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COMPACT AND FINITE RANK PERTURBATIONS OF LINEAR
RELATIONS IN HILBERT SPACES

TOMAS YA. AZIZOV?!, JUSSI BEHRNDT, PETER JONAS?, AND CARSTEN TRUNK

ABSTRACT. For closed linear operators or relations A and B acting between
Hilbert spaces H and K the concepts of compact and finite rank perturbations
are introduced with the help of the orthogonal projections P4 and Pg in H®K
onto A and B. Various equivalent characterizations for such perturbations are
proved and it is shown that these notions are a natural generalization of the
usual concepts of compact and finite rank perturbations.

1. INTRODUCTION

Let ‘H and K be Hilbert spaces and assume first that A and B are bounded linear
operators defined on H with values in K. Then A is said to be a compact (finite
rank) perturbation of B if the operator A— B is compact (resp. finite dimensional).
If A and B are unbounded closed operators these notions in general make no sense
since the domains dom A and dom B may not coincide and hence A — B can only
be defined on the (possibly trivial) subspace dom A N dom B of H. However, if
in the special case H = K the operators A and B have a common point in their
resolvent sets, then a natural generalization of the above notions of compact and
finite rank perturbations is done via the resolvent difference of A and B. Namely,
A is said to be a compact (finite rank) perturbation of B if

(L1) (A=N""=(B-N""  Xep(A)nn(B),

is a compact (resp. finite rank) operator. Such types of compact and finite rank
perturbations play an important role in pure and applied linear functional analysis
and have been studied extensively for a long time, see, e.g., [6].

The main objective of this paper is to introduce the notions of compact and fi-
nite rank perturbations of closed linear operators and, more generally, closed linear
relations A and B acting between H and K, and to give various equivalent charac-
terizations. The key idea here is to use the orthogonal projections P4 and Pp in
HEK onto the closed subspaces A and B of HGK. We shall say that A is a compact
(finite rank) perturbation of B if P4 — Pp is a compact (resp. finite dimensional)
operator. It is shown in Theorem 3.1 that A is a finite rank perturbation of B if
and only if A and B are both finite dimensional extensions of their common part
AN B. Furthermore, it is verified in Theorem 4.2 that the linear relation A is a
compact perturbation of the linear relation B if and only if for every € > 0 there
exists a closed linear relation F' from H in K such that Pg — Pp is a finite rank
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operator and ||P4 — Pp|| < e. This characterization of compact perturbations is
very convenient and useful and will be applied in a subsequent note.

The paper is organized as follows. In Section 2 we first recall some basic def-
initions (cf. [1, 3]) and decompositions of linear relations in Hilbert spaces. The
orthogonal projection P4 in ‘H & K onto a closed linear relation A from H in K is
expressed in terms of the operator part Ao, of A in Proposition 2.1. Moreover, we
rewrite this representation of P4 in different forms to obtain some generalizations
of the results in [10] and [4, 7, 9]. Sections 3 and 4 are devoted to the concepts of
finite rank and compact perturbations of closed linear relations. Here we introduce
the corresponding notions and prove various equivalent formulations. Moreover, we
show that theses notions are natural generalizations of the usual ones for bounded
and, resp., unbounded operators.

2. THE ORTHOGONAL PROJECTION ONTO A CLOSED LINEAR RELATION

Let throughout this paper H and K be Hilbert spaces. We study linear relations
from H in K, that is, linear subspaces of H x K. The set of all closed linear relations
from H in K will be denoted by C(H,K). If K = H we write C(H). For a linear
relation A we write dom A, ran A, ker A and mul A for the domain, range, kernel
and multivalued part of A, respectively. The elements in a linear relation A will
usually be written as column vectors ( ;7 ), where z € dom A and z’ € ran A. For
the usual definitions of the linear operations with relations, the inverse etc., we
refer to [1, 3, 5]. The set of all densely defined closed linear operators from H to
K will be denoted by C(H, K), we write C(H) if H = K. For the set of everywhere
defined bounded linear operators from H in K we write £L(H, K) and L(H) if H and
K coincide. Linear operators are identified as linear relations via their graphs, so

that the inclusions £(H,K) C C(H,K) C C(H, K) hold.
Let A be a linear relation from H in IC. Then the adjoint relation A* € C(K, H)

is defined by
A* = {(;j,) (2!, y) = (x,y') for all (j,) € A} )

