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ON THE NEGATIVE SQUARES OF A CLASS OF SELF-ADJOINT
EXTENSIONS IN KREIN SPACES

JUSSI BEHRNDT, ANNEMARIE LUGER, AND CARSTEN TRUNK

ABSTRACT. A description of all exit space extensions with finitely many negative squares of a
symmetric operator of defect one is given via Krein’s formula. As one of the main results an exact
characterization of the number of negative squares in terms of a fixed canonical extension and the
behaviour of a function 7 (that determines the exit space extension in Krein’s formula) at zero and
at infinity is obtained. To this end the class of matrix valued DJ**"-functions is introduced and,
in particular, the properties of the inverse of a certain D2*-function which is closely connected
with the spectral properties of the exit space extensions with finitely many negative squares
is investigated in detail. Among the main tools here are the analytic characterization of the
degree of non-positivity of generalized poles of matrix valued generalized Nevanlinna functions
and some extensions of recent factorization results.
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It is a common feature of many questions in extension and spectral theory of symmetric and

1
A =N =A- N —— A€ p(A, A
(Ar =07 = (AN = i Ceen A€ p(A) N4,
where ¢y € ker(S* — \), are encoded in the functions
1
Ao ————.
- m(\) + 7

1

self-adjoint operators that the properties of the given operators are described in terms of a locally
analytic function and its behavior close to singularities. For example, if A is a fixed self-adjoint
extension of a closed simple symmetric S operator with defect one in a Hilbert space IC, then the
corresponding Weyl function (or @-function) m : C\R — C can be used to describe the spectrum
of A. Furthermore, the spectral properties of the self-adjoint extensions A, of S, labeled by a real
parameter 7 in Krein’s formula for canonical extensions,

When considering self-adjoint extensions that act in larger Hilbert, Pontryagin or Krein spaces
K x 'H the parameter 7 in Krein’s formula itself is a function. However, for the spectral analysis
of these self-adjoint extensions it is not sufficient to consider the function A — —(m(\) +7(\))~1,
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as Krein’s formula might suggest. Instead, it is necessary to investigate the structure of the
singularities of the 2 x 2-matrix function

(1.1) M) = — (’”_(f) _T(;)l)_l.

The structure of the exit space H determines the properties of the function 7 in Krein’s for-
mula and vice versa, e.g., a Hilbert or Pontryagin space will lead to a Nevanlinna or generalized
Nevanlinna function, whereas a Krein space will lead to more general classes of locally meromor-
phic functions. The self-adjoint extensions in K x H in Krein’s formula can also be regarded as
lineralizations or solution operators of certain boundary value problems in K with the function
7 as an eigenparameter dependent boundary condition. In this connection, functions of the form
(1.1) have frequently appeared in the literature, see, e.g., [27, 29, 31, 32] for problems involving
Sturm-Liouville operators and Hamiltonian systems, and [3, 6, 21, 23] for more abstract situations.
As a concrete example one might think of a Sturm-Liouville problem of the form

(1.2) —f'af =rAf  and  T(N)F(0) = £(0)

in K = L*R"), where ¢ and r > 0 are real valued bounded functions, and 7 : C\R — C
is locally meromorphic and symmetric with respect to R. Then m can be identified with the
usual Titchmarsh-Weyl coefficient, which under the above assumptions belongs to the class of
Nevanlinna functions. The solvability properties of (1.2) are then encoded and reflected in the
spectral structure of a self-adjoint operator in L?(R*) x H determined via Krein’s formula as well
as in the singularities of the function (1.1).

The main objective of the present paper is the investigation of a certain class of functions of
the form (1.1) and the spectral structure of the corresponding self-adjoint exit space extension in
Krein’s formula in an indefinite setting. More precisely, our main interest is on functions m and
7 belonging to the classes Dy, k € Ny, introduced and studied in the scalar case in [9, 10, 11]
in connection with indefinite Sturm-Liouville problems. Recall that a scalar function M belongs
to the class D, if for some point Ay of holomorphy of M there exists a generalized Nevanlinna
function Q € N, holomorphic in A\g and a rational function G' symmetric with respect to the real
axis and holomorphic in C\{\g, Ao} such that

A

(A= 20)(A = Ao)
cf. Definition 4.1. The classes D,, are subclasses of the so-called definitizable functions which
were comprehensively studied in [35, 36]. In particular, the general results in [36] imply that
the functions from the class D, are connected with self-adjoint operators and relations with s
negative squares in Krein spaces in the same way as, e.g., Nevanlinna and generalized Nevanlinna
functions are connected with self-adjoint operators and relations in Hilbert and Pontryagin spaces,
respectively, see, e.g., [34, 39]. In other words, every function from the class D,; admits a minimal
representation

M(X) =ReM(Xo) + [((A = ReAg) + (A= A0)(A = Xo) (Ao = A) ™) 7a0: Ya0)

via the resolvent of a self-adjoint operator (or relation) Ay in a Krein space (K, [-,]) such that
the Hermitian form [Ag-, ] has k negative squares. Here )\g is a fixed point in the domain of
holomorphy of M and v, € K. We mention that the class of self-adjoint operators with non-
empty resolvent set and k negative squares consists of operators which allow a rich spectral theory:
There exists a spectral function with singularities and the non-real spectrum consists of at most x
pairs, symmetric with respect to the real line, see [41, 43] and, e.g., [11, Theorem 3.1].

The present paper is divided into two separate parts which are both of interest on their own:
Part T deals with matrix valued D,-functions and Part II is devoted to extensions of symmetric
operators in Krein spaces and the number of their negative squares. In Part I the matrix valued
analogue D»*™ of the classes D, are introduced and the answer for the following problem is found:
Given scalar functions m € D,, . and 7 € D,,_ describe k € Ny such that the 2 x 2-matrix function

M) = Q(N) +G(N);
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M in (1.1) belongs to the class D2*?. It turns out in Theorem 4.5 that the index & differs at most
by one of the sum k,, + k-, and the exact value of ¥ is determined in terms of the limiting behavior
of the functions m and 7 at the point 0 and oo. For the special case that 7 is a real constant
this description can already be found in [11]. We point out that the solution of this seemingly
simple problem does not only involve a sophisticated machinery of technical tools and nontrivial
recent results from the theory of matrix valued generalized Nevanlinna functions, e.g., the purely
analytic characterization of the degree of non-positivity for matrix valued generalized Nevanlinna
functions from [46]; cf. Definition 2.13 and Theorem 2.15, but also requires an extension of certain
factorization results for matrix valued generalized Nevanlinna functions from [46] and recent results
on functions of the form (1.1) from [6].

Part II of this paper contains a variant of Krein’s formula for the self-adjoint extensions Ain
K x 'H of a symmetric operator with finitely many negative squares and defect one in a Krein
space K. Here H is also allowed to be a Krein space and we give a parametrization of all extension
A that also have finitely many negative squares. We remark that various other variants of the
Krein-Naimark formula in an indefinite setting can be found in the literature. The case that A is
a symmetric operator in a Pontryagin space K and H is a Hilbert space was investigated by M.G.
Krein and H. Langer in [37]. Later V.A. Derkach considered both K and H to be Pontryagin or
even Krein spaces; cf. [17, 18, 19], other variants of (1.3) were proved in, e.g., [5, 7, 26, 42].

For the purpose of the second part of the paper the abstract concept of boundary triplets and
associated Weyl functions is a convenient tool. A boundary triplet {C,T',T';} for a symmetric op-
erator A of defect one consists of two linear mappings I'g,I'; defined on the adjoint AT that satisfy
an abstract Lagrange identity and a maximality condition, see Section 5 for details. Associated
to {C,Ty,IT'1} is the so-called Weyl function which is the abstract analog of the Titchmarsh-Weyl
function from singular Sturm-Liouville theory. Denote by Ay the self-adjoint restriction of A* onto
ker 'y and let v and m be the v-field and Weyl function associated to {C,T'y,I'1 }. In Section 7 it
will be shown that the formula
(1.3) Pe(A =Xk = (Ao = 27" =y () (m() +7(0) (M)’
establishes a bijective correspondence between the compressed resolvents of minimal self-adjoint
exit space extensions A of A that have finitely many negative squares and the functions 7 belonging
to the class U, ey, Dx U {00}; see also [9]. Based on the coupling method from [21] and some
technical tools from extension theory of symmetric operators in Krein spaces provided irlﬁection 6
we show that A in (1.3) is the minimal representing operator or relation of the function M in (1.1),
where now m is the Weyl function of the fixed boundary triplet {C,To,T';} and 7 is the parameter
function in (1.3). The main result of the second part of the paper is now a consequence of this
observation, Krein’s formula and Theorem 4.5 from the first part of the paper: we obtain an exact
characterization of the number of negative squares of A in (1.3) in terms of the negative index of
the functions m and 7 and the limiting behavior of the functions m and 7 at the points 0 and co.
This result can be regarded as generalization and improvement of [18] and earlier results by two
of the authors in [9]. Moreover, this result can be applied to eigenparameter dependent boundary
value problems. E.g., for Sturm-Liouville problems of the form (1.2) involving also a (possibly)
indefinite weight function r and a function 7 € D,,_ in the boundary condition, sharp estimates for
the number of non-real solutions can be easily obtained.
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Part I. Generalized Nevanlinna and D,.-functions

In the first part of this paper we recall the notion of matrix valued generalized Nevanlinna
functions. We present results from [46] which allow to retrieve the index k of a given generalized
Nevanlinna function in a purely analytic manner. Thereafter, we introduce the main class of
functions under consideration: The class of so-called D,-functions. These functions, multiplied
with a simple rational function, allow a representation as the sum of a generalized Nevanlinna
function and a simple rational term. The main result of the first part is Theorem 4.5; it provides
an exactl description of the index k of the inverses of a special class of D, -functions with 2 x 2
matrices as values.

2. MATRIX VALUED GENERALIZED NEVANLINNA FUNCTIONS

By CT and C~ we denote the open upper and lower half plane, respectively. For the extended
real line and the extended complex plane we write R and C, respectively. Let n € N and let Q be
a matrix function with values in C™"*™ which is piecewise meromorphic in C\R. The union of all
points of holomorphy of @ in C\R and all points A\ € R such that @ can be analytically continued
to A such that the continuations from C* and C~ coincide is denoted by h(Q). The n X n-matrix
function @ is said to be symmetric with respect to the real axis if Q(A\)* = Q(A) holds for all
A €H(Q).

We recall the notion of generalized Nevanlinna functions which were introduced in [39, 40].

Definition 2.1. A matrix function ) with values in C"*™ belongs to the generalized Nevanlinna
class NW*™ if it is piecewise meromorphic in C\R, symmetric with respect to the real axis and
the kernel

Q) — Q(w)”

No(\,w) = —

A\weh@Q)NCt
has x € N negative squares, that is, for any N € N, A,..., Ay € h(Q) N CT and 7y, ..., &y € C"
the Hermitian matrix

L L\N

(NQ(AH)\J)IHI])ZJ::L

has at most k negative eigenvalues, and k is minimal with this property. The number x of the
generalized Nevanlinna class N*" is called negative index. The functions in the class N " are

called Nevanlinna functions. For scalar functions we write Nj; instead of N} *1.

It is a simple consequence of Definition 2.1 that N?*™ is closed under the following transfor-
mations.

