Smolyak’s Algorithm, Sparse Grid Approximation
and Periodic Function Spaces with Dominating Mixed

Smoothness

Dissertation
zur Erlangung des akademischen Grades
doctor rerum naturalium (Dr. rer. nat.)

vorgelegt dem Rat der
Fakultat fir Mathematik und Informatik
der Friedrich-Schiller-Universitat Jena

von Dipl.-Math. Tino Ullrich
geboren am 23. Mérz 1980 in Schmalkalden



Gutachter

1. Prof. Dr. Jiirgen Prestin - summa cum laude
2. Prof. Dr. Hans-Jiirgen Schmeifser - summa cum laude
3. Prof. Dr. Winfried Sickel - summa cum laude

Tag der letzten Priifung des Rigorosums: 03. Mai 2007
Tag der offentlichen Verteidigung: 04. Mai 2007

i



Acknowledgements

First of all I would like to express my deepest appreciation to my supervisor Prof. Dr.
Winfried Sickel for supporting me during my Ph.D. studies. He has always been a very
attentive, motivating and fair teacher. Let me also thank the members of the research
group “Function Spaces” in Jena, especially PD. Dr. Dorothee D. Haroske, Prof. Dr.
Hans-Jiirgen Schmeifser and Prof. Dr. Hans Triebel for many valuable discussions, hints
and comments during the preparation of this work.

il



v



FUR KATRIN



Zusammenfassung

Die vorliegende Arbeit wurde hauptséchlich durch die Ergebnisse Sickels in den Arbeiten
[34, 35] und durch frithere Untersuchungen von Temlyakov in [43, 45] motiviert. Wir
studieren periodische Funktionenrdume mit dominierend gemischten Glattheitseigenschaf-
ten vom Besov-, Triebel-Lizorkin- und Sobolev-Typ. Im Mittelpunkt der Untersuchun-
gen steht das Problem der optimalen Rekonstruktion von Funktionen aus einer endlichen
Menge von Funktionswerten. Die Qualitdt der optimalen Rekonstruktion einer Klasse von
Funktionen wird mit Hilfe der Grofen py; gemessen. Diese Grofen sind mit den bekannten
linearen Weiten (oder Approximationszahlen) vergleichbar. Man beschrénkt sich aller-
dings nur auf lineare Abtastoperatoren, deren Rang kleiner oder gleich M ist. In [44] findet
man erste Resultate fiir RAume vom Sobolev- und Nikol’skij-Besov-Typ mit dominierend
gemischter Glattheit. Diese wurden in [34] und [35] teilweise verbessert und auf periodische
Riaume vom Besov- und Triebel-Lizorkin-Typ auf T? ausgeweitet.

Seit einiger Zeit besteht ein wachsendes Interesse (insbesondere aus der Finanzmathe-
matik) an der Losung hochdimensionaler Probleme (d = 100, 1000, ...). In vielen Féllen
kann die Losung nicht exakt bestimmt werden, weshalb man sich auf Naherungsverfahren
zuriickziehen muss. Diese Arbeit dient unter anderem auch der Analyse spezieller derar-
tiger Verfahren. Normalerweise wéchst der Aufwand fiir die Bestimmung einer hinreichend
genauen Naherung exponentiell in d. Die Herausforderung besteht nun darin, diesem so-
genannten “Fluch der Dimension” durch geeignete Wahl der Funktionenklassen bzw. Al-
gorithmen zu entgehen. Dazu gibt es unter anderen von Wasilkowski und Wozniakowski
verschiedene Untersuchungen in [57|. Es stellte sich heraus, dass der Smolyak-Algorithmus
und Funktionenrdume mit dominierend gemischter Glattheit gut zusammenpassen.

Das Ziel der Arbeit ist die Erweiterung von Sickels Resultaten auf beliebige Dimensionen d.
Die Behandlung dieses allgemeinen Falles setzt ein genaues Studium der Theorie periodi-
scher Funktionenrdume voraus. Kapitel 1 ist dem Fourier-analytischen Zugang der Raume
Sy B(T?) und S} F(T%) auf dem d-Torus gewidmet. Wir berufen uns dabei hauptséchlich
auf die Monographie [32] von Schmeifer und Triebel. Dort wurden die genannten Skalen
auf dem R? eingefiihrt. Beide Raumskalen enthalten wichtige klassische Funktionenriume
dominierend gemischter Glattheit, beispielsweise Holder-Zygmund-, Nikol’skij-Besov- oder
Sobolev-Raume. Letztere wurden erstmalig von Nikol’skij in den frithen sechziger Jahren
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wie folgt auf dem R? definiert:
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spielt eine dominierende Rolle und verhalf deshalb der Klasse zu ihrem Namen. Sowohl
diese Klasse als auch die verwandten Besov-Rédume wurden intensiv in der fritheren Sow-
jetunion untersucht, beispielsweise von Amanov, Besov, Lizorkin, Nikol’skij, Potapov und
Temlyakov, um nur einige zu nennen. FEine erste systematische Untersuchung gelang
Amanov in [1]. Angelehnt an die Theorie der isotropen Réume entwickelten Schmeifer
und Triebel Mitte der achziger Jahre den Fourier-analytischen Rahmen (siehe [32]). Dort
werden grundlegende Einbettungen, Spursitze und sogar die Charakterisierung durch Dif-
ferenzen behandelt. AuBerdem fithrt man die isotropen periodischen Réume F3 (T7)
und B; (T?9) ein. Das Kapitel 1 dieser Arbeit kombiniert beide Zugénge, um eine voll-
standige Theorie der periodischen Rdume mit dominierend gemischter Glattheit zu liefern.
Zunéchst entwickeln wir die dazu notwendigen Werkzeuge. Die Funktionenrdume wer-
den dann in voller Allgemeinheit {iber Tensorprodukte von klassischen Zerlegungen der
Einheit definiert. Spater nehmen wir Bezug auf elementare Einbettungen der Rdume un-
tereinander und untersuchen im Speziellen die Einbettungen in den Raum der periodis-
chen und stetigen Funktionen. Nach einem Abschnitt zur komplexen Interpolation der
F-Réaume konzentrieren wir uns auf die Charakterisierung durch Differenzen. Basierend
auf der Charakterisierung durch Integralmittel von Differenzen erhalten wir verschiedene
dquivalente (Quasi-)Normen. Diese sind unter anderem nétig, um bestehende Resultate in
unseren Kontext einzuordnen.

Das eigentliche Vorhaben besteht in der approximationstheoretischen Untersuchung der
beschriebenen Klassen durch Abtastoperatoren auf diinnen Gittern. Eine ausfiihrliche Un-
tersuchung dieses Gegenstandes schliefst sich in Kapitel 2 an. Die zentrale Methode ist der
sogenannte Smolyak-Algorithmus, welcher lineare Abtastoperatoren auf T¢ vom Typ

Dabei ist 1 < p < oo und r; = 0,1,2,... (¢ = 1,2). Die gemischte Ableitung

Mp,

A(m,d) f(z) =) flap)y'(x) , xeT?

k=1

generiert. Die Menge der Abtastknoten {z1",...,2’; } ist fest und stellt ein sogenanntes
diinnes Gitter dar, fiir welches insbesondere M,, =< 2mm?! gilt. Die grundlegende Idee hin-
ter der Smolyak-Konstruktion ist auch in einem elementaren Kontext verstandlich. Wir be-
trachten dazu monoton wachsende, konvergente Folgen reeller Zahlen (a})52, ... , (af)52,.
Die entsprechenden Grenzwerte seien a', ... a? genannt. Zusitzlich setzen wir a’, = 0

fiir £ = 1,...,d. Dann existiert die Reihe a* = Z;io(a; —af_;) und es gilt demzufolge
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auch

Es war Smolyaks [40] Idee, die Folge

d
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zur Approximation des Produktes a' - ... - a? heranzuziehen. Es spricht nichts dagegen,
diese Konstruktion auch fiir
a}:a?:...:a?:Ljf(:v), xeT,

zu verwenden, wobei L; einen Abtastoperator zu einer gewissen Menge 7; von Abtastknoten
bezeichnet. Der resultierende Abtastprozess verwendet Funktionswerte auf einem diinnen
Gitter in T?. Im Hauptteil der vorliegenden Arbeit untersuchen wir die Approximationsrate
solcher Abtastoperatoren fiir Funktionen aus Besov- und Triebel-Lizorkin-Rdumen mit
dominierend gemischter Glattheit (aus Kapitel 1). Bezeichnet A(T¢) einen solchen Raum,
dann ist die tibliche Norm eine sogenannte Kreuznorm (siehe Abschnitt 1.3 und 1.4), was
sich in der Gleichung

d
Ih®...o AT =] I flAT)
(=1

ausdriickt. Die betrachteten Funktionenrdume sind daher hinreichend nahe am Tensorpro-
dukt von Rédumen auf dem Torus angesiedelt. Diese Eigenschaft erlaubt Abschétzungen
fiir die Approximationsrate des Smolyak-Algorithmus’ basierend auf der Rate der L;. Der
Fehler wird dabei in der L,-Metrik mit 1 < p < oo gemessen. Die Hauptresultate in Ab-
schnitt 2.4 sind scharfe Abschétzungen fiir diesen Fehler. Darauf basierend erhalten wir in
Abschnitt 2.6 obere Schranken fiir die Groken py, (F, Ly,) fiir F' = S;’qB(']I‘d), 1 <p,q< oo,
r>1/pund F = S F(T?), 1 < p,q < oo, r > max(1/p,1/q). Diese sehen in beiden
Féllen wie folgt aus

par(Fy Ly(T) < eM~"(log M) Dir+1=1/a)
Die Klasse der Sobolev-Réume S;W(Td) stellt einen Spezialfall dar, und zwar gilt
pu (S, W(T?), Lp(']l‘d)) < cM™"(log M)(d—l)(r+1/2)

fir 1 < p < oo und r > max(1/p,1/2). Das Ergebnis verbessert ein entsprechendes Re-
sultat von Temlyakov in [45] um (d — 1)/2 in der Potenz des Logarihmus’ (siche auch
Abschnitt 2.7). Leider ist nicht klar, ob unsere Konstruktion das Optimum realisiert, d.h.
ob es auch entsprechende untere Schranken gibt.
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Um die Resultate in einem groferen Kontext zu verstehen, wird in diesem Zusammen-
hang auch auf Faltungsoperatoren eingegangen. Die in Abschnitt 2.3 prasentierte Defini-
tion des Smolyak-Algorithmus’ ist hinreichend allgemein, sodass sie sogar auf die Fourier-
Partialsumme oder auf de la Vallée-Poussin-Mittel anwendbar ist. Zu diesem Thema
(Approximation vom hyperbolischen Kreuz) existieren zahlreiche Arbeiten. Wir werden
nicht weiter ins Detail gehen und verweisen auf [3, 4], [2], [6], [9], [10, 11, 12], [15], [19],
[22], [25], [30], [31], [36], [40], [46], [45] und [39]. Am Ende des zweiten Kapitels werden
die erzielten Resultate ausfiihrlich diskutiert und mit denen in [34], [35], [45], [11] und [57]
verglichen.

Kapitel 3 enthélt schliefslich eine Sammlung offener Probleme im Zusammenhang mit den
Untersuchungen dieser Arbeit und gibt auferdem verschiedene Anregungen fiir weiter-
fithrende Forschung.



Introduction

This work has essentially been motivated by Sickel’s papers [34, 35| and former investi-
gations done by Temlyakov during the late eighties and early nineties, cf. [43] as well
as [45]. We concentrate on the study of periodic function spaces with dominating mixed
smoothness of Besov, Triebel-Lizorkin and of Sobolev type. In particular, the problem of
optimal approximate recovery is studied in detail. Here we measure the quality of recovery
of a class of functions from values at a fixed finite set of points. Precisely, for fixed grid size
M we consider the quantity pp;, which can be seen as a counterpart to the linear widths.
We restrict to linear sampling operators with rank less or equal to M. The intention is to
derive lower and upper bounds for these quantities.

In [45] results were given for Nikol’skij-Besov and Sobolev type spaces on the d-torus,
where d is arbitrary. These results have been partly improved (d = 2) and extended by
Sickel to the scales of Besov and Triebel-Lizorkin spaces of dominating mixed smoothness,
Sy B(T?) and S) F(T?).

Recently there has been significant interest in solving problems that involve functions de-
fined on high-dimensional domains (d = 100, 1000, ...), for instance in the field of financial
mathematics. In most cases solutions can not be computed exactly, but approximated in a
certain sense, for example by the methods considered below. Typically, the cost needed to
find an approximate solution, increases exponentially with the dimension d. The challenge
is to avoid this so called “Curse of Dimension” by defining appropriate function classes and
algorithms. For several results in this field we mainly refer to Wasilkowski and Wozni-
akowski and their paper [57].

Our intention is to extend the results of Sickel to arbitrary d. The treatment of the gen-
eral case requires a detailed development of the theory of periodic spaces with dominating
mixed smoothness. Chapter 1 is devoted to the Fourier analytic approach to the function
spaces S} B(T?) and S F(T%) on the d-torus in its full generality following the mono-
graph [32] by Schmeisser and Triebel, where the bivariate nonperiodic case is treated. It
is important to mention that these classes cover many well-known classical spaces (e.g. as
Holder-Zygmund, Nikolskij-Besov and Sobolev spaces) with dominating mixed smoothness
properties. Spaces of Sobolev type on R? were firstly introduced by Nikol’skij in the early
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sixties as follows

ST (R?) = {f € L,(R?) : | fISTW (R = | f1L,(R?)|

where 1 < p < oo and r; = 0,1,2,... (¢ = 1,2). The mixed derivative
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the norm, which led to the name of this scale of function spaces. Later on, these classes
as well as the corresponding Besov spaces have been extensively studied in the former
Soviet Union, for example by Amanov, Besov, Lizorkin, Nikol’skij and Potapov. For a
first systematical study we refer to the monograph [1]. What concerns the Fourier analytic
treatment of Besov and Triebel-Lizorkin type spaces on R? we mainly consult [32]. Several
types of equivalent quasi-norms, embedding and trace theorems as well as characterizations
by differences are proved there. This reference also deals with isotropic periodic spaces,
i.e. the scales F} (T?) and B; (T%). In Chapter 1 both fields have been combined in
order to present a complete theory of periodic spaces with dominating mixed smoothness
on the d-torus. We first discuss several necessary embedding properties including also
some limiting cases. After proving a result concerning complex interpolation within the
scale of Triebel-Lizorkin type spaces, we concentrate on the characterization by differences.
Several characterizations based on integral means involving differences are given. They
are important for the treatment of our main problem, which is the approximation of the
described classes by linear sampling operators acting on sparse grids presented in Chapter
2. The central construction in this field is Smolyak’s algorithm as a method to obtain a
sequence of linear sampling operators of type

Alm,d) (@) =S Fap@) , et

acting on a sparse grid {z]",...,27; }. The size M,, of the grid satisfies M, =< 2™m®* !,
The method is based on the tensor product of sampling operators with respect to T.
Let us present the main idea in a very elementary context. Consider (a;);?';o, Cee (a?);";o
as monotone increasing, convergent sequences of real numbers. The respective limits are

denoted by a', ... ,a®. Inaddition weput a’; =0, =1,... ,d. Thena’ = >72 (aj—aj_,)

and hence,
1
a - Y e -d,

J15ee,3a=0 £=1

It has been the idea of Smolyak [40] to use the sequence

> H al,_y) m=0,1,...,

Jit..+jas<m (=1
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to approximate the product a' - ...-a% The idea is to employ this construction with
a;:a?:...:a?:l}jf(:v), xeT,

where L; denotes a sampling operator with respect to a certain set 7; of sample points on
the torus. The suggested approximation procedure yields an operator which uses samples
just from a sparse grid in T¢. In the main part of the present work we investigate the
approximation power of these sampling operators for functions belonging to periodic Besov,
Triebel-Lizorkin and Sobolev spaces providing dominating mixed smoothness properties.
If A(T¢) denotes such a space then the norm in these classes is a cross-norm (cf. Section
1.3 and 1.4), i.e.

d
Ih®...ofal AT =T I flAD] -
(=1

Hence, the function spaces we consider here are sufficiently close to the tensor product of
function spaces defined on T. This feature allows to derive sharp estimates for the rate of
convergence of Smolyak’s algorithm based on the approximation power of L;, measured in
the L,(T?)-metric with 1 < p < oco. Our main result reads essentially as follows. It turns
out that

pu(F, Ly(T?)) < eM ™" (log M)\ D=0 (1)

where ' = S;’qB(Td), 1 <pg<oo,r>1/por F = SquF(Td), 1 < p,g<oo,r>
max(1/p,1/q) . In the case of Sobolev spaces S) W (T¢) we obtain

par (S, W(T?), Ly(T%)) < M (log M)\ D2

for 1 < p < oo and r > 0 as a consequence of the Littlewood-Paley theory and (1). This
relation improves the corresponding result by Temlyakov by (d — 1)/2 in the power of the
logarithm (cf. Section 2.7). However, it is not clear whether this construction realizes
the optimal rate of approximate recovery. To embed these results in a general context we
consider not only sampling operators. The use of a rather general definition of Smolyak’s
algorithm covers even operators of convolution type (such as Fourier partial sums and de
la Vallée Poussin means). We shall not go into detail and will refer mainly to [39]. We
finish Chapter 2 with a detailed comparison of our results with those given in [34], [35],
[45], [11] and [57] to point out the advances. Finally, Chapter 3 includes a collection of
open problems and gives some stimulation for further investigation.
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Chapter 1

Periodic Spaces with Dominating Mixed
Smoothness

1.1 Introduction

This chapter deals with the Fourier analytical treatment of the scales of Besov- and Triebel-
Lizorkin spaces with dominating mixed smoothness properties on the d-torus, denoted by
S; B(T?) and Sj  F(T?). Here we assume 7 = (r1,...,74) € R? and 0 < p,¢ < 00 (p < 00
in the F-case). Our approach is based on the combination of chapter 2 and 3 in [32].
After specifying some notation we recall briefly the concepts of tempered and periodic
distributions and point out their connection. In Section 1.3 the main tools are collected,
such as the periodic Nikol’skij-inequality and the scalar as well as vector-valued Fourier
multiplier assertions. In particular, we will pay some attention to Lizorkin’s multiplier
theorem (see [21]) which is also one of the main instruments in Chapter 2. Section 1.4
presents the definition of the spaces mentioned above in terms of Fourier analysis. We use
tensor products of scalar decompositions of unity on the Fourier side, which is a well-known
technique in this field. Afterwards elementary embeddings are considered. Especially, we
discuss the problem of necessary and sufficient conditions for the embedding into C/(T9),
the space of continuous functions. This question is important since we want to study
sampling operators in Chapter 2. After having remarked on Littlewood-Paley theory and
the coincidence of S ,F(T?) and S;W(T?) for 1 < p < co and 7 > 0 we consider the
subject of complex interpolation. A counterpart of a bivariate interpolation formula, given
in [31], will be proved for the spaces S;qF(’]Td) . Finally, we treat the technically difficult
subject of characterization by differences. The purpose of Section 1.6 is to characterize
the scales Sj  B(TY) and S} . F(T?) by (quasi-)norms involving means of differences for the
largest possible range of parameters 7 = (rq, ..., 74), given by

0O<p<oo, 0<qg<oo, r>max(0,1/p—1,1/¢g—1) , i=1,..,d

in the F-case. If d = 2 our main result reads as follows.
The space S} ,F(T?) is the collection of all f € L,(T?) N L1(T?) satisfying the finiteness of

1
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the quantity
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assuming that m; € N with m; > r; (i = 1,2). The d-dimensional case turns out to
be more complicated. The corresponding (quasi-)norm is a sum of 2¢ summands of the
type given above. In addition, we present a selection of the results from [52|, where
also the non-periodic case is treated in detail. Let us also refer to [32, 2.3.3/2.3.4] and
[1]. Characterizations of this type are necessary in order to compare our results with
the ones obtained by Temlyakov for periodic Nikols’kij-Besov spaces of dominating mixed
smoothness (cf. Section 2.7). We will also employ the results in Section 1.6 for an important
bump function argument in Chapter 2 (see Paragraph 2.4.4).

1.2 Preliminaries

1.2.1 Notation

First of all it is necessary to specify some notation. The symbols R, C,N, Ny and Z denote
the real numbers, complex numbers, natural numbers, natural numbers including 0 and the
integers. Furthermore T denotes the torus, defined in Paragraph 1.2.3. The symbol I will
be reserved for identity operators, whereas 7 is always used for countable index sets. We
shall write a =< b if there exists a constant ¢ > 0 (independent of the relevant parameters
in the context) such that

la<b<ca.

The values of our estimating constants often change from line to line. We will indicate
this by adding subscripts. In case a constant represents a fixed value we shall use capital
letters like C'y, CY, . ... The natural number d is reserved for the dimension of the considered
Euclidean spaces T¢ and R?, where elements of them are denoted by z,v, z and sometimes
by &. The Euclidean distance is given as usual by |z| (the f4-norm is denoted by |z|;),
where x -y = 2?21 x;y; denotes the corresponding Euclidean scalar product. Indices of d-
dimensional Fourier coefficients are always denoted by k = (ky, ..., k) and the multi-index
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a = (aq, ..., aq) corresponds to the differential operator D*, given by

Hlah

D= ——M .
Oz - - - 0x*

We often need further vector-type quantities like indices and parameters. They are often
denoted by 7, 5,7 and h with numbered components. Moreover, we fix the notation 1 =
(1,...,1) and 0 = (0, ...,0) . Asusual we put 7+ = (ry+ 1, ..., 7 +Lp), Al = (A-Ly, ..., N
(), NER k-7 =kiri+...+k,rp and |F|y =y +... + 7, . Furthermore, we shall use the
operations A+ 7 = (A +ry,.., A+ 1,), where A € R, t7 = (¢, ..., t"), A\" = (A", .., \™)
with A > 0 and 7% § = (1181, ..., ", S, ). We also abbreviate the relations

ri>s (ri>s) , i=1,..,n,

by 7 > § (7 > 5). Often we shortly write 7 > s, s € R, which means 7 > (s, ..., s). During
this work the constants o, and o, , are fixed and defined as

1 1
o, =|—-—1 and o0,,:=| ——1 , 1.1
g (p ) ; p’q (mm(p, 9) ) ' b

where 0 < p,q < 0o and a, = max(a,0) for a € R.

1.2.2 Tempered Distributions and Fourier Transform

As usual we denote by S = S(R?) the Schwartz space of all complex-valued rapidly decreas-
ing infinitely differentiable functions on R?. Its topology is generated by the (semi-)norms

I pllxe = sup (1 +[z])* Z | D%p( , kleNg. (1.2)

weRe a1 <t
By supp® we denote the support of the function ¢ € S(R?), given by

supp) = {z € R?: ¢(z) # 0} .

A linear mapping f : S(R?) — C is called a tempered distribution if a constant ¢ > 0 and
k., ¢ € Ny exist such that

|f(0)] < cllellie

holds for all ¢ € S(R?). The collection of all such mappings is denoted by S’(R?). The
support of a tempered distribution f € S'(R?) is defined by

supp f = {z € R?: for all § > 0 exists ¢ € S(RY) with supp ) C Kjs(x) and f(¢) # 0},

where Kj(z) = {y € R?: |z — y| < §}.
As usual the Fourier transform defined on both S(R?) and S'(RY) is given by

(FNp) = f(Fp) . ¢peSRY), feSRY,
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where

Fol€) = (2m) 2 / () da

F is a bijection (in both cases) and its inverse is given by
Fp(e) = @m) ¥ [ étp)dn o e @Y.
R4

Moreover, L,(R?) denotes the classical Lebesgue space with 0 < p < oo and
d » 1/p
IAL®Y) = ([ If @) da) (1.3)
R4

If p = oo we modify (1.3) by

1f|Loo(RY)|| = ess-sup | f(z)].

z€R4

We call a (tempered) distribution 7" € S’(R%) regular if a locally integrable function f :
R? — C exists such that

T(p) = / f@)p@)de e SRY.

In this sense we have the chain of embeddings
S(RY) — L,(R%) — S'(RY).

The symbol “—"” denotes the set-theoretical inclusion as well as the topological embedding.
The embedding on the right-hand side does not hold in the case p < 1.

Let us mention this version of the famous Nikol’skij inequality, which is due to Stockert
and Uninskij. As usual, derivatives have to be understood in the weak sense.

Proposition 1.1 Let b > 0 and Q = {z = (21,...,24) € R? : |z;] < by, i =1,...,d} be
a generalized rectangle. Let further o = (ay, ..., aq) € N¢ and 0 < p < u < oo. Then a
positive constant ¢ (independent of b) exists such that

| D FILL R < b M g i e e | L (R
holds for all f € L,(R%) N S'(R?) assuming that
supp Ff C Q3.

Proof A proof can be found in [32, Thm. 1.6.2.] for the bivariate case. The arguments
can easily be transferred to the case d > 2. See also [42], |54, 55| and|26] . O
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1.2.3 Distributions on the Torus, Periodic Distributions

Let T¢ denote the d-torus, represented in the Euclidean space R? by the cube T? = [0, 274,
where opposite points are identified. That means x,y € T? are identified if and only if
r —y = 27k, where k = (ki ..., kq) € Z%. In particular one has f(z) = f(y) if x —y = 27k
and f € D(T?). Let further D(T?) denote the collection of all complex-valued infinitely
differentiable functions on T¢. Its topology is generated by the family of norms

lelly =Y sup [D(x)| ., NeN,.

d
\01|1§N z€eT

A linear functional f : D(T9) — C belongs to D'(T?), if and only if there is a constant
cy > 0 such that

|f(@)| < enllelly

holds for all ¢ € D(T?) and for some natural number N. We endow D'(T?) with the
weak topology. Precisely, {f,}°%, C D'(T¢) converges to f € D'(T¢) if and only if
lim,, o fn(¢) = f(p) holds for all ¢ € D(T¢). The space D'(T9) is complete in this
topology.

Moreover, the Fourier coefficients of a distribution f € D'(T?) are the complex numbers

e(f) = @m)~f(e™™) , keZt
In the sense of convergence in D'(T¢) we have
f=Y alf)er.
kezd

We call T € D'(T?) a regular distribution if a T¢integrable function f : T¢ — C exists
with

T(p) = / f(@)-ple)dr . e D(TY).

Now the calculation of the Fourier coefficients is performed by the well-known classical
integral

o f) = en(T) = — /f(x)e““da:.

(2m)7

d

See [32, Chapt. 3] for details.
Let us also mention the J-distribution, which is not a regular distribution. It is defined by

() :==v(0) , ¢ e D(T).