Note that this definition extends the usual definition of the adjoint of a densely de-
fined operator. Let A € C(H,K). As mul A = (dom A*)* and mul A* = (dom A)~+
it is clear that A (A*) is a densely defined closed operator if and only if dom A*
(dom A, respectively) is dense. Observe that the orthogonal complement of A in
H @ K is the relation (—A*)7L, that is, H® K = A® (—A*)"L. If A is a linear
relation in H, then A is said to be symmetric (selfadjoint) if A C A* (A = A*,
respectively).

Let A € C(H,K). In the following the Hilbert spaces H and K will be decomposed
in the form

(2.1) H =mul A* @ H,;, where H; := (mul A*)* = dom 4,
and
(2.2) K=K ®mul A, where K; := (mul A)* = dom A~,

respectively. The operator part Ao, of A is defined by
Aop = AN (H1 X ICl).
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It is easy to see that in fact mul A,, = {0} holds, and hence it follows that A,
is a densely defined closed operator from H; in Ky, that is, A,y € C(H1, Ky).
Furthermore, dom A,, = dom A and

(2.3) A:{(A v >::v€d0mAOp,z€mulA}.

opT + 2

Analogously the operator part (A*),, of the relation A* € C(KC,H) is defined as
(A*)Op = A*N (/Cl X H1) S C(K:hHl)

and it is straightforward to check that the adjoint (Aop)* € C(K1,H1) of the oper-
ator part A, of A coincides with the operator part (A*),,, of the adjoint relation
A*, that is, (Aop)* = (A")op- In the sequel we simply write A7 .

The next proposition will be useful for the considerations in Section 3 and Sec-
tion 4.

Proposition 2.1. Let A € C(H,K) be a closed linear relation from H in K and let
Hi, K1, and the operators Aop and A7, be defined as above. Then the operator

0 0 0 0
0 (I+A5A0)"0 AT+ AgAL)"" 0
0 Al + A% Aop) ™ AgpAZ (I + AapAl) ™" 0
0 0 0 1

(24)  Py=

is the orthogonal projection in H & K onto the linear relation A with respect to the
decomposition mul A* @ H1 ® Ky ®mul A of HP K.

In the operator case Proposition 2.1 reduces to the following well-known state-
ment, see, e.g., [2, 8, 10].

Corollary 2.2. Let A € C(H,K) be a closed densely defined linear operator from
H in KC. Then the orthogonal projection Py in H & K onto A is given by
P, (I+A A~ A I+ AA*)!
AT AT + AT A~ AAT(T+ A4
Proof of Proposition 2.1. Recall that A5 Ao, and Agp A7, are nonnegative selfad-
joint operators in the Hilbert spaces H; and Ky, respectively, cf. [6, § V. Theo-
rem 3.24]. In particular, the entries in the matrix representation of P4 are every-
where defined bounded operators.
For x € dom A,, we have

Aop® = Aop(I + Al Aop) (I 4+ A%y Aop) ' = (I + Aoy A% Ao (I + Aj Aop) '

and hence (I 4+ AqpA%) ' Agpz = Aop(I + Aj Aop) 'z, As dom Ay, = Hy and
(I+ A% Aop) ™' € L(Hy) we conclude

(2.5) (I 4+ AopAs,) 1 Aoy = Aop (I + A;pAop)_l.

Making use of (2.5) it follows without difficulties that P5 = P4 holds. Furthermore,
from (2.5) we conclude

(2.6) (As,(I+ AOpA;p)fl)* = (I + AopAz,) TAop = Aop(I + Al Aop) .