Lemma 2.2. Let Q € N*". Then the function X — Q(—5) belongs to the same class N**™.
Furthermore, if det Q(\g) # 0 for some Ao € h(Q) \ {oo}, then also X — —Q(N)~! belongs to
Njpxm,

It is well known that every rational function which is symmetric with respect to the real axis be-
longs to some generalized Nevanlinna class and that the sum @1 + Q5 of the generalized Nevanlinna
functions Q1 € V™ and Q2 € N belongs to some generalized Nevanlinna class N,*", where
K < K1+ Ko, see, e.g. [39]. In the next lemma it is shown that the multiplication of a generalized
Nevanlinna function with a rational function is again a generalized Nevanlinna function, only the

index may change.

Lemma 2.3. Let Q € N"*™ and assume that r is a rational function with values in C"*™. Then
the function

A= Q1(A) :=r(A)"Q(N)r(N)

belongs to N,flx” for some k1 € Ny.
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Proof. Tt is clear that QQ; is piecewise meromorphic in C\R and that Q1(\)* = @Q1(A) holds for all
A € h(Q1). Furthermore, the kernel N, can be rewritten as

_ Qi) Qi) r)* QWr(N) — r(w)*Q(@)r(w)
= .

NQI ()\,'LU) A —w

w

Py () =r(w)”
r(wy CEZEE () + (1w Q) <T(A>9r<w> ) (auir)

A—w Y 0

Since r is a rational function it follows that the 2n x 2n matrix

0 r() —r(w)”
r()\))\:%(ﬁ) 0

is the kernel of a rational function which is symmetric with respect to the real axis, hence it has
finitely many negative squares. As Q € N*™ also the first summand has finitely many negative
squares and therefore the kernel Ng, has a finitely many negative squares. O

In the study of generalized Nevanlinna functions the so-called generalized poles and generalized
zeros play a central role. Originally they have been defined with the help of a realization of the
function, that is, a certain operator representation in a Pontryagin space, and have later been also
characterized in terms of the asymptotic behavior of the function close to such a point, [13, 44, 46].
However in this section emphasis is put on the analytic point of view, and hence we are using
these characterizations as definitions, cf. [46, Theorem 3.7]. In the following we denote by A=«
the usual limit A — « if @« € CT, and the non-tangential limit in C* if a € R.

Definition 2.4. A point a« € CT UR is called a generalized pole of Q € N**™ if there exist an
open neighbourhood U, of a and a holomorphic vector function 77 : U, N C* — C" such that

(1) Jim 73) = 0 and Jim QU)TN) #0;
(ii) there exists an n X n-matrix function H which is holomorphic at « such that A — (Q(\) —
H(N))7j(M\) can be continued holomorphically into «;
(i) | lim (Mﬁ(x), ﬁ(w)) exists.

—w
In this case 77 is called pole cancellation function of @ at «, the non-zero vector
7o := lim Q(A)7(A)
Ao

is called pole vector, and 7jy is said to be of positive (negative, neutral) type if the real number in
(iii) is positive (negative and zero, respectively).

The point oo is called a generalized pole of Q) if and only if the point 0 is a generalized pole
of the function A\ — Q(—%). In this case, pole cancellation functions and pole vectors of positive
(negative, neutral) type at the point 0 of the function A — Q(f%) are called pole cancellation

functions and pole vectors of positive (negative, neutral, respectively) type at oo of the function Q.

For completeness we mention that a point « € C~ will be called a generalized pole of @Q if
@ € CT is a generalized pole of Q and that pole cancellation functions, pole vectors and their sign
types are defined analogously.

Remark 2.5. We note that different pole cancellation functions may lead to the same pole vector,
but according to [46, Theorem 3.3] the type of the pole vector does not depend on the choice of
the pole cancellation function. Furthermore, usual poles in C* UR are also generalized poles in the
sense of Definition 2.4. In this case there exists a pole cancellation function which is holomorphic
even in a whole neighbourhood of the pole. In particular, it is easy to see, that for non-real poles
all pole vectors are neutral.

The following well known fact on the sum of two generalized Nevanlinna functions can be found,
for instance, in [16].
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Lemma 2.6. Let Q1 € N and Q2 € NX™ be given such that there is no point o € Ct UR
which is a generalized pole of both Q1 and Qz. Then Q1 + Q2 € NI

Kit+rK2"

Besides generalized poles also the notion of generalized zeros of generalized Nevanlinna functions
will play an important role in the sequel.

Definition 2.7. A point 3 € Ct UR is called a generalized zero of Q € N™*™ if there exist an
open neighbourhood U3 of 5 and a holomorphic vector function £ : U N CT — C™ such that

— —

(i) Jim £(A) 7 0 and lim Q(A)§(A) = 0;

(ii) there exists an n x n-matrix function H which is holomorphic at the point 3 such that

—

A= EA) + HA)Q(NE(N) can be continued holomorphically into 3;
(i) | lim (wax),aw)) exists.
In this case { is called root function of () at (3, the non-zero vector

— —

§o = /\113}3 §(N)

is called root vector, and 50 is said to be of positive (negative, neutral) type if the real number in
(iil) is positive (negative and zero, respectively).

The point co is a generalized zero of @ if and only if the point 0 is a generalized zero of the
function A — Q(—%). In this case, root functions and root vectors of positive (negative, neutral)
type at the point 0 of the function A — Q(—%) are called root functions and root vectors of positive
(negative, neutral, respectively) type at oo of the function Q.

Moreover, we note that 3 € C™ is called a generalized zero of Q if 3 € C* is a generalized zero
of @ and root functions, pole vectors and their sign types are defined analogously.

Remark 2.8. If @ is holomorphic at (3, then this point is a generalized zero in accordance with
the above definition if and only if det Q(5) = 0. In this case for every vector £ € ker Q(/3) the

constant function £(X) := & is a root function with root vector &. Note also that if € C\R is a
generalized zero of @), then every root vector &, is neutral.

Remark 2.9. Suppose that @ € N™*™ is invertible for some p € H(Q). Then the generalized
zeros and generalized poles of @) are connected as follows: A point a € C is a generalized pole of
@ with pole cancellation function 77 and pole vector 77y if and only if « is a generalized zero of the
function A — —Q(A)~! with root function £(\) := Q(A)7f(A) and root vector & = 7jy. Furthermore,

it holds
(—Q(A);ij(w)lg(A)’ ~(w)> _ <Wﬁ()\),ﬁ(w)>

and hence also the types coincide.

Note that in the scalar case, given a generalized pole there is essential only one pole vector.
Therefore it is usual to denote for a scalar function ¢ € N, a generalized pole of ¢ with a pole
vector of positive (negative, neutral) type briefly as a generalized pole of positive (resp. negative,
neutral) type. In a similar way the notion generalized zero of positive (resp. negative, neutral) type
is used. In the case of scalar functions the above characterizations simplify, cf., with a slightly
different notation, [44].

Lemma 2.10. For a scalar function q € N, the following holds. A point 3 € R is a generalized
zero of q of positive (negative, neutral) type if and only if

lim ()
A=8 (A —B)
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is positive (negative and zero, respectively). A point o € R is a generalized pole of q of positive
(negative, neutral) type if and only if

i
2T (V= a)g()

is positive (negative and zero, respectively).

Proof. Tt suffices to verify the first assertion. The second statement follows from the first one and
Remark 2.9. Assume first that limy- (A — 8)"1q()\) exists and is real. Then lim-5¢(A\) = 0 and,
by setting £(A) = 1 and H(A) = 0 it follows that (i) and (i) in Definition 2.7 are satisfied. The
fact that the limit in (iii) exists and that it coincides with limy~5(A — 3)"1g(\) can be shown by
standard arguments, see, e.g., the proof of [6, Theorem 3.13].

Conversely, suppose now that 8 € R is a generalized zero of ¢. Then (i) in Definition 2.7 implies

limy~3¢(A\) = 0 and by (iii) we have
: qA) —q@) 7\ 7 N 4Nz

\w>3 A28 (A —0)
in particular, limy-5(\ — 3)~!q(\) exists and the sign of the limit of the right hand side is the
type of the generalized zero at (3. O

Roughly speaking the behaviour of a scalar generalized Nevanlinna function in a neighbourhood
of a real point which is not a generalized pole of negative or neutral type is the same as of a
scalar Nevanlinna function. For later purposes we state the following lemma which is known for
Nevanlinna functions.

Lemma 2.11. Assume that ¢ € N, and g2 € N, are scalar generalized Nevanlinna functions
and that for some € R

A A
fim qi(A) =0 = lim ¢2(})  and }%WZVER
holds. Then (3 is a generalized zero of q1 and qs; in particular, the limits
(M) _q2(N)
Ba—s o maTs

exist and are real.

Proof. As [ is not a generalized pole of ¢; and of ¢, there exist functions hy, hs holomorphic in
a neighbourhood of § with

q1 ()\) =my ()\) + hl(/\) and QQ(/\) = mg(/\) + hg()\),

and limy=5mq(A\) = limy-~gma(A) = 0, where

do(t doo(t
m1()\):771+/ ﬁ and mg()\):nng/ 2( ), n,1m2 € R,
AT—A At—A
are Nevanlinna functions, A is a bounded interval which contains 3 and o1, o9 are finite measures
with support in A. Then limy-g ‘“()‘))\%%20‘) = v € R implies

PEYC A=p
and, as my(X) + ma(X) = n1 + 12 + [, d(g%‘i\z)m, it follows from [6, Theorem 3.13 (iii)] that
Ja dloitoa)®) ;. Hence,

(t—06)2
dUl(t) dO’Q(t)
/A(tiﬁ)2<oo and /A(tiﬂ)2<oo,

and the assertion follows from [6, Theorem 3.13 (iii)], see also [20, 38]. O

= v — (hi(B) + h5(B))
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As in the scalar case a special role in the investigation of generalized Nevanlinna functions is
played by those generalized poles which are not of positive type. To such a pole there is associated
the so-called degree of non-positivity, see [46, Section 3]. The precise definition of this quantity is
given in Definition 2.13 below.

Definition 2.12. Let @ € N**™ and let a € C be a generalized pole of @) and 77 a pole cancellation
function of @ at . The order of the pole cancellation function 7 is defined as the maximal number
lo € NU {00} such that for 0 < j <l the limits

lim 79(\) =0 and  lim i (Q(A) — Q@) 770\)#7@)))

AZa Nwa dN dw? A—w

exist. The order of the pole cancellation function 77 is denoted by ord 7.

Definition 2.13. Let Y = {7}, ... ,7m} be a system of pole cancellation functions of @ € N*™
at the point a € C such that the corresponding pole vectors are linearly independent. Let d; be
integers with 1 < d; <ord; for 1 < i < m, respectively. We define Hy, .. 4, via
— . ; e 0T
Hay,oodn = (Gigigijam  With Gij = (gki’lj)OSkiSdi—LOSZdej—l

where

y L d QW) - Q)

22 = lim i 7.\, 7; '
rots = 320 0B B! dAkedwh ( w Y "J(“’>)
IftH, 1= (gé:%)lg,;’jgm is negative semi-definite, we denote by ¥(Y) the maximal integer for
which there exists a choice dy, ... ,d,, with >.7", d; = 9(Y) such that Hy, . 4
definite. We say that J(Y) is the degree of non-positivity of the system Y.

is negative semi-

m

We remark that the existence of the above iterated limits is assured by [46, Theorem 3.3].

Definition 2.14. A system Y of pole cancellation functions of Q € N**" at the point o such
that the corresponding pole vectors are linearly independent is said to have mazimal degree of non-
positivity if there does not exist a system of pole cancellation functions at the point « such that
the corresponding pole vectors are linearly independent whose degree of non-positivity is larger.
In this case we set
ka(Q) = 9(Y)

and we set ko (Q) := 0 if « is not a generalized pole of Q.