Of course § € D'(T?). Obviously, the Fourier coefficients are given by

cr(0) = , keZt. (1.4)
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We will return to that later.
Let A be a finite subset of Z¢. Then T® C D(T¢) denotes the collection of all trigonometric
polynomials with harmonics in A, precisely

T = {t(x) = ape’®”

keA

akE(C,k:GA}.

Of course, every trigonometric polynomial ¢(z) € T can also be interpreted as a tempered
distribution in the sense above

o) = [taola)dz . o€ SERY. (15)
Rd
In that context ¢ represents a periodic tempered distribution satisfying
t(p(-+27k)) =t(p) , € SR, kez.

It turns out that
supp Ft = {k € Z : ¢;(t) 0} C A.

1.2.4 Vector-Valued Lebesgue Spaces

We follow [32, 3.4.1]. Now and subsequently the symbol Z denotes a countable index-set.
The class L,(T?%) with 0 < p < co denotes the space of all measurable functions f : T — C
(f is 2m-periodic in each direction) satisfying

AL, = ([ Ifpde)” <o

with the usual modification in case p = oo, see Paragraph 1.2.2. Here we have also the
embeddings
D(T?) — Ly(T") < D'(T7)
if 1 <p < oo. The second embedding does not hold in case p < 1.
Furthermore, we define for 0 < p, g < oo the quantity

1 ederl LT ) = || (S 1e@l) ™ [ (1.6
kel
where we replace (1.6) in case ¢ = oo by
[ iduerlLp(T )l += || sup | fu(a)l| (T

The sequence {fi} is supposed to consist of Lebesgue-measurable functions on T¢. In
the sequel we may shortly write || fx|L,(T?, ¢,)|| instead of ||{fx trez|Ly(T% ¢,)|. The class
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L,(T4,¢,) denotes the corresponding (quasi-)Banach space. If { f; }rez belongs to L,(T%,¢,)
then f, € L,(T¢) follows immediately. Finally, we define the spaces LQ(Td,Kq), where
A = {A,;} ez denotes a sequence of finite subsets of Z?. We put

LT ) = {{t@)}er s 4 € TV L j €T 1Ly (T 0,)] < oo}
for 0 < p,g < o0.

The following two lemmas represent important tools for the sequel. See also [32, 3.3.4].

Lemma 1.1 Let the locally integrable function M : RY — C be a compactly supported
tempered distribution satisfying F*M € Li(RY). For f € Ly(T?) the following identity

S M(F)e(f)e = (2m) 42 / (FM) ) f(x — ) dy (L.7)

kezd Rd
holds true in L,(T9).

Proof By well-known properties of the Fourier transform, M has a continuous represen-
tative because of 1M € L;(R?). With that representative the expression M (k) makes
sense. Furthermore, M is compactly supported. Therefore, the sum on the left-hand side
of (1.7) exists. The function

gla) = (2) " [(FAD) I~ ) dy

R4

is 2mr-periodic (in each direction) and integrable with respect to the d-torus T¢. This follows
by Minkowski’s inequality and F~! M € L;(R%). We proceed by computing the Fourier
coefficients of g € L;(T?). Let us fix k € Z? and calculate

ex(g) = (2m)~ / g(z)e du

Td

— (2m) "2 / (F M) () (2m) / f(@— y)e ™ drdy

Rd

— (2m) "2 / (F M) () (2m) / F(2)e ) dz dy

R4

— cul(f)(2m) 2 / (FM)(y)e v dy
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which proves the claim. O

We also would like to mention the following version of the famous Poisson summation
formula. In some sense this is a discrete counterpart of Lemma 1.1. We refer to [41, Cor.

7.2.6].

Lemma 1.2 Let the locally integrable function M : RY — C be a compactly supported
tempered distribution satisfying F 1M € Li(R®). Then the identity

> M(k)e™ = (2m)7? " F M (x + 2nl) (1.8)
kezd Lezd

holds true in the space Ly(T9).

Proof Concerning the existence of the expressions compare with the proof of the previous
lemma. Of course, we have

S [ 1 F M+ 200)| d = / F M ()| dx < oo
Zezd[—w,w]d R4

Hence, the sum on the right-hand side exists in L;. We proceed by deriving the Fourier
coefficients of the periodic L;(T?)-function

g(z) = (2m)"2 Y " F ' M(x + 2nl)

2ez4
with a similar calculation done in the proof of Lemma 1.1. It turns out that
c(g) =M(k) , keZ® |

which finishes the proof. O

1.3 Basic Tools

1.3.1 The Periodic Nikol’skij Inequality

Let us present the periodic Nikol’skij inequality and a counterpart of Proposition 1.1.
Recall the connection between tempered distributions and distributions on the d-torus
mentioned in Paragraph 1.2.3. In the sequel we need the number of elements of the set
supp FtP°, denoted by |supp Ft*°|. Here ¢ is a trigonometric polynomial, py a natural
number and therefore t?° again a trigonometric polynomial.
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Proposition 1.2 Let 0 < p < q¢ < 00 and py be the smallest natural number greater or
equal p/2 . For a trigonometric polynomial t(x) we put

1
Cpot = %lsupp Ftro|.

Then the following inequality holds for every trigonometric polynomial t(z)

[£(2) | Lo (T < Copli™|Jt() | Ly(T4)]

po,t

Proof See again [26] and also [32, Prop. 3.3.2]. O

A wuseful special case is the following theorem, which is similar to Proposition 1.1.

Theorem 1.1 Let 0 < p < q < o0 and
Ac{keZ: |kj| < Njj=1,..,d}
where the N; are natural numbers. Then a constant ¢ > 0 exists such that

1) | Lo (T < e TT )7 lit(@) | Ly (T

J=1

holds for every trigonometric polynomial t € T .

1.3.2 Maximal Inequalities

For a locally integrable function f : R — C we denote by M f(x) the classical Hardy-
Littlewood maximal function defined by

1
(M@ =swp o [ 1fwldy . zeR! (19)
TeQ |Q|
Q
where the supremum is taken over all cubes centered at x with sides parallel to the coor-
dinate axes. We firstly refer to the famous Hardy-Littlewood maximal inequality. There
is a constant ¢ > 0 such that

IMFILy R < el f1L, (R

holds if 1 < p < co. A vector valued generalization is due to Fefferman and Stein [14]. For
l<p<ooand1l<qg<o

IM Sl Ly (R, €)I| < el fil Lp(R?, €) (1.10)

holds for every {fi}ren € L,y(R% ¢,). The appearing vector-valued spaces with respect to
R? are the nonperiodic counterparts of (1.6).

Now we recall a standard procedure to obtain a corresponding assertion also for periodic
functions. See also [32, 3.2.4].
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Proposition 1.3 Let 1 <p< oo and 1 < ¢ < oo. Then a constant ¢ > 0 exists with
1M fil Ly (T, €g) | < |l fil Lp(T, &)
for all { fx}rer € L,(T4, £,).
Proof Let g € L,(T?). Because of the periodicity of g one obtains the inequality
Mg(z) < cMj(z) for zeT¢ |

where g(z) is the restriction of g(x) on [—3m,37]¢ and in particular not longer a periodic
function. Then (1.10) implies

1M fiel Ly (T )| < eal| M fil Ly (R, €,)
< col ful Ly (R, £) |
< esll fil Ly (T, ).

O
Now we define a one-dimensional version of (1.9)
1 x;+s
(le>(x) :Sup% / |f(x17"‘7xi—17t7xi+17"'7xd>|dt ’ T ERd (111>
>0

It is necessary to prove that this operator maps two equivalent representatives of f to
the same equivalence class. Having this in mind, one can show the following version of
Proposition 1.3.

Proposition 1.4 For1 <p < oo and 1 < q < 0o a constant ¢ > 0 exists such that
1M fi (T L) < ell Sl (T L) i =1,..d
holds for all sequences { fx}rer € Ly(T%, £,).

Proof One only has to split the integration over R into d integrations over R and apply
Proposition 1.3 to the integration according to x;. Il

The following construction of a maximal function is due to Peetre. Let b = (by, ..., by) and
5 = (s1,..., 54) belong to R? and satisfy b,5 > 0. Let further f € S’(R%) be a tempered
distribution with compactly supported Fourier transform F f. In this situation the famous
theorem of Paley-Wiener-Schwartz implies that f is an entire analytic function (see also
Theorem 1.8 in Paragraph 1.6.2). We define the maximal function P;f by

PB,gf(@ = sup |f(z — =)

. 1.12
2€Rd (1 + |b121|81) et (1 + |bd2d|sd) ( )

In addition, we need another maximal inequality. Details concerning the following asser-
tions can be found in [32, 1.6.4].
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Lemma 1.3 Let Q C R? be compact, 5 = (s1,...,84) > 0 and o = (v, ...,q) € Nd. Then
two constants c1,co > 0 exist (independent of f, but dependent of ) such that

Prs(Df)(z) < erPrsf(x)
< (Md(Md—l (,_.(M1|f|1/s1)51/szm)Sd—z/scl—l)sd_l/sd)sd(x)

holds for all f € S'(R?) with supp Ff C Q and all x € R4,

This lemma leads to the following important maximal inequality.

Proposition 1.5 Let 0 < p < 0o and 0 < ¢ < oo. Let further b* = (bf, . b05) > 0 for
(€T and A = {Ay}er be finite subsets of Z¢ satisfying

AeC{6eRY . g <l i=1,...d} , (cT.

Finally, the tuple s = (s, ...,8q) > m 15 fived. Under these assumptions we have a
constant ¢ > 0 (independent of f and A) such that

HPBZ,ngLp(Td?éq)H <c HfZ |Lp(Tda£q)H
holds for all systems f = { fo}eer C LY (T, £).

Proof This assertion is a direct consequence of the previous lemma, Proposition 1.4 and
a homogeneity argument: Let f, (z) be defined as

fg(xl, ey Ta) = [ (xl/bf, ...,wd/bfl) )
Then 3
B,e,gfe (2171, -~->33d) = Pi,gfe (bli L1y eeey bfl $d)

holds true. Because of supp F fg C [~1,1]¢ the constant ¢ can be chosen
independently of A. O

1.3.3 Fourier Multipliers

In the following two sections we develop parts of the theory of Fourier multipliers for scalar
and vector-valued L,-spaces. This section deals with Fourier multipliers for L,(T¢). Our
approach basically is the combination of [32, 1.8.3] and [32, 3.3.4]. First of all we need
some spaces of functions on R Let & > 0. Then a function f € Ly(RY) belongs to
SEH(R?) if

IFIS5HRY | = [+ €)% o (L (&) | FFE)] LR < 00 (1.13)

In case d = 1 we shall write H5(R) instead of SFH(R). See also (1.40) in Paragraph 1.4.4
for the periodic counterpart of these spaces.
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Remark 1.1 Let us point out an important property of spaces defined in this way.
Consider d functions g; € Hy'(R) for k; >0, i =1,...,d. Their tensor product is defined

by
(1 ® - @ga)(x1, ey xq) == g1(x1) - oo - ga(xg) , = (21,...,2q) € R?,

and satisfies
lg1 @ -+ @ gal S5 HRY)|| = [lg1 | H5" (R)]| - ... - | gal H5* (R)]| (1.14)

and therefore belongs to SyH(RY). Because of property (1.14) we call || - |SyH(RY)|| a
cross-norm. The spaces defined below also provide this property. See also Remark 1.8.

Lemma 1.4 Let 0 < p < 2 and m = (my,...,mq) > 0 € RL Let further ¥ = (ry,...,rq) €
R? satisfy

r>m -+ L1
r>m+ - — —.
p 2
Then a positive constant ¢ exists such that
11+ €)™+ &)™ - (1 + &)™ PFFIL, R < el fISSHRD| . (1.15)

Proof We follow [32, 1.8.3], where the proof is given in case d = 2. Let us start with the
left-hand side of (1.15) and use Holder’s inequality twice with p/2+ (2 —p)/2 = 1. Recall
the notation given in Paragraph 1.2.1 concerning vector-valued quantities. In addition, we
shall use (1.47) in Paragraph 1.6.1 to decompose the integration over R? into a sum of
integrals over dyadic rectangles. This gives

/H Ll Py E s de) = Z%mp/w )

2eNg
[ZQéerl/p 1/2)p /’ff ‘2d£>p/:| 1/p
£eNg Q8
[226 m+1/p—1/2— rp2r€p /|ff |2d€> ]1/1’
2eNd QA
<o (Y 2 / FrEPd)’
ZEN

< a|fISiH (Rd)H-

Let us present the main result of this section.
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Proposition 1.6 Let b > 0 and A C Z2 be a finite subset of Z¢ satisfying A C Qp = {x €
Re: |z;] <b; , i=1,....,d}. Let further 0 < p < oo and ¥ € R? satisfy

1 1
r > -

min(l,p) 2°
Then a constant ¢ > 0 exists (independent of b) such that

| 32 M) L, (T | < M (v .0 [SEHRY] - [12,(T
keA

holds for all M € S5H(R?) and all t € TA.

Remark 1.2 Because of M € S5H(RY) the previous lemma, applied with m = (0, ...,0),
implies FM € L1(RY). This gives immediately the continuity of M (with interpretation,).
Therefore M (k) is well-defined.

Proof Let ¢(£) be a function belonging to S(R?) satisfying supp v C [—2,2]¢ and
v =1, zel[-1,1]".
Of course, we have M € STH(R?) and
[ M|S3H|| < cy || MISTH]|. (1.16)

By ¢ (z) we denote the function

1/;(x) = (b tay, ..., bglxd).

This implies immediately Y(€) =1 for z € Q5. Lemma 1.4 used with m = (0, ...,0) again
gives F(Y M) € Li(RY). With the help of Lemma 1.1 we derive

\ % M (k)ex(t)e™ :\ %ZA(M(k)zZ(k))ck(t)eikw
<e [ 171 @M) )t - v)ldy
and therefore R
Z M(k)er(t)e™ | < el F7 (@ M) (9)t(x — )| L (R )] .

For fixed z € T? the function
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has the Fourier transform

el / F M) )40y

V2 keA
= )™ (OM)(k+E).
keA
Consequently, supp Fg is included in {y : |y;| < 3b;}. Let us apply Proposition 1.1

(Nikol’skij’s inequality) to the function g(y) by putting p = min(p,1) and a = (0, ..., 0).
This yields

] S M(k)ey(t)et

keA

<cl|F M) (y)t(z — y)| L (R )|

<eby"h b FIH M) () — )| La(RY, ).
Taking the L,(T%)-(quasi-)norm we obtain

H Z M(k)ck zk:)c
keA

<erb/PL ,blli/ﬁfl o

<[ [ (i@ - yray) "]

Td

L, (T%)

In the case 0 < p < 1 we have p = p. Fubini’s theorem implies
| 3= M @e™| L, @) | < et b7 LT - |77 (M) () Ly(RY].
keA

Minkowski’s inequality gives

| X2 me)en®e™ | Ly(Th)|| < eab™ -0y F T EADI LR - [EL,(T)
keA

in the case p > 1 (p = 1). Therefore, both cases finish in the inequality
|3 Mgty |1, (1) | <erblf?" - by 7 (G Ly R - ey (]
keA

=c1 [ F @M (b, -y ba)) | Lp(RY)| - (| Ly (T

Because of 7 > £ — 2 we can apply Lemma 1.4 on ()M (by-, ..., bg)) with m = (0, ..., 0).
This yields

bS]

|F (WM (b, ooy ba))| Lp(RY|| < eol[pM (br-, ..., ba-)| S5 H(RY)]].

The right-hand side can be estimated using (1.16) by a constant ¢,. Together with (1.17)
we finally get

H Z M(k})ck zk:r
keA

o(T)|| < coll M (b ) S RY |- 141 LT
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1.3.4 Fourier Multipliers for Vector-Valued Spaces

Let us now present a Fourier multiplier assertion for the spaces L,(T% ¢,), defined in
Paragraph 1.2.4. We combine [32, 1.10.3] and [32, 3.4.1] to obtain the following result.

Proposition 1.7 Let 0 < p < 0o and 0 < q < oo. Let further {BZ}gGNg C (0,00)¢ and
A = {Ag}gena be a sequence of finite subsets of 74 satisfying
A c{zeR: || <bli=1,..d}.

The vector k = (K1, ..., kq) 1S supposed to fulfill

1 1
F> —— 4. 1.1
i min(p, q) "3 (.17

Then a constant ¢ > 0 exists (independent of {BE}EeNga A and Mj) such that

< csup || Mp(bi-, .., b3)[SFH R - [[t2| Ly (T, €,)]|

Zend

Ly(T?, &)

| > Mimate™
kezd

holds for all systems t = {t7}gena € L,(T4,¢,) and all sequences {Mz}gene C SEH(RY).
Proof We fix ¢ € N¢ and put

gi(x) ==Y My(k)er(tp)e™.

kezd

Analogously to the scalar case we estimate

l96(2)| < ¢ / (F M) W) - ltele — ) dy.

In order to use the maximal function technique we consider
|9e(x — 2

)
< / (F M) — 2 — )| - ta(y) | dy

:C/|(f_1Mg)($—Z—y)" y ]tg(x—(x—y)ﬂ >

TT(1+ b (i — wi)[™) (1.18)

=1

X (L (B (21 = g)|™) - e (1 [Vy(aa — a) ™) dy

< ¢ Py ty(2) / (F M) — = — )|
Rd
X (L4 B (s — g™ ) - - (1 b — ya)|™) dy.
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The vector m = (my, ..., my) is at our disposal. By the change of variable

we continue with (1.18) and obtain

1 _ Uy Uq
{z—2)| < cPyro tAz) ——— );ElM— o ‘x
R

(1 fug + 6z [™) - - (1 + |ug + boza|™) du.

Because of (1 + |a+ b]*) < cs(1 + |al®)(1 +1b]*) (a,b € R and s > 0) and

1
Wb

u u - 7 7
) = MO )0
1 d

(F M) (
we obtain
Pyt m92(x) <c Py zti(x)x
XL+ Jua[™) - s (1 Jua] ™) (F Mg (bi-, ..., b)) (w)| Ly (R,

Let us now employ Lemma 1.4 with p = 1, where the quantities m; are chosen such that
m; > 1/min(p, q) and k; > m;+1/2,4 = 1,...,d. We can proceed like this because of (1.17).
The first condition is required later in order to employ Proposition 1.5. Now Lemma 1.4
gives

1L+ fua ™) - (L Jua] ™) (F Mg(b, oo b3)) () | La (R |

< 1| Mgy, ..., 1) [Ss H(RD]) -
This means

|96(2)] < Pyt 90(2) < e2Pys ta() x [|Mp(bS-, ... b5-)|S5 H(RY)]].

Taking the L,(T¢)-(quasi-)norm, Proposition 1.5 guarantees

1921 Ly (T, €)1| < s sup [ MBS+, ..., b1 )| SFH R - [t [ Ly (T, £g)]]-

feNyd

1.3.5 Lizorkin’s Multiplier Theorem

Let us recall the definition of signed and complex measures. For details concerning the
following we mainly refer to [23, A.6]. Here (X, F) denotes a measurable space. A mapping
w: F — RU{—00,00} is called a signed measure if and only if the following two conditions
are satisfied
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(ii)u(UlAn) = Zlu(An) , for Aj;Aj e Fwith A,nA;=0,1#7.

Complex measures are defined analogously. The variation of a signed (complex) measure
is given by the positive measure

|| (E) = sup { Z |(Ag)| © Ax € F pairwise disjoint , U Ay = E}
k=1 k=1

The number |u|(X) is called total variation of the signed (complex) measure g on the
space X. Now we are able to state Lizorkin’s multiplier theorem. As measurable space we
consider now (R?, R?), where R? denotes the usual Borel o-algebra.

Proposition 1.8 Let 1 < p,q < co. Let further M = {M;(x)}32 C Loo(R?)
be a sequence of functions satisfying

(i) There are finite complex measures pi;, 7 =0,1,..., on (R, R?) such that
M;(z1, ..., xq) = p;((—00, 21] X ... X (—00,24]) .
(i) The measures p;, j = 0,1,2... provide uniformly bounded total variation on R?, i.e.

;| (RY) < Cy 5 =0,1,2...

(i) The functions M;(z), j = 0,1,2... are continuous in all points k € Z°.

Under these conditions we have the existence of a positive constant C(p,q,d) such that

| S mmyent e

kezd

LP(TdaEq) < C - CM||fj|Lp(Tdu£q>H

holds for all {f;}32 € Ly(T% {,).

Proof The nonperiodic counterpart is due to Lizorkin, cf. [21]. The lemma follows by
applying Theorem 3.4.2 in [32]. O

Remark 1.3 Consider a compactly supported piecewise linear continuous functiony : R —
C uniquely defined by the nodes {(k,v(k)) : k € Z} and its weak derivative denoted by ~'(x).
The latter exists as a piecewise constant step function. Consequently, the corresponding
complex measure 1, which satisfies p((—oo, x]) = v(z), x € R, is given by

pwlAd)y= [ Y (x)de , AeR.
/
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Then we observe

ul@®) =) |k -1l (1.19)

kEZ

Let us now consider a sequence v = {7;()}32, of such functions. The sequence {p;}32,
denotes the corresponding measures. Additionally, we assume the uniform boundedness of
(1.19), i.e.

supzm (k—1)=C, <o0.

J€No ez,
Theuwr tensor product
My(1, s 20) = Yy (1) oo Yy (Ta) 5 T = (31, ..,04) ER
can be written as

Mu(*rlv "'wxd) = :U'U1(<_Oo>xl]) EERE :U'Ud<<_oovxd])
= (fyy @ . ® fyy ) ((—00, 1] X ... X (—00,24]) .

Here jiy, @ ... @ j1y, denotes the product measure of fiy,, ..., fu, - An easy calculation using
the Jordan decomposition of a signed measure yields

[fhuy @ o0 ® pray|(RT) < (4C;)7

See for instance [23, A.6] and (1.19).
Finally, Proposition 1.8 implies

H Z Cr fu u zkx

kezd

Ly(T% L) || < €'+ (AC) | ful Lp(T, o)

for all systems f = {fu}ueNg € L,(T? ¢,), where C just depends on p,q and d.

1.4 The Spaces S F(T?) and S; B(T")

This section is devoted to the definition of Besov and Triebel-Lizorkin as well as Sobolev
type spaces with dominating mixed smoothness properties. We follow the approach in [32,
Chapt. 2|, where the nonperiodic bivariate case is treated. As we have seen in the previous
paragraph all the necessary techniques carry over to the periodic setting.

1.4.1 Decomposition of Unity

First of all we introduce the classical concept of a smooth dyadic decomposition of unity.
It is used to decompose a distribution into Fourier analytical building blocks to decide
whether this distribution belongs to a certain function space of Besov and Triebel-Lizorkin

type.
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Definition 1.1 Let ®(R) be the collection of all systems o = {p;(x)}52, C S(R) satisfying
(1) supp o C {x : |z| < 2},
(ii) supp p; C {z: 277 <|z| <20F'} | j=1,2,..,
(i1i) V£ € Ny we have sup 274 | D (z)] < ¢p < 00
@,j

(iv) i wij(z) =1 for all x € R.
j=0

Remark 1.4 The class ®(R) is not empty. Consider the following example. Let po(z) €
S(R) be smooth function with @o(x) =1 on [—1,1] and @o(z) =0 if |x| > 2. For j > 0 we
define

pi(z) = po(277x) — o277 x).

Now it is easy to verify that the system o = {p;(x)}52, satisfies (i) - (iv).
Let us modify this definition in the following way and define the class ¥(R).
Definition 1.2 A system ¢ = {;}32, C S(R) belongs to the class W(R) if and only if
(i) A positive constant A exists such that supp ¢y C [—A, A].
(i) There are constants 0 < B < C with supp p; C {x € R: B2 < |¢| < C27}.

(111) For all ¢ € Ny holds

sup 2\ Dfp;(z)] < ¢p < 00
z€R,jENg

(iv) The identity > p;(x) =1 is valid for all x € R.
=0

J

Remark 1.5 The inclusion ®(R) C U(R) follows immediately.

Based on this we construct decompositions of unity in R? via tensor products. This
requires the following notation. Assume ¢* = {¢}(2)}32, € S(R), ¢ = 1,...,d, and let

0= (ly,....,0y) € NI. We put

(' @ ... @ M) == g, (21) - .- F, (xa) , zER?

If o= ' = ... = ¢! we simply write ¢;(z) instead of (o' ®...® ¢¥);(x), £ € Nd. Suppose
(%, ..., 0%) € U(R)4. Then one can decompose f € D'(T%) into the sum
F=> 1, (1.20)
ZeNgd
where 4
filw) = Y (@' @ . @ eDiR)er(fe™™ , ze T (1.21)
kezd

The convergence is considered in D’(T?), see Paragraph 1.2.3.
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1.4.2 Definition and Basic Properties
Let us introduce the function spaces S}  B(T?) and S}, F(T?) of Besov and Triebel-Lizorkin

spaces with dominating mixed smoothness. We make use of the building blocks given in
(1.21).
Definition 1.3 Let 7 = (rq,...,r4) € R and ¢ = (¢, ..., 0%) € U(R)4.

(i) Let 0 < p < 00 and 0 < ¢ < co. Then S; B(T?) is the collection of all f € D'(T*)
such that

115, BN = (D2 27| 37 (6" @ . @ p)alR)ea( e

2eNg kezd

L") Y (1.09)

is finite. In case ¢ = oo we replace (1.22) by

/1570 B(T?)||? = sup 27
Zend

D (@ ® @ @Nalk)er(f)e T Ly(TY)]|

kezd

(i) Let 0 < p < oo and 0 < q < co. Then S} F(T%) is the collection of all f € D'(T?)

such that
_ o e\ 1/a
1A1SE FEIP = | (32 277 36! @@ emen(he| ) | L1 (1.23)
2eNd kezd
is finite. In case ¢ = oo we replace (1.23) by
155 FTIIP = || sup 27| 37 (0" © .o @ )alk)ew( e | Ly(T?)
KENO kezd

Remark 1.6 (i) In the special case 7 = (r,...,r), r € R, we simply write Sy F(T?) and
Sy B(T?) instead of S ,F(T?) and S} ,B(T?).

(ii) In case d =1 the spaces defined degenerate into the usual isotropic Besov and Triebel-
Lizorkin spaces on the torus. They are denoted by By (T) and F (T).

See also [32, Chapt. 3].

(ili) The spaces S5 ,B(T%) and S}, ,F(T?) coincide. In this situation even the (quasi-)norms
(1.22) and (1.23) are equal.

