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Analyticity and Riesz basis property of
semigroups associated to damped vibrations

Birgit Jacob, Carsten Trunk and Monika Winklmeier

Abstract

Second order equations of the form 2(t) + Aoz(t) + Dz(t) = 0 are con-
sidered. Such equations are often used as a model for transverse motions
of thin beams in the presence of damping. We derive various properties
of the operator matrix A = [7%0 ,ID} associated with the second order
problem above. We develop sufficient conditions for analyticity of the
associated semigroup and for the existence of a Riesz basis consisting of
eigenvectors and associated vectors of A in the phase space.
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1 Introduction

A linear equation describing transverse motions of a thin beam can be written
in the form
u  0? 0%u u

et o |Fae T Cigag) =

0, re (0,1),t >0,

where u(r,t) is the transverse displacement of the beam at time ¢ and position
r. The existence and behaviour of solutions u depend also on boundary and
initial conditions. In the example above we are interested in solution having
finite energy, i.e. solutions such that |u(-,¢)[|? + [|u”(-,t)]|* < oo for all t > 0
where || - || denotes the usual norm in the Hilbert space L2(0,1). Identifying the
function u(-,t) with an element z(t) € L?(0,1) by z(¢)(r) = u(r,t) we obtain
from the partial differential equation above a second order equation in L?(0, 1)
of the form

5(t) + Aoz(t) + D(t) = 0, (1)

where Ag = E;—;, D= %C’d% acting in L?(0,1) with appropriate domains
encoding the boundary conditions under consideration. We will come back to

this example in Section 6.

In this paper we study second order equations of type (1) in an abstract
Hilbert space H where the stiffness operator Ay is a possibly unbounded positive
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operator on H and is assumed to be boundedly invertible, and D, the damping
operator, is an unbounded operator such that A, 1/ 2DAE /2 45 a bounded non-
negative operator on H. This second order equation is equivalent to the standard
first-order equation % (t) = Axz(t) where A : D(A) C D(Aé/Q) x H — D(Aé/Q) X

H is given by
0 I
[ B

D(A) = {[5] € D(A?) x D(AF”) | Aoz + Dw € H}.

This operator matrix has been studied in the literature for more than 20 years.
Interest in this particular model is motivated by various problems such as stabi-
lization, see for example [8], [35], [36], [39], solvability of Riccati equations [18],
minimum-phase property [23] and compensator problems with partial observa-
tions [19].

It is well-known that A generates a Cp-semigroup of contractions in Hj /o x H,
where Hy/o = ’D(A(1J/2) is equipped with the norm |[z[|;/, = ||A(1)/2:EHH, and
thus the spectrum of A is located in the closed left half plane. This goes back
to [4] and [34], see also [5], [11]. Several authors have proved independently
of each other that the condition <A0_1/2DZ, A(l)/Qz)H > ||| is sufficient for
exponential stability of the Cp-semigroup generated by A, see for example [4],
[5], [7], [11], [17], [20], [41], [42].

In this paper we focus on two properties of the operator A: Analyticity
of the generated semigroup and the Riesz basis property in the phase space
Hy/; x H. Analyticity of the Cp-semigroup generated by A has been studied
in many papers, see [10], [11], [12], [13], [16], [21], [22], and [30]. Most of the
papers require that the damping operator D is comparable with A” for some
p € [1/2,1]. In [30] the damping operator D is of the form

D =aAy+ B, (2)

where o > 0 is a constant, A s compact and B is symmetric and Ag-compact.
If -1/a & 0,(A), then it is shown in [30] that A generates an analytic semigroup.
In this case the essential spectrum of the operator Ay D, considered as an
operator acting in Hy/, consists of the point —1/a only. We extend the result
of [30] to more general damping operators D: If Ay !is compact in H and
0 & 0ess(Ay'D), then A generates an analytic semigroup on Hyo x H (cf.
Theorem 4.1 below). In particular, this implies that the above mentioned result
from [30] holds even if —1/a € o,(A).

Note that analyticity of the semigroup generated by A already implies that
the semigroup satisfies the spectral mapping theorem

o(TO)\[0} =", 1 >0,

see [15, Chapter IV, Section 3.10].
We further develop conditions guaranteeing that the space Hy /o X H possesses
a Riesz basis consisting of eigenvectors and finitely many associated vectors of
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A. The existence of such a system has many important implications for the
operator A; for instance, it implies that A satisfies the weak spectral mapping
theorem, that is,

a(T(t)) =etcA, >0,

where (T(t))¢>0 is the semigroup generated by A. In particular, it follows
that the semigroup is exponentially stable if and only if the spectrum of A is
contained in the open left half plane and uniformly bounded away from the
imaginary axis.

The Riesz basis property has been shown in [30] in the situation where Ay !
is a compact operator, D is of the form (2) for some « > 0 with a symmetric
operator B and —1/a & 0,(A), if a # 0 (and with some additional assumptions
in the case v = 0). Similar results were obtained [12, Appendix A] in a more
special situation. All these assumptions guarantee that the essential spectrum
of A consists at most of one point.

In this paper we also assume that A, ! is a compact operator, but we allow
a more general damping operators D. In particular, the essential spectrum of
A may contain infinitely many points. For most of our results we need the
assumption that 0 € o (Ang), where AalD is seen as an operator acting on
Hy = D(Aé/ 2). This, however, implies that we cannot handle the case where
Ay 'D is a compact operator in H; 2 unless H is of finite dimension. Together
with some rather weak conditions the above mentioned imply that there exists
a Riesz basis in the phase space H;/, x H consisting of eigenvalues and finitely
many associated vectors of A (cf. Theorem 5.1 below). For results involving
compact Ay 'D we refer the reader to [30].