If the point co is a generalized pole of @) we define ko (Q) to be the maximal degree of non-
positivity at the point 0 of the function defined by A — Q(f§)

Generalized poles of Q € N"*™ are eigenvalues of the self-adjoint relation in a minimal realiza-
tion of @ in some Pontryagin space II,;, see, e.g., [46]. In particular, it is shown in [46, Theorem
3.7] that k4 (Q) coincides with the dimension of a maximal non-positive invariant subspace of the
algebraic eigenspace at the eigenvalue . However, the well known weaker statement in Theorem
2.15 below is sufficient for the following.

Theorem 2.15. Let Q € N2*™ be given. Then it holds
Z Ka(Q) = K.
aeCTtURU{c0}
The following special case will be useful.

Lemma 2.16. Let Q € N™*" be given and assume that o € C\R is a generalized pole of Q. If
for every pole cancellation function 17 of Q at «

od
(2.1) Jlim —=7j(X) # 0
holds, then the degree of non-positivity ko (Q) of the generalized pole « is equal to the mazimal
number of linearly independent pole vectors of @ at c.
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Proof. It is easily computed that the matrix H; . ; from Definition 2.13 for every system Y of
pole cancellation functions is the zero matrix. Because of (2.1) all the pole cancellation functions
of @ at « have order 1, hence the degree of non-positivity ¥(Y") of the system Y coincides with the
number of linearly independent pole vectors of the system Y of pole cancellation functions. O

Remark 2.17. We mention that the maximal degree of non-positivity coincides in the case of
scalar generalized Nevanlinna functions with the notion of multiplicity of a generalized pole of non-
positive type, as used in [44]. See also [46, Section 2] for a detailed motivation for the introduction
of the above notion.

3. FACTORIZATION OF MATRIX VALUED GENERALIZED NEVANLINNA FUNCTIONS

In this section we collect and slightly extend some results on factorizations of generalized Nevan-
linna functions from [20, 28, 45]. Proposition 3.1 below will play an important role in the proof of
one of our main results. Although we are in particularly interested in factorization results for ma-
trix valued generalized Nevanlinna functions we briefly review the scalar case for the convenience
of the reader.

Let G € N,, k € Ny be a scalar generalized Nevanlinna function. Denote by «; (3;), j =
1,...,7 (i=1,...,5s) the generalized poles (generalized zeros) of non-positive type in RUC™ with
multiplicities v; (7;) of G. By [28] (see also [20]) there exists a scalar Nevanlinna function Gy € N
such that

[T =87 (A= B,)™
(3.1) G(\) = = Go(\)
(A=) (A —a;)”

<=
Il

J
and it holds

(3.2) max iri7iyj = K.

i=1  j=1

Equations (3.1) and (3.2) show the following simple fact: Multiplying a scalar Nevanlinna
function with an expression of the form %&:?y where 7,8 € C, v € {§,0}, increases the index
k = 0 by one. If we multiply a scalar generalized Nevanlinna function G € N,;, k > 1, with the
same expression, then the negative index k + A of the resulting function

~ (A=) —?)
3.3 G\ = =
3 V=009

depends on the fact whether generalized poles and zeros cancel (and whether the function has a
generalized pole at infinity) or not. More precisely, for the number A the following holds:

G()\) S ./V.,.H.A

0 generalized pole of non-positive type of G

(1) : s } = A=-1,
~ generalized zero of non-positive type of G
0 generalized pole of non-positive type of G

(2) : s } = A=0,
~ no generalized zero of non-positive type of G
0 no generalized pole of non-positive type of G

(3) : PO } = A=0,
~ generalized zero of non-positive type of G
0 no generalized pole of non-positive type of G

(4) . 5 } -~ A=1.
~ no generalized zero of non-positive type of G

Let us now consider matrix valued generalized Nevanlinna functions. In contrast to the scalar
case here also the pole and root vectors and their sign types have to be taken into account. In
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what follows we will write (@), if we want to emphasize that this number is the negative index
of the generalized Nevanlinna function . The next proposition is a slight extension of) [45
Theorems 3.1 and 4.1].

Proposition 3.1. Let Q € N™X" and v, € C with v & {5,0}. Let ), 3 € C" such that (1, @) # 0

(Q)
and define the projection P := "“O)w in C". Then
~ A—9 A—0
(3.4) o) = (1 e —JD*) Q) (1 Pt A—P) N
is a generalized Nevanlinna function with negative index H(Q) =k(Q) + A, where
(1a) & gen. pole of Q and @ a corr. non-positive pole vector }
a —
v gen. zero of @ and Y a corr. non-positive Toot vector
(1b) 6 gen. pole of @Q and J a corr. non-positive pole vector } LA
v gen. zero of Q and 1 a corr. positive root vector -
(1c) & gen. pole of Q and g a corr. positive pole vector } ~ A
C — pr—
v gen. zero of @ and Y a corr. non-positive root vector
é gen. pole of @Q and J a corr. non-positive pole vector
(2) . — . } = A=
~v € C\R neither zero nor pole of Q, v arbitrary
(3a) 6 € C\R neither zero nor pole of Q, @ arbitrary } N
a - =
v gen. zero of @ and ¥ a corr. non-positive root vector
(3b) 0 € C\R neither zero nor pole on,‘ @ arbitrary } A1
v gen. zero of Q and Y a corr. positive root vector

Roughly speaking in case (la) a generalized pole and a generalized zero not of positive type
cancel (since the directions fit) and hence the negative index is reduced by 1. In (1b), (2), and (3a)
a generalized pole or zero not of positive type cancels but at the same time a new one appears,
hence the negative index is preserved. Although the number A in the above proposition can be
calculated also in other cases than (1a)-(1c), (2), and (3a)-(3b), we have restricted ourselves to the
ones which are relevant in the following.

Sketch of Proof. Case (1a) is Theorem 3.1 in [45], and (1c) can be obtained by a slight modification
of this rather technical proof, which uses the operator representation of the function Q. More
precisely, let A be a minimal representing self-adjoint relation for the function @ in a Pontryagin
space IC and define the self-adjoint relation A in the Pontryagin space K= K[+]C via its resolvent

by
-1
(A—XN)"1:= <(A OA) ?) .
F=A

Minimality of the realization for @ is obtained by factoring out the eigenvector corresponding to
the generalized pole ¢ of @, which is positive (for the detailed arguments see page 336 in [45]).
This yields a minimal representation of @ in a Pontryagin space with again x negative squares,
which proves Q € N*". Case (1b) follows from (1c) by taking inverses. Case (2) is precisely [45,
Theorem 4.1] and (3a) is obtained from (2) by taking inverses. Case (3b) follows from applying
[45, Remark below Theorem 4.1] to the reciprocal function. O

One expects that in the situation of Proposition 3.1 new generalized poles and zeros for @ are
created in case that they do not cancel with generalized zeros and poles of (). The following lemma
makes this more precise.



NEGATIVE SQUARES OF SELF-ADJOINT EXTENSIONS 11

Lemma 3.2. Let the functions @, Cj, the points v, 0 the vectors 1/7, ¢ € C" and the projection P
be as in Proposition 3.1. If v € R is not a generalized zero of Q, then 7y is a generalized pole of @
with non-positive pole vector &.

Proof. We show that the function

oy A AT A 1=

7(A) == 5 (I-P+ mP) Q)P
is a pole cancellation function of Q at v. Note that since 7y is not a generalized zero of ) the function
—Q(A)~! has no generalized pole at 7. It is well-known that for a Nevanlinna function R with no
generalized pole at v we have limy - (A — ) (R(N)Z, Z) = 0 for all vectors & € C"; cf. [38]. Hence
limy =~ (A —v)R(A) = 0 € C"*". Now, with [45, Section 5], the function —Q(X)~! can be written
as a product of a Nevanlinna function Ry and a rational function B, —Q(A)~! = B(X)*Rg(A)B(\),
such that B has no pole in v. Hence it holds limy -~ (A —5)Q(A\)~! = 0 and thus limy ., 7(\) = 0.

Furthermore, with P* = G4 5 @ we have

()
QNN =

_ A— Y * A—20 * _ A—4 _ A— B -1,

=33 (I P +7>\ ’yP ) Q(N) (I P—I—)\7P> (I P—l—)\P) Q)

_ A— v _ px A—=9d * - =
which implies

(@I (w)) = —— - =5 (- Q@) '3,9)

We define the function N via
(3.5) N(z) =1 22 (= Q(2)'3,8) = —(QTN), (7).

z2—06 z2—90
By assumption, the function z — (—Q(2) 713, @) is a scalar generalized Nevanlinna function which
has no generalized pole at v. Hence the function N in (3.5) is a generalized Nevanlinna function
with generalized zero v of non-positive type (see (3.3)) and this implies,

lim (Q(A) — 9@ ﬁ(A),ﬁ(w)) — g YVZN@

it \ T A —w sy A—w

Moreover, as Q(A)7f(A) = @, (ii) of Definition 2.4 is satisfied with H = 0. This finally gives that i
is a pole cancellation function of @) at « with non-positive pole vector . O

In the proof of Theorem 4.5 below special matrix functions appear. Functions of this type have
been studied in [6]. We recall those results which are of interest for us here.

Proposition 3.3. Let q,, and q-, q. # 0 be scalar generalized Nevanlinna functions with q,,+q, %

0 and define
m (A -1
Q) = (q_(l) 1 >
q-(\)

Then the point wy € C is a generalized zero of the generalized Nevanlinna function € if and only
if it is either a generalized zero of ¢, + ¢, or it is a generalized pole of both q,, and q.. Moreover,
the following hold:

1. If wo is a generalized zero of 2 and if q; has a generalized pole at wy then there exists (up

to scalar multiples) only one root vector f_E) =(0,1)" of Q at wy and its type coincides with

the the sign of
1
lim _an® ()
A wo A — wo ’
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2. If wy is a generalized zero of Q0 and if qr has no generalized pole at wqy then the limits
lmy =y ¢r (A) = —lmy s, gm(A) =: ¢-(wo) exist and there exists (up to scalar multiples)
only one root vector &y = (1, —q-(wo)) " of Q at wy and its type coincides with the the sign of

m (A (A
) ()
A= wo A— wWo
The proof can be found in [6, Propositions 4.7 (ii) and 4.9 (iii)]. However, the particular form

of the root vectors and the existence of the limit limy =, ¢-(\) appear only within the proof of [6,
Proposition 4.9 (iii)].

4. MATRIX VALUED D, -FUNCTIONS

In this section we introduce a class of matrix valued functions that play an important role
throughout this paper. In the scalar case this class of functions was defined and investigated in
[10] and [11] in connection with indefinite Sturm-Liouville operators.

Definition 4.1. A matrix function M with values in C"*" belongs to the class Dp*" if it is
piecewise meromorphic in C\R, symmetric with respect to the real axis and there exists a point
Ao € h(M)\{oc}, a function Q € N?*™ holomorphic in Ag and a rational function G' holomorphic
in C\{\g, Ao} such that

A
(A =20)(X = o)
holds for all points A where M, @ and G are holomorphic. The class D:*! will be denoted by D,.

(4.1) M) =Q\) +G(N)

We note that the classes D'*", k € Ny, are subclasses of the class of definitizable functions, see
[35, 36]. The next lemma ensures that the definition of the classes D2*™ does not depend on the
choice of the point A\g. Moreover, it implies D**" N D" =0, if k # K.

Lemma 4.2. Let M be a C"*™-valued function meromorphic in C\R, let A\g € h(M)\{oo}, Q €
NP> and G be as in Definition 4.1 such that (4.1) holds. Then for every z € h(M)\{oo} there
exists Q, € N"*™ holomorphic in z and a rational function G, holomorphic in C\{z,Zz} such that
S S
(A=2)(A=7%)
holds for all points A\ where M, Q. and G, are holomorphic.