Remark 1.7 We observe that all these classes are (quasi-)normed spaces (normed spaces
in case min(p, q) > 1). Although indicated the spaces do not depend on the chosen system
@ € U(R)?. The corresponding (quasi-)norms are even equivalent, see Theorem 1.2 below.
The analogous definition of S;7qF(Td) does not work (the spaces would depend on the
system @), cf. also [32, 3.5.2].
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Remark 1.8 Recall Remark 1.1. The (quasi-)norms || - S}, B(T?)||? and || - |S; ,F(T)||?
are cross-norms in the sense

T 7} r 1 r d
(g1 @ -+ @ 92)| S5 BTN = 91| By (DIF - ... - llgal By ()|

and
T D Is 1 T d
(91 @ -+~ © ga)|Sy F (T2 = [lga| EL (TP - ...~ lgal Fpe (T)]1#° .

Let us state the independence of the spaces from the chosen system @ € ¥U(R)?. For sake
of simplicity we will prove it only in case p € ®(R)? by following [32, 2.2.3].

Theorem 1.2 Let ¢,¢ € U(R)?, 7 = (ry,...,rq) € R and 0 < g < 0o. Then the following
assertions hold true.

(i) If 0 < p < oo the (quasi-)norms || - 1S}, ,B(T*)||? and || - |S;’qB(Td)||J’ are equivalent.
(i) If 0 < p < oo the (quasi-)norms || - |S; F(T?)||? and || - LS”;qF(']I'd)||QZ are equivalent.

Proof We show the existence of a constant ¢ with || - |S] F||¥ < ¢| - |S;qFHJ’. In the
B-case the proof is similar. We follow the proof of [48, Prop. 2.3.2/1] and [32, Prop. 2.2.3|.
The properties (ii) and (iv) in Definition 1.1 imply

e(t) = (Wi () + () + i (W)es(t) , teR  i=1,...d

Putting always ¢’ |, ; = 0 we have for any ¢ € N¢

(¢' ® ... ® p1)7(€)
(Y @We.oun©)¢@ o0 , R
je{-1,0,1}4
This immediately yields
D (@' ® @ )ik f)e*”

kezd

= Y (@ e.een - @ .. eukaNe) | zeT,

je{-1,0,1}¢ kezd

for a fixed f € D'(T?). Taking the L,(T% ¢,)-(quasi-)norm and applying the triangle
inequality this leads to

|27 > (6 @ @ e R)en(f)e

kezd

<o Y PTE6 e et (6@ @ s Re e

j€{-1,0,1}4 kezd

Ly(T, £,)

Ly(T, £,)
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Using again Definition 1.1/(ii) together with Proposition 1.7 we derive

2 (o' @ .. @ )ik er(f)e* | Ly(T, ¢,)
kezd
<a-C@)- Y [T W e @ e kel et LT 4|
7€{-1,0,1}d kezd
where
C(p) == sup [lpp, (29%2a1) - ... @f (2°7224) | ST H (R
ZeNd
= sup ||z, (2072 H (R)] - ... - sup [[f, (272 ) H5 (R) |
¢eNg £3€Np

with % large enough. Elementary properties of the Fourier transform together with (ii) and
(iii) in Definition 1.1 imply the uniform boundedness of || (2"+2)|Hy4(R)||, i = 1, ..., d,
for n € Ny. Together with this we receive

C(p) < 0.
Finally, we obtain
1155 F (TP < esl| 1Sy F (T .

Of course, the converse inequality holds as well. This proves (ii). O

Remark 1.9 The modifications in the case @,v € U(R)? are obvious.

Remark 1.10 Let us give a remark on Lizorkin representations of Besov as well as Triebel-
Lizorkin spaces. We need a special covering of R, Let

P, = [-1,1], Po={zcR": 2"t <|2| <2"}, keN,
Pp = Py x...xP,, keNI&. (1.24)
Then
Ri=|JPr  and  PpnPr=0 if k#L.
kend
Hence, with
fix) = calf)e*,  weT? (eNf, (1.25)

kePy
we find

F=> 1

feNg

(convergence in D'(T?), compare with (1.20)).
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Lemma 1.5 Let 1 < p < oo and 7 € RY. Then, if 0 < ¢ < oo

_ o~ /
I 7155, B = (3027 Fel L,y (1.26)
feNg
and if 1 < g < oo
_ o~ /
17155, @) = || (3 2% 1) Ly (1.27)

Zend

holds for all f € D'(T?) (modification in case ¢ = 00).

1.4.3 Elementary Embeddings

Let S)  A(T?) be either ST B(T%) or S F(T?) (with p < co in the F-case). We observe
the following elementary continuous embeddings.

Lemma 1.6 Let (r1,...,74) € R? and 0 < p < 0.
(i) Let 0 < ¢ < v < oo. Then we have

Sy AT — ST A(T?).

(11) Let 0 < q,v < 00 and & = (e1, ...,£q4) with € > 0. Then
SitEA(TY) — Sp A(TY).
If € satisfies € > 0, even the embedding
SiteA(T?) — S7 JA(T?)
holds.
(111) Let 0 < ¢ < 0o and 0 < p < oo. The chain of embeddings

B(T?) — 5] F(T%) < &S B(T%) (1.28)

7
p,min(p,q) ,max(p,q)

holds true.

Proof In [32, 2.2.3] the nonperiodic case d = 2 is treated in detail. In the periodic case
all arguments carry over. Let us also refer to Temlyakov [45, pp. 20/21] . O

Let S;  A(T?) be either S B(T?) or Sj F(T?) (with p < oo in the F-case).
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Lemma 1.7 Let 7 = (ry,...,ry) € R and 0 < p,q < oo. In this case the embedding
D(T%) — 5} A(T?) — D'(T%)
1s valid.

Proof Step 1. Because of Lemma 1.6 it suffices to show

D(T%) — 87, . B(T?) (1.29)
for every 7 € R%.
It holds .
1S5 o BT < C(@,7) > D7 f|Loo(T)| (1.30)
F<&

for f € D(T?) and 7 < @ € N4, which implies immediately (1.29). See Paragraph 1.2.3.
Let us now prove (1.30). We make use of the partition N¢ = Useo.1y¢ 13, see Paragraph

1.6.1 below. Recall the definition @ * 3 in Paragraph 1.2.1. Assume that ¢ € ®(R). Then
we obtain

1% BT = sup 27| 5 ork)en(F)e™ | Loo (1)
{eNg kezd
< 3 sup 2| 3 k) Mo (k) () ) | Lo (9
Befo,134 <15 kezd

with & > 7. Furthermore, the function Mj is given by
Ms(xy,.yxqg) = My, (1) - oo - Mo, (24a) -
Additionally we assume for o € Ny
[Mo(@)] < ca(l+[2]?)™2 , z€R
and M, (k) = (ik)~@ for k € Z \ {0} . Finally, ¢ € S(R?) is supposed to satisfy

1 x| <2

W):{o : 2] >3

and ¥g(x) = (27 2y) - ... -p(27xy) for € R? and £ € N¢. Now we obtain by Proposition
1.6

sup 27| 37 o) Mo R )R (e Lo (79

telp kezd

< sup 21%”30[7(281'7 <oy 2£d')M6¢*6_(2€1'7 ey 26‘1)1521H(Rd)“ (131)
5615

> (k) (ik)* e (f)e*

kezd

LOO(’]I‘d)H .
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Of course, it also holds

sup 2ﬂ7||g02(2€1'7 ) 2Zd')M&<2€1'7 a3 2Zd)|S2iH(Rd)||
Lels

d (1.32)
< sup [] 27% |i0g, (20 May, (25 ) HA(R)]]

telp i=1
Now, for £ > 0 we have
pe(2a;)

|x1|

2€Ti

pe(2°) Mo, (2) [ Hy (R)]| < 2772

(with respect to ¢) directly follows from Definition 1.1. Consequently, (1.31), (1.32), (1.33)
and @ > 7 imply

H;(R)H. (1.33)

The uniform boundedness of

’904

IAISE BT < ez ST sup | S k) k)™ Fer (e Looard)H
ﬁe{m}d‘fdﬁ kezd
—c > sup| 3 wek)en(D )| Lo (1)

Bef0,1}d ‘€15 pezd
< S0 IDT L)
pefo,134

< s Y DAL

y<a
The last step is a consequence of Lemma 1.1, where we used the uniform boundedness of
|F~ g Ly (RY) .

Step 2. We follow [32, 2.2.4]. It suffices to prove
Sy «B(T?) — D'(T?).
Let f € S;  B(TY), ¢ = {p;}; € ®(R) and ¢ € D(T?). We put ¢ = (¢,...,¢). Let us
further define
Xj = Pj-1 1+ @+ @jt1,
where again ¢_; = 0. Therefore, we can estimate.

- ‘ SN eilk) - xak)en(f) | e () dx‘

2eNg keZd T
~ |3 [ (X etane) - (3 xt-miien)
feNdpa  kezd mezd

<X | 3 ertbene | L@ x || 3 xe(=m)em(w)e

CeNd  kezd meZd

Ll(Td)H .
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Nikol’skij’s inequality, see Theorem 1.1, gives

@) < e 30 2lrestaln| 57yl Fe 1,19 | x
0eNd kezd
< || 32 xal=m)en(w)e™ | Lu(T)|.

which implies immediately
[F()] < call F1S5, 0o BT - 91T B(TY)]|,
where £ = (1/p —ry,...,1/p —ry) . With Step 1 we obtain for N € N large enough

[F)] < esll F1S 0 BT - ¥l (1.34)
This proves that S)  B(T?) is continuously embedded in D'(T?).

Theorem 1.3 Let 0 < p,q < oo and 7 € RL. Then the spaces S;qA(Td) are
(quasi-)Banach spaces .

Proof This is a consequence of Remark 1.7, Lemma 1.7 and the completeness of D’(T¢),
cf. Paragraph 1.2.3. O

We proceed with the following important embedding.
Proposition 1.9 Let 0 < p,q < co. The continuous embedding

Sy A(TY) = Ly(TY) N Liax(p,1) (TY)
holds for v > oy, .

Proof Step 1. Following [32, Prop. 2.2.3/3] we show the embedding S}  B(TY) —
Linax(p1)(T?) . The right-hand side space is a Banach space. Thus, we have the usual
triangle inequality available. Recall the decomposition (1.20) of f € S7 B(T?). Although

it is not yet clear whether f belongs to Lyax(p,1) (T4) we estimate using Nikol’skij’s inequality
(Theorem 1.1)

1 1 Lamaxpy (T < D M el Ermas,0 (T4

¢eNg
< ¢ Z 2Z1(1/min(l,p)—1)+...+£d(1/min(l,p)—l) ||f€|Lp(Td)||
teng (1.35)
< Z 241(1/min(l,p)—l—r1)+...+€d(1/min(l,p)—l—rd)zfﬁ||f£|Lp(r]Td>||
0eNd
< ool £S5 B(TY)] -
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Because of its absolute convergence the sum of course exists in Lmax(p,l)(']rd). As we have
f =Y ens foin D'(T%) the limit element must be f. The embedding L;(T?) — L,(T%)

gives us also f € L,(T%) if p < 1. Here the situation is much simpler than in the non-
periodic case, compare with [32, 2.2.3] . Having this, we conclude

1AL = || 3 ] zumd)]| < || 3 15
£eNg £eNg

= | £1S9: F (T < [1£15, 0 BT

Ly(T)|

0

Remark 1.11 The previous embedding is sharp in the following way. If ¥ = o, then
the corresponding space SpiyA(T?) contains distributions, which are not reqular (see Para-
graph 1.2.3). Recall the é-distribution from Paragraph 1.2.3. We show that § belongs to

S;,/g;_lB(Td) if p < 1. Let us choose a system ¢ € ®(R). With view on (1.4) we have to

estimate the quantities
H > pilk)e™

kezd

Lp(']I‘d)H , TeNt.

By using Lemma 1.2 we derive for fivred { € Ny the following. The first estimate will be a
consequence of the inequality (D |ag|)P < > |ag|P forp < 1. We obtain

H Z pi(k)e™ Lp(Td)H = Cl(/ ‘ Z Flop (o + 2ml) pda:) "
kezd Td ez

< 62(/ Z | F Yo (z + 2r0)|P dx) v
ra €4

= CQ( Z / ‘fflcpg (x + 271'[7)’10 da:) 1/p
leZpq

o [ 17 ewlry) "
R4

Now well-known homogeneity properties of the Fourier transform yield finally

H > wilk)e™
kezd

Lp(’]rd)H < ;2 0-1/n) (1.36)

We finish with

1S BT = sup 20 02D|| S gp(eiss| 2, (1) |
leNg kezd (1.37)
< nglfll(1/p—1)2|l7\1(1—1/p) < 0.
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It is important for us to know which conditions force the considered function spaces to
be continuously embedded into the space C'(T?). This space has to be considered as the
closed subspace of L., (T?) containing only continuous functions. We restrict to the case
where we have the same smoothness in each direction. See Remark 1.6.

Theorem 1.4 Let 0 < p <o00,0< q< o0 andr € R. Then the following assertions are
equivalent.

(i) S;,QB(Td) — C(T?),

(i) Sr,B(T?) — Loo(T?) and

(i) r>1/porr=1/pand ¢ <1.

Proof Step 1. Let us prove the implications (ii7) — (i) and (i) — (i7) simultaneously.

We start with an f € S; B(T?). Let us estimate || f|Lo(T?)| with the help of Theorem
1.1

1 Loo(THI <) 11fdl Loo (T4
feNyd
< ey 3 2/t alr| AL (T |
feNg
1
< el £18, BT
Precisely, we argue as follows. Reading the estimates backwards we observe that > ; fz,
where f7 is continuous, converges absolutely in L., (T?). This implies the convergence itself
and because of (1.20) the limit must be f.

Step 2. We prove —(iii) — —(i) and —(4i4) — —(ii) simultaneously. We assume r < 1/p
or (r=1/p and q > 1). We construct a family {f,}, C C(T¢) of functions satisfying

SUp || ful Loo (T%)|| = 00 and  sup || f,| S}, B(T?)|| < o0. (1.38)
Let us define the building blocks g, € C(T), £ € N, by

1 .
9i(e) = o7 D Ue(W)e™,
keZ

where 1, = 1 (27), o(x) = 1 (10/9z) — (4/3x) and 0 < ¢ < 1 satisfies

1oz <1
¢(x)_{0 . |z| > 10/9.

Of course, supp g C [3/4,1] and ¢g(x) = 1 for all z € [5/6,9/10]. The functions f, are
defined by

fnzzgﬁ ’ n € N.
(=1
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Further, we need a special element ¢ € ®(R). We refer to Remark 1.4 and make use of
almost the same function ¢g(x) we employed in this context but with the modification
o(x) =0 for |z| > 3/2. Obviously p,(z) =1 if x € suppt),. Then for fixed n € N we have
the equation

|3 ewatrie|im| = gl Lo

Let us distinguish the cases p < 1 and p > 1. The first case can be treated as in Remark
1.11. Using Lemma 1.2 we obtain in the case p <1

| > eementfe™|z,
keZ

The same holds in the case p > 1. We employ Lemma 1.1, Minkowski’s inequality and use
assertions concerning the L,(T)-norm of the Dirichlet kernel. See for instance |45, Sect.
[.1]. Recall that r < 1/p or r = 1/p and ¢ > 1. Hence, for n € N

q> 1/q

[l By ()7 = (D 2 > el fe'

£eNg

oL(r— 1/p) 1/q
§C<Z€—‘1) < C(r,p,q) < o0
£eN

)H , LeN.

€ se-1/p) _ _C
H<€2£2 = ot /e N.

Ly(T)

holds (modification in case ¢ = 00). So we have uniform boundedness of || f,|B, ,(T)|
which implies immediately the same for || fn]S;qB(’]I‘d), where

.fn(xh"wxd):fn(xl) , neN.

It remains to prove the first equation in (1.38). Obviously, we have

1ol oo (T = (1 fal Loo(T) | = [ /(0] = de(O)

"1
:Z@ZW( >c Zg —

(=1 keZ

with some positive constant ¢; > 0. Il

For the F-scale we have a similar result.

Theorem 1.5 Let 0 < p <00, 0 < q < o0 and r € R. Then the following assertions are
equivalent.

(i) Sp F(T?) — C(T),

(i) S} F(T?) < Loo(T?) and

(iii) r>1/porr=1/pandp <1.
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Proof We apply the strategy used in [20, Lem. 4.7| (real interpolation of vector-valued
L,-spaces) to prove the embedding

d d
S F(T?) — S9,  B(T) .

All arguments used there carry over to the periodic d-dimensional case. Theorem 1.4 then
implies

SIP F(T?) — C(T%)
if p < 1. What remains follows as a consequence of a corresponding result for isotropic
F-spaces (see for instance [38]) and Remark 1.8 (cross-norm). O

Corollary 1.1 Let 0 < p < o0, 0 < q < oo and 7 € R? satisfying ¥ > 1/p. Then we have
both
Sy BT < C(T% and S F(T%) — C(T7),

with p < oo in the F-case.

1.4.4 Littlewood-Paley Theory

We also state a theorem of Littlewood-Paley type for spaces with dominating mixed
smoothness. Let us first define Sobolev spaces of this type. This is the direct general-
ization of the spaces Nikol’skij considered (recall the introduction).

If 7 € N and 1 < p < oo the Sobolev space S;W(']I‘d) of dominating mixed smoothness of
order T is defined as the collection of all f € L,(T?) such that

Df € L,(T%, a=(ay,...,az), 0<a<r.

Derivatives have to be understood in the weak sense. We endow these classes with the
norm

LFISgW (T =Y D 1Ly (T (1.39)

a<r

For general 7 > 0 and 1 < p < 0o one may use
> N+ )2 (U 22 €% € L(T%)
kezd

as well as

Il f |S;W(']1‘d)|| = H Z ()X =+ [k P2 (14 |kg|?)re/? eihe

kezd

Lp(qrd)H . (1.40)
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Theorem 1.6 Let 1 <p < oo and T > 0. Let f7 be defined as in (1.20). Then

| £ 1SEW (T =< H (Z 2%%(3:”2) 1/2

Zend

Ly(T)|

holds for all f € L,(T%).

Proof For 7 = (0, ...,0) this can be found in Nikol’skij [27, 1.5.2/(13)]. In the general case
one has to use a lifting property. We refer to [32, 2.2.6] and [32, 2.3.1| for the nonperiodic
counterpart. O

Now the following corollary is obvious.

Corollary 1.2 Let 1 <p < oo and 7 > 0. Then the identity
SyW(T?) = 5] ,F(T%)

18 valid in the sense of equivalent norms.

1.5 Complex Interpolation

We briefly describe the complex interpolation method following [47]. Let Ag, A; be Banach
spaces. If a linear Hausdorff space A exists such that Ay, A; — A then (Ao, A1) is said to
be an interpolation couple. For two interpolation couples (Ag, A1) and (By, B;) we denote
by L((Ag, A1), (Bo, B1)) the collection of all linear operators T : Ay + Ay — By + B such
that the restrictions 7|4, : A; — B;, i = 0,1 are continuous.

The class F = F(Ag, A;) is the collection of all vector valued continuous functions f : S —
Ag + Ay, which are additionally analytic on S := {2z € C: 0 < Rez < 1} C C. This class
equipped with the norm

1£17|l = max { sup || f(it)| Ao|| , sup || f(1+it)|Ar]l}
teR teR

is a Banach space. Finally, the interpolation space [Ag, A1y is defined via
[Ag, A1]y :={a € Ag+ Ay : it exists f € F such that a = f(9)}
and equipped with the norm

al[Ag, A = inf Fll . 1.41
lolldo, Alall = _int 171 (141
Let T belong to L£((Ao, A1), (Bo, By)) then it turns out that

(i)
T|[A0,A1L9 : [A07 Al]ﬁ - [B(b Bl]ﬁ
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is continuous and moreover
(i)

T : [Ao, A1)y — [Bo, Bilsll < IT : Ao — Bo||*?||T : A, — By|”. (1.42)
In order to apply this method to function spaces, let us mention the retraction and core-
traction concept. For two Banach spaces A and B we call a linear continuous mapping R €
L(A, B) retraction if an operator S € L(B, A) exists such that RoS = idg. We call S the
corresponding coretraction. Let R € L((Ag, A1), (Bo, B1)) and S € L((By, B1), (Ao, A1))
be retraction and coreatraction in L£(Ay, By) as well as in £(A;, By). Then

| f[ [Bo, Biloll < 1S f[[Ao, Ailoll [ € [Bo, Bily, (1.43)
holds true.

1.5.1 Basic Tools

Consider the interpolation method applied to weighted sequence spaces of type (7 (A;)
(defined comparably with [47, 1.18.1/2]), where A = {A,}; is a sequence of Banach spaces.
In the case 1 < qp, 1 < 00, 0¢, 01 € R this method yields the formula

(€3 (A7), €5 (Bj)lo = €7([A;, Bils) (1.44)

7 Tq1
where 0 < 99 < 1 and also
(1/q,0) = (1 =9)(1/qo,00) + ¥(1/q1,01) .

Secondly, we need a result concerning L,(A)-spaces of A-valued functions, where A is a
Banach space (see [47, 1.18.4]) .

Lemma 1.8 Let 1 < pg,p1 < o0, 0 < ¥ < 1 and % = 1p—_079 + p%. Then the interpolation
formula

[Lpo(A), Ly, (B)]s = Ly([A, Bly)
1s valid.

Proof A proof can be found in [47, 1.18.4]. O
Comparable with [31] for the case d = 2 we introduce the sequence spaces

(0N) = {0 = {ar) sy a7 € C andt ol = (32 277ja?) " < o}
ZeNg
and obtain the following interpolation result.
Lemma 1.9 Let 1 < qg,q < 00, o,v € R and 0 < 9 < 1 satisfy the equation
(1/p, 1) = (1 = 9)(1/po, o) + 9(1/p1,v).
Then the formula
(67, (NG), £, (N§)] = €4 (NG)

holds true.
Proof We prove this formula by iterating (1.44) .
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1.5.2 Interpolation within the Scale S; F(T%)

We construct proper retractions and coretractions (see (1.43)) to apply the results from
the previous paragraph. Recall that

1£185 o F (T = [l fel Ly (T, €)1

where f; , £ € N{, comes from (1.20). Let us fix a system ¢ = {p;(z)}32, € ®(R).
According to this we define once more the system ¢ = {1;}; C S(R) by

V() = gj—1(x) + () + @j(x) , zeR.

Let us start by defining the mapping S, through

S f@) ={ D wibapee} . feD(m.

feNd
kezd 0

Moreover, the mapping Ry, is defined by

Rug = Rolgdieng = 2 (D2 vulalge™) . g = (g0i  D'(TY,

feNd  kezd

providing that the right-hand side makes sense. A simple consequence is the following. Let
f belong to D'(T?). Then Ry (S, f) is well-defined and we obtain

Ry(Sof) = > wilk) (Z W(k)f(k)eik“)

leNd kezd

- 3 (S emine)
ZeNg \kezd

=

Consequently, we can prove the following result.

Lemma 1.10 If we assume 1 <p < 00, 1 < g < oo andr > 0 then both S, : S;qF(Td) —
Ly(T 07) and Ry : Ly(T% ;) — Sy F(T%) are bounded linear operators.

Proof Obviously, S, belongs to £(S}, ,F(T%), L,(T%,})) because of

1S f1Lp(T% )| = 11£155  F (T
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Let g = (g7)7 be an element of the space Lp(']I‘d,Eg). Of course, for fixed £ € N¢, g7 belongs
to L,(T?). This leads to

1Rsg1 Sy F(TOI* = [1Rs{ge}el Sy o F (T

= | X2 (X eathwrtiratgne™)

teNd  kezd

= | X (X eemubrentanet)

|uj—£j\§2 kezd
j=1,...,d

> H > (ka)ck(gag)em

le(-22n7)T  kezd 3

L,(T¢, o)

L,(T¢, o)

IN

L,(T¢, o)||-

u,l

Lemma 1.1 gives

Z (I)a[<k)ck(9ﬁ+l7)eikx = (27)_61/2/f_lq)u,i(y)gu+t7(37 - y) dy , € T,
R4

kezd

Using Minkowski’s inequality for the Banach space L,(¢,) and the uniform boundedness of
/ [F g e(y)] dy
Rd

we obtain by a standard argumentation
1R y91S5, F (T < csllgal L, (T, £2]]
O

The final result of this subsection reads as follows.

Theorem 1.7 Let 1 < pg,p1 < 00, 1 < qo,q1 < 00 and ro,r1 € R. Let further 0 <9 < 1
and
(1/p7 1/Q7T) = (1 - 79) ' (1/p07 1/‘]07 TO) + v - (1/]917 1/(]177”1)-

Under these assumptions we get the complex interpolation formula

(S0 W F (T, St F(TH]y = S; F(T?).

Po,q0 7T P1,q1

Proof We make use of both Lemma 1.8 and the previously defined mappings S, and R, to-
gether with (1.43). We consider the interpolation couple (Ag, A1) = (Lp, (T €79), Ly, (T%, (1))
as well as (B, By) = (S50 F(T%), 50t F(T%)) . This leads to

0,490 7 Pp1,q1

1 1[Spe a0 (T, Spt gy F(T]o | = 1S f Ly (T, £50), Ly, (T, €)1

Po,q0 P1,91 ?77q0 7 g1

= 18 f 1 Lp(T [y, €31o)l

= ’|Seof|Lp(Td7£2)||
= || f1S)  F(TY]?.



35 T. ULLRICH

1.6 Characterization by Differences

This section deals with the problem of characterizing the spaces, defined in Section 1.4, by
quantities involving first (or even higher) order differences of type Ay, f(z) = f(z+h)— f(x).
This field has a long tradition, especially in the former Soviet Union (see [1], [45], [27] and
others). Here we present results for the characterization of the spaces S} F(T?) and
S B(T?) by integral means of differences for arbitrary d, see Paragraph 1.6.4. We mainly
aim to give a counterpart of what Triebel did in [48, 2.5.11] for the isotropic case, i.e.
F;,Q(Rd) . Based on this we additionally obtain further difference characterizations, which
use for instance classical moduli of smoothness. See Paragraph 1.6.6, Section 1.6.7 and
confer also [32, 2.3.3, 2.3.4] for the bivariate case. Finally, we concentrate on the question,
whether one can replace fooo by fol in our characterizations. This problem investigated in
Paragraph 1.6.5 turned out to be rather difficult in the dominating mixed case. However,
we are able to give a partial answer.

1.6.1 Notation

Let us introduce some further notation. To shorten some formulas (integrals) in the sequel
we shall often use dh = (dhy, ..., dh,), % = du ... din g % = (’\ ’\), where \ € R.

t1 tn E’“"E

Also the following convention will be helpful. If we have a tuple 5 € {0, 1}¢ such that
|Bl1 = n > 1, we assign a tuple 6 = (41, ...,d,) to § with the property

1< <dfp<---<9,<d and 551:1 , 1=1,...,n. (145)
Let us here fix some often used sets and index-sets. For k € Z we put
I, =[-2F,2" and I} =10,2"].

