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Abstract. A sequence ajas...ag, such that a; = a,4; for all 1 <
1 < m is called a repetition. A sequence S is called non-repetitive if
no subsequence of consecutive terms of S is a repetition. Let G be
a graph whose vertices are coloured. A path in G is a called non-
repetitive if the sequence of colours of its vertices is non-repetitive. If
G is a plane graph, a facial non-repetitive vertex colouring of G is a
vertex colouring such that any facial path (i.e. a path of consecutive
vertices on the boundary walk of a face) is non-repetitive. We denote
7(G) the minimum number of colours of a facial non-repetitive vertex
colouring of G. In this article, we show that 7;(G) < 16 for any plane
hamiltonian graph G' and 7;(G) < 112 for any 2-connected cubic
plane graph GG. These bounds are improved for some subfamilies of
2-connected plane graphs. All proofs are constructive.

1 Introduction

Let A be a set of symbols and let S = ajas...as, be a sequence with
a; € A;n > 1. §is called a repetition if a; = a;y, for all e = 1,... n and
non-repetitive if no block of S (i.e. subsequence of consecutive terms of )
is a repetition. On the alphabet {0, 1} the longest sequences not containing
repetitions are 010 and 101. On the other hand, more than hundred years
ago, Thue [21] proved that over {0,1,2} there is an infinite sequence not
containing any repetition.



The first problem involving graphs and non-repetitive sequences was stud-
ied by Currie in 1987, see [7]. The idea to study non-repetitive colourings
of finite graphs comes from the paper of Alon, Grytczuk, Haluszczak and
Riordan [1].

Let G be a simple graph and let f be a colouring of the vertices of G by
symbols (colours) of A. We say that f is non-repetitive if for any simple path
V1Vs . . . U9, in G the associated sequence of colours f(vy) f(ve) ... f(ve,) is not
a repetition. The minimum number of colours in a non-repetitive colouring
of G is the Thue chromatic number and it will be denoted by 7(G). Let P,
and C,, be a path and a cycle, respectively, on n vertices. Then Thue’s result
can be reformulated as follows.

Theorem 1.1 (Thue [21]). n(P) = 1, n(P) = n(P3) = 2, and w(P,) = 3
for every n > 4. OJ

This implies that 7(C,) < 4. The precise value of the Thue chromatic
number for cycles has been determined recently.

Theorem 1.2 (Currie [8]). 7(C,) =4 forn € {5,7,9,10,14,17}. Otherwise
©(Cp) = 3.

Let m(A) denote the supremum of 7(G) where G ranges over graphs of
maximum degree at most A. Thus, 7(2) = 4.

The proofs of the following two theorems relay on probabilistic method
and at moment no constructive argument is known for any A > 3, see [1]

and [12].

Theorem 1.3 (Alon et al. [1]). There are absolute positive constants ¢; and
¢y such that

A% (A) < ¢y A?
logA_’YT < Co .

C1

Theorem 1.4 (Grytczuk [12]). If G is a graph of maximum degree at most
A, then m(G) < 16A%

Alon et al. in [1] posed the following
Problem 1.5 (Alon et al. [1]). Determine m(3).
A major problem in this area concerning planar graphs is due to Grytczuk.

Conjecture 1.6 (Grytczuk [12]). There exists an integer K such that m(QG)
< K for every planar graph G.

Motivated by Conjecture 1.6, Bresar, Grytczuk, Klavzar, Niwczyk and
Peterin proved



Theorem 1.7 (Bresar et al. [5]). Let T be a tree. Then w(T') < 4. Moreover,
the bound 4 is tight.

The following results have been proved independently by Kiindgen and
Pelsmajer [15] and Bardt and Varja [2].

Theorem 1.8 ([2], [15]). Let G be an outerplanar graph. Then
7(G) <12.

The tree-width of a graph G is the minimal k such that G' can be embedded
into a k-tree. See the book of Bondy and Murty [4] for a definition of the
tree-width.

Theorem 1.9 (Kiindgen and Pelsmajer [15]). Let G be a graph of tree-width
t > 0. Then 7(G) < 4"

For some other results concerning non-repetitive vertex colourings of
graphs see [1]-[3], [5], [7], [10]-[13], [16], [17]. There is a rich literature
concerning non-repetitive edge colourings, see e.g. [1], [10] or [14] where the
reader can find surveys of the results on the topic.