Proof. Let us show that (4.1) implies (4.2). For this let z € h(M)\{oco} such that z & {\g, Ao}
From (4.1) we conclude z € h(Q) and

(4.2) M(A) = Q=(A) + G=(N)

A E—
(4.3) mM()\) = (AN (Q(N) +G(N)),
where h(A) = A;_é“. The function A\ — h(/\)ﬁ@()\) is either holomorphic in z and Z or it has

an isolated singularity at z and at z. Moreover, by Lemma 2.3, this function belongs to NZ*"
for some & € Ny. Obviously, there exists a rational function 7, holomorphic in C\{z,z} which is
symmetric with respect to the real line such that

(4.4) Q-(A) = A(NAN)Q(N) —7(N)

is holomorphic in z. Then the function Q. belongs to N?*" for some k. € Np; cf. [39] or the

text below Lemma 2.2. We set G.(A) := 7.(A) + h(A)R(A)G(A). Then the rational function G is
holomorphic in C\{z,Zz} and from (4.3) we see that (4.2) holds. Observe that by (4.1) and (4.4)
we have

(4.5) HQ)=5(Q:) and  {Xo, X0, 2,7} CH(Q).
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It remains to show @, € N ie., we have to verify x, = k. To this end, it is sufficient to
show

ka(Q:) = ka(Q) for all a € CU{oo};

cf. Theorem 2.15. Note that only points a € C which do not belong to h(Q) are of interest since
Fa(Q) = Fa(Q=) = 0 holds for a € H(Q) = H(Q); cf. (4.5).

Let o € C\h(Q) and let us show that a function 77 is a pole cancellation function of @ at «
of positive (negative, neutral) type if and only if it is a pole cancellation function of @, at a of
positive (negative, neutral) type. In fact, assume that 77 is a pole cancellation function of @ at «.
We have h(a)h(@) # 0 by (4.5) and with (4.4) we obtain

(4.6) lim Q- (VM) = lim (ANANQTR) = r=(W7(N)) # 0.

li
Ao a Ao

Furthermore, if H denotes the function from (ii) of Definition 2.4 which is holomorphic at «
such that A — (Q(A) — H(A))7(A) can be continued holomorphically into «, then the function

H.(\) := h(A)h(XN)H(X) — r.()\) is holomorphic at o and

= (Q=(A) — Ho(N))ii(A) = h(MA(N)(Q(X) — H(X))7(A)
can be continued holomorphically into a.. Moreover, we have

(L= 200 50)) -

an o = oy )+ i (2= LT, )
i = o, @yt - (A==,

and, using the properties of the pole cancellation function 77, we conclude

A wSa

(Wﬁg)ﬁm)) = |h(a)* lim (Wﬁ@),ﬁ(w)y

A, w—a

i.e., 77 is a pole cancellation function of (), at « and its type coincides with the type of the pole
cancellation function 77 of Q at a. Moreover, a similar reasoning applies when changing the roles
of Q and Q..

It remains to investigate the degree of non-positivity. Let Y = {7, ... , 7} be a system of pole
cancellation functions of @ € N*" at the point @ € C such that the corresponding pole vectors
are linearly independent. We define for 0 < k; <ordj;, 0 < l; <ord; for 1 <4, j < m the numbers

L (20)-2@
A—w

ij .
Ikil; = ILD% ilina kill;! axki diwti

O 0))

cf. Definition 2.13. As the function h and r, are holomorphic at « (and, hence, their derivatives)
and as Q7];, 7 = 1,... ,m, can be decomposed (see Definition 2.4) in a neighbourhood of « into the
sum of two functions, Q7; = (Q — H;)7; + H;7; (and, hence, their derivatives), holomorphic in «,
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we see that by (4.7) and by the properties of the pole cancellation functions 7;,

ki+1; _ w
lim Tim L9 (sz Q: )ﬁm,ﬁj(w))

A Bawsa kz'lj' d\ki dipli A—w !

Ldbth A)h(w)<Q(A) — Q@)

= Jiro g kall;! d\k: dagts

ki L

dr+s Q(/\) _ Q(w) . . dk’q‘,—T dl7_s
N dw® ( o TI(W) | ) = )
ki
o 1 1
=3 > gk (@) b @),
;; * (ki — )] (l; —s)!
Hence, the order of every pole cancellation function from the system Y = {7, ... , 7} considered

as a pole cancellation function of ) at « is equal to its order considered as a pole cancellation

yens

analogous matrix with entries defined via @, instead of Q. For p € N we define the matrix

h(c) 0 0
W () h(c) 0 0
%h”(a) W(a) ha) 0 e 0
Cp = : :
: 0
mh@*l)(a) e oo o (@) hla)
and we obtain
Cayy 0 - 0 cio 0 0
0o C 0 : 0 C5 0
Hi .4, = _ o Ha, ... d, . @
: 0 : 0
0 -+ 0 Cg, 0o - 0

The first and the third matrix on the right hand side of the above equation are invertible, hence

Hg, ... 4, is negative semi-definite if and only if H fh,m’dm is negative semi-definite. Therefore
ka(Q) = Ka(Q:) for a € C\H(Q).
If a = oo, we apply the above reasoning to the functions A — Q(—%) and \ — QZ(—i). O

Recall (see Lemma 2.2) that for generalized Nevanlinna functions @ with det Q(uo) # 0 for
some /g € h(Q)\{oo} we have Q € N*™ if and only if —Q~! € N™*" in particular, the index
k does not change. The next remark, and Theorem 4.4 and 4.5 below show that, in general, for
functions M from the class D"*™ the index s changes when considering —M ~!.

Remark 4.3. Let M € D™ and assume that det M (ug) # 0 holds for some py € h(M)\{oco}.
Choose @ € N**™ and G as in Definition 4.1. Then
2
(M) =
(A= 20)(A = Xo) (A= 20)2(A = Ao)

together with Lemma 2.3 and Lemma 2.6 show —M~! € DZ*" for some & € Ny. We note for
completeness that with the help of minimal operator representations of the functions M and —M ~!

5 (@M +GO)™)
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and a perturbation argument it can be shown that |x — %| < n holds; cf. [10, Theorem 9] and [36,
Theorem 3.9].

For scalar functions m € D, a full description of the index % for —m~! € Dz was given in [11,
Theorem 3.3], which we present here in a slightly different form.

Theorem 4.4. Let m € Dy, kK > 1, be not identically equal to zero. Then

1 —~
—— €Dz, where K=r+ Qg+ Ay,
m

{ —1 if lim m(\) <0, 0 if lim m()\) >0,
Ay = A=0 A2r00

0  otherwise 1 otherwise.

and As :{

The main result of this section is the following theorem where the index of a certain function
M € D?*2 that will play an essential role in part II of the present paper, is given in terms of the
local behavior of m and 7 at the points 0 and co.

Theorem 4.5. Let the functions m € D, and 7 € D,,_ be given, T # 0, and assume m + 7 # 0.
Then

~ m -1\ "

M=— <_1 _1) € D22
with k = Ky, + K+ + Ag + Aso, where

Ag— i )1\12}) m(A\) and ;ing()\) exist and lii% m(A) +7(\) <0,
0  otherwise,

and

— =00 A 00

A 0 if /\liAm m(A) and lim 7(X\) exist and lim m(\) +7(X) > 0,
= 1 otherwise.
Proof. In the special case m = 0 we have
—~ 1 9
= (7o)

and therefore M € D22 if and only if f% € D,. Hence the claim follows directly from the result
for scalar functions, see Theorem 4.4, and in what follows we assume m % 0.

Since m € Dy,, and 7 € D, are meromorphic in C*, and it was assumed that m + 7 # 0, one
can choose a \g with
(4.8) Xo € CHnp(m)nh(m= ) np(r)Nh(r ) nh((m+7)7").

Recall that by Lemma 4.2 and by definition M e D22 if and only if

: M Q G ith O 22
B M) =@ +GR)  with @ e AP,

(4.9)

where the rational function G is holomorphic in C\{\g, Ao} and @ is holomorphic in Ag. By
assumption (4.8), the function M is holomorphic at A\g. We claim that here G belongs to ./\/'22”. In
fact, G has only one generalized pole \g in C* UR U {co} which is an usual pole. Hence it suffices
to show that its degree of non-positivity is 2. Since M is holomorphic and invertible in Ao, we see
with (4.8) and (4.9) that A — (A — Xo)(x0,%0) T is a pole cancellation function of G at Ay for every
xo,Y0 € C\{0}. Assume now that there exists a pole cancellation function 77 such that

A
As 77 is holomorphic in Ao, there exists a function 77y, holomorphic in Ao, with 7(\) = (A—Xg)%7o(N).

But this, together with (4.9), gives limy_,x, G(A)7(A) = 0, a contradiction to the fact that 77 a

A) = 0.
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pole cancellation function. Hence, according to Lemma 2.16, the degree of non-positivity of the
generalized pole A of G is indeed 2, that is, G € NZ*2.

Next we show that instead of considering @ directly one can also count the negative squares of
a different generalized Nevanlinna function @, which turns out to be more convenient. For this,
consider the functions

A
(4.10) dm(N) == )0 ) m(\) € Ny, +1
and
(4.11) 4 (V) = 2 () eN

(A= 20) (A = Qo)
That ¢ € N, +1 and g, € N,;_41 can be seen as follows: Since m € Dy, there exists a function

Gm € N, holomorphic in \g and a rational function g,, holomorphic in C\{\g, Ao} such that

A
(A=) (A= Xo)

m(/\) = am(/\) + gm()‘)'

Since Ao € h(m 1) the rational function g,, has a simple pole at the non-real point \g. Hence it
belongs to N7 and according to Lemma 2.6 it holds ¢, + gm = ¢m € N, +1. The same reasoning
applies to ¢ € Dy,_.

Define @ via the functions ¢, and ¢, from (4.10) and (4.11) by

R L [C R [CNIC R [

Multiplying the factors on the right side of (4.12) gives

o0 - QPO () —Q2O\ R (m(y) 1
B _ G220 (A=30) a1 = 3 .
A (N

and hence (4.9) implies — Q™! = Q + G. Since @ € N2*2 is holomorphic in Ao and G € N2*? is
holomorphic in C\{\g, Ao} it follows from Lemma 2.6 that —Q~! = @Q + G belongs to the class
N?Z¥3 and by Lemma 2.2 this is equivalent to @ € N2J5. Therefore,

Q € N?*? ifand only if Q e N¥<2.

The idea for obtaining the negative index of @ is now the following: From (4.10) and (4.11) we
see directly that the function

qr(N)

(4.13) Q(\) = (q”:(f) - >

belongs to the class N 32_2%7 4o- With the help of Proposition 3.1 we are going to calculate the
numbers Ag and A, which describe the change of the negative index induced by the multiplication

with the factors

A=l A= A= O X=X O
by By 0 0
(30 (3 0) e (00 0) (9™ Y):

respectively. Then

Ek=k(Q)=k(Q)—2=Kmn+ Kk +24+ A0+ Ax —2=FKm + K+ + Do+ Ax.

It remains to show the formulas for Ay and A, given as in the formulation of Theorem 4.5. This
is done in Lemma 4.6 below for Ag and for A, in Lemma 4.7 below. O
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Lemma 4.6. Let m € Dy, and 7 € D,_ be as in the assumptions of Theorem 4.5, let Q0 €
Ni:im+2 be the generalized Nevanlinna function in (4.13) and let A\g € CT be as in (4.8) . Then

ﬁ 2\) = )\7;\0 0 Q(\ 7/\;?0 0 N2><2

where

=0

-1 if lim m(\) and lim 7(\) exist and lim m(\) 4+ 7(A\) <0,
Ay = A0 220 :
0  otherwise.