Now relation (2.6) together with the selfadjointness of A3 Ao, and Agp A, imply
P4 = P}. Therefore P4 is an orthogonal projection in H & K.
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It remains to show ran Py = A. According to [6, §V. Theorem 3.24] the (graph
of the) restriction A, [ dom Aj Aoy, is dense in A, and hence it follows that the
range of the orthogonal projection

Py e ( (T4 A5A0p) ™" AL (1 + A Ayy) ! 1> : <H1> . <H1)
°p Aop(I + Aj,Aop) ™ ApAs, (I + ApA3,) ™ K1 K1
is a dense subspace of A,,. On the other hand ran Pa,, is closed, therefore
ran Py, = Aop and with (2.3) we have ran Py = A. Proposition 2.1 is proved. [

For the special case H = K the following matrix representation of P4 can be
found in [4], where it is called the Stone-de Snoo formula.

Proposition 2.3. Let A € C(H,K) be a closed linear relation. Then A*A € C(H)

and AA* € C(K) are nonnegative selfadjoint relations and the orthogonal projection
P4 in Proposition 2.1 has the form

a1 pam (o A, ALY () (),

where vy, and v, denote the canonical embeddings of Hi in H and Ky in I,
respectively.

Proof. Let us first verify that ran (I + A*A) = H holds. Since the orthogonal
complement A+ of A in H @ K coincides with (—A*)~! every element in H @& K can
be written as the sum of an element in A and an element in (—A*)~!. In particular,
for arbitrary s € H and (§) € H ® K we find

<3) - @ i <—Zy> where <§) €4 and (fy> € (A",

As (¥Y) € A* we have (%) € A*A and (5) = (.3.) € I + A*A, therefore s €
ran (I + A*A).

Next we show that A*A (and hence also I + A*A) is a symmetric relation in H,
that is, A*A C (A*A)*. For this fix (;) € A*A. We have to verify

(2.8) (z,u) = (z,w) for all (j) € A*A.

In fact, for (3),(%) € A*A there exist v,y € K such that (¥),(y) € A and
(2),(¥) € A*. Hence (z,u) = (y,v) and (w,z) = (v,y), and this implies (2.8).

As I+ A*A is symmetric and surjective it follows that I + A*A (and hence also
A*A) is selfadjoint. Indeed, for (§) € (I + A*A)* there exists s’ € dom (I + A*A)
such that (¢') € I + A*A C (I + A*A)*. This implies (5*05,) € (I + A*A)* and
hence

s—s €ker((I+A*A)*) = (ran (I + A*A))J' = {0},

that is s = ¢’ and () € (I + A*A). Therefore I + A*A and A*A are selfadjoint
relations in H. Furthermore A*A is nonnegative, as for any (ﬁ) € A*A we have
(z,2) = ||y||* for some y € K with (3) € A and (¥) € A*.

It is easy to see that mul (I + A*A) = mul A*A = mul A* holds. Let H; and Ky
be as in (2.1) and (2.2), respectively, and let Ao, € C(H1, K1) and A%, € C(K1,Hy)
be the operator parts of A and A*, respectively. It follows that the operator part
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(A*A)op = A" AN(H1xHy ) coincides with the selfadjoint operator A%, Ao, € C(Hy).
Therefore
* _ x . Vi *
I+ A"A= {(x—i—A;pAopm—l—y’) cx €dom A, y' € mul A }

Its inverse (I + A*A)~! is a bounded everywhere defined operator in H with
ker(I + A*A)™' = mul (I + A*A) = mul A*

and it follows that (I + A*A)~! has the matrix representation

=1 (0 0 ~ (mul A* . mul A*
(2.9 T+4°4) —<o (I+AgpAop)-1)‘( M M )

Similar arguments show that I + AA* and AA* are nonnegative selfadjoint rela-
tions in K with mul AA* = mul A, ker(I+AA*)~" = mul A and (AA*)op = AcpAl,,
so that

(2.10) (I+AA)™ = <(I+A°8AZP)_1 8) : (mﬁlA) — (m§11A> .