Additionally, we put for j € Ny and k € Z

L\l : j>1
AL J\4i-1 = +A . _ 7+ +
I .—{ I L= and [, " :=1"\1_,.

Assuming 3 € {0,1}? with |3]; =n > 1 and § according to 3 we define for ji € Z¢

Qup = Lus, X o X Ly

+ .7t +
ap = Ly X X L (1.46)
FA L 74+A +A
Qﬁﬁ = IM51 XX LE
and for ji € N¢
A ._gA A
Qpg =1Ly .. x Iy (1.47)
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2 o _ o AL A .
If 3= (1,...,1) we put Qu := Qg , Qi = QF 5, Qi ™ = Q3 and Q := Qg5
The mentioned index-sets are given by
Ig={l=(l,. . l) ENG: ;=0 p;=0,i=1,...d},

Zs=1Z15,

N3 =ZzNN (1.48)
N5 =Nig,

Es = 25040, 13",

By=Ei 5.

And according to m = (my, ..., mg) € N we define the sets M{ = {0, ..., m;} and M = {0},
i=1,...,d. Finally, for 8 € {0,1}% we put

Mg = Mj x ..x Mj . (1.49)

1.6.2 Preliminaries

For several reasons we will need a modification of the famous Paley-Wiener-Schwartz the-
orem.

Theorem 1.8 Let b > 0. The following assertions are equivalent.
(i) f belongs to S'(RY) and satisfies supp Ff C {y : lyi| < bsi=1,...,d}.

(ii) f is a regular distribution which can be holomorphically extended to C?. Furthermore,
we have the growth condition: For an appropriate real number X > 0 and any € > 0
there exists a constant c. such that

1£(2)] < (1 + |z|) el elatellval 0 p — gy iy xy € RY
Proof With some obuvious modifications in the proof of the classical theorem, see for ex-
ample [58, VI.4], one obtains the version above. O

Remark 1.12 For us an important consequence is the following. We consider f € S'(R?)
with supp Ff C {y : |yi| < bs, @ = 1,...,d}. One direction of Theorem 1.8 tells us that
f is representable as an entire analytic function f(z) with some growth condition. If we
fix one variable, say zy, in f (to a real number) the outcome is also an entire analytic
function on C*' with a corresponding growth condition, but without the term ek Telvkl
Applying the second direction of the equivalence one can interpret this trace function as a
tempered distribution with support of the Fourier transform in [—by, by] X ... X [—bg_1, br_1] X
[—bk+1,bk+1] X ..o X [—bd,bd].



37 T. ULLRICH

Recall Paragraph 1.3.2. It is necessary to introduce a modification of the Peetre-Feffermann-
Stein maximal operator, defined in (1.12). Let b, 5 and f be defined like in this context.
Additionally, we need a parameter & € {0,1}¢\{(0, ...,0)}. The modified maximal function
Py 5 5 1s given by

Py s6f(x) := sup |f(x —axz)

1.50
2€Rd (1 + |6106121’31) S (1 + |deédZd|Sd) ( )

Obviously, the maximal operator defined in (1.12) is applied to the directions where the
corresponding component of & equals one. With the same arguments used for the maximal
operator M and M;, respectively, we obtain the following generalization of Proposition 1.5.

Theorem 1.9 Assume p,q,b%,5 and A = {A;}er as in Proposition 1.5. Let further be
a € {0,1}%. Then a constant ¢ > 0 exists (independent of f and A) such that

| By 5.0 fel Lp(T? L) || < || fel Lp(T?, £g) |
holds for all systems f = {fi}ez C L;‘(Tdfq).

Proof We argue analogously to Proposition 1.4. Doing so the assertion follows immedi-
ately from Proposition 1.5, Theorem 1.8 and Remark 1.12. U

1.6.3 Differences versus Maximal Functions
Definitions

We define differences of order M as well as corresponding mixed differences. Essentially
the same notation will be used as in [32, 2.3.3]. Fix h € R. Under a first order difference
with step-length h of a function f : R — C we want to understand the function A, f which
is defined by

Apf(z)=fzx+h)— f(x) , zeR

[teration leads to Mth order differences, given by

DY F() = DO @) . MeN | AY=1. (151)
Using mathematical induction one can show the explicit formula
- M
8 10) = So=1 (U ) st = (152)
j=0

For our special purpose we need differences with respect to a certain component of f as
well as mixed differences. Let us first define the operator A}, f applied to a function
f:R? — C. Having (1.52) in mind we set

Ay fa) = Z(—l)j (?)f(xl, e @i+ (M= J)h, @iy, a) (1.53)

J=0
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where m € Ng, h € R, i =1,...,d and x = (21, ..., 74) € R% Hence, one obtains similar to
(1.51) for m € N the recursion formula

A?zf(x) = A}LZ(AZZZ_If)(x) , i=1,..,d.

The combination of this kind of operators (acting on different components) is called mixed
difference. For later use we need a suitable abbreviating symbol. Let h € R?, a € {0,1}¢
and 0 be assigned to |&|; =n > 1 in the sense of (1.45). Let us further define the operator

] H” ms, AT oo AN al =0
m — 5; P h ,61 hn,én
AE7& . ( Ah5176l) — { [ 51 $ : ’@’1 _ 0 . (154)
i=1

We try to avoid the product-symbol. Nevertheless, in few cases it is useful and therefore
we will refer to (1.54) to recall the exact definition.

Differences and Maximal Functions

We want to develop some tools to estimate differences by maximal functions.
The first inequality is obvious but nevertheless essential. Let m € Ny and f be a locally
integrable function. Then

/|f(x+mh)|dh§2-Mf(a:) (1.55)

holds for almost all x € R. In the following we concentrate on estimating differences by
maximal functions, defined in (1.12) and (1.50). See also [32, Lem. 2.3.3].

Lemma 1.11 Let a,b >0, m € N, h € R and f € S'(R) with supp Ff C [—b,b]. Then
there exists a constant ¢ > 0 independent of f, b and h such that

| AR f(2)] < emax(L, [bh|*) min(1, [bA|™) Fyof ()
holds for all x € R.
Proof The main instruments of the proof are the left-hand inequality in Lemma 1.3 and
the mean-value theorem of calculus. Because of Theorem 1.8 the distribution f is an entire

analytic function and hence the restriction to R is C"*°. So the mean-value theorem provides
us ¢ with | — x| < h such that

| & f(@)] = f/(€) - he
Iteration of this argument leads to

| AR f@)| =] &5 (A7 f)(@)]

< sup | AP (@ —y)] - |
ly|<h

(m)(p —
s M)

= (L [bylY).
ly|<mh I+ |by|a
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Hence, we obtain

) (z — )|
AT f(2)| < |h]™sup —————2~ - sup (1+ |by|®
|87 @) < P sup B s (14 [yl
|f) (@ — y)]
= |h|" sup ————— - (1 + m®*|bh|*
" sup E (1 o) (1.56)

(m)(p —
< 2m? -|h|™ max(1, |bh|*) sup M
gl yer 1+ [byl®

=:Cm,a

What remains is a consequence of a homogeneity argument. To understand this let g €
S'(R) such that supp Fg C [—1,1]. Then

| AR 9(2)| < malh|™ max(1, [h]*) - sup

=z - 77 1.57
ek 1+ |yl ( )

follows by (1.56). We apply (1.57) to the function g(z) = f(z/b). It is easy to see, that
g € S'(R) and supp Fg C [—1, 1]. Furthermore, we have

Ny [ (@) = Dig(be).
Hence, (1.57) gives us
| AR )] = [ Agj, g(ba)]

(m) (b —
< e ab|™ max(1, [bh[?) - sup 1T — ¥
yeR 1+ |y|a

At next we use the left hand side of Lemma 1.3 and obtain

b —
| A7 @) < bl max(1, 1) sup 90—
yer 1+ |y

bz —
b max(1, [bh[) sup L& =) (1.58)
’ sek 1+ [by|e

= Cpp.al O™ max (1, [Dh|*) Py o f(2).

On the other hand we can directly estimate using (1.52). This yields

i (%) e+ (=

—0
o M=l
yl<mn 1+ |byl®

o0t s L=
"yer 1+ byl

< C/T/n,a max(l, |hb|a)Pb,af($)‘

RAVAN

o (L ]) (1.59)

-max(1, |mhb|®)
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And finally, (1.58) together with (1.59) completes the proof. O

The following lemma generalizes the previous one to d dimensions. For sake of brevity we
define
A(s,t) :=max(1l,s)min(1,t) , fors,t>0.

A simple property consists in the following. For fixed v, w > 0 there is a constant ¢, ,, > 0
such that
A(w-s,w-t) < ¢y A(s, t) (1.60)

for all s,t > 0.

Lemma 1.12 Let a :_(al,...,ad),E = (by,...,by) € R? satisfy a,b > 0. Let further be
m = (my,...mq) € NU h=(hy,....hq) € R? and f € S'(R?) with supp Ff C Q3, where
Qg = [—bl,bl] X ... X [—bd,bd].
Then there exists a constant ¢ > 0 (independent of f, b and h) such that
(ARt 0 ARty oo A f) ()]
< ¢ A([brha|*, [brha|™) - .. - A(|baha|*, [baha| ™) - By f (2)

holds for all x € RY.

Proof The idea is to iterate the previous lemma. We define the function g by

9= (Ap2y 000 AT ()
Because of | |
fg = (6152,12 _ 1)7712 - (€Z€dhd - ]_)mdff

the inclusion supp Fg C supp F [ C )5 holds. Let us now fix the components x,, ..., z4
and consider the function

g:=9g(,x9,...,2q).
Remark 1.12 after Theorem 1.8 gives us g € S’(R) and supp Fg C [—by,by]. Finally, we
use Lemma 1.11 with A g(z1) = A g(21, ..., w4) and obtain
(B4 0 Bz o0 B laf)(@)] = Dytg(e)
< ca17m1A(|b1h1|a1a |b1h1’ml) ' Pb17a1§(x1)

|9($1 —y1,$2>-~-,$d)|
(1 + [bry1]™)

= Cal’mlA(|b1h1|a1, ’b1h1|m1) - Sup
Y1

We continue by estimating |g(z1 — y1, Z2, ..., 24)| in the same manner. Iteration of this
procedure finishes the proof. O

Remark 1.13 With exactly the same arguments one proves a version of the previous
lemma to estimate mived differences of type AT f(x) by the mazimal function Py 5 f. O
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1.6.4 Integral Means of Differences

The main result in this section is a characterization of the spaces S;qF (T), 0 < p < o0,
0 < ¢ <ooand 7T > 0,, using integral means (rectangle means) of differences. In some
sense it is the counterpart of [48 Th. 2.5.11|, where the isotropic scale is treated in terms
of ball means. It will be also used as starting point for further difference characterization
later in this section.

Theorem 1.10 Let 0 < p < o0, 0 < ¢ < o0, 7 = (r,....,7q) € R and m = (my,...,mq) €
N with m > T > 0,,. Under these conditions the space S; \F(T?) is the collection of all
functions f € L,(T?) N Ly(T%), such that

1S, ETONE = IAL(TY + Y- SF(f) <oo . (1.61)

Be{0,1}4,81>1

For ||y =n > 1 we put

77‘5 q ms me yn 1/q
H[ )< / [ P R A N 1. )‘dh> 7}

(0,00)" [—1,1]"

Ly(T7)

B B (1.62)
with ¢ assigned to [ in the sense of (1.45). In case ¢ = 0o one has to replace (1.62) by

n

s (T[67) [ 1T 00 A0, 1)@ diL

te(0,00)™

H(TH]|.

[—1,1]”
Moreover, (1.61) is an equivalent (quasi-)norm in S; F(T?).

Proof The proof will be divided into 2 steps.

Step 1. We fix ¢ = (¢!, ...,p%) € ®(R)?. We want to show that a constant ¢ > 0 exists
such that
£S5 FII" < cll £1S5 4 FII7

holds for every f € Li(T%) N L,(T?). The basic idea is to use the decomposition (1.20) and
proceed by estimating the appearing differences by maximal functions via (1.55), Lemma
1.11 and Lemma 1.12. Afterwards we shall exploit the maximal inequalities, Proposition
1.4 and Proposition 1.9. We follow [48, 2.5.11] and apply the isotropic strategy in a
certain sense to every direction. Let us make some further preparation. We choose a tuple
a = (a,..,aq) > m and a number 0 < A < min(p, q) such that ¥ > (1 — A)a. It is
easy to see that this is possible: In case min(p, q) < 1 we have

1
r; > )(1—min(p,q)) , i=1,...,d

min(p, g
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as a consequence of ¥ > 0, ,. In case min(p, ¢) > 1 we simply choose A = 1.
Assume firstly ¢ < co. We start by considering the expression Az(x) defined by

—7rs. m m dt
AB(:E) = / (H tl 61q) ( / ‘ ( Atlfllh(;l ©---0 Atn(;lnn,(;n ) ‘dh> ? (163)
(0,00)™ [—1,1]

where 3 with |3]; = n > 0 (and corresponding ) is fixed. In order to replace in (1.63) the
integral by a sum we obtain with elementary calculations

AT m dt
AB(9‘3) <c Z / okq (Qk / | hfﬁh "0 Ah:,%, |dh> 9k

/_CGZB QJEA
q
5 SEC Co M ISTRERYSEWIBI
keZ5 Q_ I
_ N\ ¢
- C_Z 2qu< / |(A2—5’i51h1,51 o Azfgsn hn,énf> ($)| dh)
kEZB [—1,1]"
SCZQW‘@( /}Akhﬁf }dh)
/:?GZB [_171}

For the used notation we refer to (1.46). Recall the Fourier analytical decomposition of f
in
filr) = (¢' @ @ Dk)en(f)e™ , zeT?, (€N

kezd

See (1.20) for details. Obviously, it holds for every k € Z3
f= Z Z Jritra (1.64)
leZz ueNg
in D'(T¢), where we put ¢, =0, i =1,...,d if £ < 0. Hence, for ¢ < 1 we obtain
_ A\ ¢
<X XX [ 8 @ld) 06
leZzueNz keZg [—1,1]¢

Precisely, we used the unconditional L;([—1,1]")-convergence (with respect to h) of the
sum

Z Z Amk h,p k+€+u( )

leZjzueNg

for fixed x. This follows from its absolute L;-convergence and (1.64). In some sense the
arguments are justified if one reads the estimates backwards.
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If ¢ > 1 the triangle inequality in ¢, gives the estimate
—E ) N2 71/e
PRCLESS 3 31 DL B WIS Sy eI N (1.66)
leZgzueNg ~keZs [~1,1]d

instead of (1.65). We continue in estimating Az(z) in case ¢ < 1. For the moment we
postpone the case ¢ > 1. We decompose RHS(1.65) into the following blocks with respect
to the f-sum

_ ) N\ ¢
A%(J}) = Z Z Z 27“]“1< / { Agi‘_“*fz,ﬁ f;;+g+ﬂ(x)| dh) , (1.67)
leZ5 ueNz keZg [~1,1)d
where @ < 3,

Zgz{(h,...,kd)ézdz(ﬁizo — k; =0)

A\ ((aljﬁl) — kl - 0)
A (i, B) = (1,1) = k; <0),i=1,...d}
and hence Z5 C |J Zg‘. Consequently, we obtain
a<p
As(x) <Y Af(x). (1.68)
a<p

We investigate the behaviour of the integral

/ | Agl_;;*,;’g fE+Z+ﬂ(x)‘ dh = / | Agl—zz*,‘%@ o A;ﬁ_k*g’ (B—a) fl}+z7+a(=’”)‘ dh (1.69)

[71»1](1 [7171]d

inside RHS(1.67) for a fixed @ < . To avoid technical difficulties we just consider the
special situation 3 = (1,...,1,0,...,0) and & = (1, ..., 1,0, ..., 0), where |a|; < |3|;. All other
cases can be treated analogously. One only has to change the order of difference operators
appropriately. With the help of Lemma 1.12 and Remark 1.13, respectively, we lose the
first part A;hf'%*ﬁ,a of the mixed difference in (1.69). Estimation by a maximal function of

type (1.50) using Lemma 1.12 and (1.60) yields

/ } A;ﬂ—fc*ﬁ,a © A?—%*;}, (B-a) f;;+z+a(:c)\ dh

[_lvl}d
< e A(|20kgR | olitkig—hymuy L A(|200 TRIal 9kl el | |28a1FRial 97Kl |Mialy )
| Praal s fiesadle) di
[_lvl]d

(1.70)
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where @ was chosen together with A right at the beginning. Additionally, we put b =
(2kth . 2katta) Recall the fact (1, ..., €5, < 0. In case |a|; < |3|; = n this simplifies
estimate (1.70) to

| 180 0 B8 5y Frsiala)|
[—1,1]

< 612£1m1 .. 9% ™ sl / PE,&,&(A;h—l?*ﬁ,(ﬁfd)ffﬂr@rﬁ)($) dh .

[7171]d

(1.71)

Whereas we otherwise (in case |a|; = |3|;) end up with

/ | A;ﬁf’?*i}a © Agzh}}, (B—&) f/_f+z7+a<37)‘ dh < ClQ&ml ’ 2€nmnP (fk+e+u)(x)

[~1,1]4

instead of (1.71). To proceed with (1.71) we need a new strategy. The remaining difference
operator inside (1.71) acts on the components of f;,7,.(), that correspond to the /-
components in Z¢, which run over Ny. Of course, it can be estimated in the same manner
we did above. We obtain by Lemma 1.12

Praa(D k5o frrra) (@) < c2fmatiahin . ofon By oy gy o) (). (1.72)
Let us first split the integrand in RHS(1.71) into the product
Fy (A;ﬂfl%*h(g_@)fl_e+2+ﬁ>($)

o B . (1.73)
&,d(Ang*ﬁ7(B_@)f15+l7+ﬂ)|1 )\(‘T) ’ ‘PE,EL,&(Agfl_c*}’lv(g_@)ffc—kz-&-ﬂ)|)\(x>‘

In case min(p, q) > 1 there is no need for such a splitting, as A = 1 indicates. Moreover,
the difference A;” Feh (3 fk+€+u can be expanded to a sum with the help of (1.53). Using
an obvious subadd1t1v1ty property of the operator P, 5, we can tear the sum out of the
argument. This yields

PE,&,@(A?—I}*B,(B,O—[)JCE+Z+1L Z Cw b,a,a fk+€+u)($ +w * 2 B) ) (174>

wEMﬁ

b,a,o
= |F

where we refer to (1.49) for the index notation. Combining (1.72), (1.74) and (1.73) we
obtain

/ { Agl—hﬁ,a © Am Fxh, (B—a fk+é+u )| dh

[7171]d
< g2frmi . 2l mian bkt w1 (7N L oban N P S (g T () x
x Z o [ 1Pl o+ w2 ) di
EEM57& [_171}(1
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And finally Lemma 1.55 leads to

/ | A3 tia © D5 i, (5oa) fostra(® x)| dh
=) (1.75)
< 20l e Qlah el (1N L gban=N B (e 17N ()

Mg 11 0...0 M, (’P (fk+e+u)\A)($)-

We return to Ag(z). Together with (1.75) we obtain in our special situation

) <cy E oli(mi—ri)a . 9la), (mia), —Tjal,)a
tezg

Q\Q\

) 2€|a\1+1[a\a\1+1(1—>\)—7’\a|1+1]q .. 9balan(1=X)=rn]q
D) 2B s(fraea) |V (@)
Z_LENB EEZ@

: ’M|a|1+1 ©..0 Mn(‘PE,a,a(fEJrZJrﬁ)’)\)|q(x)'

(1.76)

After modifying the sum over k in order to make it independent of ¢, the sum over / is
nothing but a geometric series and breaks down to a constant. This is a consequence of
m > 7 and the second condition to A (and a). Hence, we arrive at

() <es Y Y 27 o g fraa)| V@) - [Migpan © e 0 Ma(| Pot g (frva) )] (@)
uGNﬁkeNﬁ

=5 3 27N Py i V) - Mo (| P fil )] (@)
keNg

where My = Ms, 0...0Ms_ (recall (1.11)) and 6 belongs to 7 € {0,1}% as usual. Altogether
we obtain the following estimates for the cases (C}) |a|; < |3]; and for (Cy) |al; = ||,

respectively,

> 2(mB) |P2ka,@fk|1 )\)q )-‘M@,&(|P2;;’a@f,;|)‘)‘q(x) : Gy
keNg

. 1.77
S 20| By (f)l4(a) o, T

keNgd

The case @ = (0, ...,0), i.e. [al; = 0, fits into (C1). One only has to replace Py 4 5.f5 by f-
With obvious modifications we obtain (1.77) for arbitrary 3 and @ < 3. Inequality (1.77)
invites us to exploit the Theorems 1.4 and 1.9 for estimating ||Ag(m)1/q|Lp(Td)||. Hence,
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we obtain in case (Cy)

_ 1/q
1A% () V| L (T < s ( > 2<r*ﬁ>'qupzk,a,g<fk>|q<x>) L,(T%)
keNd

=0C5 }}Pz%,a,B(Q(F*B)%fIE)}Lp(gq)” (1'78>
|

<er |1£18],F .

Let us now consider the case (C7). We begin using Holder’s inequality for sums with the
exponents % and ﬁ and obtain

A 1-A
a 73)-k A 7+03)-k
450) < o 3 2y (1P fi @) ) (3 2Pl )
keNg keNg
Applying the L,(T?)-(quasi-)norm to the previous inequality this leads to
1AG ()4 Ly (T |

Ap
7*3)-k /A 7 )k
< s Z IGE) kq‘Mde(‘Pﬁ@@fl}’)\Hq (:L')) « ( Z IGE) kq’PQk,a,ﬁfE’q(x))
keNg keNg
A/p
X

A=X\p 1/p

Ly (T%)

P

*3)-k A 1
< o (3 2Py (1P i)

kend

(3 2 1y i) )

keNg

Ly (T%)

(1-\)/p

X Ly(T%)

Again we used Hoélder’s inequality with the same exponents, but this time for integrals.
Rewriting of the last inequality shows

1AG (@) Ly (T)| <es|| Mg (1Pye .6 (27" F) M) (2) | Lypa (T4, g )| %

(7pB)-k d 1=A (1.79)
X HP2’5,&,B<2 fl%)(x”[/p(T agq)H .
The second factor can be estimated analogously to (1.78), i.e
7*0)-k 1-A 7x3)-k —
1Poeas @7 @I ) < 2TV RILTL I

< allfIS FI'
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Because of p/\, ¢/A > 1 and Theorem 1.4 the first part of the product (1.79) can be reduced
to

HMB—&(|P2’5@,&(2(F*§M ,;,)|’\)(x) Lp//\(Td7£‘Y/)‘)H < || |P2’5,a,a(2(7:*ﬁ).kfl?:)|/\|LP/A(Tdagq//\)”
= g || Pyt .0 (27 )| Ly (T, £) |1
< ¢ IIQ(F*B)"“f*)IL (T, )"
< el fIS) . FII™

This fact combined with (1.79) and (1.80) yields
1AG ()9 Ly (T < enll f1S),,F11°.
Hence, (1.68) gives
1
SE(f) = 1A " @)Ly (T4 < enllfIS;,F 1%
What remains follows by Proposition 1.9. We now finish the case ¢ < 1. To complete Step
1 it remains to describe the necessary modifications in the case ¢ > 1. Let us start with

(1.66).
The condition 7 > 0 allows the following estimation

1/q <CZZQ —7iig) ra . ]1/q§CZSL}p2Fﬂ . 1/q22 7

leZ; ueN; lez; aEN;
1/q
<dy ( 2 2”%--])
teZ; “ueN;
_ a\ 1/q
= Z ( Z Z 2r.kq2r.uq< / ‘ A;ﬂ—E*E,B fk+z7+a(1')| dh) ) '
leZz “keZzueN; (—1,1]

At next, we decompose the sum over / in the same way we did in (1.68) and put

s =Y (X ([ ;”k*ﬁ,gfk+z+u<x)|dh)q)”q.

ZEZ[k UGNﬁ k‘eZﬁ [7171]51

From now on we can carry over the estimates given in case ¢ < 1 almost word by word.
The consequence are three cases for an upper bound concerning the expression Ag(w)l/ 9,
depending on |@|; and min(p,q) (i.e. A). We distinguish the case (C}) |al; < |B]1, A < 1
from (Cy) |al; < |B|1,A =1 and (Cs) |al; = |B];. Additionally, because of ¢ > 1 the case
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min(p,q) > 1, i.e A =1, is possible. See also (1.77). Altogether we obtain

(T 1/q
> QW‘PQE,a,BfE’(I_/\)q(m) : |M5—&(’P2k,a,af/_€|>\)‘q<x)] O
| keNd
i 1/q
A%(‘T}l/q < > QWIME—(& © Pﬁ,a,a( l%)’q(x)] Gy
| keNd
I 1/q
> QF'“Q\sz,a,g(fzz)!q(x)] e
\ | keNg

What remains is similar as above. The case ¢ = oo can be treated with obvious modifica-
tions and much more simpler arguments.

Step 2. We show the converse inequality using a classical construction by S. M. Nikol’skij,
cf. |27, 5.2.1]. The basic idea is to prove

1£1S5.FII7 < el fISp FII*

for every f € Li(T%) N L,(T%), where ¢ = (', ..., p?) denotes an appropriate tuple from
U(R)4. These decompositions of unity are adapted to the order of differences used to
compute || f|S] F||®. For every i € {1,...,d} we put

) = (0me 3 (") 1 - o) (181)

pu=0 K

where ¢ € S(R) such that
1z L1
w(@_{ 0 : |z|>3/2 "

Consequently, ¢ € S(R) is compactly supported and moreover

= {41 =y o

Equation (1.82) is clear in case |z| > 3/2. In the case |z| < 1/m; we have

) = 1t (3 (M) - o)

p=0 a
(=)™ (@ =)™ = (=1)™)
1.

Therefore, the function ¢} () is in the sense of Definition 1.2 admissible to define via

ei(x) = ph(270) — (277 a) > 1,
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a decomposition of unity ¢ := {¢}(x)}32, € ¥(R). Now formula (1.52) points out the
connection to differences. Obviously, it holds

po(r) = (=1)™ AT ¥(0) — (=1)™)
and
90;(3:) = (_1>mi+1(A;njjx - A;@Hlm)d}(o) for j>0,
respectively. The effect is the occurrence of differences on the Fourier side of f. We consider
again the sequence {fz(x)} zend » Where

o) = S (¢ @ @ @b fet . xeT |, TeN,
kezd
see (1.21) . Tt is necessary to divide the index-set N¢ into 27 disjoint subsets in the following
way
d
pef0134

where we refer to (1.48) for the notation. To avoid technical difficulties we again discuss
only the case 8 = (1,...,1,0,...,0) with |3|; = n. Hence for £ € I5 we arrive at

@) = | 30 LA, = D J9(0)
kezd

(D, = D, )E(0)

2= b2k, 2—lat+lg,

(A — Ay, )Y(0)
: 908+1(kn+1) Tt Sog(kd)]ck(f)eim .