Proof. In view of Proposition 3.1 we first calculate the index shift Ay in different cases depending
on the behavior of ) at the point zero. Then these results will be summarized in terms of the
behavior of m and 7.

Note first that the product in (4.14) is of the form (3.4) with @ = ¢ = (1,0)T and the points
0 = Xp and v = 0. Since

Q) = ((x-%f(x-m m(A) -1 )

1 _O=20)(A=X0) 1
A T(A)

we see that assumption (4.8) on the choice of the point Ag implies that 6 = A is a pole of Q with
pole vector ¢ = (1,0) T, which is neutral since Ay € C\ R. For 7 = 0 we are going to discuss the
different cases separately.

(a) If 0 is a generalized zero of € with non-positive root vector (1,0)", then Proposition 3.1
(1la) gives directly Ay = —1.

(b) If 0 is a generalized zero of { with positive root vector (1,0) ", then Proposition 3.1 (1b)
yields Ag = 0.

In the remaining cases, where 0 is either a generalized zero of  but (1,0) T is not a corresponding
root vector or 0 is no generalized zero of €2, Proposition 3.1 cannot be applied directly. Due to this
fact we rewrite (4.14) as the product

o= (i o (5 )

and note

N m(\) =)o
(4.16) Q(/\)< S e S )

by by N

Obviously, also (4.15) is of the form (3.4), now with the points v = A, § = 0 and again the vectors
G =1 = (1,0)T. In order to avoid dealing with the fact that v = )¢ is a generalized zero of Q) (as
det Q(X\g) = 0, cf. Remark 2.8) we introduce the function

(4.17) AW () == A\ + <8 ?) ,

which leads to

(4.18) QM) = (A—;A ?) QM) (A;A ?) — Q) + (8 (1))

Now v = A9 € C\R is neither a pole nor a zero of QW since it belongs to the domain of holomorphy
and §<1>(X0) is invertible. After this preparation we are ready to deal with the remaining cases.

(¢) If 0 is not a generalized zero of 2, then Lemma 3.2 and (4.14) imply that 0 is a generalized
pole of © with non-positive pole vector (1,0)" and hence also of QM. Then Proposition 3.1 (2)
applied to (4.18) gives £(QM) = k(M) and together with (4.17) and (4.18) we obtain «(Q) =
k(§2), that is, Ay = 0.
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(d) Finally, assume that 0 is a generalized zero of €2, but (1,0)" is not a root vector. We claim
that then the function Q(*) in (4.18) has no generalized zero at 0. In fact, write Q1) as

m A -1 1
(4.19) QW) = (q _(1 ) 1 > with M (\) = —_—
) o 1

where ¢,, and ¢, are as in (4.10) and (4.11), respectively. In what follows we are making frequent
use of Proposition 3.3. The assumption that 0 is a generalized zero of {2 splits into two further
subcases in Proposition 3.3. In the first case 0 is a generalized pole of both ¢,, and ¢, but then q&l)
obviously has no generalized pole at 0 and Proposition 3.3 applied to Q) implies that 0 cannot
be a generalized zero of Q). In the second case 0 is a generalized zero of ¢, + ¢- and the limits
limy =0 ¢-(A\) = — limy %0 ¢, ()\) exist and are not equal to zero since by assumption (1,0)" is not
a corresponding root vector of 2 at 0. Hence, from (4.19) we have that if limy=~g qg)()\) exists,

then limy g ¢m(A) + limy =g qg)()\) # 0. Therefore, Proposition 3.3 yields that also in this case 0
is not a generalized zero of QM. As 0 is not a generalized zero of Q) Lemma 3.2 and

~ )\*AO O )\—Xo 0
Q(l)(A)( 5 1> Q(l)(A)< ) 1).

imply that 0 is a generalized pole of QM with non-positive pole vector (1, O)T. As in the preceding
case (c) we obtain from Proposition 3.1 (2) that Ay = 0.

Summing up, we have shown Ay = 0 in all cases except when 0 is a generalized zero of Q2 and
(1,0)" is a corresponding non-positive root vector, in which case Ag = —1. In the latter case,
taking into account the particular root vector and Proposition 3.3 (ii), it follows that

gn(A) + g-(N)

(4.20) )1\13%) gm(A) =0= )1\11}1}] ar(N) and lim

<0
A0

holds. From (4.10), (4.11), and Lemma 2.11 we conclude that also the limits

: IR oy dm(N)
;@%m(A)—;lgb()\ Ao)(A = Ao) h\

and

~ e (O 3 4N
;12107()\)—/1\%()\ Ao)(A = Ao) h\

exist. Furthermore, the inequality in (4.20) implies

am(N) +¢-(N)

. —1; _ ) <
/{lg%) m(A) 4+ 7(\) ;12%(()\ o)A = Ao)) \ <0,
which completes the proof of Lemma 4.6. OJ

Finally we prove the statement on A.

Lemma 4.7. Let m € D,,, and 7 € D,._ be as in the assumptions of Theorem 4.5, let Q be the
generalized Nevanlinna function in (4.14) and let \g € CT be as in (4.8). Then

)\ - XO 0 e )\ - )\0 0 2% 2
(4.21) ( 0 1) Q(3) ( 0 1) EN@an
where
A { 0 if )\liAm m(A) and )\liAm T(N) exist and Ali}n m(A) +7(\) >0,

1 otherwise.

Proof. In order to use Proposition 3.1 we rewrite (4.21) by setting w = —% and wg = —)%0. Then

A—Dp=27%0  gnd A=) =
wwo wwo

w — Wo
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and, due to Lemma 2.2, the statement of Lemma 4.7 is equivalent to

—i O w=wo 0 ~ ]- L—%o 0 L O 2% 2
G )0 el (5 )@ e,

It follows from (4.16) that

(1 —wm (=) T
(422) A(U)) =Q(—-——) = w—Wg (w—wp) (w—wy) . 1 ) 5

wWo wWwowWo 7—(_ %

and since constant factors do not change the negative index the above statement is equivalent to

_ . w;ﬁo 0 w:uwo 0 nXn
(4.23) A(w) = 0 1 Aw) 0 1 ENu(A)+A0"

With (4.22) and (4.8) the function A is analytic in § = Wy = —% and det A(wy) = 0, hence wy
0

is a generalized zero of A; cf. Remark 2.8. In order to apply Proposition 3.1, we introduce the

functions

(4.24) A (w) = Aw) + <% ‘1))
and

Ta w-to L= 0\ _ % 0 0
(4.25) AW (w) :( f 1) AD (w) ( a 1) A(w)+<0 1).
Observe that
(4.26) k(A) = k(AD) and  k(A) = k(AM).

In the notation of Proposition 3.1 we again have ¢ = 1; = (1,0)T, v = 0 and § = W, for both
(4.23) and (4.25). The point § = @ is neither a pole nor a zero of the function A, Again we are
going to discuss the different cases for v = 0.

(a) If 0 is a generalized zero of A with non-positive root vector (1,0)T, then 0 is also a gener-
alized zero of A(Y) with non-positive root vector (1,0)" and hence (4.26) and Proposition 3.1 (3a)
applied to (4.25) yield Ay, = 0.

(b) If 0 is a generalized zero of A with positive root vector (1,0) ", then Proposition 3.1 (3b)
yields Ay, = 1.

(c) If 0 is not a generalized zero of A, then Lemma 3.2 and (4.23) imply that 0 is a generalized
pole of A with non-positive pole vector (1,0)" and hence also of A®"). Furthermore, since A(wg) = 0

we have
. 0 0
(1)(w0) - (0 1) ’

that is wq is a generalized zero of AWM with (neutral) root vector (1,0)T; cf. Remark 2.8. Therefore,
Proposition 3.1 (1a) applied to

where @ = @E = (1,0)", y = wp and § = 0, yields together with (4.26)
K(A) = k(AW) = k(AD) =1 = k(A) — 1,

and hence in this case A, = 1.
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(d) Finally, assume that 0 is a generalized zero of A, but (1,0)" is not a root vector. We claim
that then the function A" in (4.24) has no generalized zero at 0. To this end we rewrite A and
A in such a way that Proposition 3.3 can be applied. We set

(4.27) B (W) := —wm (—i}) and by (w) = — Wm0 (—1> .

(w — wo)(w — wy) w

Then the functions h,, and h, are scalar generalized Nevanlinna functions, which follows directly
from applying the Mobius transform w = —%, Lemma 2.2 and Lemma 2.3, and the fact that
m € Dy, and 7 € D,_. We have

0 L 0o L
(4.28) A<w>:A0<w>+U’<1 0) and A“><w>=Aé”<w>+W<1 “6”),
where
hon (w 1 hon (W -1
aoGayi= ("0 ) aPw = ("0 ),
R (w) B (w)
and
(D) () 1
WO (w) = —
~ Gy T 1

Observe that € is a root function of A (AM) at w = 0 if and only if it is a root function of Ag (Aél),
respectively) at w = 0, where the type of the root vector may have changed. Hence it suffices to
show that if 0 is a generalized zero of Ag but (1,0)T is not a root vector, then 0 is not a generalized
zero of Aél). As in part (d) of the proof of Lemma 4.6, due to Proposition 3.3, the assumption
splits into two subcases. If 0 is a generalized pole of h,, and h., then h(Tl) has no generalized pole
at 0 and Proposition 3.3 applied to Aél) implies that 0 cannot be a generalized zero of Aél). In the
second case 0 is a generalized zero of h,, + h, and the limits lim,, ~¢ Ay, (w) = — limy, =0 b (w) exist
and are not equal to zero since by assumption (1, 0)—r is not a corresponding root vector of Ag at 0.
Hence, from (4.28) we have that if lim,, =0 h(Tl)(w) exists, then lim,~g Ay, (W) +1imy, =0 hg)()\) # 0.
Therefore, Proposition 3.3 yields that also in this case 0 is not a generalized zero of AO1 . Thus, 0
is not a generalized zero of A(Y) and the above claim is proved.

Lemma 3.2 and (4.25) imply that the point 0 is a generalized pole of

. w—wo 0 w—wWo 0
o = (57 ) a0 (57 ).

with non-positive pole vector (1,0)T. As in case (c) it follows Ay, = 1.
Summing up, we have shown A,, = 1 in all cases except when 0 is a generalized zero of A and
(1,0)T is a corresponding non-positive root vector, in which case Ay, = 0. As

(D ORO)E

one concludes with (4.28) that in the latter case 0 is a generalized zero of Ay with non-positive
root vector (1,0) . Hence, taking into account the particular root vector and Proposition 3.3 (ii),
it follows that

(4.29) lil[no hp(w) =0 = lim h(w) and lim M

w0 w0 w

<0
holds. From (4.27) and Lemma 2.11 we conclude that also the limits

(4.30) lim m()) = lim m (_1> _ iy (W)

A00 w0 w w—=0 w
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and

(4.31) lim 7(A\) = lim 7

A 00 w0

<_1> iy (0 wo)(w — o) B (w)

w w0 WoWo w

exist. Furthermore, the inequality in (4.29) together with (4.30) and (4.31) implies

1 1 h h
lim m(A) +7(A) = lim m <—> +7 <—> = — lim hin(w) + by (w) >0,
A-500 w=0 w w w0 w
which completes the proof of Lemma 4.7. OJ

Remark 4.8. For the sake of completeness we mention that ,, = k, = 0 in Theorem 4.5 implies
Ag+ Ay > 0. That is, we have always £ > 0 in Theorem 4.5. Indeed, choose A\ as in (4.8), then,
with (4.10) and (4.11),

dm + qr € NO UNl-
Hence, at least one point in {0,00} is not a generalized zero of non-positive type of ¢,, + ¢, and
Ag + Ay > 0 follows.