By comparing (2.9) and (2.10) with the representation of P4 in Proposition 2.1 it
follows that the diagonal entries of P4 with respect to the decomposition H & K
are as in (2.7).

Observe that the operator parts of A*(I + AA*)~! and A(I + A*A)~! are every-
where defined bounded operators given by

[A(1 + AA") Y] = A"(I + AA") 7 0 (K x Ha) € L(K, Ha)
and
(AU + A AT = A+ A*A) ' N (H x K1) € L(H,Ky),

respectively. Together with the canonical embedding of H; in H and K; in K it
follows that the offdiagonal entries

0 0\ . Ky _ mul A*
As (T4 AgpAz)™" 0/ " \mul A Hq

0 Aop(I+ A5 Asp)™ " | (mul A* (K
0 0 ) Hq mul A

of P4 in Proposition 2.1 coincide with the ones in (2.7). This completes the proof
of Proposition 2.3. (]

and

Let again A € C(H, K). Following [9] we define the operators cos A and sin A by
cos A= (I + A*A)~V/2 € L(H)
and
sin A = e, [A(1 + A*A)_l/ﬂ op € L(H,K),

where ¢ic, is the canonical embedding of Ky into K. Now Propositions 2.1 and 2.3
yield the following corollary, which is a slight generalization of the main result in
[9], see also [7].
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Corollary 2.4. Let A € C(H,K) be a closed linear relation. Then the orthogonal
projection Py in H ® K onto A has the form

( cos*A  cosAsinA*\ [ cos? A sin A* cos A*
A= \cosA*sinA T —cos2A*) ~ \sinAcosA I — cosZ A*

Proof. Tt is clear from Proposition 2.3 that the diagonal entries of P4 are given by
cos? A and I — cos? A*. In order to see the form of the offdiagonal entries denote
by Eas a,,(-) and E4, ax () the spectral functions of the selfadjoint operators
A Aop € C(Hy) and Agp A%, € C(Ky), respectively. Then
AopEA;pAop(')x = EAopASP(')AOPx’ x € dom Aop,
ASpEag,as ()y = Eaz a,,()AsY, y € dom A7,

imply that the identities
AOP(I+ A;pAOP)_l = (I + AOPA;p)_l/QAOP(I + AszOP)_l/Qv
A:;p(l + AOPAZp)il = (I + AZpAOP)71/2AZp(I + AOPAzp)71/2

hold. Now the statement follows from Proposition 2.1,

A— 0 0 _ (mul A* R mul A*
COS = 0 (I+A:pAop)—1/2 . Hl Hl )

* (IJFAopA; )71/2 0 . K:l ’Cl
cos 4 < 0 ' 0) \mald) " \mul A

sin A = (0 AOP(I+AZPAOP)_1/2> : (mul A*) N ( Ky ) 7

and

0 0 H1 mul A

i A* — 0 0\ . Ky . mul A*
ST A+ AgpAz,) 2 0) 7 \mul A Hy )

3. FINITE RANK PERTURBATIONS OF LINEAR RELATIONS

In this section we are concerned with finite dimensional perturbations of closed
linear relations in Hilbert spaces. The notion of finite rank perturbations introduced
below is compatible with the usual notions for unbounded and bounded operators,
cf. Corollary 3.4 and Corollary 3.5. Roughly speaking, a linear relation is a finite
rank perturbation of another linear relation if both differ by finitely many dimen-
sions. This is made precise in the following theorem, where also an alternative
description in terms of orthogonal projections is given.