Throughout this paper we assume that all Hilbert and Krein spaces are in-
finite dimensional. Since we are interested in applications to partial differential
equations, this is no major restriction.

We proceed as follows. In Section 2 we provide some useful results on the
spectrum of operators in Krein spaces. In particular, we recall the notion of
spectral points of positive and negative type and of type 7 and type m_. One
main tool of this paper is to show that certain spectral points of A are of positive
or negative type or of type w1 or m_. In Section 3 we give the precise definition
of the operator A and prove some of its properties. The main results of this
paper are contained in Sections 4 and 5 where we always assume that that A; !
is a compact operator and that 0 & oess(A4, ' D). The main result of Section 4 is
that A generates an analytic strongly continuous semigroup. Further, we show
that oo is a spectral point of negative type and that every real spectral point
is of type m4. As a consequence we obtain that A is definitizable and that the
non-real spectrum of A consists of at most finitely many points belonging to the
point spectrum of A. Further, the operator A can be written as a direct sum
of a self-adjoint operator in a Hilbert space and a bounded self-adjoint operator
in a Pontryagin space. Section 5 is devoted to the Riesz basis property of the
operator A, that is, it is shown that under additional weak conditions there
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exists a Riesz basis of D(Aé/ 2) x H consisting of eigenvalues and finitely many
associated vectors of 4. Finally, in Section 6 the results are illustrated by an
example: the Euler-Bernoulli beam with distributed Kelvin-Voigt damping.

2 Spectrum of operators in Krein spaces

Let (H,[,-]) be a Krein space. We briefly recall that a complex linear space H
with a hermitian nondegenerate sesquilinear form [-, -] is called a Krein space if
there exists a decomposition H = H, ®H_ with subspaces H4 being orthogonal
to each other with respect to [-,] such that (Hx, %[, -]) are Hilbert spaces. In
the following all topological notions are understood with respect to some Hilbert
space norm || - || on H such that [-, -] is || - ||-continuous. Any two such norms are
equivalent. For the basic theory of Krein space and operators acting therein we
refer to [9] and [2].

Let A be a closed operator in H. Analogously to the Hilbert space case we
define the extended spectrum o.(A) of A by 0.(A4) := o(A) if A is bounded
and o.(A) := 0(A) U {oo} if A is unbounded. The resolvent set of A is denoted
by p(A). By 0pnorm(A) we denote the set of all A € C which are isolated
points of o(A) and normal eigenvalues of A, that is, the corresponding Riesz-
Dunford projection is of finite rank. A point Ay € C is said to belong to the
approzimative point spectrum oqp,(A) of A if there exists a sequence (z,,) C D(A)
with ||z,]] = 1, n = 1,2,..., and [[(A — Aol)zn|| — 0 if n — oco. For a self-
adjoint operator A in H all real spectral points of A belong to g,,(A) (see e.g.
[9, Corollary VI.6.2]). The operator A is called Fredholm if the dimension of the
kernel of A and the codimension of the range of A are finite. The set

Oess(A) :={A € C| A— Al is not Fredholm}

is called the essential spectrum of A.

Using the indefiniteness of the scalar product on H we have the notions of
spectral points of positive and negative type and of type 71 and type m_. The
following definition was given in [29] and [33] for bounded self-adjoint operators.

Definition 2.1 For a self-adjoint operator A in H a point Ao € o(A) is called
a spectral point of positive (negative) type of A if \g € 04p(A) and for every
sequence (z,) C D(A) with ||z,] = 1 and ||(A — Mol)zn]| — 0 as n — oo we
have
linH_l)iOIéf [@n,2n] >0 (resp. limsup [z, z,] < 0).
The point oo is said to be of positive (negative) type of A if A is unbounded
and for every sequence (x,) C D(A) with lim, . ||2n] =0 and || Az, || =1 we
have
linniigf [Az,, Ax,] >0 (Tesp. limsup [Azy,, Az,] < O).

We denote the set of all points of o.(A) of positive (negative) type by o4 4 (A)
(resp. o__(A)).
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It is not difficult to see that the sets oy, (A) and o_ _(A) are contained in R.
Moreover the non-real spectrum of A cannot accumulate to o4 (A) Uo__(A).

In a similar way as above we define subsets o, (A) and o,_(A) of o.(A)
containing 044 (A) and o__(A), respectively (cf. [3, Definition 5]).

Definition 2.2 For a self-adjoint operator A in H a point Ao € 0(A) is called
a spectral point of type w4 (type m_) of A if Ao € 04p(A) and if there exists a
linear submanifold Ho C H with codim’Hy < oo such that for every sequence
(xn) C Ho ND(A) with ||z,|| =1 and ||(A — XoD)x,|| — 0 as n — oo we have

liggiogf [@n, 2] >0 (resp. limsup [z, 2,] <0). (3)
The point oo is said to be of type w4 (type m_) of A if A is unbounded and
if there exists a linear submanifold Ho C H with codim Hy < oo such that for
every sequence (,) C Ho N D(A) with lim,, . ||z,|| = 0 and ||Az,|| = 1 we
have
liminf [Az,, Az,] > 0 (Tesp. limsup [Azy, Az,] < O).

We denote the set of all points of 0.(A) of type my (type n_) of A by o (A)
(resp. on_(A)).

Recall that a self-adjoint operator A in a Krein space (H, [-,-]) is called defini-
tizable if p(A) # () and if there exists a rational function p # 0 having poles
only in p(A) such that [p(A)z,z] > 0 for all x € H. Then the spectrum of A is
real or its non-real part consists of a finite number of points. Moreover, A has
a spectral function F(-) defined on the ring generated by all connected subsets
of R whose endpoints do not belong to some finite set which is contained in
{t e R:p(t) =0} U {0} (see [32]).

