].

Fig. 4.1 shows the conceptional design of the engine. The linear electrical alternator

pulse tube engine 1 linear electrical alternator pulse tube engine 2
windings
piston \ piston pulse tube hhx
=y Ly
N
\ LI T
regenerator chx . . chx regenerator
cylinder translator stator cylinder

Figure 4.1: Design of the advanced powerful prototype-like pulse tube engine consisting
of two coaxial pulse tube engines and a linear electrical alternator, designed as a reluctance
machine. The encapsulated engine design enables a high filling pressure up to 50 bar. The
coaxial configuration facilitates heat input and cooling, and increases the engine efficiency.

is designed as a reluctance machine [96, 97| having a stator consisting of magnets and
magnetic conductive iron material as well as electrical coils. The translator consist
only partly of magnetic conductive iron material. Details concerning the design and
the functional principle of the linear electrical alternator are given in [97, 98].

At both sides of the linear electrical alternator two equal pulse tube engines in a
coaxial configuration are installed. The used cylinder is an AIRPEL Anti-Stiction air
cylinder, similar to the one used in the previously built engine of chapter 3. Since
the engine is operating as a free piston engine (see subsection 2.9.1), the stroke varies
between 0 and 40 mm. Compression/expansion energy is stored as kinetic energy of
the translator. The cylinder is fluidically linked with the cold heat exchanger, which is
fluidically linked with the pulse tube’s cold side. At the pulse tube’s hot side a specially
designed hot heat exchanger is located, enabling a fluidic linkage between the hot side
of the pulse tube and the hot side of the regenerator, placed coaxial around the pulse
tube. The cold side of the regenerator is thermally contacted to the cold heat exchanger
material. In the pulse tube, three coaxial metal tubes are placed to adjust the heat

transfer area of the pulse tube.
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Figure 4.2: Photograph of the current
state of the art of the advanced pulse tube
engine. The photograph shows the built
and tested linear electrical alternator with
the flanges for the two coaxial pulse tube
engines. It is a result of the Master thesis
of Holtmann [96].

The coaxial design of the pulse tube engine has two advantages. First, the two
cold heat exchangers of the basic engine shown in Fig. 1.2 of subsection 1.2.1 are
substituted by one cold heat exchanger. This facilitates an application of the engine,
since the cold heat exchangers of both sides can be cooled together with the linear
electrical alternator. On the other hand, the heat supply at the front sides of the engine
facilitates a connection to the heat source. Secondly, the coaxial thermal coupling of
pulse tube and regenerator enables the exchange of heat between both components
[99, 100], which increases the engine efficiency [101].

The entire system, consisting of the linear electrical alternator and the two coax-
ial pulse tube engines is encapsulated enabling a filling pressure up to 50 bar. The
prospected net power output of the two engines is calculated to be 70 W at a filling
pressure of 40 bar, a heat input temperature of 300 °C, a cooling temperature of 25°C
and an operating frequency of 30 Hz. The net efficiency at these conditions is calcu-
lated to 8%. The linear electrical alternator is designed to have a conversion efficiency
of mechanical power into electrical power of about 80%. Thus, the prospected electrical
power output of the engine having the mentioned operating conditions shall be around
50 W at an overall efficiency of about 6%.

The linear electrical alternator is designed and built up. First performances mea-
surements are done and presented in [96]. All thermal components are designed and
currently in the phase of manufacturing and assembling. A photograph of the existing
engine parts, mainly concerning the linear electrical alternator, is shown Fig. 4.2. The
engine will be used to demonstrate the feasibility of a powerful low temperature pulse
tube engine backing its path into an application. First tests are scheduled for the next
couple of month and shall be in accordance with the following words of the German,

Swiss and American physicist Albert Finstein:

"Das Schinste und Tiefste was der Mensch erleben kann ist das Gefiihl des

Geheimnisvollen.”
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T: Theory

— Maple outputs of the analytical model —

Series expansion of the compression/expansion work:
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Series expansion of the amount of heat transferred per cycle in the cylinder:

Vd Pmin (7_ - 7_0)
(T’d —+ 1) To
1 (remo? 4 27eramo 4+ 27emg + 27¢ra + 7o + 474) Vi prin (T — 79)°

2 (L4+7g)(reraro+remg +2rg+rera+re+2) 102 (rg + 1)
+ O ((T — T0)3)

Qcyl =

Series expansion of the amount of heat transferred per cycle in the cold heat exchanger:
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Series expansion of the amount of heat transferred per cycle in the pulse tube:
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Series expansion of the amount of heat transferred per cycle in the hot heat exchanger:
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Series expansion of the amount of heat transferred per cycle in the regenerator:

Qreg =0

Series expansion of the thermal efficiency, via the hot heat exchanger only:
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Series expansion of the thermal efficiency, via the hot heat exchanger and pulse tube:
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Entropy production in the cylinder:

Sirr, cyl = 0
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Entropy production in the cold heat exchanger:

1 Vg Pron (7 — 79)° 3
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Entropy production in the pulse tube:
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Entropy production in the hot heat exchanger:
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Sirrhhe =
Entropy production in the regenerator:
Sirryreg =0
Sum of enthalpy exchanged between the components
S H+Y H'=0
i i
Sum of entropy exchanged between the components
Y osi+d sr=0
Check cycle energy balance
Eeyere =0
Check cycle entropy balance

Scycle =0
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E: Experiment

— Numerical determination of the optimal cold heat exchanger area —
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Numerically calculated net power output and efficiency as functions of the operating frequency
for different lengths L.p, of the cold heat exchanger chx;, resulting in different heat transfer
areas (Ape X Lepg).
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