Together with (1.81) we obtain

mp41—1 mg—1

fe@)l =] Do - D it Gt

Hn+1=0 pa=0

X Z [(A;njelkl - A;n*lél+1kl)¢(0> T (A;n}énk" - A;@nﬂkn)lb(())x (183)

kezd

X Y((Mns1 = fns1)knsr) o (Mg — Md)kd)}ck(f)eik'x

where C}' := (—1)“(’;‘) for 0 < < m. Since f € Li(T%) Lemma 1.1 gives the following

Z V(mky) - ... - (ngka)ce(f)e®®

kezd

= —(27T)_d/2 /f[(¢ R...Q @/))()] (h) f(z1 + niha, ..., x4 + ngha)dh.

Y



1.6. Characterization by Differences 50

The function g(h) := F[(¢ ® ... ® ¢)(-)](h) belongs to S(R?). Consequently, for every
r > 0 there exists constant ¢, > 0 such that for every h € R?

(L4 )2 - (L [hal?) 2 g(R)] < e (1.84)

holds. See also (1.2). Applied to (1.83) the differences on the right-hand side carry over to
f, precisely

filw)] < (1.85)
[ a0 A = B ) 20 (B, = AT, D)@
]Rd
where
Mp+1—1 mg—1
Lif(z) = Y > Cmmere O x (1.86)

pn41=0 #a=0
X f(@1 oy Ty Tt + (Mgt — M) ingas oy g + (Mg — pa)ha).

Consulting (1.52) we notice that Ljf(z) is almost a mixed difference. Appropriate de-
composition of RHS(1.86) gives us precisely a sum of mixed differences. Due to technical
reasons we rewrite (1.86) in

Mn41 mgq

Lyf(x) = Z Z Og:jf—unﬂ Tt Onnz:—udx

Hnt1=1 pa=1
X f(x1, ey Tny Tt + Pns1Pnaty ooy Ta + faha)-

See again (1.48) for our predefined index-sets. For abbreviation we define the quantity

7] d . .
C’Z—f = Zl;[l C’MZ. Now it follows

Lif(z) = Z Cr_p- fle4+axpxh)
ack; peMa
|ali=d—n
- Y Y fararneh

(1.87)
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Obviously
|A7I’?af($)| = Z C;—?_ﬁ-f(ijd*ﬁ*B) )
REMa
Together with (1.87) and (1.53) this implies
Lif(z) = ) ea AT, , (1.88)
aGEB

where the e; € {—1,1} were chosen suitable. Putting (1.88) into (1.85) and using the
triangle-inequality we obtain the following

@ <e 3 3 [la- |87 50 O fa)| dh
ucEs acE; pa

We will write £,(Z) instead of ¢, for some Z C N to indicate which index-set Z belongs to
¢,. Altogether, this gives an estlmate for ||2™ efg( )| Lp(T9, £,(Ng))||, namely

||2’"'Zfz(flr)|Lp(Tda_ «(NG))
<e Y 127 fel@)| Lo(T 4y(15))]
Befo.1} (1.89)

@Y XYY 2’”/\9 1O 0550 B £ (T, 1,19 |

ﬁE{O 1}d uGEﬁ OcEEﬁ

RHS(1.89) can be increased if we use the index-set Nj instead of Iz in the {;-norm and
replace ¢ — @ by . We get

127 fi)| Ly (T, £4(NG)) |

zzz\

Be{o 1}d u€Ej ae By

SDNDIDY

ﬁE{O 1}d UGE,(; OJEEg

27’2/ }_l ‘Amf

IQM/‘Q ?EEBOA?*Z*E,&JC(’T)‘dB

Because of

for a € EB it holds that

ISy NP < es D >

2T€/|g *haJrg f($)|dﬁ
Be{0,1}d acE;

2"f/|g i F) | d|L

= C3
Be{0,1}4
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It remains to estimate the summand
|27 [lath1-| 25055 100 a0,
]Rd

for every 3 € {0,1}4. In the case |3|; = 0 it degenerates to

7ol [t ai,

which equals ||g|Ly(R?)|| - || f|L,(T%)||. We will finish the proof by estimating (1.90) from
above by ¢ - Sg(f) in case ||; > 0. For this purpose we want to discretisise the integral

appearing in (1.90) similar to in Step 1. For the used notation we refer to (1.46) and (1.47).
Obviously

L,(T? ¢ (NB))H (1.90)

T%)

Y

/|gﬁ || A5 e }dh_2/|9(ﬁ)|'\ﬁzhgf )| dh.

MENg Q;%

Together with (1.84) we obtain for any s > 0

GBI OIS SEas /m ona £()|
R4

peNd
|03 m
<,y 27l / | A5 f(x)| dh
RENG Qu—pst
= ¢q ZZ'“'I 9)g =P A=t g—n(l- / |A%Bf(x)‘dl_z.
RENg Qi

Consequently, we have for (1.90) in case ¢ < 1

. o a1 1/q
|: Z Z 27’€q2|,u,| (1-s q2 B-(f Z)QQ#(lﬁ)‘I( / ‘A%Bf<l')| dil) :|

eeN peNd

(1.90) < ¢, L,(Th].

p—BxL

The next step is to estimate the sum over ¢ by an integral with respect to . Having an
arbitrary tuple ¢ € Q+ we can rewrite the previous estimate to

B*E—i—l
1 ) \ 1714
7l 1-s m d
(1.90) < &4 [Z > " grtaglil )q(;— / ‘Ah,ﬂf@:”dh) } Ly(T%)
éeNﬁ eNd [—tl,tﬂx...X[—td,td]
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We use 27 = 98+(t=p)7 . 9(Bi)-7 , =B . 9(B*i)T and obtain

- . ) T\ 1
(1.90) < ¢, Z Z 2(ﬁ*u)~rq2u(l—S)qt—(r*ﬂ)q( / ‘At*hﬁ (x)‘ dh)

-7 T d
@EN[,\ MENO [_171}

r _ _ q71/q
= ¢y Z 2ﬂ'(1—5+ﬁ*f)q Z t—(r*ﬂ)Q( / } At*hﬁ ({L‘)| dh) :| Lp(Td)

L - eNd 7e N -
RENG LeNg (—1,1]d

(1.91)

It should be mentioned that the chosen ¢ depends on the summation index ¢. Because
of measure theoretical reasons there must be a #(x, /) € Q+ AT such that the integral

average of the function
o \ ¢
hm(ﬂ = t_(r*ﬂ)q< / | At>|<h B (ZL‘)| dh)

[7171](1

with respect to the rectangle Q# 5uii1 1S greater than or equal h, (). It is also remarkable
that h, is invariant in the components t¢;, which correspond to 3; = 0. Later this will be
important later. Hence, we can replace h,(t) in (1.91) by

1 / _
ho (F) dF .
‘Q—’_ 5*@+1‘

+A
A—Bxf4+1

And this can be estimated from above by

+A
Qp, Bxl+1

where ¢ is independent of  and /. This yields

. dl? 1/q
(1.90) < ¢ {Z g (L=s e ™ / ha(2) 7} Ly(T%]. (1.92)
peNd leN; ora
a— Bxl+1

Obviously the integration over the invariance-components of h, breaks down to a constant.
Finally it holds

s, m m di
> [ 0% se [ (AT [ e ol i) T
KENﬁ +A (0,00)™ i=1 [-1,1]"
Qy, Bxl+1
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Thus we lost the pi-dependence. Putting this into (1.92), the fi-sum is nothing more than
a convergent geometric series for sufficiently large s. This finishes the proof in case ¢ < 1.
In case 1 < ¢ < oo we use the triangle inequality in ¢, to interchange ji- and /-sum. The
modifications in case ¢ = oo are obvious. U

Remark 1.14 Let us give a remark concerning Step 1 of the proof. If we would not exploit
the integral structure of the rectangle means after (1.73) and continue similar as before,
the method works only in case T > 1/ min(p, q). At exactly this point one gets an idea, why
the integral means are more powerful than classical difference constructions (which will be
discussed later, see Paragraph 1.6.6). Namely, the integral in RHS(1.71) allows the use
of Hardy-Littlewood maximal functions. Here we need the chosen quantities X\ and a. On
the one hand X\ and a force the convergence of the {-sum in (1.76) and on the other hand
A < min(p, q) is used to apply the corresponding mazimal inequalities in (1.79).

Remark 1.15 It has been proved recently by Christ and Seeger, cf. [7], that at least in
the isotropic case the condition r > o, 4 is necessary. We expect the same in our situation.
See also [49, 1.11.9].

1.6.5 Localization

As we have already seen, the philosophy of difference characterization is to test the smooth-
ness of a function, checking the behavior of differences with small step lengths. Now the
question arises, whether one can replace the (0, co)-integrals in (1.62) by (0, 1)- or (what is
essentially the same) by (0, £)-integrals, where ¢ > 0. This would be a certain type of local-
ization property, which holds unrestricted in the isotropic case, cf. [48, 2.5.11]. We present
a partial result in the case of Banach spaces, except the constellation 1 = p < ¢ < o0,
using complex interpolation.

Let 0 < p<o0,0<¢qg<ooand 7 >0. For f € L,(T?%. Similar to (1.61) we define the
quantity

1S TN = I FIL(THI + Y S50

1Bl1>1
where (modification in case ¢ = 00)
“ —Ts.q mg m qd_ l/q d
n-| { ILe ([ N onimnlan) | o)
i=1 i
for ‘6’1 > 1.

Proposition 1.10 Let 1 < ¢ < p < oo and 7 > 0. Then there exists a constant ¢ > 0
such that
1£1S) ,F (T < el f]S, F(T|™""

for all f € L,(TY).
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Proof We use p/q > 1 and
| [ stendsltau@)] < [ lote )Lyl dy
X X

in order to lose the [1, c0)-integrals with respect to ¢ . For full details let us refer to [52,
Prop. 3.5.1]. O

Proposition 1.11 For 1 < p < oo and 7 > 0 there exists a constant ¢ > 0 such that
1F17 0o F(TON < ]| f1S) o F (T 5
for all f € L,(T?).

Proof Fix § = (1,...,1,0,...,0). Because of ¢ = oo we obtain the relation

n

sup ([ )R/ (2)

Aoy XX Aoy, i—1

SE) <e ) L,(T%)

acks

Y

where Ag = (0,1), A; = [1,00) and

1 1
REsf(@) = [ oo [ (@00 000 A5, @) dh -
-1 4

Now R% f(x) can be partly rewritten as an iterated Hardy /Littlewood maximal operator,

)

see (1.9) and (1.55). The classical scalar maximal inequality completes the proof. Again
we refer to [52, Prop. 3.5.2] for the details. O

Finally we state the main theorem of this paragraph.

Theorem 1.11 Letp=qg=1orl<p<ooandl < q < oo. Let further v = (ry,...,7q) €
R and m = (my, ..., mq) € N* with m > 7 > o,4. Then S} F(T?) is the collection of all
functions f € L,(T%) satisfying

1£18, 4 F (T4 < oo.
Moreover | f|Sy ,F(T%)||® is an equivalent (quasi-)norm in S}, F(T).

Proof This is a consequence of Theorem 1.10, Proposition 1.10, 1.11 and complex inter-
polation. See also [52, Thm. 3.5.1]|. O
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1.6.6 Moduli of Smoothness and Differences

This paragraph deals with equivalent (quasi-)norms for Sy F (R?) using moduli of smooth-
ness and differences itself. The price one has to pay are more restrictive conditions to 7,
namely 7 > 1/ min(p, ¢), which cannot be essentially relaxed. The aim is to derive the re-
sults from [32, 2.3.3] for arbitrary d. Our proof is based on the characterization by integral
means, cf. Theorem 1.10. The first step is a small modification of the integral means used
in Theorem 1.10.

Proposition 1.12 Let p,q,7 be given as in Theorem 1.10. In the sense of equivalent
(quasi-)norms the integral means

RE @) = [ (B0 o0 AL 5, 0@ (1.93)
1,1
in (1.62) can be replaced by
REsf@) = [ (Ol oo Al s @) dh (199
12[hi[>1/2
i=1,...,n
Proof Concerning the proof we refer to |52, Prop. 3.6.1]. O

The following theorem is actually the counterpart of [48, Thm. 2.5.10] and [32, Thm.
2.3.3], respectively.

Theorem 1.12 Let 0 < p < o0, 0 < g < o0, 7 = (11,...,74) € R and m = (my, ..., mq) €

N& with m > 7 > m. The quantities

1£1S5, FTYMA = AL+ 3 S3A ()

Be{0,1}34,|811>1
are equivalent (quasi-)norms in Sy F(T?). In case 1Bli =n > 1 we put

(i)

- —=Ts. m m, d{ 1/q
S5 () = H[ / (1167 sup [(A57% 00007, )(rc)lqﬂ Ly(TY)||  and
0,00)r =1 le‘,i,Zn
(i1)
A - —7s.q msy ms q dﬁ Va d
S5(f) = (LTIl 75| (AR 00 A f)(x)] = L,y(T%)

R i=1
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with h = (|hy], ..., |hn|) and & as above. In case ¢ = co one modifies
A —rs. ms, mgs,
S5/ 00) = || swp (TTIl ) 1AL 0 0 8775, D@ Ly(T)
R =1
h#0

Proof Step 1. We show | f|S; FII* < || f|S] F||? following Step 1 of the proof of
Theorem 1.10. First we descretisise the ¢-integration and obtain (with the same notations
used in Theorem 1.10)

n

s m m dt
AB(]}) = / (Htl %q) Sup ‘( Ahlﬁiﬁ A Ahv:s%nf) <'r)‘q 7

- Ihi|<t;
0,002 =1 i=1,..n
chq m o q
< E 2 b | A w55 f (@)%
kGZB ’

Now we use again (1.64) and obtain in case ¢ <1

Az(x) < e Z Z Z 9ka ) sup1

leZ- GEN - kel he[-1,1)¢
teZ; ueN; keZg

In case ¢ > 1 it holds an estimate similar to (1.66). What follows is much simpler on the
one hand, but much more restrictive on the other hand. Having no integral means for
estimating differences by Hardy-Littlewood maximal functions we argue as follows. Zj is
decomposed as done before, but now we directly combine the modified estimates (1.70)
and (1.72), i.e.

_sup | Agi@*ﬁ Jiyira(@)| = sup | Agzk*;%g o A?hﬁ,é—& Srvoya(2)]
he[—1,1]d he[—1,1]4
< C32[1m1 ... - 20anmal 9lah v1an 4 L QE"G"PI;C—LB(JCE_,_[_,_Q—L)(Z’).

Recall that 3 = (1,...,1,0,...,0) with |3]; = n, @ = (1,...,1,0,...,0) with @ < 3 and
b= (2f+4 2katta) Now the stronger condition 7 > 1/min(p, ) is required. In this case
it is possible to choose a tuple @ = (ay, ..., a4) such that 7 > a > 1/ min(p, q). Proceeding
similar to Theorem 1.10 we get the estimate

A%(x) <cy Z gtimi—ri)g | 9l (mia); —ma) e . 9lan+1(2a) +1-Ta+1)a . 9lnlan—Tn)g
Zezg

S 2 By ) )

ueNg k€Zj

instead of (1.76). What remains is straightforward and essentially a consequence of Theo-
rem 1.9.
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Step 2. Tt is sufficient to show || f|S7 F||R/ < || f|S; F||* for all f e ST F(T).
The case ¢ = oo is trivial. Let us ﬁrst consider the case 1 < ¢ < o0. Again we refer to
(1.54). For fixed z € T¢, Fubini’s theorem and L, < L; on compact domains give

U dt
75,4
[ aren( [ |(Tea ) o)) T
0,00y =1 1>|h [>1/2
= I N
Ay : Sty Z
/‘(H i@l [ I
] <t <2] | =1
where .
. - B |75
(11 N7 S s
|hi| <t; <2|h] =1 H ’hz’
i=1,...,n i=1
It remains to discuss the case 0 < ¢ < 1. We have
n q(1—q)
/ ‘(HA > dh) < sup (HAhl‘s&)f(a:) X
1>|h;|>1/2 z|£l|f.t,l =1

i=1,..,n

2 l ..... n

Now we apply Holder’s inequality with the exponents é and ﬁ and achieve

N R ENEDE

(O,00)n =1 1>|h; |>1/2
1=1,...,

< / ( t, ") / HA 0| an ]«
- t

(0,00)" 7 t >\h |>t:/2

. qq =g
q

X t;mq sup ( A ) } .

Lo/> ("H Jhlss H

Using Fubini and Holder’s inequality again, we obtain the estimate

SE(F) < (I£155,FI2) - (1S5, FIIM) .
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Having additionally

1FILo |l < 1AL - (1L
< (II£155, EI*) - (I1£1S5 ,F M)

it turns out, that
7 / 7 7 1-
||f|Sp,qF”R < C3(||f‘sp,qF||A)q ’ (”f'Sp,qFHM) q'
With the help of Step 1 and Proposition 1.12 we can use
1F1Sy FIM < I f1Sy FII"

to finish the proof. O

Remark 1.16 Step 2 proves || f|S5 ,F(TY)||% < c|| f|S5 F (T on the basis of
||f|S;7qF(Td)||R/ < || f|S) JF(TH||*. Of course, this can also be proved directly by using
the triangle-inequality for integrals starting with \]f]S;qF(Td)|\R. Hence, we got even more

than stated in the theorem. Under the given conditions S, F(T?) is the collection of all
fe S (RY) N Ly(T?) such that || f| Sy, F(TH||M is finite.

Remark 1.17 With a strategy similar to the proof of Proposition 1.10 one can replace
S2(f), |3h = 1, by

L,(T7)

A,L - —r5.q mes, mg qu 1/q
st = [ (TDmal@ns oo ans, pa) S
=1

[7171}71

in the case 0 < q < p < oco. Hence, the corresponding quantity || - Sy F(T?)||*F is an

equivalent (quasi-)norm in S} F(T?) for ¥ > (é - 1)+.

1.6.7 Characterizations of S B(T)

This paragraph deals with Besov spaces of dominating mixed smoothness property. We
give a characterization of S;7qB(Td), 0 <p<o0,0<q<o0and7 > o, using integral
means of differences. Our main theorem is the counterpart of Theorem 1.10. In fact, it is
not surprising, that our techniques work in B-case too. The situation here is much more
simple. For the proofs we refer to [52, 3.7]. We employ scalar maximal inequalities instead
of corresponding inequalities for the vector-valued case, cf. Section 1.3. Consequently, the
condition to 7 gets independent of ¢ and therefore it is possible to give a characterization
for ¥ > o,.

Our main result reads as follows.
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Theorem 1.13 Let 0 < p < o0, 0< g < o0, 7= (r,...,7q) € RT and m = (my4, ..., mq) €
N¢ with m > 7 > 0,. Under these conditions the space S;qu(']Td) is the collection of all
functions f € L,(T?) N Ly(T¢) such that

1£1S0, BTOI® = IFIL(THI+ > SE(f) < o0
BE{O,l}d,lﬂth
For |B|1 =n > 1 we have

n

—Ts. m m th
sin=[ [ (q1en| [ 1oma oo ot n@laln ] 0o
i=1
(0,00)™ I
with 0 in the sense of (1.45). In case ¢ = oo one has to replace (1.95) by
st = sw (T [ 105 oo 870 D] difzyr)|
te(0,00)" ;1
[,171]n
Moreover, || - S5  B(T%)||® is an equivalent (quasi-)norm in S}, B(T?).

Remark 1.18 (Localization) As already done in the F-case we consider the question,
whether one can replace the (0,00)-integrals in (1.95) by (0,1)-integrals. We obtain a
positive answer for 1 < p < oo and 0 < g < co. The restriction p > 1 has only technical
reasons (Minkowski’s inequality) and does not seem to be a natural condition. In particular
for p <1 the problem is open.

Let us state the results from [32, 2.3.4| for arbitrary d based on Theorem 1.13. See also
[48, 2.5.12] for the isotropic case. We use again modified integral means, see (1.93), (1.94).
Similar to Proposition 1.12 we can replace in (1.95) the quantity R 5 (x) by 7@% f(x) in
the sense of equivalent (quasi-)norms.

In what follows we need to compute moduli of smoothness with respect to a rectangle,
given by

(Hti—mi) sup H(Ah 5 Ah‘s’g f) x)|Lp(Td)|| ,t;>0,1=1,...,n.

The proof of the remaining two theorems are similar to the proof of Theorem 1.12. Details
can be found in [52, 3.8|. Let us first treat the case 1 < p < co. Having powerful techniques
in this case (generalized Minkowski’s inequality), we are able to cover all spaces with 7 > 0.

Theorem 1.14 Let 1 <p<o0,0<qg< o0, 7= (ry,....,7q) € R and m = (my,...,mq) €
N& with m > 7 > 0. The following quantities describe equivalent (quasi-)norms in the space
S;qB(’JI‘d):
7 M/A
£S5 BT MA = | f LT+ > S50
pe{0,1}4,18h =1
where for |31 =n > 1
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(i)
A m5 ms. d qd}_l 1/q
s300= | [ (TTmrmolais, oo ol N 2]
Rn =1

with h = (|hy], ..., |hn|) and & as usual (modification if ¢ = c0).

Remark 1.19 Under the assumptions of the last theorem one can characterize the space
Sy B(T) by || - |S) ,B(TY)||M. See also Remark 1.16.

The last theorem in this section deals with the case 0 < p < 1. We are able to give a result
for ¥ > 1/p, but not for 7 > ¢, = 1/p — 1, like is possible in the isotropic case, cf. [48,
2.5.12|. This problem still remains open, cf. also [32, Remark 2.3.4/2].

Theorem 1.15 Let 0 < p,q < oo, 7 = (11,...,74) € R and m = (my,...,mg) € NI with
m > T > 1/p. The following quantities describe equivalent (quasi-)norms in the space

S B(T):
7 ’ "/A
1A, BEOIMAA = FIL MY+ Y SMAA )
BE{O,l}d,|B|121

where we define additionally to Theorem 1.14/(i)/(i) for |3]1 = n > 1 the quantity
M’ —7s; 4 msy mg, d |14 d{ 1/q
SB (f) = (th )H sup |(Ah1,61 0...0 Ahn,dn )(f)HLp(T )H T

with § as usual (modification if ¢ = 00).

Remark 1.20 In the proof of [52, Thm. 3.8.2] we showed even more. Similar to S;qF('IFd)
the space S} ,B(T?) can be characterized by || - |S;’qB(Td)HM/, see Remark 1.16.

Remark 1.21 The proof for the isotropic case in [48, 2.5.12] is based on Jackson type
mequalities and characterization by approximation. It seems to be not possible to carry over
this idea to the dominating mized scale, since the spaces S} B (T?) can not be characterized
by quantities of best approximation. Corresponding approximation spaces with respect to

trigonometric polynomials with harmonics in hyperbolic crosses and their relation to S;’qB
and S} F are studied in [31].
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Remark 1.22 The localized versions ||-|S5 . B(T®)||**, ||-|S7 B(T4)|[|*F of [|-1S5 . B(T?)||M
and || - |S7  B(T%)||* are equivalent (quasi-)norms in any case. One estimates the
L,-(quasi-)norm of the differences of f according to the (1,00)-integrals simply by the
norm of f using the translation invariance. Consequently, these integrals vanish. Recall
also Proposition 1.10.




Chapter 2

Approximation on Sparse Grids

2.1 Introduction

This chapter represents the main part of the thesis. We continue investigations of the
approximation properties of trigonometric interpolation with respect to uniform grids, see
[17, 18, 43, 45, 33|. The d-variate situation with respect to a sparse grid is studied in detail.
Precisely, we investigate the rate of convergence of the Smolyak algorithm (applied to a
sampling operator) for functions belonging to a Besov or Triebel-Lizorkin space of dom-
inating mixed smoothness. This also continues former work of Smolyak [40]|, Temlyakov
[43], Wasilkowski, Wozniakowski [57] and Sickel [34, 35].

Section 2.2 deals with interpolation on the torus including the discussion of some examples
(de la Vallée Poussin and Dirichlet kernels). Afterwards we switch to the d-dimensional
case in Section 2.3. To begin with, we recall the construction of the abstract Smolyak algo-
rithm, discuss a few more or less elementary properties and specify the class of univariate
sampling operators, on which it will be applied. We act in a very general setting, so let us
refer to the examples given in Section 2.5. Let A(m, d) denote a related Smolyak operator.
Since we are interested in the L,-approximation power of A(m, d), we investigate the norm
of the error operator I — A(m,d) acting on both of the scales S7 B(T?) and S; F(T).
Unusual is the necessity of different strategies for the B-case and the F'-case, respectively.
The F'-case requires some more restrictive conditions. We just treat the case of Smolyak
applied to operators with respect to equidistant sampling knots. We mainly employ Li-
zorkin’s multiplier theorem, see Paragraph 1.3.5, and certain aspects at the field of complex
interpolation, see Section 1.5. Nevertheless the result is the same. Section 2.4 contains
these general results depending on what has been assumed in Paragraph 2.3.2. Based on
that we derive the approximation power of special classical Smolyak constructions among
the examples in Section 2.5. This will be compared with the convolution operator resulting
after Smolyak applied to classical Fourier partial sums. As one expects, this construction
provides better results and is the starting point of a theory named “approximation from
hyperbolic crosses”, which is widely treated in the literature, see e.g. [3, 4], [2], 6], [9],
[10], [15], [19], [22], [25], [30], [31], [36], [39], [40], [46], [45] and [57].

63
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Section 2.6 presents new results for the problem of optimal approximate recovery of func-
tions, which improve existing upper bounds for the quantity pj; in the case of Sobolev
type spaces, see for instance [45, Chapt. 4]. Finally, Section 2.7 is devoted to the detailed
comparison of our results with those existing in the literature.

2.2 Interpolation on the Torus

In this first section we give a short survey about certain aspects of trigonometric interpo-
lation.

2.2.1 Periodic Fundamental Interpolants

Let .
Dy (t) = Z et teT, meN,,

|k|<m

be the Dirichlet kernel of order m and let

m 27l

Z ) Dt —te), o= : (2.1)

pre 2m +1

1

Inf(t) = g

Then I, f is the unique trigonometric polynomial of degree less than or equal to m which
interpolates f at the nodes t,. This is the prototype for the class of sampling operators on
T we have in mind. To generalize this concept we proceed as follows.