Theorem 3.1. Let A,B € C(H,K) be closed linear relations from H in K and
let Py and Pp be the orthogonal projections in H & K onto A and B, respectively.
Then the following assertions are equivalent:

(i) Pa — Pp is a finite rank operator;

(ii) dimA/(ANB) < 0o and dim B/(AN B) < 0.
If (i) or (ii) holds, then A is said to be a finite rank perturbation of B and B is
said to be a finite rank perturbation of A.
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Proof. The identities

dimran (P4 — Panp) = dim A/(AN B),

dimran (Pg — Panp) = dim B/(AN B)
together with Py — Pg = (P4 — Panp) — (P — Panp) show that (ii) implies (i).
Assume now that (i) holds. We can assume B = H x {0} since H ® K = B ® B+

and A can also be regarded as a closed linear relation from B to B*. Hence in the
following we consider the case B =0 € L(H,K). Then

I 0 0 O mul A* mul A*
fo 00| [ m M
(3.1) =10 00 ol | & |7| & |
0 0 0 O mul A mul A

where H; = dom A and K7 = dom A*, and by Proposition 2.1 we have

I 0 0

0 —A5 Aop(I+ A3, Acp) ™ AL (T4 AgpAy,) ™t
0 AOp(I + A:pAOP)_l AOPA:p (I + AOPA:p)_l
0 0 0

Py —Pp =

~ O O O

Thus, the assumption dimran (P4 — Pp) < oo implies

dimmul A* < 0o and dimmul 4 < oo.
Moreover, as Aop, [ dom Aj Aoy, is dense in Aoy, it follows that Ao, € C (H1,Kq) is an
operator of finite rank. Therefore dim H; / ker Ao, < 0o and also dimH/ ker A < occ.
From AN B = ker A x {0} we conclude dim A/(AN B) < co. Replacing the roles of
A and B it follows that also dim B/(A N B) < oo holds. Hence (i) implies (ii) and
Theorem 3.1 is proved. u

Proposition 3.2. Let A,B € C(H,K) and T € L(H,K). Then A is a finite rank
perturbation of B if and only if A — T is a finite rank perturbation of B —T.

Proof. Assume that A is a finite rank perturbation of B. Then it follows from
Theorem 3.1 (ii) that there exists a finite dimensional subspace N C A such that
each element () € A can be written as

(u) — (ul) + <u2> , where (u1> € ANB, (u2> € N.
v U1 Vo V1 V2
u o uy + U
v—Tu) \v;—Twu vg — Tus )’

that is, A—T = (AN B) —T)+ M, where

= { ) () <)

and + denotes the sum of two linear manifolds. Since
A-T'Nn(B-T)=(AnB)-T
and dim M < oo it follows that
dim(A—-T)/((A-T)N(B-T)) < cc.

Hence
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Similarly, we get

dim(B-T)/((A-=T)N(B—-T)) < oo,
so that, by Theorem 3.1 (ii) A — T is a finite rank perturbation of B — T. The
converse implication follows when A, B and T are replaced by A — T, B — T and
—T, respectively. (I

For A, B € C(H,K) we define
(3.2) p(A,B) :={T € LH,K): (A-T)"", (B-T)"" € LIK,H)}

Observe that if in the special case H = K the intersection of the resolvent sets p(A)
and p(B) is nonempty, then {AI : A € p(4) N p(B)} is a subset of p(A, B).

Proposition 3.3. Let A,B € C(H,K) and p(A,B) # 0. Then A is a finite rank
perturbation of B if and only if (A—T)~1 — (B —T)~! is a finite rank operator for
some (and hence for all) T € p(A, B).

Proof. Suppose that A is a finite rank perturbation of B and let T € p(A, B). By
Proposition 3.2 A — T is a finite rank perturbation of B — T and Theorem 3.1 (ii)
implies that the closed linear relations A —7T and B —T are both finite dimensional
extensions of the linear relation (A — T') N (B — T'). Hence the same holds for the
inverses, that is,

(3.3) dim(A-T)"1/(A-T)"'n(B-T)"1) < x
and
(3.4) dim(B-T)"Y/(A-T)"'n(B-T)"") < cc.

