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1 Introduction

Within this chapter we give an overview of the historical background of this thesis.
In particular we point out the papers, which influenced our work. Further, we
describe how this thesis is organised and state the underlying scenario.

1.1 Prologue

Already in the late 19th century the French mathematician and physicist Poincaré
discovered the possibility of complicated, nearly irregular behaviour in deterministic
model systems, [Pol890]. His investigations can be seen as the beginning of the
qualitative analysis of dynamical systems. Qualitative analysis aims at understan-
ding a system with respect to its asymptotic behaviour or the existence of special
types of solutions, thereby using geometric, statistical or analytical techniques. Par-
ticular relevance has the study of how external parameters influence a system; cor-
responding research has established bifurcation theory as one of the main branches
of modern applied analysis. In the last years in particular homoclinic orbits and
their bifurcation behaviour have attracted much attention, since they are an “or-
ganising centre” for the nearby dynamics of the system. Under certain conditions
complicated or even chaotic dynamics near these homoclinic orbits can occur. For
historical notes of homoclinic bifurcations in general systems we refer to [Kuz98|.
Champneys, [Cha98], presents a detailed overview of homoclinic bifurcations in re-
versible systems.

A second aspect for the importance of homoclinic orbits is their occurrence as so-
lutions of dynamical systems arising as a travelling wave equation for a partial
differential equation by an appropriate travelling wave ansatz. Then homoclinic
solutions describe solitary waves (or solitons). We refer to [Rem96] for a detailed
introduction and to [Cha99, CMYKO01la, CMYKO01b]

S 4

Many applications lead to dynamical systems with symmetries or systems that con-
serve quantities. For example the equations of motion of a mechanical system
without friction are Hamiltonian, i.e., they preserve energy. Very frequently those
systems are also reversible. Roughly speaking this means that they behave the same
when considered in forward or in backward time. Reversibility has also been found
in many systems, which are not Hamiltonian. Indeed, there are examples from non-
linear optics, where a spatial symmetry in the governing partial differential equa-
tion leads to reversibility of a corresponding travelling wave ordinary differential
equation, without this equation being Hamiltonian, see [Cha99]. Considerations
regarding reversible or Hamiltonian systems show the remarkable fact that those
systems have many interesting dynamical features in common, see [Cha98, LR9S8
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and the references therein. This concerns in particular the occurrence of certain or-
bits such as homoclinic or periodic ones. However, recently Homburg and Knobloch
HKO6| could prove essential differences regarding the existence of more complicated
dynamics such as shift dynamics. So, it is of interest to work out differences and
similarities of reversible and Hamiltonian systems.

While earlier studies of homoclinic bifurcations were bound to homoclinic orbits to
hyperbolic equilibria, in recent years many authors turned to systems with non-
hyperbolic equilibria. In general in this case one expects bifurcations of the equi-
librium, for example saddle-node bifurcations considered by Schecter, Hale and Lin
in [Sch87, Sch93, HL86, Lin96]. We also refer to the monograph [IL99]. But under
certain conditions non-hyperbolic equilibria can be robust, i.e. no bifurcations of
the equilibrium occur under perturbation. For instance an equilibrium of saddle-
centre type (there is a pair of purely imaginary eigenvalues; the rest of the spectrum
consists of eigenvalues with non-zero real part) in a Hamiltonian or reversible sys-
tem is robust. In both Hamiltonian and reversible systems the centre manifold of a
saddle-centre equilibrium is filled with a family of periodic orbits, called Liapunov
family, see [AMG67, Dev76].
Within this thesis we consider bifurcations of homoclinic orbits to a saddle-centre
equilibrium in reversible systems. Concerning this investigations the papers of
Mielke, Holmes and O’Reilly, [MHO92|, and Koltsova and Lerman, [Ler91, KL95,
KL96] are of particular interest. Mielke, Holmes and O’Reilly studied reversible
Hamiltonian systems in R* having a codimension-two homoclinic orbit to a saddle-
centre equilibrium (i.e., it unfolds in a two-parameter family). There they focussed
on k-homoclinic orbits to the equilibrium and shift dynamics. The k-homoclinic
orbits are orbits which intersect a cross-section to the primary homoclinic orbit in a
tubular neighbourhood k times. Koltsova and Lerman made similar considerations
in purely Hamiltonian systems. Besides they considered homoclinic orbits asymp-
totic to the periodic orbits lying in the centre manifold. However, in each case the
underlying Hamiltonian structure was heavily exploited. So, it is a natural question
to ask for a complete analysis for purely reversible systems with homoclinic orbits
to a saddle-centre, [Cha98]. Champneys and Hérterich, [CHOO|, gave first answers
to the posed question for vector fields in R*. Thereby they focussed on bifurcating
two-homoclinic orbits to the equilibrium. For that concern it is sufficient to confine
the studies to one-parameter families of vector fields; the parameter controls the
splitting of the (one-dimensional) stable and unstable manifolds.