Let n € N. We put

Kn::{EEZ:—g§£<g} and Jn::{tg—Q;rg EGK} (22)

Obviously, the cardinality |.J,,| of J, is equal to n. Here we are interested in periodic
fundamental interpolants with respect to this grid J,, i.e. we consider continuous 27-
periodic functions A,, such that

An(tg) = 50’g, A= Kn .

Here d¢ ¢ is the Kronecker symbol. As in case of the trigonometric interpolation we associate
to such a fundamental interpolant a linear operator given by

I(Am, £)(8) =) fte) Anlt — 1) .

leKn

In this section our aim consists in deriving some sufficient conditions on A,, such that we
can estimate the error f — I(A,, f) in the L,-norm for functions from Nikol’skij-Besov
spaces. For us it will be convenient to construct a sequence (A,,), from one given function
A :R — R. Then the following lemma is known, cf. e.g. [36].
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Lemma 2.1 Let A : R — R be a continuous function such that
(E1)  A(2wl) = dgy, e,
(E2) Z |A(z + 27wk)|  is uniformly convergent on [0, 2m] .
kez
(i) Then, forn € N,
An(t) ==Y A(nt+2rln), teR,

LeZ

1 a continuous 2mw-periodic fundamental interpolant with respect to the grid J,.

(ii) The Fourier coefficients of these functions are given by

1
Cg(AZ) = n\/ﬁ

2.2.2 The Rate of Convergence

FA(/n), (€Z, neN.

(2.3)

(2.4)

Given an appropriate function A we shall investigate the error f —I(A,, f) in the L,-norm.
For us it will be sufficient to do this for functions f belonging to some Nikol’skij-Besov

space B] . (T), see Remark 1.6/(ii) or [32, Chapt. 3].

By ¢ : R — R we denote an often used smooth cut-off function, i.e. a compactly supported

1 € S(R) satisfying ¢(t) = 1 if [t| < 1 and ¢(¢) =0 if || > 2.

Proposition 2.1 Let A be a continuous function satisfying the hypothesis (E1) and (E2).
Let AT be defined as in (2.83). Further we assume that for some numbers 0 < 3 < « the

function FA satisfies:
(E3) FA(l) =2mdoy , (EZ;
(E4) the functions

A = v () (1- 222

NeTS

o(2)EeFAE+D, ez {0}
&) = (1-0())KIPFAE-0), (e,
belong to L1(R),

(E5) the integrals

/ | F'A(w)|dw < oo,
Z/ |F'By(w)|dw < oo,
0£0 YT

and Z/ |F'Cyw)| dw < oo

ez ¥
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are finite.
If1<p<oo,r>1/pand f <r < «a then we have
[T = I(AT, ) 1B} oo(T) = Lyp(T) || < n7". (2.5)

Remark 2.1 A proof of the estimate from above in (2.5) can be found in [36], at least if
1 < p < 00. The necessary modifications including the limiting cases are straightforward.
For full details we refer to [51]. For p = 2 the conditions can be simplified, see [37]. The
estimate from below can be deduced from the behaviour of the linear widths (approximation
numbers) of the embeddings B) . (T) < L,(T), see Remark 2.2 below.

Remark 2.2 Linear widths. For two Banach spaces X,Y such that X — Y we define
A(I,X,Y) := int {H [—LIL(X,Y)|: LeL(X,Y), rankL < n} .
Since our operator (AT, -) has rank < n we obtain
A1y By oo (T), Lyp(T)) < [T = (A7, ) [£(B,, o (T), Ly(T)) || -
Since M\o(I, By . (T), Ly(T)) < n™", ¢f. e.g. [45, 1.4], it is clear that our interpolation

operators yield optimal in order approximation.

2.2.3 Interpolation with de la Vallée Poussin Means

For 0 < 1 < 1/2 we consider the functions

9 sin(t/2) sin(ut)

ALt) = i , teR. (2.6)
Then the Fourier transform is given by
1 if €] <35—n,
FAu) = V2m ¢ 5 (5 + = [E)) it Lop<jl<itn @)
0 it 5+u<lE,

i.e. a piecewise linear function.

Lemma 2.2 Let 0 < u < 1/2. Then the function A, satisfies the restrictions in Proposi-
tion 2.1 with 3 =1 and o > 0 arbitrary.

Proof A proof has been given in [36]. O

Corollary 2.1 Let 0 < pu < 1/2 and A, be defined as in (2.6). Let further 1 < p < oo
and r > 1/p. Then we have

11— I(A oo (T) = Lp(T)[| = 07"

o) | By
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Proof The corollary becomes a consequence of Proposition 2.1, Lemma 2.2 and complex
interpolation for the estimate from above, cf. [36] for details, and Remark 2.2 for the
estimate from below. O

Remark 2.3 Let

2n—1

1
Ugn_l(t) ::ﬁ ZDJ(t)’ t€R7 TZEN,
j=n

denote the de la Vallée Poussin kernels of odd order. Then

1 if |k[<n,
ck(Van—1) = ¢ 2(1—|k|/(2n)) if n<lkl <2n,
0 if k| >2n.

From Lemma 2.1(ii) we conclude the identity

T Van—1 1
Au,3n: 3n MZE, neN
Hence . 1
[(AZ,S'rw f) (t) = 3_n Z f(t[) Ugnfl(t — tg) , n= 6 .
leKs,

This operator even interpolates on Js,. In contrast to our treatment Temlyakov [45, 1.6/
considered the sequence of sampling operators

Rof(t) = ﬁ S St vt —t),  t € Jun, (2.8)

LeKyn

and proved that these operators also satisfy
|1 =R |B o (T) = Ly(T)| =< ™",

if1<p<ooandr>1/p.

2.2.4 Interpolation with the Dirichlet Kernel

The classical case of trigonometric interpolation requires some modifications. It is not
covered by Proposition 2.1, however well-known in the literature. Recall, I,, has been
defined in (2.1). Then the following is known, see |17, 18, 43, 45, 33].

Proposition 2.2 Let 1 < p < 0o and let r > 1/p. Then we have

|7 = LBy (T) = L(T)| < 0"
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2.2.5 Some other Means

For better comparison we recall some well-known classical approximation properties of
the Fourier partial sums and de la Vallée Poussin means, cf. e.g. [32, Chapt. 3] or [45,
Chapt. 1]. Let

1 if |t <1,
o(t) = 2 — |t| it 1<t <2,
0 otherwise .

For f € Ly(T) we put

Suf(t) = > alf)e™,

Vanoaf(t) == Y olk/n)el(f)e™,  neN,.
Proposition 2.3 Let r > 0.
(i) Let 1 < p < 00. Then we have
11—, 1B o (T) = Ly(D)]| < n~"
(i) Let 1 < p < oco. Then we have
I = Van1 [ By o (T) = Ly(T)[| < 07"

2.3 The Smolyak Algorithm

2.3.1 Definition and General Properties

Let d > 2. Let X and Y be Banach spaces such that X, Y < L;(T). Further we assume
that P;,...,P; : X — Y are continuous linear operators. Then we define its tensor
product P, ® ... ® P, to be the linear operator such that:

d
(Pl ® ... Pd)(eikl' et eikd')(ﬂjl, ceey :Ed) = H Pg(@iké')(l'g)
=1
xry €T, ky € Z, ¢ =1,...,d. Formally this operator is defined on trigonometric

polynomials only. If X is either L,(T), 1 < p < oo, or if X = C(T), then, because of
the density of trigonometric polynomials, there exists a unique continuous extension of
P ® ... ® Py to either L,(T%) or C(T?), respectively. For this extension we shall use the
same symbol.

Let either L; : L,(T) — L,(T), 1 <p < oo, or L; : C(T) — L,(T), 1 < p < o0, j € Ny,
be a sequence of continuous linear operators, denoted by L. Then we put

Ay(L) '_{ Lo it j=0.
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Definition 2.1 Letm € Ny. The Smolyak-Algorithm A(m,d, E) relative to the d sequences

L' := (L)), ..., LT = (LY)52, is the linear operator
Am,d,L):== > ALY ® ... @A, (LY.
Jit..+jas<m

Remark 2.4 Originally introduced in [40] there are now hundreds of references dealing
with this construction. A few basics and some references can be found in [28] and [57]. In
particular the following formula is proved in [57]:

- m— .1 d —_ 1
A(m,d, L) = > (A)JQ%M>%®M®%. (2.9)
m—d+1<|jl1<m 1

This will be used later on.

2.3.2 Sampling Operators

Let us now specify sequences {L;}; for which we want to consider Smolyak’s algorithm.
Here we shall restrict to a sequence of linear sampling operators of type

Nj

=> f)eix), feC(T), zeT,

(=1

<

where a set
4] J
7; = {t1, .- th}

of sampling points and continuous periodic functions w{, e wfvj are fixed. Now we collect

several properties of L = {L;}32, in different hypotheses. Referring to these properties
gets then very easy.

(H 1()\)) The operators L; reproduce trigonometric polynomials with degree at most \27,
precisely

Li(e™)(t)=e*, teT, |k|<A2, keZ, jeN,.

(HQ (p, r)) There exists a positive constant ¢, , such that

sup 27 || I — L; |B) . (T) = Ly(T)|| = ¢pr < 00. (2.10)
j=0,1,...

(H;) We assume the existence of positive constants C; < Cy such that

C;2 <N;<Cy2 )  jeN,
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(H%) It exists a constant Cj such that

J
Tj+1\UTk‘ZC32j+1, JeN.

k=1

(H,) The sequence of sampling grids is nested , i.e.

Thchc..cT,CTj C ...

(Hs) The operators L; are sampling operators with respect to the equidistant grid (see
2.2) of the following type

Lif(x)= Y fa) Az —a)), feC(T), xj€ly,,

ZGKNJ.

with a trigonometric polynomial A;, formally given by

M) = 5 S R)e

) kez

Remark 2.5 Let us recall the following formula for the Fourier coefficients of such
special sampling operators applied to a continuous function f. One has

ck(Ljf):% S f@de | ke,

J (€K,
If f is a trigonometric polynomial, then even the following holds
ar(Lif) =%(k) D crpuny (f) , kEZ. (2.11)
WEZL
Therefore this gives

Ljf(z) = Z Z Vi (k)rrwn, ()™

weZ kEZ

_ Z e~ iwN;z Z ,Yj(k _ wNj)ck(f)eikx

wWEZ kEZ

(2.12)

for trigonometric polynomials f.

(HG()\)) Let L be a sequence of type (Hs). We assume that for every A; exists a positive
number A; such that the following holds true

1 R <A ;



71 T. ULLRICH

Remark 2.6 Formula (2.11) implies for the function
f(x) = €™ m € Ny, the relation

1 : if N; divides k —m

adtem) =y g oI Ckez @

which yields itmmediately the implication

(H7) Let L = {L;};cna be a sequence of type (Hs). The corresponding sequence of A; is
supposed to provide the existence of the following quantity

=sup |y (k -1l

7€No 37,

We shall say that L= (LY, ..., LY) satisfies the hypothesis (H,) if each sequence L¢, i =
1,...,d, satisfies (H,).
The set of sampling points used by L;'. will be denoted by ’];Z Then we put

Gm.dL)= ) Tix.xT (2.14)

m—d+1<|jl1<m

By (2.9) the operator A(m, d, L) uses only samples from the grid G(m, d, L). To begin with
we state a simple property of the standard grid induced by the choice ’27 = Joj.

Lemma 2.3 Let L be a sequence of operators such that L;'. uses samples from the grid
T} = Jy,i=1,...,d, j € Ny (see (2.2)). Then the cardinality S(m,d) of the grid

G(m,d, L) is given by
rd-1 (m
=) (7)) 1)
—~\ J j

where we put (T]”) =01 case m < j.

Proof Step 1. For abbreviation we write G(m,d) instead of G(m,d,L). By using the
nestedness of the sequence Jon we obtain the following recursion formula (see also [24])

Glm,d+1) = U Joir X oo X Jyian

0<Jl+ +jd+1<m

:UQ —n,d) X Jon

= (G(m,d) x J,) (Ug —nd) % (Jon \ o) ).
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where G(m, 1) = Jym. Therefore G(m, d+1) is decomposed into a disjoint union of subsets.
This yields

S(m,d+1) = S(m,d) + Y S(m—n,d)2"*,
n=1
with S(m, 1) = 2™,
Step 2. We proceed by induction with respect to d. From the induction hypothesis (2.15)
and our recursion formula we derive

smie-£ () ()£ )

Jj=0 n=1
d—1 d—1 m
S0 SR
=0 J J e J "] J
Using the identity
m—1
n m
= , € Np, 2.16
2 <J) <j - 1) T (210

we obtain

which proves our claim. O
This Lemma can be generalized to the following assertion.

Lemma 2.4 (i) The hypothesis (Hs) should be fulfilled. Then the cardinality |G(m,d, L)|
of the grid G(m,d, L) satisfies

G(m, d, L)| < (2C5)* S(m,d) .
(ii) If the hypotheses (Hs) and (HY) are fulfilled then
min(Cy, C5)%S(m, d) < |G(m,d, L)| < (2C5)? S(m,d) , m e Ny (2.17)
holds true.

Proof The same arguments as used in Step 1 of the proof of Lemma 2.3 lead to a decom-
position of G(m,d + 1) into disjoint subsets

Glm,d+1) = (G(m.d) x T (Ug —n,d) (7;5+1\U7;d+1)).

=0
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In view of (Hj3) and (H}) this yields
mm(cl,og,)(\g m, d)| Z G(m — n, d)| 2"*1) < |G(m,d +1)|

< 20, (|g(m, d)| + Z G(m — n, d)| 2“—1) .

Induction with respect to d by taking (2.17) as induction hypothesis yields the desired
result. O

The following property is central for Smolyak’s algorithm. First we define a version of the
so called “ dyadic hyperbolic cross”, which was studied very intensively in connection with
“dyadic hyperbolic cross approximation”. The following lemma points out the connection
between Smolyak’s algorithm and this field by stating a certain invariance property.

Lemma 2.5 Let
d
H(m,d,\) = {E €Z%: Juy,...,uqg €Ny st || < 2%\ and Zuk = m} (2.18)
k=1
be a dyadic hyperbolic cross. Suppose that L satisfies (H1(X)) for some A > 0. Then
A(m,d, E) e =e* . teH(m,dN\).
Proof We consider the linear operators

T LY @2 amd Re Y @Al

0<ji<m 0<ja<m k=1 lili>m+1 k=1

where we put A% := A (L*). Then A(m,d, L)=T—R. Since A% = Ly we obtain
j=0

d
TI®LI;,” mENo.
k=1

Obviously, if £ € H(m,d,\), i.e. |€,] < A2™ for all 1 < u < d, then

d

(T ) () = [ [(Loe™ ) (z,) =€,z €T,

u=1

because of (Hi()\)). It remains to prove Re?” = 0. Let j = (ji,...,j4) be such that
|71 = m + 1. Because of ¢ € H(m,d, \) there exist nonnegative integers u, k = 1,...,d
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satisfying Zizl up = m and |[{] < 2" \. Thanks to |j|; > m + 1 > m there is at least one
component jp of j with jx > uy. It follows

[0p] <29 X < 207h N < 20k ),
Hence, using again (H;()\)), we find
A‘I;}keiﬁkt — L‘];Zkeifkt _ L";‘k_leifkt — eifkt _ eifkt — 07 t c T )

By definition of R this proves the claim. O

Remark 2.7 A special case of Lemma 2.5 can be found in [43].

In addition we need the cardinality of certain subsets of Z¢, especially the size of the
hyperbolic cross H(m,d, 1), defined in (2.18). For m € N we consider also the sets

d
Py(m,d) = {(nl, .,ng) € NI an = m}
i=1

d
and Pi(m,d) = {(nl,...,nd) ENd:Zni:m}.
i=1

Lemma 2.6 For m € N it holds
W d—1 1
m+d— m —
o= ("2 inma = (7)),

2?1 S(m,d) < |H(m,d,1)| < 3%S(m,d).

(ii) and

Proof Part (i) is an easy consequence of the recursion formulas

m m—d
|Po(m,d+1)| = |Po(m—n,d)| and [Py(m,d+1)] =Y [Py(m—n,d)
n=0 n=1

with Py(m,1) = P;(m,1) =1, m € N and induction with respect to d using (2.16).
The same arguments as used in the proof of the Lemmas 2.3, 2.4 imply

(yHmd Z|H ~n,d)| 2 1)<yH(md+1)|

< 3 (1Hm )+ 3 1Hm ) 2)

n=1

with 2-2™ < H(m,1) < 3-2™. Induction with respect to d yields the result. U
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Remark 2.8 (i) Obviously, for fized d we have
|Py(m,d)| =m®' | |Py(m,d)|=m?" and S(m,d)=2"m, m € N.

We call the grids G(m,d, E) sparse because their cardinality is growing only with a loga-
rithmaic order with respect to d.

(ii) Estimates of the cardinality of grids related to Smolyak algorithms are given at various
places. What concerns the dependence on d we refer e.g. to [24].

Lemma 2.7 Let us assume that
Lif(t) = f(t), teT!, i=1,...,d, (2.19)
for all j < m and all f € C(T). If now (Hy) (nestedness) is fulfilled then A(m,d,L)

interpolates on G(m,d, E), more precisely
A(m,d,L)f(z) = f(x),  x€G(m,dL), feC(T.

Proof The proof is similar to the proof of Lemma 2.5. Observe that the nestedness of the
grids 7' implies

d d
G(m,d, L) U ..x?}d:UT}}x...x@d.
l7l1<m [jl1=m

We employ the same notation and decomposition of A(m,d, E) = T — R as in proof of

Lemma 2.5. Since L!, interpolates on 7! the operator T interpolates on 7.} x ... x 7.
Hence, it is enough to prove
1 d
Rf(x)=0 forall ze€T; x ... x T, |k[1 =m

and all f € C(T?). We shall prove even more, namely
(A;@ ®A;’d)f(x):0, TET x . x T, |kl =m

f € C(T%) and |j]; > m.
Let 4, [jl1 > m, k, |k|; = m and x € G(m,d, L) be given. For f € C(T¢) and 1 <u < d

we put g,(t) := f(z1,..., Tu_1,t,Tys1,-..,2q), t € T. Furthermore, there exists at least
one component u such that k, < j,. This implies L% Ggu(Ty) = L}Lflgu(xu) which proves
the claim. O

2.4 Main Results

This section contains our main results. As mentioned in the Introduction we will study the
approximation power of the Smolyak algorithm for functions taken from Besov, Triebel-
Lizorkin and Sobolev type spaces with dominating mixed smoothness S; B(T%), S} F(T%)
and S;W (T?).
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2.4.1 Besov Spaces

Our first result is the following general estimate for sampling operators. Here we shall use
that functions from Sj  B(T%) with > 1/p have a continuous representative (see Corollary
1.1).

Proposition 2.4 Let 1 < p,q < oo and r > 1/p. Let further L satisfy the hypotheses
(Hy(N)) for a certain X > 0 and (Hy(p,s)) for 1/p < s < r. Then there exists a constant
¢ > 0 such that

7= AGm, d, £) S}, BITY) — L(T%)]| < cm(-D0-1/0 9=
holds for all m € Ng.

Proof Step 1. We need first to prove the following lemma, which represents our main tool.

Lemma 2.8 Let 1 < p < 0o and r > 0. Suppose P; € L(B) (T), L,(T)), j = 1,...,d.
Then

d
1P @ Paf 1L < (T I8 1By, (1) = Ly()I ) 1| £ 155, BT

j=1
holds for all trigonometric polynomials f.

Proof Let f = >, zaci(f) €™ be a trigonometric polynomial. We define k = (ki, &),
ky€Z, K eZ¥ v = (v1,2'), 21 €T, 2/ € T4, and

g (@) = ) ck(f)(ﬁpn(eikn')(xn)), ¢ eRY kel
Then o B
78 e o B L = [ B e ) [T ao
<P /T H(kzez 9 (&) ) (22) | By (0, )| (2.20)

Now, let (¢;); € ®(R) be an appropriate decomposition of unity, see Definition 1.1. Then

(3 o) [uml = S o] & wtan et

j1=0 ki€
= 2231”’ P2(ch ©;, (k mm(HP (e ) (2, ) k2 )(mz)

Jj1=0 kezd

p

LP(T, 33'1)

p

p(Tv xl)
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This identity will be inserted into (2.20). Then we interchange the order of integration and
proceed as above:

o 2
IR o PFIL@P <P o2 [
Td=1J0

j1=0
d
. . . p
‘ P2< Z ce(f) g (k1) etk < H Pn(em”')@n)) e””') (x2) ‘ drsdrydzs ... dzg
kezd n=3
< AP PP
. . . p
X Z orlilp / Z cr(f) g (k) €™ g (ka) €™ | dxy ... dag
JENG T keza
= [P PPl f 1S, BT
This proves the claim. U

Let us now proof Proposition 2.4.

Step 2. The aim of this step consists in a description of the decomposition we are going to
use. Let us recall the decomposition (1.20) of f € S;7qB(Td) into the pieces f,. Because
of r > 1/p we have convergence in C(T¢), see Corollary 1.1 and Theorem 1.4. Next we
need to fix a natural number ny such that 27™ < X\. Now we suppose that m is larger
than d(ny + 1). Further we put s,, := m —d(ny + 1) > 0 (we drop the parameter A in all
other notations). Let [ := [0, s,,] and I{" := (s, 00), respectively. For b = (by,... by),
b; €{0,1},i=1,...,d, we define

Qp={eNj: l,e', n=1,....d |[l}i > sn},

This leads to the decomposition

f@)=h)+ Y fl2),

be{0,1}4

where

frla)y =" flx).

eQr
The function h(x) is a trigonometric polynomial given by

h(z) = Z fe(x).

|£‘1§sm

Observe cx(h) # 0 implies ¢(f;) # 0 for some ¢ € Z? satisfying |¢|; < s,. Hence
kp| < 20HL < 2t ) for n = 1,...,d. Therefore k € H(m,d,\) and consequently
A(m,d, L) h = h follows, see Lemma 2.5 and (H;())).
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Step 3. Estimation (first part). For later use we will take care of the constants and their
dependence on the dimension d in all inequalities.
By means of the invariance of h under the application of A(m,d, L) we find

1f = Al d, D) f LT < > |1 = Alm,d, L) f° | L, (T
be{0,1}4

Obviously, there exists a number M, € N, such that the trigonometric polynomial f, has
all its harmonics in the hyperbolic cross H(My,d, \). For M, > |¢|; +d(1+n,) Lemma 2.5
implies

I fo = A(m,d, L) fo | Ly (T)|| = || A(My,d, L) fe = A(m, d, L) fo | L, (T%)]|

| YT (@)

m<|j1<M, n=1

- % (®an)

JEAT n=1

Ly(T)|

Ly(T7)

where

AT = {j = (gt i >my Gn<lotldmy,n=1, ...,d} .
In order to keep simple notation, we used again A? instead of A; (L"), n = 1,...d,
Jjn=0,1,2,.... The last step here is a consequence of (H;(\)), the definition of the tensor

product and the choice of M,. We continue by using Lemma 2.8. Let us choose ry such
that 1/p < rg < r. Then

d
(@)

Using hypothesis (Hs(rg, p)), the triangle inequality and Lemma 1.6 this gives

d
| (&)1

where Cy := Cy(ro) - (14 2"), see (2.10). Furthermore

d
Lo(T)|| < 1 £e 13 B | TT 145, 1Bj(T) = Ly(T) -
n=1

Ly(T)| < c2m)) o183, BT,

) 1/p
| IS B < (30 200 sup [|(2m) 2y LaRY|P - | fol Ly (T

- d
ik —Cx] <1 JENG
k=1,....d

-----

< Cs20M || £y |L, (T,
where

Cs = 27137 (2m) 2 max || F o IR F ' pn [La(R) [
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Here we used Lemma 1.1 and the homogeneity of the Fourier transform. Altogether we
obtain
| f* = A(m, d, L) f* |L,(T%)|| < C§ Cs Y 200U A7 ||| fy | Ly (T)]]
teQm
= CiCyaom S ool A | |1, (T (2.21)
eQr

Of course, |A}"| denotes the cardinality of the set A}*. We need to estimate this quantity.
Obviously

d d
A C [m—2(6n+1+m),€1+1+m] X oo X [m—Z(ﬁn—l—len)\),éd%—l—i—n,\} )
= =
This implies
d
A7) < min (16 +d(1+n) +1=m)*, TT(6+24n)). (2.22)
n=1

Step 4. Estimation (second part). Depending on the size of |b|; we continue.
Step 4.1. Let |bl; < 1. Without loss of generality we may assume that b; = |b|;. For given
q let ¢’ be such that (1/¢) + (1/¢') = 1. Then we find

pon(3 o )
eQr

!

/ _ N L/a
< 2*”““0( > 20 tomh (0] + d(ny + 1) + 1 —m)™ )
teQm

< g < i

£2,....6q=0 u=0

< g-mr (mdfl Z2q’(1”07?")(ufd(nx+l)fl)udq')
u=0

o0

2q/(7"o—T)(u—l—m—d(n)\-&-l)_l)udq/) 1/¢

1/¢'

< Qg2 mrmpld-Da-1a) (2.23)
where

Cs == 9(r=ro)(d(nx+1)+1) (Z 94’ (ro—r)u udg') Ld
u=0

In this case Holder’s inequality and (2.23) lead to
1 f* = A(m, d, L) f*) |L,(T)]

/ AL/ 1/
< cicyame (30 ottt g ) T (ST ot 1, (1) |7)

ey ey
< CY{Cs Cg27m =D st B(TY)]| . (2.24)
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Step 4.2. Let |b|; > 2. In this case the estimate becomes easier. We use

d

gm0 §7 gl g | < 9= T ( D 2l (g, 424 m)) :
eQm n=1 el
see (2.22), as well as
Z 20=")n (g 42 4 my)
lpn=5m+1
= gmlro—r)g(r=ro)(dnr+1)-1) Z 2o~ (4 4-m — d(ny + 1) + 3)
u=0
< 2m(r0—r) 2(r—ro)(d(n>\+1)—1) Z 2(r0—7')u (U +m + 3)
u=0

< 07 2m(ro—r) m

with
Cy = 2207T0)dmF)=D) (Z 2007 (u + 3)) :
u=0

and

Sm

Z 9(ro—r)tn (gn +24+ n}\) <m Z 9(ro—r)u <Cim.