2 Facial non-repetitive vertex-colouring of
plane graphs

In this article, we study a variant of non-repetitive vertex colourings for
plane graphs which is less constrained. We use standard terminology accord-
ing to Bondy and Murty [4] except for few notations defined throughout this
article. However, we recall some frequently used terms.

Analogously as in Havet et al. [14], we introduce in this paper a facial non-
repetitive colouring. If GG is a connected plane graph, a facial non-repetitive
vertex colouring of G is a vertex colouring such that any facial path (i.e. a
path of consecutive vertices on the boundary walk of a face) is non-repetitive.
The facial Thue chromatic number of G, denoted by 7¢(G), is the minimum
number of colours of a facial non-repetitive vertex colouring of G. Note that
the facial Thue chromatic number depends on the embedding of the graph.

Observe that a facial non-repetitive vertex colouring is less constrained
than a (general) non-repetitive vertex colouring. Since a facial non-repetitive
vertex colouring is also proper, we immediately have

Proposition 2.1. Let G be a 2-connected plane graph and let xo(G) be its
(usual) chromatic number. Then

Xo(G) < 7(G) < 7(G).
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On the other hand, any usual vertex colouring of a plane triangulation
uses on each triangular face three different colours. It follows

Proposition 2.2. Let G be a plane triangulation. Then
3< 74(G) = xo(G) < 4.
O

Motivated by the Problems 1.5 and Conjecture 1.6 we consider relaxations
of them. More precisely, we restrict ourselves to the following two problems.

Problem 2.3. Let w¢(A) denotes the supremum of wp(G) where G ranges
over plane graphs of maximum degree at most A. Determine m¢(3).

Conjecture 2.4. There is an integer K such that n;(G) < K for every
2-connected plane graph.

We give an upper bound on 74(3) in the case of 2-connected cubic plane
graphs. We show that a constant K exists for the family of Halin graphs and
the family of hamiltonian plane graphs. All our proofs are constructive.

3 Lemmas on Thue sequences

To be able to prove the theorems below we need some preliminary lemmas.
For a sequence of symbols S = ajas...a, witha; € A and forall 1 < k <
[ < n let us denote by Si; the block araj41 ... a

Lemma 3.1 ([14]). Let A = ajaz...a, be a non-repetitive sequence with
a; € A foralli = 1,2,...,m. Let B = biby...b, , 0 <i<r+1, be

a non-repetitive sequences with b; e€B foralli =0,1,...,7+ 1, and j =
17 2, e,y [f ANB = @ then S = BoAl,nlBlAn1+1,n2 c. BTAHT+17m, BT+1
with 1 < nqg < ng < --- < n, <m is a non-repetitive sequence. O

The second lemma is an immediate implication of Theorem 1.1.

Lemma 3.2. Every cycle admits a non-repetitive vertez-colouring in {1,2, 3,
4} such that exactly one vertex obtains colour 4. 0J



4 Halin graphs

A Halin graph is a plane graph which is a union of a tree T" of order p > 3
having no vertex of degree 2 and a cycle C' connecting the leaves of T" in a
cyclic order determined by a plane embedding of T'.

Theorem 4.1. Let G be a Halin graph. Then
Wf(G) S 7.

Proof. Let G be a union of a tree T" and a cycle C. Let T} be a subtree of
T obtained by deleting all leaves up to one, say v, from 7. By Theorem 1.7
there is a non-repetitive 4-colouring ¢, of 77 with colours in {1,2,3,4}. By
Lemma 3.2 there is a non-repetitive 4-coloring of vertices of C' with the colour
©1(v) of v and other colours in {5,6,7}. If we use these colourings also for
G then, by Lemma 3.1, we obtain a required facial non-repetitive vertex
7-colouring. O

5 Hamiltonian plane graphs

Lemma 5.1. Let G be a 2-connected outerplanar graph. Then the vertices of
G can be coloured with 4 colours in such a way that no interior face contains
a repetition.