For a definitizable operator A a point ¢ € R is called a critical point of
A if there is no open subset A with ¢ € A such that either A C o411 (A) or
A Co__(A). A critical point ¢ is called regular if there exists an open deleted
neighbourhood dy of ¢ such that the set of the projections E(¢) is bounded where
§ runs through all intervals § with § C do, see [32].

Theorem 2.3 Let A be a self-adjoint operator in H satisfying
Oess(A) CR, oo€cor(A)Uo__(A) and o(A)NR C o (A)Uor_(A).

Then A is a definitizable operator, and the non-real spectrum of A consists of
at most finitely many points which belong to oy norm(A).

Proof:

Assume oo € 0__(A). By [3, Lemma 2] there exists a neighbourhood U of co
in C with

U\RCp(A) and UNRCo__(A)Up(A).

From this and [3, Theorem 18] we conclude that the non-real spectrum of A
consists of at most finitely many points which belong to o, norm(A4). Then, by
[3, Theorem 23] and [25, Theorem 4.7], the operator A is definitizable. A similar
reasoning applies to the case co € o4 (A). O
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3 Framework and preliminary results

Throughout this paper we make the following assumptions.
(A1) The stiffness operator Ag : D(Ag) C H — H is a self-adjoint uniformly

positive operator on a Hilbert space H. We define H 1= ’D(A(l)/ 2) equipped with
the norm || - ||g, = ||A(1)/2 *|lz and H_y = Hji. Here the duality is taken
2 2

with respect to the pivot space H, that is, equivalently H_ 1 is the completion

of H with respect to the norm ||z||g , = ||A81/22||H. Thus Ay restricts to a
T2

bounded operator Ay : H 1= H_.. We use the same notation Ay to denote
this restriction.
We denote the inner product on H by (-,-) g or {-,-), and the duality pairing

on H_1 x Hy by (-,-)u_, xm, - Note that for (/,2) € H x Hy, we have
-2 2

1.
2

(2, 2)m =(z,2)n.

xH

[
[N

(A2) The damping operator D : Hy — H_, is a bounded operator such
that Aal/QDAO_l/2 is a bounded self-adjoint operator in H and satisfies

<D272>H_ «H, =0, ZEH%.

[N
ol

The equation (1) is equivalent to the following standard first-order equation
o(t) = Ax(t) (4)

where A:D(A) C Hy x H — Hy x H, is given by

0 I
NS

D(A) = {[5] € Hy x Hy | Apz+ Dw e H}.

The operator A itself is not self-adjoint in the Hilbert space H% x H. It is easy
to see (e.g. [42]) that A has a bounded inverse in Hy x H given by

[ -Ay'D —AG?
A= A ] )

where Ay D is considered as an operator acting in H 1 This together with the
fact that

I 0
JA, WhereJ—[O —I]’

is a symmetric operator in the Hilbert space H 1 X H, imply the self-adjointness
of JAin Hy;5 x H. Therefore, (compare also [40, Proof of Lemma 4.5])

A*=JAJ,  with D(A*) = JD(A)
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and
Re (Az,z) <0 forx € D(A) and Re(A*z,z) <0 forz e D(AY).

Hence, A is the generator of a strongly continuous semigroup of contractions on
the state space Hy x H. This fact is well-known, see e.g. [4], [5], [11], [17], [34]
or [42].

For (y1),(32) € Hy x H we define an indefinite inner product on Hy x H

by
T To xr1 To
9 = J s = , _ , . 6
GG =G () = many — @
Then (H% x H, [-,-]) is a Krein space and A is a self-adjoint operator with respect
to [', ]

In the following proposition we collect the above considerations.

Proposition 3.1 The operator A is self-adjoint in the Krein space (H% X
H,[-,‘]), its spectrum is contained in the closed left half plane and lies sym-
metric with respect to the real line. The operator A has a bounded inverse and
is the generator of a strongly continuous semigroup of contractions on H% x H.

This implies that the spectrum of A is a subset of the closed left half
plane without the origin and symmetric with respect to the real axis. How-
ever, otherwise the spectrum of A is quite arbitrary. For an example with
o(A)={s€C|Res<0,|s| >¢e}, e >0, we refer to [24].

In the following theorem we give an estimate for the neighbourhood of the
origin which lies in the resolvent set of A and for the modulus of the eigenvalues

of A.

Theorem 3.2 We have A € p(A) if and only if the operator I+ Ay " (D + \I),
considered as an operator in E(H%), s boundedly invertible. In particular

{AeClMG D+ N2 47 o, < 1} € p(A). (7)

Moreover, each X € 0,(A) satisfies

1 _ _ _
A > e | /I 40 " DllZ s, ) + 4140 ey — 145 Dll e,y | - (8)
2||Ao ||£(H) 2 2

Proof:
Let A € p(A). Then by [24, Proposition 2.2] the operator

AT+ A PDAS P+ T
is bounded and boundedly invertible in H, hence

A1 (0245 #2452 DAG Y 4 T) AV = T+ AATH(D + )
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is boundedly invertible in H%. For the contrary choose A € C, (%) € D(A) and
(y)C H% x H. Then we have

(A=A (3)=(y)
if and only if the following equations hold

v=a+ \u
—Ao(I + XA (D + M))u =y + Dz + Az

This implies the first assertion of Theorem 3.2. Let A € ¢,,(.A). Then the above
calculations imply that the operator I + )\Aal(D + Al) in H% is not injective.
Therefore, there exists a non-zero vector f € H 1 with

f=-2YD+A)f.