Altogether this leads to

” fb - A<m7 d, E)fb ‘Lp(Td)H S OZ 05 || f |S;,ooB<Td)|| 9—mro Z 2(ro—r)|€|1 ‘Azn‘
teQm
C4Cs CL|| £1S7 . B(TH)|| 27 mdgmro=r)(bh =)

<
< OO CEC2 ™| 15 BTY]), (2.25)

where
Cs:= max sup md2mro—mn
n=1,...d-1 meN

see (2.21). It remains to sum up over |b|; < 1 in (2.24) and over 2 < |b|; < d in (2.25),
respectively. This completes the proof of Proposition 2.4. ]

Remark 2.9 Proposition 2.4 generalizes the results obtained in [34] in various directions.
In [34] the bivariate case for 1 < p < oo is investigated. In addition the admissible
operators A(m,d, L) are more general now.
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Remark 2.10 We observe that the dependence on the dimension d is worse than expo-
nential. But this is just because of the constant CZ, which has only technical reasons.
Consider for instance the operator A(m,d, D), where A = 1 and therefore ny = 0. In the
case 1 < p < oo we can use the decomposition in Remark 1.10 for the proof (see also
Lemma 1.5). The same strategy was used in the proof of [53, Lem. 8. The quantity s,

then equals m and the factor
9(r=ro)(d(nx+1)-1)

in the definition of C7 vanishes. Therefore the result can be rewritten as follows. If 1 <
p<oo,1<qg<ooandr > 1/p then exists a constant C' > 0 (independently of d), such
that the relation

|1 — A(m,d, D)|S} ,B(T%) — L,(T%)|| < C4md-D0-1/Dg=rm (2.26)

holds true for all m € Ny. Of course, the case p = q = 2 is included. Therefore (2.26)
holds even for the space S5W (T?) (see Remark 1.6/(iii) and Corollary 1.2).

-

The following assertion gives the estimate from below. Here we restrict to sequences L
using equidistant sampling knots, see (Hp).

Proposition 2.5 Let 1 < p,q < oo and r > 1/p. Let further L be given by (Hs), where
we assume

No <Ny <...<N; <Njp1 < ..., (2.27)
and satisfy the hypotheses (Hy(X)) for a certain X > 0, (Hs3) and (Hy). Then there exists
a constant ¢ > 0 such that

| T — A(m,d,L)|S5 B(T%) — L,(T%)| > cmld-D-1/a) g=mr
holds for all m € Ny .

Step 1. Test functions. Only the estimate from below is of interest. For this reason we
construct a sequence of test functions. For m > d? we put

f(r, ooy wg) = Y @NamtediNugra (2.28)

up>d
lul1=m

where {N;}, is the given sequence of natural numbers according to L, see hypothesis (Hs)
and (2.27). Let us compute || fn|S; B(T?)|. Let {¢;}52, € ®(R). We use the same
notation as in Section 1.4. Now we obtain

. o a\ /4
1S5 BTYI = (30 2109)) 3 wplkyen(fm)e™ | L ()|
feNd kezd
_ , A 1/
= (DS 2| ST pr(Nay, oy Ny JeiNemtestigza) 1 ey
fend ug2d

lulp=m
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Because of (Hj) we have N; < 27. This and Definition 1.1/(i),(ii) imply the existence of
a € N such that

on(N;) #0 = |j—n|<a
And therefore

_ : . 1/
”fm’S;qB(Td)H < (Zzﬂth Z SOZ(Nup .“,NUd)eZNu1I1+...+’LNudxd Lp(Td) q> q’
leA u€B;
where
A = {(t1,....0) € NI:3u € Ny, |a|; =m, [l —up| <a} and
By = {(u1,..;uq) € No:|ug — U] <a,u, >d, k=1,...d, |uj; =m}.
Finally
. . a\ 1/q
Hfm|5;7qB<Td)|| < clzrm<z Z HSOZ(MOLI)? m’M<ud))ezM(ul)xl-i-.,.—i-zM(ud)xd Lp(Td) )
leA uE€B;
1/
< 022”"(2 1) !
leA

We refer to Remark 2.8.
With the usual modifications for ¢ = oo we obtain as well

£l Spoe BT < c27.

.....

1 if X ez
_ M
du(N) = { 0 otherwise

Putting

Y

we derive from (2.13) and (Hy(\))

k [ iNy, _ N k Nj, -1 k
(Hy4) and (Hs) together yield Nj1/N; € N, j =0,1,...
Consequently,
co(A% (eMur)) = 1 if j,=0 (2.29)

0 otherwise .
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This yields

o (A(m’ d, E) fm) = Z Co [A(m, d, E) (eiN“1'+"'+iNUd')}

|ul1=m
d
_ k) ( piNay o FiNy
= > Y al(@al) (e )] (2.30)
up>d jeT, k=1
|lulr=m
= D0 D7 @Al @) oA (M)
up>d JET,,
lulr=m
where
T, = {(jl, ja) €NG:|jlt £m  and either jp=up+1 or jp=0,
k=1,.., d} .
Clearly, T, does not contain (u; +1,... ,uq + 1) because of |u|; = m. Let us decompose
the index set T, into the disjoint subsets T}, = U “ where
T = {(j1,....,Ja) € T : exactly £ components of j vanish}, (=1,...d.

The set T* contains exactly (‘Z) elements for every u and because of (2.29) we have

CO[A}I(eiNul')] oo co[AY (eNea)] = (=1)47F jeTE.

Jd u

This together with (2.30) yields

Because of

()= (1) S () (1)~ ()
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we conclude in view of Remark 2.8

co(fm — A(m, d, L) )| = | co(A(m, d, L) fm)|:’ 3 (-

up>d
[u[1=m

= md*1 .

Since we know the behaviour of || f, |S;  B(T?)||, we finally get

| fin = A(m, d) fon | Ly (TY)]]
[ fm |55, BTl

2 cQrm m(dfl)(lfl/q)

11— A(m,d, L) |5, ,B(T") — L(T")| >

with some positive constant ¢ independent of m € N. O

Let us collect both propositions to our main theorem.

Theorem 2.1 Let 1 < p,q < oo and r > 1/p. Let further L be given by (Hs), where we
assume
N0<N1<...<Nj<Nj+1<... ,

and satisfy additionally the hypotheses (Hi(\)) for a certain A > 0, (Hg(p, s)) for 1/p <
s <r, (Hs) and (Hy). Then the relation

| T — A(m,d, L) |8} ,B(T%) — L,(T%)|| x mD=1/a0 g=mr

holds true.

2.4.2 'Triebel-Lizorkin Spaces

Now we investigate Smolyak’s algorithm for approximating functions from S F(T%). It
is worth underlining the result for the scale of Sobolev spaces with dominating mixed
smoothness S;W(Td). Based on that constructive algorithm we are able to give a new
upper bound for the problem of optimal recovery. See the corresponding paragraph below.
We start by proving two lemmas, which state the same estimate from above under different
conditions. These assertions work as corner results, which will be connected using the
method of complex interpolation (see Section 1.5). We only consider the special situation
L = (L,...,L) to avoid technical difficulties. To indicate this, we may write A(m,d, L)
instead of A(m,d, E) But nevertheless, the general case can be proved analogously.

Lemma 2.9 Let 1 <p < oo, p<qg<oo, r>1/pand L = {L;};en, satisfying (H1(X))
and (Ha(p, s)) for 1/p < s <r. Then there exists a constant ¢ > 0 such that

I = A(m, d, L)|S} ,F(T)) — Ly(T)|| < emlDU=H@7m

holds for all m € Ny .
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Proof This assertion is a direct consequence of Lemma 1.6 and Proposition 2.4 . U

Lemma 2.10 Let 1 < p,q < oo, r > 1 and L = {L;}jen, be given by (Hs) satisfying
(Hy(p,s)) for 1 <s <r, (Hs(\)) and (H;). Then there exists a constant ¢ > 0 such that

11 — A(m, d, L)| S} ;F(T) — Ly(T9)|| < em(@ D=tz
holds for all m € Ny .

Proof We start with the same decomposition and estimate as we did in the proof of
Proposition 2.4 . Here we do not pay any attention to the exact behaviour of the constants
with resect to d. Again we obtain

1f = A(m,d, L) f LTI < Y |1 f* = Alm, d, L) f* [ Ly (T

be{0,1}4

and
fr=Amd, D=3 Y (@ jn)fg, (2.31)
QM jeAT  n=1
which implies in the case |b]; > 2 the relation
| fo = A(m, d, L) fy | Ly (T < 2770 Y 200 M A7 || £ |S) o BT
eQp
< ¢y 27T fSE  B(TY)| (2.32)
< 227 f 18} B(TY)|
< 2™ £ I, F(TY.

The last estimate follows by Lemma 1.6/(1.28). For the case |b[; < 1 let us go back to
(2.31) and estimate

- Amd D <SS Y ‘(é)Lun)ff‘, (2.33)

LeQy JEAT uel;  n=1

where
U, = {(ul, e Ug) € Ng DU = Jp O Up = Jp — 1}.
Of course, the cardinality |U;|, j € N, is less or equal to 2?. Next we use (2.12) to obtain

‘<® L“k>f€ ‘ Z ’ Z Yur (F1 = wiNy,) - oo Yuy (ke — deud)Ck(fe)eikx .

weZ4 keZd

J/

g

::fl,u,w($)
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Inserted into (2.33) and taking the L,-norm afterwards this leads to

17 = Al d, L PILE < | D030 S0 S Hewwl@)

LeQ JEAY uel; wezd

Lp(qrd)H .

Let us restrict the range for w in the corresponding sum. We do not need the entire Z4
here. Suppose that the trigonometric polynomial fy,, ., (2) does not vanish. Taking (Hg(\))
into account, this implies the existence of a vector k € Z? such that

|ki —wiN,,| < A,, and |k|<2% | i=1,...d. (2.34)

Now again hypothesis (Hg(\)) comes into play. The first condition in (2.34) implies for all
i=1,..d
Because of u € U and j € A} there exists a number 7 > 0 such that for |w;| > 247%+7 > 1

holds
Cy(|ws| — 1)2v > 2% .

This means, the condition |w;| > 2%~%* implies |k;| > 2%. Altogether (2.34) leads to the
following index set for w:

Wew = { (w1, ...;wg) € Z : |w| < 257%* i =1,...d} , forsomen>0. (2.35)

We go further in estimating || f* — A(m, d, L) f°|L,(T%)|| by Holder’s inequality using 1/q+
1/¢' = 1 and obtain

Hfb — A(m,d, L)fb|Lp(Td)|| < < Z Z Z Z 2—T|€1q'|A2n|QI/Q|WU7€|Q'/Q>1/Q’X

LeQ jEAT uelU; weW,

SOV 2 WAL | We @)

engn jeAEn uEUj wEng

Lp(']l‘d)H .

Because of (H;), Remark 1.3 can be considered in this situation. Lizorkin’s multiplier
theorem, see Proposition 1.8, is applicable and we obtain from the previous estimate

! / ! 1/(1/
£ = Am, d L) PILT) < o D030 37 27 A | /o /)

LeQy JEAT uel;

2103030 STV EIAEh S

ZEQ}T ]EAE” ’LLEU]‘ wEWZ,u

Lp(']I‘d)H .
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This is a very comfortable situation since we can compute each sum one after another
inside the second factor. Taking into account ¢'/q + 1 = ¢’ we obtain

1% = Alm. d. 2) 1L | <ewo| (3 209 ia)1e)
eQr

% ( Z Z Z 2—M1q’|AT|q’/q‘Wu7£|q’>1/q,_

eQ JEAT uel;

Lp(Td)H X

It remains to estimate the second factor in the previous inequality. We start by estimating
the size of the index sets A" and W,,. Because of u; > j; — 1 and |j|; > m the definition
of Wy, see (2.35), implies

W] < 2l-lalitdnt3) < olthi=mtda3)

On the basis of

d d

AP [m—Z(fn—i—nA%—l),fl—i—nA—i—l] X -ee X [m—Z(€n+n,\+1),€d+nA+1
n=1 n=1
n#l n#d

we derive 4
A< ([ +d(ny+ 1) +1—m)".

Thus it holds

—rllid | A g L—m)q’ 1/q
I1f* = A(m, d, L) f*| L,(T?)|| < e IIfIS;qF(Td)H( Y i ppe e o >q) .

teQp
Without loss of generality we may assume that by = |b|;. The index transform u :=
[0l + d(ny + 1) + 1 — m yields
/ / / 1/q
< Z 9-7ltlg | A Q(Wrm)q)
eQm
~rlthd’ )4 o1 —mya ) Y
<() 2 (|l +d(ny+ 1) + 1 —m)™ 2
eQm

con( 3 Sty

£2,....6q=0 u=0
=P 27m7'< Z ZQU (1—r) )l/ql .

Finally the condition r > 1 enters the stage. It is needed to ensure the finiteness of the
sum with respect to u. Altogether everything leads to

1 = Al d, L) PIL,(TY | < eia 2™ ml@ D/ | 1157 F(T)]|
— e 27V | st P (T
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Summing up over b by taking (2.32) into account this completes the proof. O

Next we connect Lemma 2.9 and 2.10 by complex interpolation to obtain the result below.

Proposition 2.6 Assume that (p,q) belongs to the set [1,00)x (1, 00]U{(1,1)}. Let further
r > max(1/p,1/q). The sequence L = {L;}32, is given by (Hs) and supposed to satisfy
(Ha(u,s)) for all 1l < u < oo, s > 1/u as well as (Hz(p,s)) for all s > 1/p. Further
(Hg(N)) for a certain X\ > 0 and (Hy) is assumed. Then it exists a constant C' > 0 such
that

11 = Am,d, L) : S, F(T?) = L(T9)]| < 0200172 (2:36)

holds for all m € Ng.

Proof Having Lemma 2.9 and Lemma 2.10 it remains to prove (2.36) for 1 < ¢ < p < 00
and 1/q¢ < r < 1. We use complex interpolation and the result stated in Theorem 1.7.
Furthermore we shall use the relations stated in Lemma 2.9 and 2.10 as corner information
to interpolate the norm of the operator I — A(m,d, L). To do this we have to construct
appropriate parameter triples (po, o, 70) and (p1,q1,71). Firstly, they have to satisfy the
conditions of Lemma 2.10 and Lemma 2.9, respectively. And secondly, the triple (p,q,r)
has to be an intermediate tuple. The figure below gives an idea what we have to realize.

1

=

f
1
q1

3

=
V=]
S |-

JESQ o A

Step 1. We start by choosing p, such that

11 1
I S SR (2.37)
p po plg—1)+q ¢

This is possible because

q q q q 1

1
Z < < =—.
p pg pla—1)+peopl@—1)+qeao@P—-q+qg ¢q
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Furthermore we choose rg such that

1 1/q—1/p0
— < T <r-——--
o 1—1/q

This is possible because of

(1—r)<r.

1/q — 1/po(1 )< 1/q — 1/]90(1 B

0<
- 1-1/q 1—r

ry<r—1/pg.

This choice has the following consequences
(a)
L—r 1—1/q
r—ro 1/g—1/po

(b) and
1/po—1/p  1/q—1/po
1/p 1-1/q

Let us give a short comment on (b). Having (2.37) we conclude

1
1 q It e =
po pla—1+q ple—1)+q p+ 5

which implies (b). The inequalities in (a) and (b) allow us to choose a number 1 < ¢; < ¢
such that it holds simultaneously

1—r 1/q—1/q and Lpo—1/p  1/q—1/po

< .
r—ro  1/¢—1/po 1/p /g —1/q
And finally this implies the existence of r; > 1, 1/p; < 1/p and 0 < ¢ < 1 such that
L—0 _n-r_Ya-Ye¢ . 9 _1p—-1/p_1/a=1/p

9 r—ro  1/qg—1/po 1-9  1/p—1/p1  1/qi—1/q"

And therefore with ¢y := pg it follows
(r,1/p,1/q) = (1 = 9)(ro,1/po. 1/q0) + O (r1,1/p1. 1/ @), (2.38)

where 79 > 1/pg,1 < pp=qo <oocand r > 1,1 < py,q1 < 0.

Step 2. As a consequence of Lemma 2.10 we obtain

||] — A(m, d, L) . §ro F(Td) — Lpo (Td)H < Clz—mrom(d—l)(l—l/fm)'

Po,q0

Additionally Lemma 2.9 implies
||]_ A(m,d, L) . QT F(Td) N Lpl(Td)H < 022—mT1m(d—1)(1—1/q1).

p1,q91



2.4. Main Results 90

We finish the proof by applying Theorem 1.7, Lemma 1.8, (1.42) and (2.38) to obtain

11 = A(m,d, L) : S} ,F(T?) — Ly(T)]|
< | —A(m,d,L): S, F— Ly||*™" - |II — A(m,d,L): S . F — L, ||”

P0,q0 P1,q1
<y 9—mro(1=9) ), (d=1)(1=1/q0)(1=9) | 9—mr1d ) (d=1)(1-1/q0)J

= 03 2_mrm(d_1)(1_1/Q) .

The estimate from below is covered by the following assertion.

Proposition 2.7 Let 1 <p < oo, 1 <qg<oo,r>1/pand L ={L;}3, be given by (Hs),
where we assume
No <N <..< Nj < Nj+1 < ...

Let further (Hy(\)) hold true for a certain A > 0 and (Hs) as well as (Hy) are satisfied.
Then there exists a constant C' > 0 such that

11— A(m,d, L) : ) F(T?) — L,(TY)|| > C 27! D019 -y e Ny

Proof The proof can be transferred almost word by word from Proposition 2.5. By the
same arguments we obtain

r d rm, (d—1
£ Sy (T < c2mld=/

What remains is completely the same as there. O

We combine Proposition 2.6 and 2.7 to the main theorem for the F-scale. It reads as
follows.

Theorem 2.2 Assume that (p,q) belongs to the set [1,00) x (1,00]U{(1,1)}. Let further
r > max(1/p,1/q). The sequence L = {L;}32, is given by (Hs), where we assume

N0<N1<...<Nj<Nj+1<... ,

and supposed to satisfy (Hg(u, s)) foralll <u < oo, s>1/u as well as (Hg(p, s)) for all
s > 1/p. Further (Hs), (Hs), (Hs(\)) for a certain A > 0 and (H;) are satisfied. Then it
holds

11 — A(m,d, L) : S} ,F(T%) — L,(T%)| < 27m@ D019 ;e N,.

2.4.3 Sobolev Spaces

Let us formulate an important result for Sobolev spaces with dominating mixed smooth-
ness, defined in Paragraph 1.4.4. The following corollary is a special case of Theorem 2.2
applied with ¢ = 2 (see also Corollary 1.2).
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Corollary 2.2 Let 1 < p < oo. Let further r > max(1/p,1/2). The sequence L = {L;}32,
is given by (Hs), where we assume

N0<N1<...<Nj<Nj+1<...,

and supposed to satisfy (Hg(u,s)) for all1 < u < oo and s > 1/u. Moreover, we assume
(Hs), (Hy), (Hg(X)) for a certain A > 0 and (H;). Then it holds

11 — A(m,d, L) : SSW(T%) — L,(TY|| < 27™m! D2 m e Ny

2.4.4 Non-Equidistant Knots

Using a simple bump function argument it turns out that we cannot improve the approx-
imation properties of Smolyak’s algorithm by admitting general sequences L, at least in
the case ¢ = 1.

Theorem 2.3 Let L satisfy the hypotheses (Hy), (Hy), (Hs) and (H}). Then the following
two relations hold true.

(1) If 1 <p < oo andr > 1/p then

I = A(m.d, L)|S; B(T?) — Ly(T*)|| = 27™™.

(1)) If 1 < p < oo and r > 1/p then there exist two constants ¢; and cy such that

127 < ||I = A(m,d, L)| S5 F(TY) — L(T%)|| < ¢z 27™m(@-D0-1/p),

Proof Step 1. We shall use the concept of periodic bump functions. Let Bbea compactly
supported smooth function such that supp B C {r € R? : |z| < 1}. Its 27-periodic
extension is denoted by B. Obviously, B € S;,qA(Td), 1 <p,q <oo,r>0. Furthermore,

if A = (A,...,A\g) > 1is given then B(\-) denotes the 2m-periodic extension of B(A-).
Let us collect some properties in the following lemma.

Lemma 2.11 Let 1 <p< o0, 1 <qg< o0 and A\ = (A\1,...,\q). Let r > 1/p. Then there
exists a positive constant ¢ such that

| BV IS, BT < eXi™7 - - N77|| B() |8, B(TY)| (2.39)

and
I BO) LT = A7 AP BC) L, (T

holds for all X > 1. If p < oo and additionally r > 1/q, then also

I B[S F(T| < e NP X7 YP B IS5 F(TY)]]
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Proof These are simple consequences of characterizations of S7 B(T?) and S F(T?) by
differences. We refer to Theorem 1.12 and 1.14 and obtain in the B-case

I F1S5 BEDIS = I FILTH+Y > S5,

n=1 §e{0,1}4,|8]1=n

where for |3]; =n > 1

S3(f) = { / (LTIl (AR5 00 AR 5. ) (@) | Lp(TH]|* o ﬁ ,
Rn =1 n
and § = (01,...,6,) is defined by means of 35, =1, i =1, ..., n.
For abbreviation we put By(x) = B(Az). It is not difficult to recognize

( Azll,él 0---0 AZ,@B/\)@) = ( At\il-hl,al ©---0 Af\id.hd,gdB) (/\1961, ey )\diﬁd) )

which corresponds to the well-known formula (AM f(X-)(t) = AY f(\t), t € R. Finally, a
change of variable yields

SE(By) = Ay VP PSS (B)
Now (2.39) is a consequence of \; > 1 and r > 1/p. O

Step 2. Proof of Theorem 2.3. Only the estimate from below in the B-case is of in-
terest. The F-case follows from elementary embeddings, see Lemma 1.6/(iii). Associated
to L = (L, ..., L%) is the sequence of grids G(m,d, E), m € Ny, see (2.14). For simplicity
we concentrate for the moment on the first component. Because of (Hs3) we find

Uz
=0

Consequently, for every m € Ny there exists an open interval Z,, C [—m, 7], |Z,| =
0%2_(”‘“), such that

S 02 2m+1 ]

I N ( U le> =10.
=0
Therefore we can find a rectangle R, :=Z,, x [, 7| X ... X [—m, 7] providing

Rn,NG(m,d,L)=10.
Let B denote the function investigated in Lemma 2.11. We choose \; = C52™*! and
Ay = ... = Ag = 1. If ™ denotes the centre of R,, the function B(A(- — 2™)) vanishes in
G(m,d, L). In view of Lemma 2.11 this implies
| BA(- —2™)) = A(m, d, L)(BA(- —2™))) |L,(T%)]|
| BAC —am™)) [Sp, B(TY)|

where the corresponding constants do not depend on m. O

> cA{"
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2.5 Examples

2.5.1 Sampling Operators

First we consider interpolation with de la Vallée Poussin means, cf. Subsection 2.2.3. We
put
A(m,d,p) := A(m,d, L), Lj:=1(A}5,),j€No. (2.40)

L is of type (Hs). As an immediate consequence of Corollary 2.1 we obtain that L satisfies
(Hs(u, s)) for every admissible pair (u,s). A simple calculation shows that (Hg()\)) is
satisfied with A = 1/2 — p and therefore also (Hi(A)). Since I(A7,;, -) uses function
values from the standard grid Jy; also (Hs), (Hj) and (Hy) are fulfilled. Obviously also
(H7) holds true, which follows from (2.7) together with (2.4) . Altogether Theorem 2.1, 2.2
and Corollary 2.2 yield the following.

Corollary 2.3 Let 0 < pu < 1/2.
(1) If 1 <p,qg < oo andr > 1/p then

|1 = A(m, d, 1) |8, B(T?) — Ly(T%)]| = ml@-D0-1/a) g

(11) If (p,q) € [1,00) x (1,00l U{(1,1)} and r > max(1/p,1/q) then

17— A(m,d, 1) |S} ,F(T) — Ly(T9)|| = mld-Di=t/a gz,

(117) If 1 < p < oo and r > max(1/p,1/2) then

17— A(m,d, ) |S;W(T?) — Ly(T)]|| = m(@ D227,

As a second example we consider Smolyak’s algorithm associated to the interpolation
operators R, cf. (2.8) or [45, 1.6]. Putting

A(m,d,R) := A(m,d,L) , where L;: =Ry ,j€ Ny,
we obtain with exactly the same arguments as above.
Corollary 2.4 (i) If 1 <p,q < oo andr > 1/p then

1= A(m,d.R) |}, BT — L(T4)| = m@-D0-1/0 3.
(i) If (p,q) € [1,00) x (1,00l U{(1,1)} and r > max(1/p,1/q) then

|1 — A(m,d,R)|S} F(T%) — L,(T%)]|| =< ml D01/ g=mr,
(111) If 1 < p < oo and r > max(1/p,1/2) then

|1 — A(m,d,R)|S;W(T?) — L,(T)| = mld=1/29—mr
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Remark 2.11 Lemma 2.7 and Remark 2.3 imply that A(m,d,1/6) f interpolates every
continuous function f € C(T¢) on the used sampling grid G(m,d,1/6) given by

Gm, d,1/6) = { (20 LY

3.2 < <320 =1 d, m—d—i—1§|j|1§m}.

The last example of a sparse grid sampling operator is the following classical one. We
consider interpolation by means of the Dirichlet kernel, i.e. we put

A(m,d, D) := A(m,d, L), Lj:=1y, j€Ny.

Here Hy(u, s) is satisfied for 1 < u < oo and s > 1/u. Contrarily (H,) is not satisfied and
hence the Propositions 2.5, 2.7 and the Theorems 2.1, 2.2 are not applicable in the stated
form. With specific modifications of the family of testfunctions used in the proof, see
(2.28), it is also possible to obtain a sharp estimate from below (see [35] for the bivariate
case). Nevertheless, Proposition 2.4 and 2.6 give us the following.

Corollary 2.5 (i) If 1 <p < oo, 1 < g < oo andr > 1/p then there a constant ¢ > 0
such that

I T — A(m,d,D)|S; ,B(T?) — L,(T%)|| < em!dD0=Ha =m0y e Ny

(i1) If 1 < p,q < oo and r > max(1/p,1/q) then there exists a ¢ > 0 such that
|1 — A(m,d,D)|S; F(T?) — Ly(T%)|| < em!™D0=Vao=mr  m e Ny,
(113) If 1 < p < oo and r > max(1/p,1/2) then there exists a ¢ > 0 such that
|1 = A(m,d, D) |S;W (T4 — L,(TY)| < em@ V227 meN,.