Proof. The proof is by induction on the number m of interior faces. If m =1
then the statement follows from the Currie’s Theorem 1.2. Let G have m

faces aq, ao, . .., a,, and assume that the face «,, is a face sharing exactly one
edge with exactly one of the remaining faces. Let e = uwv be this edge. Let
G’ be the subgraph of G consisting of faces aq, o, ..., am_1. By induction

hytothesis, the graph G has the desired coloring ¢ with at most four colours
from {1,2,3,4} and let ¢/(u) = a and ¢'(v) = b. By Theorem 1.2, the vertices
of a,, can be coloured with four colours from the same set {1,2,3,4} such
that the vertex u gets colour a and the vertex v receives colour b. The union
of these two colourings gives a suitable vertex 4-colouring of G. O]

Theorem 5.2. Let G be a plane hamiltonian graph G then

Proof. Let H be a Hamilton cycle in G and G (and G3) be the outerplanar
graph induced by the edges of H and the edges in the interior (in the exterior)
of H in G. By Lemma 5.1, there is a vertex-colouring ¢, of G; and a vertex



colouring ¢y of GGy that is facially non-repetitive on the interior faces of G
and G5, respectively. If we associate to each vertex v; of G the ordered pair
(p1(vi), p2(v;)) we obtain a suitable facial non-repetitive vertex 16-colouring

Using Theorem 1.2 and the ideas of the proof of the previous theorem,
one can prove the following

Theorem 5.3. If a hamiltonian plane graph G does not contain any r-gonal
face for r € {5,7,9,10,14,17} then

Wf(G) §9
0J

Because every 4-connected planar graph is hamiltonian, see [22] | we
immediately have

Corollary 5.4. If G is a 4-connected plane graph then

7Tf(G) S 16.

6 Cubic plane graphs — basic results

In this Section we deal with 2-connected cubic (i.e. 3-regular) plane
graphs. From Theorem 1.4 it follows for every 2-connected cubic plane graph
G that 7¢(G) < 144. In this and the next sections the better bounds for
different families of 2-connected cubic graphs will be given. To present the
main idea of our proofs below we first prove the following proposition.

Proposition 6.1. Let G be a 2-connected cubic plane graph. Then
7 (G) < 256.

Proof. We have to show that there is a vertex colouring of G with 256 colours
in which any facial path is non-repetitive. Let o be a face of G. By Theo-
rem 1.2, there is a vertex 4-colouring ¢, of the vertices of the facial cycle of
a which is non-repetitive.

By the Four Colour Theorem [19], [23] there exists a proper face 4-
colouring & of the faces of G with colour from the set {1,2,3,4}. To obtain a
required vertex colouring of GG which is facial non-repetitive we associate each



vertex v with colour - the ordered quadruple - (z1, z9, x3,z4) defined in the
following way. Let a vertex v be incident with the face a. If £(«) = i then we
put z; = @, (v). If for some i no face incident with v is coloured with colour
i we put x; = 0. (Note that such ¢ exists for every vertex because the graph
G is cubic.) It is easy to see that there are 4 x 4% = 4% ordered quadruples
of the required type and that any facial path in G is non-repetitive. m

If a 2-connected cubic plane graph G does not contain any k-gonal face
for k € {5,7,9,10, 14,17} then for any face « there is, by the Currie result, a
vertex 3-colouring ¢, that is non-repetitive on the facial cycle of a. Hence,
by a slight modification of the proof of the previous theorem, we immediately
have

Proposition 6.2. Let G be a 2-connected cubic plane graph that does not
contain any k-gonal face for k € {5,7,8,10,14,17}. Then

’/Tf(G) S 108.
[

It is well known that any cubic plane graph all faces of which are even-
gonal has a proper face 3-colouring &, (see [15], [20]). Using this fact for £ in
the proof of Proposition 6.1 we are able to prove

Proposition 6.3. Let G be a 2-connected bipartite cubic plane graph. Then
O

Proof. We follow the idea of the proof of Theorem 6.1. By Theorem 1.2
there is a vertex 4-colouring ¢, of the vertices of the facial cycle of a which
is non-repetitive.

By the Heawood theorem [15], (see also [20]) there exists a proper face
3-colouring ¢ of the faces of G with colour from the set {1,2,3}. To obtain a
required vertex 64-colouring of G which is facial non-repetitive we associate
each vertex v with the ordered triple - (z1,x2,23) defined in the following
way. Let a vertex v be incident with the face a. If {(a) = i then we put
T; = pa(v). It is easy to see that there is at most 43 ordered triples of the
required type and that any facial path in G is non-repetitive. [

The proof of the next theorem is left to the reader

Theorem 6.4. Let G be a 2-connected cubic plane graph all faces of which
are multi-4-gonal. Then

7Tf(G) S 27 .



7 Cubic plane graphs — main result

We are going to improve Proposition 6.1. To do this we need two more
notions. A set of vertices (edges) of a plane graph G is face independent
if no two vertices (edges) of this set are incident with the same face. Our
improvement is the following theorem.