Hence,
£y <IN (145 Dlleany) + INIAG ey ) 11,

and, as ||A0_1|\£(H%) = || A5 "l 2y, We conclude

_ 2 -1
N 145Dl ey . 146" Dlz e, .
+ - - - - >
M5 e ) 1A e 414 B
and Theorem 3.2 is proved. O

Remark 3.3 The estimate (8) for the eigenvalues is optimal since in the case
D = 0 it follows that j1 is an eigenvalue of Ao if and only if =i\/u are eigenvalues
of A. If the uniformly positive operator Ag has a compact resolvent, then the
smallest eigenvalue of Ag equals | Ayt ™" and the eigenvalue Amin of A with
smallest absolute eigenvalue is given by

[Amin| = \/rnin{u|u eigenvalue of Ag} = 1/ ||Aal||*1

which is equal to the right hand side of (8) if D is set to be 0.

4 Analyticity

Throughout this section we assume that Ag 1is a compact operator. Note
that Ay 'D, considered as an operator acting in H 1 is a bounded non-negative

operator. In [24, Theorem 4.1] it is shown that under this assumption for
A € C\{0} we have

A€ 0ess(—AgtD)  if and only if  1/\ € 0egs(A). (9)

If not explicitely stated otherwise, the operator Ay D is always considered
as an operator acting on Hj ;.
We obtain the following main result concerning analyticity.
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Theorem 4.1 Assume that Aal is compact in H and that 0 & UESS(ASID).
Then A generates an analytic semigroup on Hy /5 x H.

The proof of this theorem will be given at the end of this section. We first
prove some properties of the point infinity. The following theorem shows in
particular that co € o__(A) if 0 & 0.ss(Ag ' D).

Theorem 4.2 Assume that the operator Aal is a compact operator in H and
that 0 € 0ees(Ay D). Then

o€co__(A) and R Cor, (A)Up(A).

Moreover, the operator A is definitizable and there exists a neighbourhood U of
oo in C and constants M >0, m € N and n > 0 such that

U\RCp(A) and UNRCo__(A)Up(A) (10)

and

(A=A~ < |1111\1/[>\\ for all \ € U\ R, (11)
(A= XD)7Y < ﬁ for all X € p(A) \ R with [TmA| < 7. (12)

Further, the non-real spectrum of A consists of at most finitely many points
which belong to op norm(A).

Proof:

The proof is divided into two steps. First we will prove that co € o__(A).
In the second step we will show that and R C o, (A) U p(A). Since by (9)
the essential spectrum of A is real, Theorem 2.3 yields that A is a definitizable
operator and the non-real spectrum of A consists of at most finitely many points
which belong to 0 norm (A). Further, (10), (11) and (12) follow from [3, Lemma
2 and Proposition 3] and from [32, Proposition I1.2.1].

Step 1. By [3, Lemma 10|, co belongs to o__(A) if and only if oo belongs
to or_(A). Tt is easily seen (see e.g. [1]) that this is the case if and only if
0€ o0, (A1), Assume 0 ¢ o, (A™1). Then there exists a sequence ((3")) C

Hy > H with (52177, o = 2l +llynl® = Land A= (57) = 0asn — oo
2 2
and
s (52).(52)] = tomsup (el = af?) 20 (13

n—oo
By [3, Theorem 14] this sequence can be chosen to converge to zero weakly.
This gives

||A51Dxn + Ao_lynﬂH1 —0 and |z,||—0 asn— oco. (14)
3

The sequence (A, Y %) converges weakly to zero in H 1. As Ay !is a compact

operator in H, AO_I/2 is a compact operator in H%. It follows that (Aglyn)
converges to zero in Hy. Then, by (14), we have

|Ag ' Dxyllgr, — 0 asn — oco.
2
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Moreover, the sequence (z,,) converges weakly to zero in H 1 hence the assump-
tion 0 ¢ 0ess(Ay ' D) implies

lznllr, — 0 asn— oo.
2

Then ||y,|| — 1 as n — oo, in contradiction to (13) and 0 € o (A~!) follows.

Step 2. We now choose p € (—o00,0) and
Gy =span{z € Hy | Agz =vx,v < u}.

Then G, is a finite dimensional subspace of Hy. For every sequence ((yr)) in
D(A) N (G x Gt with |(5)[3, g = 1 and (A—pl) (57) — 0 asn — oo
2

we have
lyn — ,ua:nHH% —0 and |[Aozn + Dyn + pyn| — 0 asn — oc.
This gives

timinf [(57), (52)] = liminf ({@ns @)y — (W, 90))

1
n— 00 n—oo 2
= hmlnf (<A0xn7xn> _ M2<xn7$n>) > 07

where the last inequality follows from the fact that x,, € Giy n € N. Therefore
R C 0r, (A) and Theorem 4.2 is proved. O

Remark 4.3 The stronger assumption 0 ¢ U(Ang) implies that there exist
constants a,,y > 0 with

< (Dz,z)n

< Aoz, z)H

v(Aox, ) i

X H 1 1 XH xH fO'I".’L‘EH%
2 2

[N
[N

1
2

[N

Proof of Theorem 4.1:
Since A is the generator of a strongly continuous semigroup, estimate (11) shows

immediately that A generates an analytic semigroup, see [15, Chapter II, Section
4.5]. O

The following corollary shows that under the assumptions of Theorem 4.2
the operator A can be written as a direct sum of a self-adjoint operator on a
Hilbert space and a bounded self-adjoint operator on a Pontryagin space. In the
situation of D = pAg, p > 0 and o € (0, 1], A is the direct sum of two normal
operators [12].