In all mentioned papers [MHO92, Ler91, K1.95, KL96, CH00] the analysis is based
on the construction of a return map. This method was originally developed by
Poincaré, and is nowadays a standard tool for the analysis of the dynamics near
periodic orbits. Shilnikov adapted this method for homoclinic bifurcation analysis
in flows, [Shi65, Shi67]; we also refer to Deng, [Den88, Den89], for the modern treat-
ment of this technique.

In this thesis we address the above mentioned issue of [Cha98|. To study a similar
scenario as Mielke, Lerman and their co-workers, we consider a codimension-two
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homoclinic orbit I' to a saddle-centre equilibrium in a purely reversible system in
R27*2, In the following Section|1.2] we explain the considered scenario in detail. We
focus on bifurcating one-homoclinic orbits to the centre manifold and symmetric
one-periodic orbits. (One-periodic orbits are orbits which intersect a cross-section
to I' in a tubular neighbourhood once.)

In Chapter 2/ we give a survey of the main results concerning the dynamics. There
we also outline the method which we use. In contrast to [MHO92, Ler91, KL95,
K196, CHO0] we use Lin’s method, [Lin90], which originally was developed for the
investigation of the dynamics near orbits connecting hyperbolic equilibria. Indeed,
in recent years this method has been advanced by other authors, see for instance
[VF92, San93, Kno97], and [Kno04] for a detailed survey of Lin’s method and its
applications. However, the improvements and extensions do not touch the restric-
tion to systems with hyperbolic equilibria. For that reason one important issue of
this thesis is the corresponding extension of Lin’s method. But this thesis does not
provide a general theory of Lin’s method for problems with non-hyperbolic equilib-
ria. In fact, we adapt Lin’s ideas to our problem only as far as necessary. However,
our approach can be seen as a first step towards an aspired general theory.

The bifurcating one-homoclinic orbits are discussed in Chapter[3. Due to the orbit
structure of the centre manifold (Liapunov family of periodic orbits) we distinguish
one-homoclinic orbits to the equilibrium, one-homoclinic orbits to a periodic orbit
and heteroclinic orbits connecting different orbits of the centre manifold. Our in-
vestigations are based on a modification of the derivation of Lin’s method, [San93].
We prove the existence of special solutions 7**) within the (un)stable manifold of
the equilibrium and search for solutions 47(=) in the centre-(un)stable manifold as
perturbations of v*). Solving the bifurcation equation y*(0) —~~(0) = 0 leads to
one-homoclinic orbits to the centre manifold. Thereby we have to distinguish two
different cases regarding the relative position of the centre-stable manifold and the
fixed space of the involution R (which is associated with the reversibility). Later
these cases will be specified as elementary and non-elementary case, respectively.
Our procedure allows to differentiate between homoclinic orbits to the equilibrium
and orbits connecting periodic orbits of the centre manifold.

Bifurcating symmetric one-periodic orbits are studied in Chapter 4. As a generali-
sation of the method of Sandstede the solutions 4= serve as a basis for the search
of these orbits. For technical reasons we restrict our investigations to vector fields
in R*. The analysis in higher dimensions would be more complex. Furthermore,
we restrict our considerations to the non-elementary case. Our analysis yields that
each one-homoclinic orbit to the centre manifold is accompanied by a family of
symmetric one-periodic orbits.

In Chapter/5 we present a detailed discussion of problems arising during our analysis.
Further, we relate this thesis to the previous considerations of bifurcations of homo-
clinic orbits to a saddle-centre equilibrium in [CHO0, MHO92, Ler91, K195, KL96].
To keep this thesis self-contained, in Appendix [A.1 we give a survey of some re-
sults about reversible systems. Our analysis exploits that the variational equation
along a solution in the stable or unstable manifold has an exponential trichotomy




1 Introduction

(see [HL86]). Therefore, in Appendix /A.2 we introduce the idea of exponential tri-
chotomy.