Now the statement follows from (A—T)"1—(B—T)~! € L(K,H). Conversely, if for
some T € p(A, B) the operator (A—T)"! — (B—T)"! € L(K,H) is of finite rank,
then (3.3) and (3.4) hold. This implies that A—T and B —T are finite dimensional
extensions of (A —T)N (B —T) and therefore A is a finite rank perturbation of B
by Theorem 3.1 (ii) and Proposition 3.2. O

We complete this section with two corollaries. The first one shows that for
closed linear relations (and operators) in the same Hilbert space and a common
point in their resolvent sets the notion of finite rank pertubations suggested above
is compatible with the usual definition via resolvent differences.

Corollary 3.4. Let A,B € C(H) and p(A) N p(B) # 0. Then A is a finite rank
perturbation of B if and only if (A—\)"! — (B —\)"! is a finite rank operator for
some (and hence for all) A € p(A) N p(B).

Corollary 3.5. Let A,B € L(H,K). Then A is a finite rank perturbation of B if
and only if A — B is a finite rank operator.

Proof. Suppose that A is a finite rank perturbation of B, i.e., P4 — Pp is a finite
rank operator. From Corollary 2.2 it follows that the entries in the first column of
P4 — Pp are given by

(I4+A*A)'—~(I+B*B)"™" and A(I + A*A)"' — B(I+B*B)™!,
respectively, and are finite rank operators. Multiplying the first operator from

the left with B and subtracting the second one yields that A — B is a finite rank
operator.
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Conversely, if A — B is a finite rank operator, then also A* — B*, A*A — B*B
and AA* — BB* are finite rank operators. Making use of Corollary 2.2 it is not
difficult to see that P4 — Pp is a finite rank operator and hence A is a finite rank
perturbation of B O

4. COMPACT PERTURBATIONS OF LINEAR RELATIONS

Recall that the gap between two closed subspaces M and N of a Hilbert space
is defined by

§(M,N) := max{ sup  dist (u,N), sup dist (v,M)}.
uweM,||ul|=1 vEN,||v]|=1

If Py; and Py denote the orthogonal projections onto M and N, respectively, then
the gap between M and N is

d(M,N) = ||Py — Pnll,

cf. [6]. The following lemma is known for the special case that A and B are closed
operators, see [6, Theorem IV.2.17]. The proof for the relation case is almost the
same, however, for the convenience of the reader we present the details.

Lemma 4.1. Let A,B € C(H,K), T € L(H,K) and

v =21+ 7).
Denote by Pa, P, Pa_1 and Pg_1 the orthogonal projections in H & K onto A,
B, A—T and B — T, respectively. Then the following estimate holds:

1
(4.1) ;HPA,T — Pp_r| < ||[Pa— Ppl| <4||[Par — Pp—r||.

Proof. Tt suffices to verify the first estimate in (4.1), the second estimate follows
when A — T, B —T and T are replaced by A, B and —T, respectively.
Let p€ A—T, ||¢|| = 1, and choose (%) € A such that

_ u . 2 _ 2 _ 2 _
42 o=(, " p,) €A-T Il =ulP + o~ Tul? =1

Then r? := [Jul|?+|v[|? > 0, and r~! (¥) belongs to the unit sphere of A. Therefore,
for any &' > ||Pa — Pp| = 0(A, B) the element r~! (%) has a distance less than ¢’
from B. Hence there exists an element (%) € B with ||[r~tu—z|2+|r~tv—y||? < 6",
i.e.,

(4.3) Ju —rz||? + |o — ry|? < r28".
We define an element ¢ of B — T by

rT
Y= (ry - rTx)
With the help of (4.3) we find

o —¢l* = lu—rz|* + ||(v — ry) = T(u - ra)|”
< lu —rz|? + 2)lv — vyl + 2| T)*|lu — ra||®
2
<201+ TP (lu = rz|? + [lo — ryl1?) < 201+ [|T]|*)r?0"
and on the other hand
r? = Jull® + o = Tu+ Tull® < [[ul® + 2[jv — Tul* + 2[|T||*|Ju]?.
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Then (4.2) implies 72 < 2(1 + ||T||?) and hence
2
(4.4) lp =l < 4(1+||T*)%5".
As ¢ is an element of the unit sphere of A — T, ¢ € B — T and ¢’ is an arbitrary
number greater than ||[P4 — Pg|| it follows that
sup  dist (o, B —T) < 2(1+ || T|12)|Ps — P
PeA-T[lp|=1
holds. The estimate
sup dist (o, A —T) < 2(1 + ||T|*)||Ps — Pg||
pEB-Tl¢|=1
is obtained by interchanging A and B in the above considerations and therefore
|[Pa~r — Pp—r|l < 7|[Pa — P, where v = 2(1 +[|T'?). 0