Corollary 4.4 Assume that the operator Ao_l is a compact operator in H and
that 0 &€ 0.ss(Ag D). Then the space (Hy x H,[-,]) decomposes into the direct

sum of two A-invariant closed subspaces H' and H", which are orthogonal with
respect to [-, |, such that:

10
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(i) The space (H',—[-,-]) is a Hilbert space, A|H' is a self-adjoint operator
in this Hilbert space and

o(AlH") C R\ (=M, o),
where M is as in (15).

(ii) The space (H",[-,"]) is a Pontryagin space, A|H" is a bounded self-adjoint
operator in this Pontryagin space with

o(AH") C [-M,0) U0 and o(AH") C opi(AH")UE

where =,0© C C are empty or consist of finitely many points and © C
Op,norm (-A|HH) .

Proof:

By Theorem 4.2 the operator A is definitizable with oo € o__(A) and R C
or.(A)Up(A). Denote by E the spectral function of A. Since co € o__(A),
there exists M > 0 with

R\ (=M, M) C o__(A) U p(A), (15)

see [3, Lemma 2]. Set Ag =R\ [-M,M], H' := E(Ao)(Hy x H) and H" :=
(I = E(Ao))(Hy x H). Then the assertions above follow from [25, Theorem
3.18] and Theorem 3.1. O

Remark 4.5 Note that the essential spectrum of A is empty if and only if either
the essential spectrum of AalD is zero or empty, see (9).

5 Expansion in eigenfunctions

In the sequel we always assume the Hilbert space H to be separable. An at
most countably infinite set M of elements of a Hilbert space is said to be a
Riesz basis if there exists an isomorphic mapping M onto an orthonormal basis,
cf. [38, Lecture VI].

Condition (17) of Theorem 5.1 below appears already in the celebrated works
[27, 28], where the case of a bounded self-adjoint operator D and a positive
compact operator Ay was discussed. We will use this approach in the proof of
Theorem 5.1.

Theorem 5.1 Assume that the operator Aal is compact in H and that
0 ¢ 0ess(4y ' D), (16)

where AalD 18 considered as an operator acting in H%. Assume that the set

Uess(Ao_lD) 1s countably and has at most countable many accumulation points.
Moreover, let at least one of the following conditions be satisfied.

11
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(a) There exists a 6 > 0 such that for all f € Hy with ||f||g, =1 we have
2

(AT'DF, f)yy, —4(AT £ F)y, >0 (17)

1

)

(b) For all p € 0ess(—Ay*D) we have either l ¢ op(A) or, zfﬁ € o,(A),
there exists no non-zero (/fl ) € ker (A — u=I) such that

2y, wyg, = (y,w) for all (1) € ker (A— ). (18)

2

() |4 /%[ < inf{A > 0| X € 0,4s(A5 ' D)}
Then the following assertions hold.

(i) There exists a subspace of Hy x H of at most finite codimension which
has a Riesz basis consisting 0? eigenvectors of A.

(ii) There exists a Riesz basis 0fH1 x H consisting of eigenvectors and finitely
many associated vectors of A.

(iii) Moreover, if (a) holds, then A has no associated vectors, i.e. there are no
Jordan chains of length greater than one, the spectrum of A is real and
there exists a Riesz basis of H% x H consisting of eigenvectors of A.

As a corollary we obtain the following result
Corollary 5.2 Assume that the operator D has the form
D = OtAO + B7

where a > 0 is a constant and B is a symmetric Ag-compact operator. If —1/a &
op(A), then there exists a Riesz basis of H1 X H consisting of eigenvectors and
finitely many associated vectors of A, and A generates an analytic semigroup.

Proof:
We define H; = D(Ap) equipped with the norm || - g, := ||4o - || and H_4
is the completion of H with respect to the norm || - || z_, := ||Ag" - ||. Then,

by assumption, B, restricted from H; to H, is a compact operator, cf. [26, IV
1.12]. By the symmetry of B, B* is an extension of B and a compact operator
acting from H into H_;. Thus, by interpolation, the operator B considered as
an operator from H 1 to H_ 1 is compact, hence oes5(Ay D) = a and Corollary
5.2 follows from Theorem 5.1. O

In [30] it is shown that under the assumption of the corollary there exists a
Riesz basis of H 1 X H 1 consisting of eigenvectors and finitely many associated
vectors of A, and A generates an analytic semigroup.

12
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Proof of Theorem 5.1:
Tt suffices to prove Part (i) and (iii) of the theorem, as Part (ii) follows imme-
diately from Part (i).

Assume that condition (a) holds. By Theorem 4.2 we have R C o, (A) U
p(A). Let A € o, (A). Then there exists a sequence ((y)) in D(A) with

(o)

|?{le:1 and (A — M) (y") — 0 as n — co. Hence
2

lyn — )\mnHH% — 0 and ||Aoz, + ADxz, + N?2,|| — 0 asn — oo.
This implies
|2n + Ay ' D,y + )\zAalanH% —0 asn— oo. (19)
and

liminf [(%7 ), ()] = lim inf (<xmmn>H

- <yn,yn>)

= liminf ((wn,xn>H — )\2<$m$n>)

1
n— o0 2

1
2

n—oo

= liminf —\ ((AEIDJ:", Tn)H, + 2/\<A51xn, Tn)H
2

).