For standard notions and assertions from the theory of dynamical systems and func-
tional analysis we refer for instance to [Rob95| and [Zei93].

1.2 Main Scenario

We consider a smooth system
i=f(r,)), ze€R"? \ecR?. (1.1)

The adjective smooth means, that f is in C" for a sufficiently large number r which
we do not specify here. Later within this section we will explain why we assume
the parameter A\ to be two-dimensional.

Further we assume that the system under consideration is reversible, i.e., there
exists a linear involution R (R? = id) with

(H1.1) Rf(z,\) = —f(Rx,\).

A summary of fundamental facts concerning reversible systems can be found in
Appendix|A.1. We will use these essential properties of reversible systems without
referring to them in detail.

For A = 0 system (1.1) is assumed to possess a saddle-centre :
(H1.2)  f(2,0) =0 with o(Dyf(2,0)) ={£i} U{xu} Uo* Uo"",

where p € RT and |R(@)| > p Vi € 0%*Uc™™. Here o°* denotes the strong stable and
o denotes the strong unstable spectrum of Dy f(x,0). Because of the reversibility
we have 0" = —o*5. Hypotheses (H1.2) implies that n is the dimension of the
stable and the unstable manifold of the equilibrium, respectively, the dimension of
its centre manifold is two.

By our assumptions the local dynamics around z is completely determined: First
observe that D; f(z,0) is non-singular. Therefore we have for all (sufficiently small)
A a unique equilibrium point ) nearby . Thus, we may assume that z, = 0 (in
particular z = 0), i.e.,

f(O,AN) =0 V small A,

because we find a linear transformation generating this situation. Furthermore, the
reversibility prevents that simple eigenvalues can move off the imaginary axis. Thus
the spectrum of D; f(0, \) contains exactly one pair of purely imaginary eigenvalues
as well, and for each A we have a two-dimensional (local) centre manifold W. By the
Liapunov Centre Theorem for reversible systems, see [Dev76], the centre manifold
is filled with symmetric periodic orbits surrounding the equilibrium, hence the local
centre manifold is uniquely determined. Altogether, there are no local bifurcations
(around the equilibrium ), neither of equilibria nor of periodic orbits.
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All orbits in the local centre manifold are bounded. Thus we can define the centre-
stable manifold as union of the stable manifolds of the periodic orbits filling the
local centre manifold. This ensures the uniqueness of Wy*. Analogously the centre-
unstable manifold W* is uniquely determined. Notice, that the uniqueness of both
centre and centre-(un)stable manifold is a particular feature of the present situation.
In general systems those manifolds are not unique, see [SSTC98] and [Van89].

Further, we assume the existence of a symmetric homoclinic orbit.

(H1.3) For A = 0 there exists a symmetric homoclinic orbit I' := {v(¢) : t € R}
to the saddle-centre 2 with Rv(0) = ~(0).

The homoclinic orbit I" has exactly one intersection point with the fixed space Fix R
of the involution R. So, it makes sense to assume Rvy(0) = (0) which is equivalent
to 7(0) € Fix R.

Although the equilibrium # is non-hyperbolic, all solutions approaching the equili-
brium for ¢ — oo are contained in its stable manifold Wy. All solutions approaching
the equilibrium for ¢ — —oo lie in the unstable manifold W (For A = 0 we omit
the index A and just write W?*, for instance.) Hence

rcwinw.

Both manifolds are n-dimensional. To exclude degeneracies between W* and W<
we will suppose that

(H 1.4) dim (TV(O)WS N T,Y(O)Wcu) = 1.

Here, T,W denotes the tangent space of a manifold W at a point p. By reversi-
bility we also have dim (7%,)W*" N T,yW*) = 1. So (H 1.4)| can be read as a non-
degeneracy condition as it is usual for homoclinic orbits to hyperbolic equilibria.
The assumption (H 1.4) does not imply that the homoclinic orbit I appears stably
because the n-dimensional manifold W* cannot intersect the (n + 1)-dimensional
fixed point space Fix R of R transversally. To be sure to consider a typical family
we will assume

(H1.5) {W;, AeU(0)} MFixR,

where U(0) C R? is a certain neighbourhood of zero in the parameter space. Recall
that dim W3¢ = n and dim Fix R = n+ 1. Thus, to fulfil Hypothesis (H 1.5) a scalar
parameter would be sufficient. Consequently there is a curve in the parameter plane
corresponding to homoclinic orbits to the equilibrium.