In the next theorem, which is the main result in this section, two equivalent
notions for compact perturbations of linear relations are introduced. In analogy to
Theorem 3.1 a linear relation is a compact perturbation of another linear relation if
the difference of the corresponding orthogonal projections is compact. In connection
with (semi-)Fredholm theory of linear relations this notion was already used in [8,
Proposition 18].

Theorem 4.2. Let A,B € C(H,K) be closed linear relations from H in K and
let P4 and Pp be the orthogonal projections in H ® K onto A and B, respectively.
Then the following assertions are equivalent:

(i) Pa — Pp is a compact operator;
(ii) For every e > 0 there exists a linear relation F € C(H, K) such that Pg— Pr
s a finite rank operator and

5(A,F) = ||Ps— Pp| <.
If (i) or (ii) holds, then A is said to be a compact perturbation of B and B is said
to be a compact perturbation of A.

Proof. Since Py — Pg = P4 — Pr — (Pg — Pr) it is clear that (ii) implies (i).
Suppose that (i) holds. As in the proof of Theorem 3.1 we can assume that B = 0,
B e L(H,K). Let H; = dom A and K; = dom A*. Then the orthogonal projections
P4 and Pp are given by (2.4) and (3.1), respectively. Since

=1 0 0

0 _A:;pAOP(I + A;pAOP)_l Aép(f + AOPAZ;p)_l
0 AOP (I + 14:;[)‘40P)_1 AOPAZp (I + ‘40P‘4(X;p)_1
0 0 0 I

is compact it is clear that mul A* and mul A are finite dimensional and the nonnega-
tive selfadjoint operator A%, Ao, (14 A% Aop) ™! € L(Hy) is also compact. Therefore

U(AZpAOP(] + AszOP)_l)\{O}
consists only of isolated eigenvalues with finite multiplicity and zero is the only
possible accumulation point. It follows from the spectral mapping theorem that
o (A5, Aop) has the same properties, hence A7 A, is a compact operator. Using
the polar decomposition of A, it follows that also Ao, € L(H1,K1) is compact.

Therefore, for each € > 0 there exists a decomposition Ay, = Fop + Gop such that
Fop € L(H1, K1) is a finite rank operator, Gop € L(H1, K1) is sufficiently small, and

o O O

Py—Pp=
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|Pa,, — Pr,,|| <&, where P4, and P, are the orthogonal projections in H; & K4
onto Aop and Fyp, respectively. The norm estimate ||Pa,, — Pr, || < € can easily
be verified with the help of Corollary 2.2.

Define the linear relation F' € C(H, K) by

— € . /
F'_{(Foprr:U’) rx € Hy, @ EmulA}.

Then mul F = mul A and mul F* = (dom F)* = (dom A)* = mul A* imply that
the orthogonal proction Pr in ‘H @ K onto F is given by

0 0 0
0 (I+FoFop)™  Fo(I+ Foply,)™
0 Fopll + FlFop) ™ FopFu (I + FopF,) ™!
0 0 0

(4.5) Pp =

~N O O O

with respect to the decomposition mul A* ® H; & K1 @ mul A, cf. Proposition 2.1.
Hence, by (2.4) and Corollary 2.2 we have [Py — Pr| = ||Pa,, — Pr, || <. As
mul A*and mul A are finite dimensional and F, is a finite rank operator it follows
from (3.1) and (4.5) that

-1 0 0
0 Fg‘pFop(IJngpFop)fl Fg‘p([JrFopF:p)fl

~N O O O

P — Pr =
Boor 0 Fop(U+FiFop)™ FopF (T4 FopFl) ™!
0 0 0
is a finite rank operator. This completes the proof of Theorem 4.2. ([l

The next proposition is the analogue of Proposition 3.2 for compact perturba-
tions.