[N

Similarly, we have

limsup [(y7), (yr)] = limsup —A ((Anga:n, xn>H% + 2/\<A51xn, xn>Hl) .

n—oo n—oo 2

Now (a) implies o(A) C R (see, e.g. [24, Theorem 3.3]), hence, by Proposi-
tion 3.1, we have A € (—o0,0). Moreover, by (a), the operator pencil

L(s) :=s*T +sA;'D + Ay, seC,
considered as a pencil with values in the bounded operators acting on H 1 is
strongly hyperbolic, see e.g. [37, Lemma 31.23]. Therefore, see e.g. [31], we have
lim inf ((Aalen, Tn)H, + 2)\<A0_1xn,mn>Hl ) >0
2 2

n—oo

or
lim sup ((AalDosn, Tn)H, + 2)\<Aalxn, Tn)H, ) < 0.
3 3

This gives
o(A) Corr(AUo__(A) CR

and A has no associated vectors and there exists a Riesz basis of H 1 X H
consisting of eigenvectors of A.

Assume that condition (b) holds and let y € oess(—Ag ' D) such that ;% €
op(A). Now, (b) implies that there are no Jordan chains of A corresponding to

13
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the eigenvalue i of length greater than one, and, moreover, that ker (A — pu~11)
is a non-degenerate subspace of (H% x H,[-,-]), that is,

[ _

ker (A — p~ 1) N (ker (A — p~'1)) {0},

where (ker (A — ,u‘ll))uJ is the orthogonal companion of ker (A — pu~1I) with
respect to [-,-]. Moreover, (18) implies that u~! is a regular critical point of
A, see [32] or [14, Proposition 1.4]. As all points from o(A) \ gcss(A) belong
t0 Op norm(A), it turns out that A has only regular critical points and the
eigenvectors of A form a Riesz basis of a subspace of H1 x H of an at most

. . . . . 2 .
finite codimension. The eigenvectors and associated vectors of A form a Riesz
basis ofH% x H.

Condition (c) implies (b), hence Theorem 5.1 is proved. O

Theorem 5.1 implies that the operator A is the direct sum of an operator
similar to a self-adjoint operator in a Hilbert space and a bounded operator in
a finite-dimensional space.

Remark 5.3 Assume that the operator Ay*' is compact in H and that (16)
holds. Then it was shown in the proof of Theorem 5.1 that if (i) holds or if for
all p=1 € o,(A) we have that (18) holds, all critical points of A are regular and
there are no associated vectors. Hence, A is similar to a self-adjoint operator
in the Hilbert space H% x H.

Remark 5.4 We mention that Theorem 5.1 can be obtained also by methods
from [2]. For this, one has to show that the operator A=' belongs to the class
(H), cf. [2, Chapter 3, §5], and then apply [2, Theorem 4.2.12].

6 Example: Euler-Bernoulli Beam with distri-
buted Kelvin-Voigt damping

We consider a beam of length 1 with a thin film of piezoelectric polymer applied
to one side and we study transverse vibrations only. Let u(r,t) denote the
deflection of the beam from its rigid body motion at time ¢ and position r.
Use of the Euler-Bernoulli model for the beam deflection and the Kelvin-Voigt
damping model leads to the following description of the vibrations [6], [43]:

u  0? 0%u &u

—+— |E— +Ci—=| =0, € (0,1),t > 0. 20
a2 "o Vo T “aran re® (20
// Here the flexural rigidity F is a positive physical constant which is determined
by the beam’s area momentum of inertia and its modulus of elasticity and
Cy € L*(0,1) with Cy4(t) > ¢ > 0 a.e. describes the damping properties of the
piezoelectric film. Assuming that the beam is pinned at point 0 and sliding at

14
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1, we have for all ¢ > 0 the following boundary conditions:

0%u

ou
O, ﬁ

ar

_ o, 83y

- % - 0 (21)

u‘r:O = 0’

r=1
We consider the partial differential equation (20)-(21) as a second order problem
in the Hilbert space H = L?(0,1). In H we define the operator Ay by

d4

A= BZ
0 drt’

D(Ag) = {z € H*(0,1) | 2(0) = 2'(1) = 2”(0) = 2”"(1) = 0} .

It is easy to see that the operator Ag satisfies assumption (A1) and that Aal is
a compact operator. We have

Hy ={ze H*(0,1) | 2(0) = 2'(1) = 0}

with inner product (z,v)g, = E(z”,v"”). The operator A(l)/2 is given by

[N

1/2 d2 7T4E
AL? = El/QW and Hz||§{% > TGH,ZHQ for 2 € Hy. (22)

Let a(t) = (u(,8), (1) Then [2(®)r, war = ()| + [l )| corre-

sponds to the energy of the beam which justifies the choice of L?(0,1) as the
Hilbert space for the analysis of the boundary value problem (20)-(21).
By M¢, € L(H) we denote the multiplication operator

(Mc, f)(x) = Ca(z) f(x)
and we define the damping operator as
1
D= EAg/QMCdA})/?

For z € H% we have

4
— (Caz", 2"V u > || 2"|? = Toe|l2|)?, (23)

D
< ZaZ>H 16

xH

N=

_1
2

and thus the assumption (A2) holds as well. Furthermore, each solution of the
abstract problem 2(t) + Agz(t) + Dz(t) = 0 corresponds to a solution of the
boundary value problem (20)-(21). We have the following lemma.

Lemma 6.1 The operators A51/2Mchal/2 and AalD are bounded self-adjoint
operators in H and H 1 respectively, with

Tess(A5'D) = 0ess(Ag * Me, Ay Y?) = o(E~ ' Mc,).

15



B. Jacob, C. Trunk, M. Winklmeier Analyticity and Riesz basis

Proof: A vector z € Hy belongs to ker(Ag ' D —\I) if and only if A(l)/2x belongs

to ker(Aal/QDAgl/2 — ). The operator A(l)/2 maps H isometrically onto H,
therefore

dimker (A7'D — ) = dimker (Ay />DA;? — \I).