Since dim W = dim W = n+2 the manifolds W and W can intersect transver-
sally along I'. Here we assume, however,

(H1.6) W and W do not intersect transversally in v(0).
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(a) (b)

Figure 1.1: Possible intersection of centre-stable and centre-unstable manifold with
¥ in case of (a) a non-elementary and (b) an elementary homoclinic
orbit in the R*-case (dim> = 3)

In our investigations it turns out that, similarly to the situations encountered in the
case of hyperbolic equilibria, the relative position of W and Fix R are of impor-
tance in the analysis. We call the symmetric homoclinic orbit I' of Equation
non-elementary it W< intersects Fix R non-transversally. Otherwise we speak
of an elementary homoclinic orbit. Mind that here, in contrast to the case of a
hyperbolic equilibrium, an elementary homoclinic orbit (in general) does not persist
under perturbations. The pictures depicted in Figure (1.1 should give an impression
of the relative position of the manifolds that are involved. In drawing the pictures
we restricted ourselves to vector fields in R* and have only drawn the traces of the
manifolds in a cross section ¥ = R3 to the primary homoclinic orbit I'. However,
our analysis shows that these pictures also reflect the essential geometry in R?%2
for arbitrary n.

— WCS
Wi
W;S L— Wen —
e >

Wcu
=Y e
L "

Figure 1.2: The geometrical meaning of the parameters A; and A in case of a non-
elementary homoclinic orbit I"
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Symmetric homoclinic orbits fulfilling the assumptions above occur generically in
two-parameter families. The geometrical meaning of these two parameters can be
seen as follows: One parameter, here Ay, describes the drift of the stable and unstable
manifold of the equilibrium. Now, keeping this parameter equal to zero the other
parameter A, can be used to unfold the non-transversal intersection of W and
Wet. So it makes sense to consider the two-parameter system (1.1). We refer to
Figure (1.2l and Figure (1.3 for a visualisation of the meaning of the two parameters.

cu
Wy

PV LLEY Ao

wy# wys

Figure 1.3: The geometrical meaning of the parameters A; and A, in case of an
elementary homoclinic orbit I"






2 Main Ideas and Results

In this chapter we present the main ideas and results of this thesis without giving
proofs. We divide the exposition in two parts. In the first part we explain the
method we use for our investigations. The dynamical results we describe in the
second part.

2.1 Adaptation of Lin’s method

The method we want to use was originally introduced by Lin [Lin90]. For that
reason it is commonly referred to as Lin’s method. In Lin’s work a heteroclinic
chain connecting hyperbolic equilibria is considered. The main idea is to construct
“discontinuous orbits“ near I', which we will call Lin orbits. Their main feature is
that the only “discontinuities” which are allowed are jumps in prescribed directions.
Making these jumps to zero we obtain actual orbits.

Our first objective is to adapt Lin’s method to our purpose. In our explanations we
will confine to homoclinic orbits to a saddle-centre as introduced. (In order to align
this scenario with the general setting in Lin’s method, consider a heteroclinic chain
where both all equilibria and all connecting orbits coincide.)

We consider a homoclinic orbit I' to a saddle-centre & with properties (H1.1)-

(H1.6). Let X be a cross section to I' in (0) € I'. Furthermore, let Z, with
7(0) + Z C X, be a subspace transversally to T’ W* + T’y W™

R = 7 g (T,Y(O)WS + T,Y(O)Wu) .
By Hypothesis (H1.4) dim Z = 3.

In the following we give a precise definition of a Lin orbit. In preparation for that
we introduce the notions partial solution and partial orbit.

Definition 2.1.1 Let U be a neighbourhood of T U{z} and let x(-) be a solution of
Equation (1.1) on an interval [0,7], 7 € RT, with values in U satisfying

(i) (0),z(1) € X ;
(i) z(t) ¢ X Vte (0,7).