Remark 4.9. Note that only in the special case of m = 0 we made use of the corresponding
statement for scalar D,-functions in Theorem 4.4 from [11]. However, it is easy to see that this
result also follows from Theorem 4.5 by setting m = 7.
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Part II. Self-adjoint exit space extensions of symmetric operators in Krein spaces

In this second part of the paper we first briefly recall the concept of boundary triplets and
associated Weyl functions of symmetric operators and relations in Krein spaces; cf. [17, 19], and
then we investigate direct products of symmetric relations in different Krein spaces in a similar
manner as in [21]. These considerations will be useful in the proofs of our main results on the
negative squares of self-adjoint exit space extensions of symmetric operators of defect one with
finitely many negative squares in Section 7. First a Krein-type formula in the indefinite setting
will be proved and then the negative squares of the extensions will be described with the help of
the main result Theorem 4.5 in Part I.

5. BOUNDARY TRIPLETS AND WEYL FUNCTIONS

Let (IC,[-,-]) be a separable Krein space with fundamental symmetry J. For the basic theory
of Krein spaces and operators acting therein we refer to [2] and [12]. We study linear relations in
IC, that is, linear subspaces of K x K. The set of all closed linear relations in K will be denoted
by 5(IC) For a linear relation A we write dom A, ran A, ker A and mul A for the domain, range,
kernel and multivalued part of A, respectively. The elements in a linear relation A will usually
be written in the form {z,2'}, where x € dom A and 2’ € ran A. For the usual definitions of the
linear operations with relations, the inverse etc., we refer to [1, 14]. Linear operators are identified
with linear relations via their graphs.

Let A be a linear relation in the Krein space K. Then the adjoint relation At € C(K) is defined

by
AT = {{y,y'} : [2',y] = [2,y/] for all {z,2'} € A}.

Note that this definition extends the usual definition of the adjoint of a densely defined operator
in a Krein space, see, e.g. [2]. If £ is an arbitrary subset of the Krein space K we set L= {z €
K:fz,y]=0forally e L} As mul A = (dom A*)* and mul AT = (dom A)H it is clear that A
(A™) is an operator if and only if dom AT (dom A, respectively) is dense. If A is a linear relation
in the Krein space (K, [,]), then A is said to be symmetric (self-adjoint) if A C AT (A = AT,
respectively).

Let A € C(K) be a closed symmetric relation in K. We say that A is of defect m € NoU {oo}, if
both deficiency indices

ni(JA) = dimker((JA)* —=X),  AeC*,

of the symmetric relation JA in the Hilbert space (K, [J-,]) are equal to m; here * stands for the
Hilbert space adjoint. This is equivalent to the fact that there exist self-adjoint extensions of A in
K and that each self-adjoint extension A of A in K satisfies dim(A/A) = m.

We shall use the so-called boundary triplets for the description of the self-adjoint extensions of
closed symmetric relations in Krein spaces. The following definition is taken from [19].

Definition 5.1. Let A be a closed symmetric relation in the Krein space K. We say that
{G,Ty,T'1} is a boundary triplet for AT if (G, (-,-)) is a Hilbert space and there exist mappings
Iy, Ty : AT — G such that I’ := (IFJ;) : AT — G x G is surjective and the identity

(51) [flvg] - [fv g/] = (Flfv FOQ) - (FOf;Flg)
holds for all f = {f, f'},§={g,9'} € AT.

In the following we recall some basic facts on boundary triplets which can be found in, e.g.,
[17] and [19]. For the Hilbert space case we refer to [24, 25, 33]. Let A be a closed symmetric
relation in K. Note first that each boundary triplet {G,Ty,T'1} for AT is also a boundary triplet
for the adjoint (JA)* of the closed symmetric relation in the Hilbert space (K,[J-,-]) and vice
versa. This allows to translate many facts from the Hilbert to the Krein space case. E.g., it follows
that a boundary triplet for A" exists if and only if A admits self-adjoint extensions in the Krein
space (K,[,+]). Let in the following {G,T¢,I'1} and I' = (I'y,I';) " be as in Definition 5.1. Then
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A = kerT', the mappings I'g and I'; are continuous and the self-adjoint extensions Ag := ker 'y
and A; := kerI'; of A are transversal, that is, AgN A; = A and Ay + A; = AT, where + denotes
the sum of subspaces. The mapping I' induces, via

(5.2) Ao :=TVO ={fe AT |TfecO} =ker(l') —-OLy), Oel(Qg),

a bijective correspondence © — Ag between the set of closed linear relations C(G) in G and the set
of closed extensions Ag C AT of A. Note that the product and sum in the expression ker(I'; —OTg)
in (5.2) are understood in the sense of linear relations. Moreover, Ag~ = (Ag)™ holds and, hence,
(5.2) gives a one-to-one correspondence between the closed symmetric (self-adjoint) extensions of
A in the Krein space (K, [-,-]) and the closed symmetric (self-adjoint, respectively) relations in G
in the Hilbert space (G, (-,-)).

For a closed symmetric relation A the defect subspace at the point A is defined as

Naar i=ker(At — \) = ran (A — N
and we set

Nyar = {0 fr €Ny as )

When no confusion can arise we will simply write A/y and N, instead of NV; A, A+ and N A, A+, respec-
tively.

Let again {G,T,T'1} be a boundary triplet for AT and assume, in addition, that the resolvent
set of the self-adjoint relation Ay = ker I'y is nonempty, i.e., there exist A € C such that (4g—\)~!
is an everywhere defined bounded operator in K. Then we have

At = AgF N, direct sum,

for all A € p(Ap). If w1 denotes the projection onto the first component of K x K, then for every
A € p(Ap) the operators

Y(A) = m1 (Lo [./\A/}\)_1 and m(X) =T1(Io [./(/A)_l

are well defined and belong to £(G,K) and £(G), respectively. Here £(G,K) stands for the space
of bounded everywhere defined linear operators mapping from G into K and £(G) is used instead
of £(G,G). The functions A — ~v(X) and A — m(\) are called the y-field and the Weyl function
corresponding to A and {G,Ty,T'1}. The functions v and m are holomorphic on p(A4y) and the
relations

(5.3) (¢ = (14 (¢ = M40 =)~ )v(N)
and
(5.4) m(A) —m(¢)" = (A = Ov() (N

hold for A\, ¢ € p(Ap); cf. [19]. It is important to note that in general the set p(Ag) can be a
proper subset of h(m)\{oo}; note that co may belong to h(m) whereas by definition p(Ay) C C.
Let Ao € p(Ap). Then (5.4), (5.3) and Imm (o) = (Im Ag) 7(Xo)Ty(Ao) imply

m(A) = Re m(Ao) +7(Ao) " ((A — Re o)
+ (A= 20)(A = 20)(Ao = A)7H)7(ho)
for all A € p(Ap). If, in addition, the symmetric relation A has the property

(5.5)

(5.6) K = clsp {Nx | X € p(Ao)},
then A is automatically an operator and Ag fulfils the minimality condition
(5.7) K= clsp{ (1 4+ (A = Xo) (Ao — A) " H)v(No)z | A € p(Ap), = € G}.

In this case we have

(5.8) h(m)\{oo} = p(Ao) and h(m™")\{oo} = p(A1).
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The following well-known variant of Krein’s formula for canonical extensions shows how the
resolvents of closed extensions Ag of A can be described with the help of the resolvent of the fixed
extension Ap, the parameter © and the Weyl function. For a proof see, e.g., [19].

Theorem 5.2. Let A be a closed symmetric relation in the Krein space K, let {G,T,T'1} be a
boundary triplet for A™ and assume that Ay = ker gy has a nonempty resolvent set. Denote by v

and m the corresponding v-field and Weyl function, let © € C(G) and let Ag be the corresponding
extension via (5.2). Then X € p(Ao) belongs to p(Ae) if and only if 0 € p(© —m(N)) and

(Ao — A" = (Ao = N+ (N (0 —m(\) (N

holds for all A € p(Ae)Np(Ao). In particular, for Ay = kerI'y the inclusion p(A;)Np(Ag) C h(m™1)
holds and

(A1 =07 = (Ao = N7 =y ()m(N) Ty (V)T
is valid for all A € p(A1) N p(Ap).

6. DIRECT PRODUCTS OF SYMMETRIC RELATIONS

In this section we consider direct products of symmetric linear relations in Krein spaces. The
following notation will be useful: If (K, [, ]x) and (H,[-,:]») are Krein spaces the elements of
K x H will be written in the form {k, h}, k € IC, h € H. The space K x H equipped with the inner
product [-, -] defined by

[k, h}, {K' 1Y) == [k, K'|c + [h W1, kK €K, hh €H,

is a Krein space. If A is a relation in IC and T is a relation in H we shall write A x T for the direct
product of A and 7" which is a relation in IC x H,

(61) axr={(d)|nreatodery).

For the pair ({E‘??}) on the right hand side of (6.1) we shall also write {f,§}, where f = {f, f'}
and g = {g,9'}.

Let A and T be closed symmetric relations of equal defect n < oo in the Krein spaces I
and ‘H and let {G,To,T1} and {G,T(, T} be boundary triplets for AT and T, respectively. The
corresponding y-fields and Weyl functions are denoted by v, 4/, m and 7, respectively. The elements
in G x G will be written as column vectors. It is easy to see that A x T' is a closed symmetric
relation in K x H, (Ax T)* = AT x T+, and {G x G,T'{,I'{}, where I'jj and '/ are the mappings
from AT x TF into G x G defined by

(62) riday= () wa e = ().

{f,9} € AT x T, is a boundary triplet for At x T+, Assume that for the self-adjoint relations
Ag = kerT'g and Ty := ker I’y the condition p(Ag) N p(Ty) # O is fulfilled. Then, for A € p(A4o) N
p(To) = p(Ap x Tp) the corresponding 7-field " is given by
” . 7(>\) 0
)\|—>’y()\)—<0 YOV € LG XxG,KxH)

and the Weyl function M” corresponding to A x T' and the boundary triplet {G x G, T, T/} is
given by

m(A) 0

)> EE(QXQ), )\Ep(Ao XT()).

In Proposition 6.1 below we will introduce another boundary triplet {Gx G, Tg, 'y} for AT x T,
cf. [21, §3.3]. The self-adjoint relation ker I'y will play an important role in Section 7.