Obviously, Ay 1 2DA(; 12 2 Mc, and Ay 1D are bounded self-adjoint operators
in H and H 1 respectively, and therefore we have for real A

codimran (Ag'D — M) = dimker (45D — \I)
— dimker (4, 2DA;? = AI)
= codimran (A; /2 DAG"? — AI). O

Lemma 6.1 implies 0 ¢ aess(Ang), as the function Cy satisfies Cy(t) > ¢ >
0 a.e. By (23), the corresponding operator A generates an exponentially stable
semigroup on H1 x L?(0,1) (see the introduction). Moreover, the assumptions
of Theorem 4.1 are satisfied and thus A generates an analytic semigroup. By
Theorem 4.2, A is definitizable, co € 0__(A), R C o, (A) U p(A) and the
non-real spectrum of .4 consists of at most finitely many points which belong
t0 Op norm (A).

In addition, we now assume that the film on the beam consists of several
patches, that is,

Ca(x) =Y arxa, (@),
k=1

where n € N, a, >0, k =1,--- ,n, Ay are measurable disjoint subsets of (0,1)
and
n
U 4x =10,1].
k=1
Theorem 6.2 If
8
ap > —— 24
S (24)

holds for k = 1,...,n, then (a) from Theorem 5.1 is satisfied, that is, the
spectrum of A is real and there exists a Riesz basis of H 10X H consisting of
eigenvectors of A. If for all ay, k= 1,...,n, with

4
ar < —VE

T2

we have —E/a, ¢ 0,(A), then (b) of Theorem 5.1 is satisfied, that is, there
erists a Riesz basis of H% X H consisting of of eigenvectors and finitely many
associated vectors of A. In particular, this holds true if we have

4
ap > —SVE fork=1,...n
T

16
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Proof:
By (22) and (24), we have for f € Hy

(5" DS MYy = (DF. Dy 2 (min{ar [k =1,om))* 1y

1
2

> 4111, + 11,

for some sufficiently small § > 0 and the first assertion of Theorem 6.2 is proved.
The second and third assertion follow from the fact that for a; > ﬂ%\/E we
have

ax (Y, y)iy > [yl
and (b) (resp. (c¢)) of Theorem 5.1 is satisfied. O

There is an obvious generalization of Theorem 6.2 for the case of countably
many patches which we do not give here in detail.

References

[1] T.Ya. Azizov, J. Behrndt, P. Jonas, and C. Trunk. Spectral points of type
74+ and w_ for closed linear relations in Krein spaces. submitted.

[2] T.Ya. Azizov and 1.S. Tokhvidov. Linear operators in spaces with an indef-
inite metric. Pure and Applied Mathematics (New York). John Wiley &
Sons Ltd., Chichester, 1989.

[3] T.Ya. Azizov, P. Jonas, and C. Trunk. Spectral points of type m; and 7m_
of self-adjoint operators in Krein spaces. J. Funct. Anal., 226(1):114-137,
2005.

[4] H.T. Banks and K. Ito. A unified framework for approximation in inverse
problems for distributed parameter systems. Control Theory Adv. Tech.,
4(1):73-90, 1988.

[6] H.T. Banks, K. Ito, and Y. Wang. Well posedness for damped second-order
systems with unbounded input operators. Differential Integral Equations,
8(3):587-606, 1995.

[6] H.T. Banks, R.C. Smith, and Y. Wang. The modeling of piezoceramic
patch interactions with shells, plates, and beams. Quart. Appl. Math.,
53(2):353-381, 1995.

. Batka1l an . Engel. Exponential decay of 2 X 2 operator matrix semi-
7] A. Béatkai and K. Engel. E ial d f2x2 i i
groups. J. Comput. Anal. Appl., 6(2):153-163, 2004.

[8] C.D. Benchimol. A note on weak stabilizability of contraction semigroups.
SIAM J. Control Optimization, 16(3):373-379, 1978.

[9] J. Bognér. Indefinite inner product spaces. Springer-Verlag, New York,
1974. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 78.

17



B. Jacob, C. Trunk, M. Winklmeier Analyticity and Riesz basis

[10]

[11]

[15]

[16]

[17]

[18]

G. Chen and D.L. Russell. A mathematical model for linear elastic systems
with structural damping. Q. Appl. Math., 39:433-454, 1982.

S. Chen, K. Liu, and Z. Liu. Spectrum and stability for elastic systems with
global or local Kelvin-Voigt damping. SIAM J. Appl. Math., 59(2):651-668
(electronic), 1999.

S. Chen and R. Triggiani. Proof of extensions of two conjectures on struc-
tural damping for elastic systems. Pacific J. Math., 136(1):15-55, 1989.

S. Chen and R. Triggiani. Characterization of domains of fractional powers
of certain operators arising in elastic systems, and applications. J. Differ.
Equations, 88(2):279-293, 1990.

A. Dijksma and H. Langer. Operator theory and ordinary differential op-
erators. In Lectures on operator theory and its applications (Waterloo, ON,
1994), volume 3 of Fields Inst. Monogr., pages 73-139. Amer. Math. Soc.,
Providence, RI, 1996.

K. Engel and R. Nagel. One-parameter semigroups for linear evolution
equations, volume 194 of Graduate Texts in Mathematics. Springer-Verlag,
New York, 2000.

R.O. Griniv and A.A. Shkalikov. Operator models in elasticity theory and
hydromechanics and the associated analytic semigroups. Mosc. Univ. Math.
Bull., 54(5):1-10, 1999.