We call x(+) a partial solution connecting ¥; the corresponding orbit X := {x(t) :
t €[0,7]} is referred to as partial orbit.

Notice, that the partial solution is defined with respect to a given neighbourhood

Uu.



2 Main Ideas and Results

Definition 2.1.2 A family X = {x;},cz of partial solutions x;(-) connecting X,
where x;(+) is defined on [0, 7], is called Lin solution if

& =mi() —xiq(0) € Z i €L

The corresponding family L := {X;}iez of partial orbits X; is called Lin orbit.

z z

Figure 2.1: Lin orbit {X;};cz near the homoclinic orbit I" where T is considered as
a heteroclinic chain

In Figure 2.1 a Lin orbit near the homoclinic orbit I' is drawn. In order to depict
the situation clearly, I' is considered as a heteroclinic chain where both all equilibria
and all heteroclinic connections are identified.

We want to remark that the notions Lin solution and Lin orbit are not bound to
the particular configuration under consideration. In the same way one can define
Lin orbits near an arbitrary heteroclinic chain (by Figure2.1 one can get an idea of
that). Further, we want to mention that the reversibility of the underlying equation
does not play any role in the definition.

Notice, that a Lin orbit with corresponding Lin solution X := {z;};cz fulfilling
§i=x(n) —241(0)=0,i€Z,

is a real orbit staying for all time near the primary homoclinic orbit I'.

In order to construct partial orbits we decompose, as depicted in Figure such
an orbit into three parts: X; = (X", X/, X;7) . The corresponding solutions z; (-),

zte¢(-) and ; (+) are defined on [0,w; ], [0,w!*] and [~w; ,0]. Further, they satisfy

7
the conditions

z7(0), z; (0) €

K3

10



2.1 Adaptation of Lin’s method

Figure 2.2: Lin orbit {X;};ez near the homoclinic orbit I' where the partial orbits
X; are decomposed into three parts: X; = (X7, X[°¢, X;7)

and
o) (W) = 200) , 2y (—w;) = 2™ (W), i€Z. (2.1)

(2 (2 7

Roughly speaking the orbits X;" and X follow the primary homoclinic orbit T’
between ¥ and a small neighbourhood of the equilibrium #. The orbit X!*¢ on
the other hand follows the flow in the centre manifold. The conditions (2.1) are
referred to as coupling conditions. Note, that alternatively the local solutions can
be characterised by the number N; of “circulations around the equilibrium”.

Remark 2.1.3 In the case of a homoclinic orbit asymptotic to a hyperbolic equi-
librium the partial orbits X; are decomposed only into the two orbits X;” and X
which are directly coupled near the equilibrium. O

For the construction of the local part X'¢ of a partial orbit X = (X, X!¢ X~) we
describe the local flow near the centre manifold by means of a Poincaré map II(-, A)
with respect to a Poincaré section ¥;,. containing . This Poincaré map is defined
by means of the flow ©(t,-, A) of the underlying differential equation (1.1). To be
able to do that we have to assume the existence of a leaf which contains z and is
locally invariant with respect to ¢, see (H4.2).

For each small A € R? the section Y, is smoothly foliated into TI(-, \)-invariant
leaves M, » with base points p, which mark the intersections of the periodic or-
bits within the local centre manifold with ;... We assume this foliation to be
smooth, see (H4.3). Restricted to a leat M,y the Poincaré map II(-, \) possesses
the hyperbolic fixed point p. For given (positive, sufficiently large) w™ and w™ the
traces Ct(w™,p, \) and C~(w™,p, A) of p(w™, X, \) and p(—w™, X, A) in M,, \ inter-
sect the (local) stable and unstable manifolds of TI(-, \)| M, Tespectively, transver-
sally. An argument based on the A-lemma allows for each sufficiently large N € N

11



2 Main Ideas and Results

and w := (wt,w™) to connect C*(w™,p,\) and C~(w™,p,\) by an orbit segment
Ztoe = L2l¢(0),. .., 21°¢(N)} of TI(-, A)\MN. This corresponds to a local orbit X'
of connecting 2°¢(0) and z!¢(N).