Proposition 4.3. Let A,B € C(H,K) and T € L(H,K). Then A is a compact
perturbation of B if and only if A —T is a compact perturbation of B — T.

Proof. Assume that A is a compact perturbation of B and let T € L(H,K). Ac-
cording to Theorem 4.2 (ii) for given € > 0 there exists F' € C(H,K) such that
Pp — Pr is a finite rank operator and ||P4 — Pr|| < €. According to Theorem 3.1

and Proposition 3.2 also Pg_7 — Pp_7 is a finite rank operator and by Lemma 4.1
|Pa-r = Ppr| <2(1+ | T|*)[[Pa = Pell < 201+ [ T[*)e

holds. This implies that P4_7 — Pg_1 is compact and hence A — T is a compact
perturbation of B — T by Theorem 4.2 (i). By replacing A, B and T with A — T,
B — T and —T, respectively, it follows that A is a compact perturbation B when
A — T is a compact perturbation of B — T. (I

Proposition 4.4. Let A,B € C(H,K) and p(A,B) # 0. Then A is a compact
perturbation of B if and only if (A —T)™' — (B —T)~! is a compact operator for
some (and hence for all) T € p(A, B).

Proof. Assume that A is a compact perturbation of B and let T € p(A, B). By
Proposition 4.3, A — T is a compact perturbation of B — T and hence the operator
Ps_7 — Pg_r is compact. Observe that P4_r is connected with the orthogonal
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projection Pia_ry-1 € LIK®H) in K& H onto (A—T)~* in the following manner:
Let h € H and k € K. Then

Py_r (Z) = <Zz,) ceA-T
Pia—1)— (i) = (ZZ/) c(A-T)"".

The projections Pp_1 and Pp_7)-1 are connected in the same way. Therefore,
since the compact operator P4_7 — Pp_7 maps bounded sequences onto sequences
with a convergent subsequence, the same is true for P4_r)-1 — P(g_7)-1, and
hence this operator is compact. From Corollary 2.2 it follows that the entries in
the first column of Pi4_7y-1 — P(g_7)-1 are given by

if and only if

46)  (I+A =T A-T) ) —(I+B -1 (B-T7)"")"
and
(A-T) Y I+ (A —=T) N (A-T)"H)"

(4.7) _
-B-17)"'I+ B -T)'(B-17)")

1

and both are compact operators. Multiplying (4.6) from the left with (B—T)~! and
subtracting (4.7) then implies that (A —T)~! — (B —T)~! is a compact operator.

Conversely, suppose that (A — T)~! — (B — T)~! is compact for some T €
p(A, B). Then also the operators in (4.6) and (4.7) are compact and with the help
of Corollary 2.2 it follows that P 4_7)-1 — P(p_7)-1 is compact. Therefore the
above considerations imply that also P4_7r — Pg_7 is compact. Hence A — T is
a compact perturbation of B — T and Proposition 4.3 yields that A is a compact
perturbation of B. O

The following two corollaries show that the notion of compact perturbations
introduced in Theorem 4.2 reduces to the usual notions if, e.g., both relations (or
operators) act in the same Hilbert space and have a common point in their resolvent
sets.

Corollary 4.5. Let A,B € C(H) and p(A) N p(B) # 0. Then A is a compact
perturbation of B if and only if (A — X)~! — (B — X\)~! is a compact operator for
some (and hence for all) A € p(A) N p(B).

Corollary 4.6. Let A,B € L(H,K). Then A is a compact perturbation of B if
and only if A — B is a compact operator.

Corollary 4.6 can be proved in the same way as Corollary 3.5; simply replace the
expression “finite rank” in the proof of Corollary 3.5 by “compact”.
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