Remark 2.12 (i) The operator A(m,d, D) uses function values from the grid

. o 21l 2l ‘
G(m,d) = {(211“ 1 Qiat 1> '

0< 62 i=1,.d, m—d+1<|jli <m}.
But in general A(m,d, D) is not interpolating. To see this, it is sufficient to consider the

operator A(1,2, D) applied to the function f(xy, 1) = €%t at the point (27/3,0) € G*(1, 2).
Of course, the reason for this consists in

{% osggzj“}sz{wz 0< <2},
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(ii) Let us return to the operator A(m,d,R). Here Lemma 2.7 is not applicable in the
stated form. The condition (2.19) is not satisfied, however (Hy) is. In the case d = 2 we
have the following

A2,2,R) falar, ws) = 21 4 202 | gitmr | gidma

. . . . 4 . 2.41
A(3,2,R) f3($1,$2) — 6123:1 4 612322 + ez4m1 + 614:22 + 62821 + 67,8:1:2 , ( )

where the test functions f,, are defined in Section 2.7, cf. Remark 2.17. This shows
immediately that A(m,d, R) does not interpolate.

2.5.2 Convolution Operators

It turned out that the Smolyak algorithm applied to sampling operators yields a worst case
within a wider class of Smolyak algorithms. In particular, applied to the partial sum of the
Fourier series, it behaves better in approximation order than the Smolyak algorithm with
respect to a sampling operator. Precisely, we do the following. Let us denote by A(m, d, S)
the operator A(m,d, L) associated to the sequence

Lj = ng s jGNo.

Of course Definition 2.1 makes also sense in this situation. This operator and its approxima-
tion properties have been studied very intensively in the former Soviet Union, for instance
by Bugrov, Dinh Dung, Galeev, Nikol’skaya, Nikol’skij, Romanyuk and Temlyakov. How-
ever, in contrast to the previous considerations, the operator A(m,d,S) leads to better
results, namely:

Theorem 2.4 Let 1 <p<oo,1<qg< oo andr > 0. Then

11— A(m,d, S)|S} ,B(T?) — L,(T%)]|

m VG g 1< p<2and p<q < oo,

= (d—l)(l_l) —mr ,
= m 274’ 2 if 2<p<ooand 2<q<o0,
2-mr otherwise,
m € No.
Proof A proof can be found in [39, Thm. 5| and further references. g

Furthermore in the F-case we have the following result.

Theorem 2.5 Let 1 <p<oo,1<q<ooandr >0. Then we have

11— A(m,d,S): S} F(T) — L,(T%)| < 27mm@- D020 =y e N,
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Proof A proof can be found in [53, Prop. 5]. O

Of significant interest is the behaviour for Sobolev type spaces. Here we obtain as a
special case (¢ = 2, see Corollary 1.2) of the previous theorem.

Theorem 2.6 Let 1 <p < oo andr > 0. Then we have

II = A(m,d,S) : SSW(T?) — L,(TY)|| <27 , meN.

2.6 Optimal Recovery of Functions

In this section we study the question of optimal recovery of a function from a finite number
of function values. In order to define the quantity pj;, already mentioned in the introduc-
tion, we introduce the following framework.

Let

m(f,)(x) = Zf(ﬁj) ()

denote a general sampling operator for a class F' of continuous, periodic functions defined
on T?, where

€= {51,...,§M}, feT, i=12... .M,

is a fixed set of sampling points and ; : T* — C, j = 1,..., M, are fixed, continuous,
periodic functions. Then the quantity

par(F, Ly(T?)) :==inf inf  sup || f = W (f, &) |L(T)]|
§ VLM fIF|<1

measures the optimal rate of approximate recovery of the functions taken from F. We
are interested in the case, when F' = S;W(Td), l<p<oo,r>1/p F = S]’;’qF(Td),
1<p<oo,1<qg<oo,r>1/pand F = S;qu(Td), where 1 < p,q < oo and r > 1/p.
Observe, that the operator A(m,d, u) uses M = M(m,d) < 2™ m?! function values from
its argument (see (2.40) and Remark 2.8). Therefore m < ¢ log M with some ¢ independent
of m and hence

2—rmm(d—1)(1—1/q) < M—?"(C IOg M)(d—l)(r—i—l—l/q) ]

In view of Corollary 2.3 this implies the upper bound given below.

Corollary 2.6 Let 1 < p < 00, 1 < q < o0 and r > 1/p. Then there ezist positive
constants ¢; and co such that for all M € N

aM™ (10g M)(d_l)rn(Ma d7 b, Q) pM(S;,qB(Td)v LP<Td))

<

where
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(log M) DG if 2 <pq,
n(M,d,p,q) = (log M)(dfl)( ) if 1<p<2 and p<gq, (2.42)
1 otherwise.

LSETE ST
Q= Qe

Proof The estimate from above follows from Corollary 2.3. It holds even in the case
1 < p,q < oco. For the estimate from below we shall use some well-known results about

Kolmogorov numbers of those embedding operators. Recall, for a Banach space F' —
L,(T%) we put

dy (F, Ly,(T%) = inf sup  inf

{ui M CLy(T) || f|F||<1 €1 sCM

M
f= Z Ci Wi
i=1

Hence dy; < par. In case of F' = S B(T%) one has the convenient references [50, 11.4.11]
and |45, Thm. 3.4.5], but with some additional restrictions what concerns r and p. For the
general case we refer to [16]. Galeev considered a bit different spaces. However, by some
standard arguments his estimates carry over to our situation, see e.g. [45, Introduction to
Chapt. 3| and Section 2.7/(2.52). For 1 < p < oo, 1 < g < oo and r > 0 this leads to

Lp(']I‘d)H .

dar(I1, 5" B(T%), L,(T%) < M~"(log M)“9=Vrn(M,d, p,q)

L 2t

where n(M, d, p, q) is defined in (2.42). O

Remark 2.13 For the estimate from below one can also use entropy and approximation
numbers. For a definition of these quantities we refer, e.g., to [13], [50] or [56]. Let
en(1, X,Y) denote the n-th dyadic entropy number of the embedding operator I which maps
the Banach space X into the Banach space Y and let A\, (I, X,Y’) denote the n-th approxi-
mation number (linear width, see Remark 2.2) of this embedding. Then trivially Ayy < pas
and furthermore e, < ¢\, under certain weak conditions on X and Y which are satisfied
in our context, see Theorem 1.3.3 in [13]. So, entropy numbers can be used as well for
deriving lower bounds of pyr. The estimates

(T d M= (log M) D0+3=0)+ if 1<p<oo,
a5, BT, £,(1) = ¢ {17 ee ) T flenee

with some positive constant ¢ (independent of M) are known, at least in a situation very
close to ours. For (non-periodic) function spaces on domains it has been proved in [56,
Thm. 4.11]. This can be transferred to the periodic situation. In our case it is enough
to construct a bounded linear extension operator from Sy B((—1,1)%) to Sy B(T%) and to
apply the multiplicativity of the entropy numbers, see [13, 1.3.1]. We omit details and refer
to [8] where a similar situation is investigated. Under additional restrictions on p and q

entropy numbers of the embeddings I : S; B(T%) — L,(T?)) are studied in [5], [12] and
[44].
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Remark 2.14 In case ¢ = oo Temlyakov proved the estimate from above in Corollary 2.6,

of. [43] and [45, 4.5].
For Triebel-Lizorkin spaces Sj  F(T?) the situation is similar.

Corollary 2.7 Let (p,q) € [1,00) x (1,00]U{(1,1)}, r > max(1/p,1/q). Then there exist
two positive constants ¢; and co such that for all M € N

¢t M (log M)\ DR < gy (8] F(TY), Ly(T7)

<y M*T(log M)(dfl)(ruklfl/q) ) (243>
Proof The upper bound is obtained by Corollary 2.3. For the lower bound we refer to Re-
mark 2.13. The same asymptotic lower bound holds for the quantity ey (I, S}, F(T%), L,(T?)).
The consequence for the scale of Sobolev spaces can be formulated as follows.

Corollary 2.8 Let 1 < p < 0o and r > max(1/p,1/2). Then there exist positive constants
c1, ¢ such that

c1 M7 (log M)“D < par(SsW(T?), Ly(T?)) < e M7 (log M) W=D/ M e N
holds.

Remark 2.15 The Smolyak algorithm uses samples of a wvery specific structure. The
Corollaries 2.6, 2.7, 2.8 tell us that allowing arbitrary sets of sampling points of the
same cardinality we can not do much better. The difference is at most (log M)\@=V/2 if
1 <p<oo.

2.7 Comparison with Known Results

This section contains a brief summary of several results available in literature. We intend
to discuss our results obtained in the Sections 2.4 and 2.6 in that context.

Let us start with Sickel and [34], [35]. The estimates given there for the operator A(m, 2, D)
can be extended to the d-dimensional setting. The use of more sophisticated constructions,
like interpolation with de la Vallée Poussin means, made it also possible to prove counter-
parts for the limiting situation p = 1 and p = oo (see Remark 2.9) .

Furthermore, periodic function spaces with dominating mixed smoothness in connection
with topics in approximation theory have especially been studied by Temlyakov, cf. [43, 44,
45] . In his monograph [45] he deals with several approximation techniques. In particular,
approximation from hyperbolic crosses and sampling (cf. [45, 1.6, 4.5]). For instance, the
sampling operators I,, and R,, are investigated there (see (2.8) in Remark 2.3). Also the
problem of approximate optimal recovery of functions is posed in the setting which we used
in Section 2.6. In fact, our approach for constructing sampling operators on T is basically
the same as used in [45, 4.5]. Smolyak’s algorithm with respect to the operators R, is
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considered there. Following the Russian tradition he chose a slightly different approach for
defining classes of periodic functions with dominating mixed derivative. In order to make
a serious comparison of his results and the ones obtained in Chapter 2, it is necessary to
have a closer look at the classes MH ,(T%) and MW, (T%), cf. [45, 3.3]. Their definition
can be summarized as follows. For r > 0 we consider the periodic function

F(t)y=1+ > |k[7e™ | teT.
k=—o00

By using Lemma 1.2 it is easy to prove that F, belongs to By . (T) and therefore to L;(T) .
Suppose that ¢ € L,(T) for 1 < p < oco. The function ¢ * F,. defined by the convolution

1
(o F)t) = o [ oWt = )y
T
belongs to L,(T) and moreover
o % FAL(T)] < el Fo Ly (D) - [l Ly(T) | (2.44)

The Fourier coefficients of this function are given by

ce(o* F.) = cp(e) - cr(F) . (2.45)

Let us now consider the tensor product F,(x) € L;(T?), denoted by the same symbol and
given by
Eu(z1,...,2q) = Fo(ay) - ... - Fr(zg) , z €T,

Similar to the case d = 1 we consider ¢ * F, as an L,(T%)-function for ¢ € L,(T?). The
classes MW (T%) are now defined as follows (see [45, 3.3]). Let 1 < p < oo and 7 > 0.
Then the classes MW, (T?) are defined by

MW = {7 = € f0) = oo [ el R - ) dy

(2m)
14 (2.46)
for some ¢ € L,(T%) such that || L,(T%)| < 1} .

Recall the definition of Sobolev spaces with dominating mixed smoothness S;WW (T?) in
Paragraph 1.4.4/(1.40). The following theorem will establish the relation between these
two classes in the case 1 < p < oco. It turns out that MW (T?) in some sense is the unit
ball in ST (T?).

Theorem 2.7 Let 1 <p < oo andr > 0. There are constants cy,co > 0 such that
(i) f € MW (T?) implies || f|S;W(T9)|| < ¢1 and
(it) f € S;W(T?) such that || f|S;W (T?)|| < ¢y implies f € MW (T).
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Consequently, the classes MW, (T?) and S;W (T?) are equivalent for our purposes. Let us
give a short proof of this assertion.

Proof Step 1. Let f € MW](T?). Then a function ¢ € L,(T?) exists such that
| Lp(T?)|| <1 and f = ¢ * F,. For the Fourier coefficients of f we have again (2.45). It
is enough to check whether the function f((z) with the Fourier series

Z Ck(f)(l + |/§1‘2)r/2 (1 + |kd|2)r/2 ke

kezd

belongs to L,(T%). We consider the formal decomposition
() — ()
=308,
Be{0,1}4

where I3 is defined as in Paragraph 1.6.1 and obtain

. 1+ [k [?)/2 1+ |kq|?)"/?
@) =% |k1[?) (1 + |kal*)

. ik 2.47

kGIB

Analogously we decompose ¢ € L,(T%) into > pefonye Pp- Now Fourier multiplier as-
sertions come into play. One uses a scalar version of the multiplier theorem by Li-
zorkin (cf. Proposition 1.8) and a periodic version of a classical theorem by Michlin-
Hormander (cf. [32, 1.7.7]). Both require 1 < p < oco. The result is on the one hand

1757 1Lo(T9)]| < e1llpa| Ly (T?)] and on the other hand [[5|L,(T%)|| < es|o| Ly(T?)]|. Con-
sequently, [[f@|Ly(T)| < lls|Ly(T)] -

Step 2. Let f € S;W(T?) such that

H Z Ck(f)(l + ’/{:1’2)1”/2 (1 + ‘kd’2)r/2 pika

kezd

L,,(Td)H <1.

The function ¢ given by
> s
Be{0,1}4

where

Z cr(O)|ky|P7 L kglPam et

kGIB

belongs to L,(T?) and satisfies ||| L,(T%)|| < c4l| f|S;W (T)||, where ¢4 is independent of
fe S;W(Td) . This follows by the same arguments as used in Step 1. Moreover, we have
f = ¢ * F,. which completes the proof. U
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Remark 2.16 Recall Paragraph 1.4.4. In the same manner one proves the equivalence of
the Sobolev norms (1.39) and (1.40).

The Nikol’skij-classes of type MH] ,(T?), 1 < p < o0, 0 < r < £ € N are defined via:
f € Ly(T?) belongs to M H} (T 1f and only if for every 3 € {0,1}¢

B, (KT ) W00 S s DT < 1

i=1,.

holds true. See Paragraph 1.6.1 concerning notation. By Theorem 1.14 and Remark 1.19
in Section 1.6 we obtain a counterpart of Theorem 2.7, namely the following:

Theorem 2.8 Let 1 <p<oo and 0 <r < { & N. Then there exist c¢1,co > 0 such that
(i) f € MH] (T9) implies || f|S; . B(TY)|| < ¢ and
(ii) f € Sy B(T?) such that || f|S;  B(T)| < ¢, implies f € MH} ,(T).

Temlyakov obtained the following results in both cases.

Theorem 2.9 Let 1 <p < oo andr > 0. Then there exists a constant ¢ > 0 such that
If = A(m, d, R) fILp(T?)|| < c27""md! (2.48)

holds true for allm € Ny and f € MH ,(T?).

As a consequence of the inclusion MW} (T%) € MH} ,(T%) the relation (2.48) is also valid
for f € MW/ (T?). These results can now be compared with the results stated in Section
2.5. The relation (2.48) turns out to be a special case of Corollary 2.4. However, the
result for MWI’;(Td), 1 < p < oo, r>0,is improved by (d — 1)/2 in the power of m.
This yields the same improvement in the estimate for pp (MW (T?), L,(T?)), see [45, 4.5]
and Corollary 2.8. To be precise, in case 2 < p < oo we have to pay the price of a more
restrictive assumption, namely » > 1/2. We do not know if this represents a necessary
condition. Let us turn to estimates from below.

Remark 2.17 In [45, 4.5] there is also stated the following inequality

sup ||f — A(m,d, R)f|| = ¢27"'m?". (2.49)

feMH?,

We add some comments, why the arguments given by Temlyakov do not apply. In [45, 4.5]
the following test functions are considered

fulz) = @2 Timteti2d ey e N (2.50)

[s|1=m
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Let f5(x) = 2" 7o . e for s € N4 x € T Let further p € No. Now (2.11)
implies
[ p=s+1

Rou f5(t) =< 0 =S
1 Tp<s
and therefore
(0 D> s+ 2
P@) - op=st
s/ ) —1 o u=s52>1
A, fi(x) = 0 S l<pu<s (2.51)
1 c 0=u<s
(0 s 0=p=s.
This has the following consequence for the Fourier coefficient ¢, 0y(A(m,d,R)f*), s € N¢,
d
|sly = m. Because of (2.51) this coefficient vanishes in case [[ s; = 0. It remains to
j=1
d
consider the case [] s; # 0. Using (2.51) we obtain
j=1
d
o0 (Am R ) = " o0 (&) Ay, ) 1]
ue{0,1}4 Jj=1
ue{0,1}4
d
d
-y u(f)
=0
d—1\ d—1\  (d—1
s (45 B+ ()
e () e () ()

=1
=(-)*'+(-1)""'=0.

Hence, the family f,, does not qualify for test-functions. For the necessary modifications
of fm see Proposition 2.5. U

Temlyakov also considered spaces with zero means. Here LY(T%) denotes the usual L,(T%)
space with additional conditions given by

/f(a:)d:cj =0 , j=1,.,d.
T
Then M°H ,(T%) can be characterized by

sup (T 10l ) 12000 0 Al D@ LT < 1. (2.52)

FLERd,hi#() i=1
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Classes of this type were also considered by Galeev [16] to obtain estimates for several
kinds of widths. His results are also important for us (see Corollary 2.6). In [45, Intr. to
Chapt. 3| Temlyakov pointed out that (in a certain sense) MH; ,(T%) is equivalent to a
sum of spaces of type MOHZZ’,E(T”), where 1 <n <d.
This is the starting point for the theory which is presented by Dinh Dung in [11]. In
particular, he considered periodic Holder spaces H;‘(']I‘d) with mixed smoothness, where
ACR? 1<p<ooand

HMTY) := () Hy(T%).

acA

In the case A = {(r,...,r)}, 7 > 0 these spaces coincide with M°H(T%). His attempt for
estimating py is characterized by some geometrical aspects. He solved an R%optimization
problem instead, where the set A is involved. A special case of [11, Thm. 4.2] is the
estimate

for > 0 and 1 < p < oco. This corresponds to Temlyakov’s result (see Theorem 2.9) as
well as our results stated (special case ¢ = 00) in Section 2.6 .

Let us recall the results from Wasilkowski-Wozniakowski [57]. A general framework of
tensor products of Hilbert spaces is presented. This setting is also applicable to Sobolev
spaces with dominating mixed smoothness S;W(T?). Under very general assumptions,
which essentially correspond to our hypothesis (Hy(p,7)) in Paragraph 2.3.2, they can
prove the following assertion.

Theorem 2.10 Let r > 0 and L = {L;}; be a sequence of operators satisfying

(i) I — L;|W3(T) — Lo(T)|| < C27"7 and

(i) [[L; — Lj—1[W3(T) — Lo(T)|| < D277

where C, D are fived constants. Then a constant C' > 0 exists (independent of d) such that

| = Am.d, L) : S5 (T%) = Ly(TY)]| < CH* (d”_" 1)2%

holds for every m € Ny. The constant H is given by H = max(2", D).

Again this overlaps with Temlyakov’s results. Here they took care about the explicit d-
dependence of the constant and obtained exponential dependence (but without an estimate
from below). This can be compared with the result stated in Remark 2.10. Let us also
refer to [39]. In [39, Thm. 1,2] we also considered a more general setting, similar to [57],
and obtained better results. However, the main difference to [57] is the necessity of a
projection property of the one-dimensional operators, see hypothesis (H2) in [39], which
corresponds to hypothesis (H;(\)) in Paragraph 2.3.2. See also the next chapter.



Chapter 3

Conclusion and Outlook

The final chapter is intended to present several unsolved problems and interesting open
questions related to the investigations in this thesis. It is divided into two sections. The
first one deals with further questions in the theory of periodic functions spaces. In the
second part we will critically discuss the results obtained in Chapter 2 and give some
stimulation for further investigation.

3.1 Open Problems for Periodic Function Spaces

Several open problems occurred while studying the classes ST B(T?) and Sj  F(T?).

The first one appeared during Section 1.6, especially in Paragraph 1.6.5. We considered
the question, whether it is possible to replace the integrals with respect to (0,00) by
integrals with respect to (0,1). This was titled “Localization”. We conjectured that the
localized characterizations for S F(T?) are extendable to the full range of parameters. In
Theorem 1.11 the case of (quasi-)Banach spaces remains open. Remark 1.17 gives only for
0 < q <p< o a positive answer . However, the case 0 < p < ¢ < 0o also remains open.
Another open question concerns the B-case. It would be of big interest to extend the
characterization by moduli of smoothness (see Theorem 1.14) to 0 < p < 1 and 7 > 0, as
it holds true in the isotropic case. At the moment we have a corresponding result only for
7 > 1/p (see Theorem 1.15).

A further interesting problem is the characterization of the given classes via atoms and
wavelets. There are several motivations to develop a corresponding theory also for periodic
spaces with dominating mixed smoothness. For the non-periodic situation (i.e. the scales
S;B(RY) and S7 F(R?)) this has already been done by Vybiral in [56].

104
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3.2 Further Remarks on Chapter 2

In this Section we want to present open problems regarding Chapter 2 as well as ideas
for some future work. Let us start with some remarks concerning the class of admis-
sible sampling operators (see Paragraph 2.3.2). In our opinion the class of admissible
operators is still too small. This is the consequence after comparing our results with the
ones by Wasilkowski-Wozniakowski [57], see Theorem 2.10. Although they use the Hilbert
space setting, their assumptions are in some sense more general. The projection condi-
tions, formulated in the hypotheses Hi(\) and Hg(\) in Paragraph 2.3.2, represent strong
assumptions. As Theorem 2.10 indicates, it would be of interest to study the problem
without these conditions. This opens the door to an investigation of spline approximation
on non-periodic spaces with dominating mixed smoothness.

Moreover, the knowledge of the optimal constants in Proposition 2.4 and especially in
Remark 2.10 is unsatisfactory. Investigations in this direction are necessary in order to
confirm the algorithm as a tool for problems in high dimensions. A first step could be the
computation of the approximation error in the case of Hilbert spaces (i.e. S;W(T9) and
Ly(T%)).

Let us turn to an interesting open problem from the theoretical point of view. Our results
in Section 2.6 give estimates from above for the problem of optimal recovery. It would
be interesting to prove (or disprove), that our constructive methods are optimal. If not,
one should try to find another constructive (and easy to handle) method which realizes
the optimum . Even the knowledge that a better method exists would be a progress. To
derive estimates from below for the quantity py; one can try to extend the bump function
argument used in Paragraph 2.4.4 to all ¢. Characterizations of the spaces with periodic
wavelets should be very helpful in this context. See for instance [29], where the isotropic
case is treated. A first step is therefore to investigate atomic as well as wavelet decomposi-
tions of functions from Sy B(T%) and S;  F(T?) (see the previous section). However, from
the applied point of view it would make more sense to investigate algorithms with good
behavior in high dimensions.

Finally, we return to the classes S /pB(']Td) 1 <p<oo, and S} F(T?), 1 < ¢ < 0.
Having the embedding in C(T?), they represent a large class of Contlnuous functions (see
Theorem 1.4 and Theorem 1.5). From this point of view it would make sense to investigate
the behavior of Smolyak’s algorithm. The proof techniques used in Section 2.4 do not
apply in this situation.
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Num. Math., Lin. Alg., Calc. I, II, ITI, Funct. Anal.



Participation at Conferences, Research Stays, Talks

2003 Fractal Geometry and Stochastics III, Friedrichroda (D)

2004 Summer School on Harmonic Analysis and Partial Differential Equations, Pisa (IT)
Approximation and Probability, Bedlewo (PL)
Workshop on Approximation, Complexity and Function Spaces, Siegmundsburg (D)
Autumn School on Optimization, Siegmundsburg (D)

2005 Function Spaces, Approximation Theory and Nonlinear Analysis, Moscow (RU)
Spring School in Function Spaces and Applications, Paseky (CZ)
Harmonic Analysis and Partial Differential Equations, Kiel (D)
Workshop on Fractal Analysis, Eisenach (D)
Workshop on Nonlinear Partial Differential Equations and Applications, Paris (FR)
Workshop on Geometry, Cracow (PL)
International Workshop on Machine Learning in Bioinformatics, Berlin (D)

2006 Workshop on Wavelet Analysis and Frame Theory, Bremen (D)
Spring School on Nonlinear Analysis, Function Spaces and Applications, Prague (CZ)
Invitation of Prof. J. Prestin to University of Liibeck (D)
Invitation of Prof. G. Bourdaud to University of Paris VII (FR)
Function Spaces 8, Bedlewo (PL)
Harmonic and Geometric Analysis with Applications to PDE, Sevilla (ES)
Summer School on Applied Analysis, Chemnitz (D)
Invitation of Prof. D. Potts to Technical University of Chemnitz (D)

2007 Twelfth International Conference on Approximation Theory, San Antonio (US)

Publications

1. T. ULLRICH Uber die periodische Interpolation auf schwach besetzten Gittern
mattels de la Vallée Poussin-Kernen, Diploma-Thesis, FSU Jena, 2004

2. T. ULLRICH Function Spaces with Dominating Mized Smoothness,

Characterization by Differences, Jenaer Schriften zur Mathematik und Informatik,
Math/Inf/05/06, 50p, Jena, 2006

3. W. SICKEL AND T. ULLRICH Smolyak’s Algorithm, Sampling on Sparse Grids
and Function Spaces of Dominating Mixed Smoothness,
Jenaer Schriften zur Mathematik und Informatik, Math/Inf/14/06, 57p, Jena, 2006,
submitted to East Journal on Approximations

4. T. ULLRICH Smolyak’s Algorithm, Sampling on Sparse Grids and Sobolev Spaces
of Dominating Mixed Smoothness, Jenaer Schriften zur Mathematik und Informatik,
Math/Inf/15/06, 36p, submitted to East Journal on Approximations



Ehrenwortliche Erklarung

Ich erklére hiermit, dass mir die Promotionsordnung der Friedrich-Schiller-Universitdt vom
28.01.2002 bekannt ist.

Ferner erklare ich, dass ich die vorliegende Arbeit selbst und ohne Benutzung anderer als
der angegebenen Hilfsmittel angefertigt habe.

Weitere Personen waren an der inhaltlich-materiellen Erstellung der Arbeit nicht beteiligt.
Insbesondere habe ich hierfiir nicht die Hilfe eines Promotionsberaters in Anspruch genom-
men. Niemand hat von mir unmittelbar oder mittelbar geldwerte Leistungen fiir Arbeiten
erhalten die im Zusammenhang mit dem Inhalt der vorgelegten Arbeit stehen.

Die Arbeit wurde bisher weder im In- noch Ausland in gleicher oder dhnlicher Form einer
anderen Priifungsbehorde vorgelegt. Insbesondere wurde keine in wesentlichen Teilen &hn-
liche oder andere Abhandlung bei einer anderen Hochschule als Dissertation eingereicht.

Ich versichere, dass ich nach bestem Wissen die reine Wahrheit gesagt und nichts ver-
schwiegen habe.

Jena, den 13.02.2007 Tino Ullrich