Theorem 7.1. Let G be a 2-connected cubic plane graph. Then
r(G) < 112.

Proof. The proof consists of two parts. First we choose some vertices that
receive extra colours. Then we show that the remaining vertices in any face
can be coloured with three colours such that the resulting vertex colouring
of vertices on facial cycles will be non-repetitive. At the beginning, let us
call all faces of G white faces and all the vertices white ones.

First we find a maximum set A of face independent vertices. Let us
call the vertices of the set A green wertices. Each face which is incident
with a green vertex is called a green face. Observe that now every white
vertex is incident with at least one green face. Now an edge is called white
if it is incident with two white faces. Let B be a maximum set of face
independent white edges. Let us call the edges from B blue edges. Next
let us choose exactly one end vertex from every blue edge and call it a blue
verter. Rename each white face that is incident with a blue vertex to be a
blue face. From the remaining white faces we select those which have sizes
from the set {5,7,9,10,14,17} and call them pink faces. Observe that the
vertices of any pink face are white. Let F' be the subgraph of GG induced by
the vertices at pink faces. The maximum degree of F'is at most 3 therefore
there is a (usual) proper 3-colouring of the vertices of F' with a colour from
the set { pink, red, black }. If possible then on each pink face choose a vertex
coloured with pink colour and call this vertex pink. If such a vertex on a pink
face o does not exist then choose a vertex of o coloured red and call this
vertex red.

Hence, after the above described procedure we have green, blue, pink and
white faces. Similarly we have green, blue, pink, red and white vertices. All
vertices on white faces are white, exactly one vertex on any pink face is either
pink or red and all other are white. Each blue face contains exactly one blue
vertex, some white vertices and no or some pink and/or red vertices, but
these are at mutual distance at least two except possibly when a red vertex
and a pink vertex are adjacent. On the boundary of green faces there can
be a more complicated situation. It contains exactly one green vertex, no
two consecutive vertices (except of white) are of the same colour, no green

8



vertex is adjacent with any blue vertex, and among any four consecutive
vertices at least one is white. Vertices, that are not white will be refereed as
precoloured.

Now we are going to show that for any face o there exists a colouring of
white vertices on the boundary of « by three colours from the set {1, 2,3}
which together with precolored vertices on « gives a non-repetitive colouring
Pa-

If o is a white face then, due the Currie theorem, there exists a non-
repetitive vertex 3-colouring ¢, of vertices of the facial cycle of o with colours
from {1,2,3}. Next let a be not a white face and u be the green vertex if a
is green, the blue vertex if « is blue, and the pink or red vertex if « is pink.
Choose an orientation of «. Let vy, vs,...,v, be the sequence of all white
vertices of o in order around « chosen in such a way that the vertex w is on
the segment of the facial cycle between v, and v; containing no other white
vertex.

By Thue Theorem 1.1, there is a non-repetitive 3-colouring with colours
1,2, and 3 of the vertices of the sequence of white vertices of . By Lemma 3.1,
this colouring together with colourings of precolored vertices incident with «
provides a non-repetitive vertex colouring ¢, of the facial cycle of a.

The remaining part of the procedure of the colouring is analogous to
those in the proof of Proposition 6.1. By the Four Colour Theorem, there
is a proper face 4-colouring £ of the faces of G with colours from the set
{1,2,3,4}. To obtain a required vertex colouring of G which is facially non-
repetitive we associate to each vertex v a colour — the ordered quadruple —
{1, 29,23, 24} defined in the following way: If v is a precoloured vertex with
a colour a, a € {green,blue, pink,red}, we put 1 = x9 = x3 = x4 = a.
Let v be a white vertex incident with the face a. If {(ar) = ¢ then we put
x; = @q(v). If for some i no face o incident with v is coloured with colour i
we put z; = 0.

It is an easy calculation to get that the number of suitable quadruples is
bounded by 4 x 3% + 4 = 112. This finishes the proof. O

Combining the methods of the proofs of Theorem 7.1 and Proposition 6.3
one can prove the following strengthening of the latter one. We omit the
proof.

Theorem 7.2. Let G be a 2-connected bipartite cubic plane graph. Then



8 Concluding remark

One can ask how good are the bounds in our theorems. In [2] Barét
and Varju provide examples of outer planar graphs G with 7(G) > 7 and
examples of plane graphs H with 7(H) > 10. Unfortunately we do not know
any plane graph G with 7;(G) > 5. We strongly believe that a constant K
in our Conjecture 2.4 is smaller than 10.
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