NEGATIVE SQUARES OF SELF-ADJOINT EXTENSIONS 25

Proposition 6.1. Let A and T be closed symmetric relations of equal defect n < oo in the Krein
spaces K and H, let {G,To,T1} and {G, T, T} be boundary triplets for At and T, respectively,
and assume p(Ag) N p(Ty) # 0. Denote the corresponding v-fields and Weyl functions by v, v/, m
and 7, respectively. Then the following holds:

(i) {G x G,To,T1}, where Ty and Ty are mappings from AT x TT into G x G defined by
= rF o —F1f+F/1§> T (Fof>
I ,qt = N - d T ,G} = -,
ohayi= (I Tty = (1
{f,9} € At x T+, is a boundary triplet for At x T,

(ii) If p(kerTg) N p(kerfl) N p(Ty) is nonempty, then the Weyl function M and the ~-field 5
corresponding to {G x G, Ty, T1} are given for A € p(kerTy) N p(kerT'y) N p(Tp) by

TFono_ (m) =L T () 0 7
M()‘) = ( 1 —T(/\)1> d 'V()‘) = ( 0 ,}/()\)T(/\)1> M(A)
Proof. We prove assertion (i). Let {f,g} and {}Al, I;:} € AT x TT. Then one computes
(fl{fv g}7f0{ha ];}) - (fO{fag}’fl{iLa ];})

_((Tof\ (~Tih+Tik\\ _ ((-T1f +Tid) (Toh
I'g) \ Toh+Thk Tof +Thg ) \Ik
= (11 f,Toh) = (Tof, T1h) + (T3, Tok) — (64, T k)

= [flv h‘]’C - [f7 hl]lc + [glv k]H - [97 k,]H
= [{f" gy Ah kY] = [{f, 9} {1 K},

hence (5.1) holds. Next we show that I' = (I'g, ') T : AT x T+ — (G x G)? is surjective. In fact,

for a given vector
.
o= (o) < @<

there exist f € AT and § € T such that I'f = (z,y —u)" and IV§ = (v — z,y)". It is
straightforward to check that fo{f,g} = (u,v)" and fl{f,g} = (z,y)" holds. Hence {G x
G,Ty,T1} is a boundary triplet for AT x Tt

(ii) Let A € p(kerTg) N p(kerTy) N p(Tp) and let {fx, 95} € ./\A/A,AJr x Nyr+. Observe that A €
p(ker I'1)Np(Tp) implies A € p(Ag)Np(ker I )N p(Ty) and, by Theorem 5.2 (applied to the boundary
triplet {G,T},T%}), this implies A € h(m) N h(r) N h(r—). Making use of m(A)[ofy = ' fy and
T(A)THgn = I g we then find

—m(A) 1 N\& oo (=m(NTofx+ g
(6.3) ( 1 T<A>1)“”””‘(rofwT(A)-lragA)
' (T + T

- ( Tofx + Thdn
Since A € p(ker Iy) we have M(N)o{fr,dx} = I'1{/fx,9x} and hence by (6.3)

) =To{fx,in}-

-1
M) = — (m_(i) _T(—Al)_1> M€ plkerTo) N plker T'y) N p(Th).

Furthermore, with the help of

To{fx, ga} = M)~ <£2£§) =M <T(£;)lfgéx>
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one easily checks that () in (ii) satisfies
FNTo{ /. an} = {fr.ax}, A€ plkerTo) N p(ker Ty) N p(Th)
and, hence, 7 is the y-field corresponding to {G x G, fo, fl} O
In the next proposition we define a symmetric extension H of A x T such that
HCkerf‘oCHJr and HCAyxTyCHT

holds, and by restricting the boundary triplet {G x G, fo, fl} from Proposition 6.1 we obtain a
boundary triplet {G,To,T'1} for HT where the corresponding Weyl function M has the form

A= M) = —(m(\) +7(0)

Proposition 6.2 can also be deduced from Proposition 6.1 and [21, Proposition 4.1]. For the
convenience of the reader we give a short direct proof here.

Proposition 6.2. Let A and T be closed symmetric relations of equal defect n < oo in the Krein
spaces K and H, let {G,To,T1} and {G,T{, T4} be boundary triplets for A and T, respectively,
and assume p(Ao) N p(Ty) # 0. Denote the corresponding vy-fields and Weyl functions by v, 7', m
and T, respectively. Then the following holds:

(i) The closed linear relation
H:={{f,9} € AT xT" :Tof =Tyg=T1f ~T'g =0}
is symmetric in K x H with A x T C H. Its adjoint HY C AT x T'T is given by
HY ={{f,g} € A* x T :Tof +T)g=0}.
(ii) {g, fo, fl}, where Ty and Ty are linear mappings from HT into G defined by
To{f.9} == -T1f+T1g and T1{f,g} =Tof,
{f, g} € HT, is a boundary triplet for H™.
(iii) For all X € p(kerTy) N p(kerT'y) the Weyl function M and the v-field 5 corresponding to
{G,T0,T'1} are given by
ST\
=7 (A)M(X)
Proof. Let Ty, T be as in (6.2) and I = (I'y,T7)". The linear relation

R {‘T7y} I7$/7y7y/ € ga 2
e_{nyﬁ ,O}wam

xTr = y = "LJ — y =
is closed and symmetric, its adjoint is given by

@*—{Qﬁﬁﬁ)

As H =T"(1@ it follows that H+ = I'""(=1©*. Therefore assertion (i) holds.
We prove assertion (ii). As I : AT x T+ — (G x G)? is surjective it follows that I := (I'g,I';) " :
H* — G? is surjective. Let us check that (5.1) holds. In fact, for {f, g}, {h,k} € HT C AT x T+
we have T'gf = —T'(,¢g and T'oh = —T'k, and therefore
(fl{fmg}a fO{il‘7 ]%}) - (fO{f7g}7 fl{ﬁv ]A{})
= (1, Toh) = (Tof, T1h) + (T, Tok) — (T4, Th k)
= [{f/a g/}a {h, k}]ICXH - [{fa g}, {h/a kl}];cxH'

M) = —(m() + 7)™ and %M:<

r+y=0

x? :L./?y7 y, 6 gV}
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We show that (iii) holds. Let A € p(ker I'g) N p(kerI'y), so that in particular A € h(m) N h(7). For
{fr,9x} € Ny g+ C Ny av X Ny g+ C AT x TF we have o f = —T'(gx and therefore

=(m) + )T {fx, 33} = =m(Nofs + 7(NFods = ~T'1fy + g
=To{fr.r}.
Since A € p(kerT'y) the identity J\//.T()\)fo{f)\,g)\} =T1{f\,9»} implies
M) = —(m(X) + T(/\))_l7 A € p(kerTo) N p(ker T'y).
Furthermore, the identity

( V(A)M/(\)\;J fo{f,\,Q,\} = ( 7(/)\)M/(\)\) )M(A)lfl{f/\»m}

= (A)M( =7 (A)M(A)
_ V(A)Fof,\> oA
(i) = (i
shows that the y-field corresponding to {G, To, fl} is given by 7 in (iii). O

7. NEGATIVE SQUARES OF SELF-ADJOINT EXTENSIONS IN EXIT SPACES

A closed symmetric relation A in the Krein space (K, [-,-]) is said to have k negative squares,
k € Ny, if the Hermitian form (-,-) on A, defined by

{51 g9 =11d1=119, {f. g9} €A

has k negative squares, that is, there exists a x-dimensional subspace M in A, such that ( f , f ) <0
if f={f.f'}eM,f+#0,but no x + 1-dimensional subspace with this property. Suppose, in
addition, that the symmetric relation A is of finite defect n and let {C",Ty,T'1} be a boundary
triplet for A*. Then the self-adjoint relation Ag = ker 'y has &', kK < ¥’ < k + n negative squares
and if p(Ag) is nonempty this is equivalent to the fact that the form

[(1+A(Ag—=A) 1) (Ao = N)"], A e p(A),
defined on K has ' negative squares. Then the corresponding Weyl function belongs to the classes

of matrix valued functions introduced in Section 4. This will be shown in the following lemma.

Lemma 7.1. Let A be a closed symmetric relation of finite defect n in IC, let {C™, Ty, T'1} be
a boundary triplet for At and assume that the self-adjoint relation Ay = ker Ty has k' negative
squares and p(Ag) # 0. Then the corresponding Weyl function m belongs to some class D",
k" < k. If, in addition, the condition

(7.1) K =clsp {Nx: A€ p(Ag)} = clsp {rany(\) : X € p(Ao)}
is fulfilled, then k" =K', i.e., m € D"

Proof. This lemma is proved in the same way as [10, Lemma 7]. For completeness we include the
arguments here. Let Ao € p(Ap). For A € p(Ag) we set

QM) = v(Ao) (1 +A(Ao = X)"Hr(No)
and
_ ARem(Ag) + (ARe Ao — [Ao[*)7(Xo) Ty (No)
- (A =20)(A = Xo)
A simple calculation involving (5.5) shows that
A
(A =20)(A = Qo)

G(A):

m(\) = Q) + GV
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holds. For A, i € p(Ap) and z,y € C™ we have

[Q“**””mﬂ[u+xmomlwuwm@%u>wu@ﬂ

(7.2) -

and the assumption that Ay has £’ negative squares implies @ € N " for some £” < . Therefore
m € D" cf. Definition 4.1.
Under the additional assumption (7.1) it is not difficult to see that the set

(A = )~ y(ho)a
Sp{(u+Amo> Dr(x ))

is dense in Ag. Hence the kernel (7.2) has £’ negative squares, i.e., m € D", O]

A€ p(Ap), x € (C"}

Remark 7.2. We note that it can be shown that also the converse in Lemma 7.1 holds, that is,
every function m € D*" r € Ny, can be realized as the Weyl function of a certain boundary
triplet; cf. [3, 4] and [10, Theorem 8§].

From now on it will be assumed that the closed symmetric operator or relation A is of defect
one. Clearly, in this case the Weyl function m is a scalar function. The statements from the next
lemma will be used in the following.

Lemma 7.3. Let A be a closed symmetric operator of defect one with finitely many negative
squares in the Krein space K and assume that ran (A = X) is closed for all X\ € O U O*, where
O is an open subset in Ct and O* = {\ € C: X € O}. Then the following holds:

(i) If dom A is dense, then all self-adjoint extensions of A in K are operators and have a
nonempty resolvent set.
(ii) If K = clsp{ker(At — ) : A € OUO*} holds, then all self-adjoint extensions of A in K have
a nonempty resolvent set.
Furthermore, if A has k € Ng negative squares and A’ is a self-adjoint extension of A in K with
p(A) # (0, then A" has k or k + 1 negative squares and o(A’) N (C\R) consists of at most k + 1
pairs of eigenvalues {p;,f;}, j=1,...,n+ L.
Proof. Assertions (i) and the last statement on the number of non-real eigenvalues are known from
[15, 43], see also [11]. Assertion (ii) is essentially a consequence of the fact that the condition
K = clsp{Ny : A € O U O*} together with (5.6)-(5.7) implies that the Weyl function of any
boundary triplet {C,T,T'1} of AT is not equal to a constant. Thus, by Theorem 5.2 each self-
adjoint extension of A in K has a nonempty resolvent set. O

Remark 7.4. There exist closed symmetric non-densely defined operators which satisfy the as-
sumptions of Lemma 7.3 and possess self-adjoint extensions with an empty resolvent set.

Let A be a closed symmetric operator or relation of defect one in the Krein space K, let
{G, Fo,Fl} be a boundary triplet for AT and let H be a further Krein space. A self-adjoint
extension A of A in K x H is said to be an exit space extension of A and H is called the exit space.
The exit space extension A of A is said to be minimal if p(A) is nonempty and
(7.3) K x M = clsp {K, ran (A — N7 k) : A € p(A)}
holds. Clearly (7.3) is equivalent to

H = clsp {ran (PH(E— N7 ) A e p(ﬁ)}

Assume that B is another minimal self-adjoint exit space extension of A in a Krein space K x H
and that the set C\R up to at most finitely many points is contained in p(A) N p(B). Then A and
B are said to be weakly isomorphic if there exists an operator

V :sp {K, ran ((j, N7 e) A e p(g)} — sp {K, ran ((E -N'k)Ae p(é)}
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which preserves the inner product, [Vz, Vy| = [z,y], x,y € dom V, such that

V(A=N) "'z =(B—=))""Wz, zedomV, \ep(A)npB),
holds; cf. [30].