R.O. Griniv and A.A. Shkalikov. Exponential stability of semigroups re-
lated to operator models in mechanics. Mat. Zametki, 73(5):657-664, 2003.

E. Hendrickson and I. Lasiecka. Numerical approximations and regulariza-
tions of Riccati equations arising in hyperbolic dynamics with unbounded
control operators. Comput. Optim. Appl., 2(4):343-390, 1993.

E. Hendrickson and I. Lasiecka. Finite-dimensional approximations of
boundary control problems arising in partially observed hyperbolic sys-
tems. Dynam. Contin. Discrete Impuls. Systems, 1(1):101-142, 1995.

R.O. Hryniv and A.A. Shkalikov. Exponential decay of solution energy for
equations associated with some operator models of mechanics. Funct. Anal.
Appl., 38(3):163-172, 2004.

F. Huang. On the mathematical model for linear elastic systems with
analytic damping. SIAM J. Control Optimization, 26(3):714-724, 1988.

F. Huang. Some problems for linear elastic systems with damping. Acta
Math. Sci., 10(3):319-326, 1990.

B. Jacob, K. Morris, and C. Trunk. Minimum-phase infinite-dimensional
second-order systems. To appear in IEEE Transactions on Automatic Con-
trol.

18



B. Jacob, C. Trunk, M. Winklmeier Analyticity and Riesz basis

[24]

[25]

[36]

[37]

B. Jacob and C. Trunk. Location of the spectrum of operator matrices
which are associated to second order equations. Operators and Matrices,
1:45-60, 2007.

P. Jonas. On locally definite operators in Krein spaces. In Spectral analysis
and its applications, volume 2 of Theta Ser. Adv. Math., pages 95-127.
Theta, Bucharest, 2003.

T. Kato. Perturbation theory for linear operators. Springer-Verlag, Berlin,
second edition, 1976. Grundlehren der Mathematischen Wissenschaften,
Band 132.

M.G. Krein and H. Langer. On some mathematical principles in the lin-
ear theory of damped oscillations of continua I. Integral Equations Oper.
Theory, 1:364-399, 1978.

M.G. Krein and H. Langer. On some mathematical principles in the lin-
ear theory of damped oscillations of continua II. Integral Equations Oper.
Theory, 1:539-566, 1978.

P. Lancaster, A.S. Markus, and V.I. Matsaev. Definitizable operators and
quasihyperbolic operator polynomials. J. Funct. Anal., 131(1):1-28, 1995.

P. Lancaster and A.A. Shkalikov. Damped vibrations of beams and related
spectral problems. Canad. Appl. Math. Quart., 2(1):45-90, 1994.

H. Langer. Uber stark geddmpfte Scharen im Hilbertraum. J. Math. Mech.,
17:685-705, 1967/1968.

H. Langer. Spectral functions of definitizable operators in Krein spaces.
In Functional analysis (Dubrovnik, 1981), volume 948 of Lecture Notes in
Math., pages 1-46. Springer, Berlin, 1982.

H. Langer, A.S. Markus, and V.I. Matsaev. Locally definite operators in
indefinite inner product spaces. Math. Ann., 308(3):405-424, 1997.

I. Lasiecka. Stabilization of wave and plate-like equations with nonlinear
dissipation on the boundary. J. Differential Equations, 79(2):340—-381, 1989.

I. Lasiecka and R. Triggiani. Uniform exponential energy decay of wave
equations in a bounded region with L(0, c0; Lo(T'))-feedback control in
the Dirichlet boundary conditions. J. Differential Equations, 66(3):340—
390, 1987.

N. Levan. The stabilizability problem: a Hilbert space operator decompo-
sition approach. IEEE Trans. Circuits and Systems, 25(9):721-727, 1978.
Special issue on the mathematical foundations of system theory.

A.S. Markus. Introduction to the spectral theory of polynomial operator
pencils, volume 71 of Translations of Mathematical Monographs. American
Mathematical Society, Providence, RI, 1988.

19



B. Jacob, C. Trunk, M. Winklmeier Analyticity and Riesz basis

[38]

[39]

[40]

N.K. Nikol’skii. Treatise on the shift operator, volume 273 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathe-
matical Sciences]. Springer-Verlag, Berlin, 1986.

M. Slemrod. Stabilization of boundary control systems. J. Differential
Equations, 22(2):402-415, 1976.

M. Tucsnak and G. Weiss. How to get a conservative well-posed linear
system out of thin air. II. Controllability and stability. SIAM J. Control
Optim., 42(3):907-935 (electronic), 2003.

K. Veselié. Energy decay of damped systems. ZAMM Z. Angew. Math.
Mech., 84(12):856-863, 2004.

G. Weiss and M. Tucsnak. How to get a conservative well-posed linear
system out of thin air. I. Well-posedness and energy balance. ESAIM
Control Optim. Cale. Var., 9:247-274 (electronic), 2003.

P.H. You. Boundary feedback control of elastic beam equation with struc-
tural damping and stability. Acta Math. Appl. Sinica (English Ser.),
6(4):373-382, 1990.

Birgit Jacob

Department of Applied Mathematics
Delft University of Technology

P.O. Box 5031, 2600 GA Delft

The Netherlands

e-mail: b.jacob@tudelft.nl

Carsten Trunk

Institut fiir Mathematik

Technische Universitdt Berlin

Sekretariat MA 6-3, Strafe des 17. Juni 136
D-10623 Berlin, Germany

e-mail: trunk@math.tu-berlin.de

Monika Winklmeier

Mathematisches Institut, Universitdt Bern
Sidlerstrasse 5

CH-3012 Bern

Switzerland

e-mail: monika.winklmeier@math.unibe.ch

20