The next theorem is a variant of Krein’s formula for the generalized resolvents of a symmetric
operator of defect one with finitely many negative squares; cf. [9]. The proof is based on the
coupling method from [21, 23] and the observations in Section 6. For other versions of Krein’s
formula in the Hilbert, Pontryagin and Krein space case we refer to, e.g., [5, 7, 8, 17, 18, 19, 26,
37, 42]. In the following we use the notation

5= D, U{(%)]ccc).

Theorem 7.5. Let A be a closed symmetric operator of defect one in the Krein space K and let
{C,Tg,T1} be a boundary triplet for A* with corresponding y-field v and Weyl function m. Assume
that Ay = ker 'y has finitely many negative squares and p(Ag) # 0. Then

~ _ _ 1 —
(7.4) Pe(A= X7 k= (Ao = N7 =9\ (m(\) +7(0) 2(N)F
establishes (up to weak isomorphy) a one-to-one correspondence between minimal self-adjoint ex-

tensions A of A with finitely many negative squares in Krein spaces K x H and functions T from
the class D with T # —m. The formula (7.4) holds for all points X belonging to the set

(7.5) p(A) N p(A0) N H(7) = b((m+7)~") N p(Ag) Nb(7).

Proof. Let 'H be a Krein space and let A be a minimal self-adjoint extension of A in I x H which has
a finite number of negative squares. Observe that by definition this in particular means p(g) £ ().
Obviously the symmetric relation ANK?in K is an extension of the operator A, and as A is of
defect one AN K2 is either self-adjoint in C or coincides with A.

In the case ANK2 = (ANK2)" it follows that ANH2 = (ANH2)T and A = ANK2 x ANH?;
cf. [21, Remark 5.3]. Therefore (A — A)~! maps elements from K into K and, by the minimality of
A

H= clsp{PH(g— N7 A € p(g)} = {0}

and therefore A is a self-adjoint extension of A in K = K x {0}. Hence by Theorem 5.2 there exists
a constant 7 € R such that

~ B B o
(A=N""= (Ao =N =N (m) +7) v(N)*
and (7.5) hold.
Suppose now A = ANK? and let T := AN 'H?. Then the same arguments as in [21, Lemma 5.1
and Theorem 5.4] show that 7' is of defect one and the adjoints of A and T are given by

A = Ped = {{k, e <{{k’f:Z,}}> e Z} CKxK

and

T+ = Pyd = {{h,h'} : ({{k’“z}}> € Z} CHxH,

respectively. Here }3& : A — At and ﬁH : A — T+ denote the mappings given by
{k,h} , {k,h} /
<{k/, h/} — {k,k'} and {]42/, h/} — {h, '},

respectively. Furthermore, it was proved in [21, Theorem 5.4] that {C,T'{,T"} }, where
(7.6) g := —ToPcPytg and Tj:=T,PcPy'g,
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is a boundary triplet for 7. Observe that I'j and I} are well defined since mul Pe 137; L= A=
kerI'g NkerI'y. From

ran (PH(X— N7 k) =ker(TT —N), A e p(A),
(see, e.g., [22, Lemma 2.14]) it follows together with the minimality of A, see (7.3), that
(77) H = ClSp{./\/)\’qw A E p(g)}

holds. In particular this implies that 7" is an operator. Since A has finitely many negative squares

also T = AN H? has finitely many negative squares and ran (7' — \) is closed for all A € p(A).

Hence by Lemma 7.3 the self-adjoint extension Ty = kerI'{; of 7' has a nonempty resolvent set

and the 7-field 4/ and the Weyl function 7 corresponding to the boundary triplet {C, T, T} } are

defined on p(Tp). Furthermore, T also has finitely many negative squares and therefore 7 belongs

to the some class Dy, k € Ny, see Lemma 7.1. Since (7.7) holds we have p(Ty) = bh(7)\{oo}.
Define the closed symmetric relation H in K x H by

(7:8) ={{f.9} € AT xT* :Tof =T4g=T1f - T{g =0}

as in Proposition 6.2 (i) and let {C, Lo, T 1} be the boundary triplet from Proposition 6.2 (ii),
(79) FO{f g}__F1f+F1g7 fl{f7§}:F0fa {f’g}€H+7

where

={{f, g} € AT x T+ :Tof +T}g=0}.

Qbserve that Ay x Ty = ker fl holds. We claim that ker Fo coincides with the self-adjoint relation
A. In fact, an element {f, g} € ker 'y satisfies

(7.10) Tof = —Thg =ToPcPy'g and T.f =T, =T1PcPy'g.

Observe that (7. 10) implies f— P;CPH g € kerTgNker 'y = A. Therefore {f— JS;CﬁH 0} € Aand
as {P;CPng g} € A we conclude {f.9} e A. Conversely, {f.9} e A yields {f- P;CPH ,0} € A,
ie. f P;CP 15 € A, and hence

Tof +T6g =To(f - PePr'a) =0,

Tif —Thg =T1(f - PcPy'g) = 0.
Therefore {f,§} € H' and To{f,§} = 0, that is, A = ker [, i.e.,
(7.11) A={{f,gy € A" xTT :Tof +Tg =T1f —T1g=0}.

Each of the relations A7 Ap and Tj has finitely many negative squares and a nonempty resolvent
set. Hence, there are at most finitely many points in C\R which do not belong to

p(g) Np(Ag x Tp) = p(ker fg) N p(ker fl)

Let 5 and M be the ~-field and Weyl function corresponding to the boundary triplet {C, fm fl},
ie.,

(7.12) A0 = (;7&}%%&:&?‘5) C xep(A)NplAy x To),
and
(7.13) M\ =—(m) +7(N)) ", A€ p(A) N p(Ag x To);

cf. Proposition 6.2. Then it follows from Theorem 5.2 that
(7.14) (A=N7"= (Ao x To) =) +FNM N F)
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holds and that A € p(A) belongs to p(Ag x Tp) = p(Ag) N b(7) if and only if 0 € p(M\(A)), ie.,
m(A) + 7(A) # 0. Therefore

p(A) 0 p(Ag) Nb(7) = b((m +7)7") N p(Ao) N b(7)
and as
FNM D))
(7.15) _ (—v(A)(m(A) +T)) T AN M) + (V)Y () )
YN M) + 7)) TN = (W) mA) +7(A) T ()T
for A € p(A) N p(Ag) Nh(7) the compression of (7.14) onto K is given by - (7.4).

Now we verify the converse direction, that is, for a given function 7 € D we construct a minimal
self-adjoint extension A such that the compressed resolvent of A onto K is given by (7.4). In the
special case 7 € R one chooses the canonical extension A = A_, = ker(I'; + 7Ig), so that by
Theorem 5.2 formulas (7.4) and (7.5) hold. Let now 7 € D be a function which is not equal to
a constant. With the help of the operator representation [36, Theorem 3.9] of 7 it was proved
in [10, Theorem 8] that there exists a Krein space H, a closed symmetric operator T of defect
one with finitely many negative squares in H and a boundary triplet {C, T, '} } for Tt such that
To = ker T’y has a nonempty resolvent set and 7 coincides with the corresponding Weyl function
on p(Ty). Moreover, the condition

(7.16) H = clsp{Ny\ 1+ : A € p(Tp) }

holds. Now we make again use of Proposition 6.2 and the construction above. Define the closed
symmetric relation H in I x H by (7.8) and let {C,fo,fl} be the boundary triplet for H* in
(7.9). We set A := ker To. As A and T have finitely many negative squares the same holds for A.
One verifies that all points in p(Ag x Ty) Nh((m+7)~1) belong to p(A) and hence the y-field 5 and
Wey! function M corresponding to {C, T, fl} are defined on p(A). Therefore (7.12), (7.13), (7.14)

and (7.15) hold and hence the compressed resolvent of A onto K satisfies (7.4). Furthermore, it
follows from (7.14) and (7.15) that

ran (P (A —X) 7" i) = ran (v (\)(m(A) + 7(N) (N F) = Ny o+

holds and therefore (7.16) implies that A is a minimal self-adjoint exit space extension of A.

It remains to show that A is determined uniquely up to a weak isomorphism by (7.4). Suppose
that besides the minimal self-adjoint extension A of A with finitely many negative squares in I x 'H
also the minimal self-adjoint extension B of A with finitely many negative squares in the Krein
space K x H' satisfies (7.4). Then it follows that the linear relation

= ({5 S (6)-(5) e ()it
is isometric with dense domain in & x H and dense range in K x H’. Therefore V' is the graph of
an isometric operator and it is not difficult to verify that
V(A= Nz =(B=)\"Vz
is fulfilled for all # € dom V and all A € p(A) N p(B). Observe also that
[T+ MB =N "YW, (B-XN"Va]_,,
= [+ MA= Nz, (A-N)"Ta] L,

holds for all € dom V' and hence the number of negative squares of A and B coincide. O
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In the next theorem the number of negative squares of the self-adjoint relation A in Theorem 7.5
is expressed in terms of the behavior of the Dy-functions m and 7 at the points 0 and co. We
leave it to the reader to formulate the corollary for nonnegative selfadjoint extensions A. The case
that A in (7.4) is a canonical self-adjoint extension (i.e., there is no exit space and, hence, Ais a
self-adjoint extension in K) of the symmetry A was already treated in [11, 17].

Theorem 7.6. Let A be a closed symmetric operator of defect one in the Krein space K and let
{C,T9,T1} be a boundary triplet for A* with corresponding y-field v and Weyl function m. Assume
that Ag = ker T'g has kn, negative squares, p(Ao) # 0, and that K = clsp{N : X € p(Ao)} holds. If
A is a minimal self-adjoint extension of A in a Krein space KK x H, H # {0}, and 7 € D,_ is such
that (7.4) holds, then A has

K= FKm+ K+ 80+ Ax
negative squares, where
Ag = -1 if )1\11% m(A) and )l\li% T(A) ezist and lig% m(A) + 7(\) <0,
0  otherwise,

and

=00 A00

A 0 if /\liAm m(A) and lim 7(X\) exist and lim m(\) +7(X) > 0,
11 otherwise.

Proof. Assume that A and 7 € D are such that the correspondence (7.4) holds. According to the

proof of Theorem 7.5 7 is the Weyl function of the operator T = AN H? and the boundary triplet

{C,T},T%} defined in (7.6); cf. [21]. In particular, 7 is not equal to a constant. Furthermore, the
minimality of A implies that T" has finitely many negative squares and that

(7.17) H =clsp {N, 7+ : A€ p(A)}

holds. Hence it follows from Lemma 7.3 that the self-adjoint extensions Ty = ker I'j, and T} = ker T
in H have nonempty resolvent sets.
Let {C2, FQ, Fl},
=i (T TG = p a0 (Tof\ g X
Lo{f, 9} = ; . Tf,ay=(.97), feAt, geT™,
tiah= (I 9) ., Fuha = (). Feans

be the boundary triplet for AT x T from Proposition 6.1. Then by (7.11) the self-adjoint relation
A in K x H coincides with kerT'g. Moreover it follows p(ker 1) = p(A4g) N h(771); cf. (5.8).

By assumption m # —7 and (7.5) and Proposition 6.1 (ii) show that the Weyl function M of
{C% Ty,T1} has the form

— m()) -1 \
M@A) =- ( -1 —T(A)l)
for all A belonging to
p(A) N p(Ao) N p(T1) N p(To) = h((m +7)7") N p(Ae) NH(T~") N (7).

Now the relations K = clsp{N : X € p(Ao)} and (7.17) imply that the y-field 5 of {C2, T, 1}
satisfies

KxH={F(\z: e p(A), zecC?.

The assertion on the number of negative squares of A is now an immediate consequence of Theo-
rem 4.5 and Lemma 7.1. O
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