With that we get the orbits X+ and X~ of (1.1) as orbits connecting 2'°(0) and
2!°¢(N), respectively, with . The detailed construction of X* and X' is carried
out in Chapter Altogether for each w, p, A and N this construction yields a
partial orbit X (w,p, A, N) of connecting ¥, see Lemma [4.1.12. Note, that N
counts the circulations of this orbit around z near the centre manifold and correlates
directly with w!®¢, just like the flows of I and .

If we consider (1.1) in R* (see (H4.1)) the difference of the starting point and the fi-
nal point of X (w,p, A\, N) in X lies automatically in Z. Moreover, the jump between
the final point of some partial orbit and the final point of another one is parallel to
Z. Therefore, for any A and any sequences (w;), (p;) and (NN;) there is a unique Lin
orbit £ = {XZ}, Xz = X(Wi,pi, )\, Nz) satisfying

(1) wi(w;"), (s — w;i) € My, »,
(i) TVi(2;(w;), A) = 2i(1i — w)).

Here X = {x;}iez is the corresponding Lin solution, where z; is defined on [0, 7]
and xl() = x<wiapi7 >\7 Nz)()

Therefore L((w;), (p:), A, (V;)) = {X(wi, pis A, Ni) }iez is an actual orbit, if for all
1 €7

Eil(wi), (pi); Ay (Vi) = x(wi, piy A\, Ni)(Ti) — 2(Wis1, Pir1, A Nig1)(0) = 0. (2.2)

In what follows we will address these equations as bifurcation equations. Note, that
here (i.e. for n=1), the jump &; does not depend on the entire sequences (p;), (w;)
and (N;) but only on (w;, p;, NV;) and (wiy1, Pis1, Niv1). This is due to the above
mentioned fact that the jump between the final point and the starting point of
two consecutive partial orbits is automatically parallel to Z. This is a remarkable
difference to the general situation, i.e. n>1, where v(0) + Z is a proper subset of
Y. In that general case the adaptation of Lin’s method is much more complex and
has not been carried out in the course of this thesis.

In particular we are interested in k-periodic orbits near the primary homoclinic orbit
['. These orbits are defined as follows.

Definition 2.1.4 A periodic orbit in the neighbourhood U of I' U {x} is called k-
periodic if it intersects > k times.

Note, that k& counts the number of circulations along I' and does not denote the
period of the periodic orbit.

A k-periodic orbit corresponds to a k-periodic sequence (w;, p;, V), i.e. (w;, pi, N;) =
(Witk, Pitks Nivr), that solves the bifurcation equation (2.2)). So, in order to find k-
periodic orbits we can confine to search for k-periodic sequences solving (2.2)). Our
above considerations show that a Lin orbit £ = L((w;), (p:), A, (N;)) corresponding

12



2.1 Adaptation of Lin’s method

to k-periodic sequences (w;), (p;) and (1V;) is itself k-periodic, i.e. X;y = X;. We
denote such a Lin orbit a k-peritodic Lin orbit and the corresponding solution
k-periodic Lin solution. Because we find & = &;, the bifurcation equation for
detecting those orbits shrinks down to

&Gl(wi), (p), N\, (V;)) =0, i=1,...,k. (2.3)

In the following we show how we arrive at a bifurcation equation for k-homoclinic
orbits to the centre manifold. In the same way as we defined k-periodic orbits we
define k-homoclinic orbits by

Definition 2.1.5 An orbit is called homoclinic orbit to the centre manifold W . if
both its a-limit set and its w-limit set are subsets of W.

A homoclinic orbit to the centre manifold W . lying in the neighbourhood U of
DU {z} is called k-homoclinic orbit if it intersects 3 k times.

Depending on its limit sets a homoclinic orbit to W, can be homoclinic to the
equilibrium z, or it can be homoclinic to a periodic orbit lying in the centre manifold,
or it can be a heteroclinic orbit connecting two different orbits of the centre manifold.

Figure 2.3: A k-homoclinic Lin orbit {(I'",T'7), X,, ..., X} } asymptotic to the cen-
tre manifold W€ of the non-hyperbolic equilibrium z

The principle approach for the detection of k-periodic orbits is also applicable to
the search for k-homoclinic orbits (see Figure 2.3). The main observation in this
respect is that the 7; have not necessarily to be finite, so we allow w;” = w; = co.
This leads to the following definition of a k-homoclinic Lin orbit:

Definition 2.1.6 Let U be a neighbourhood of T' U {z} and let v (-) and v (-)
be solutions of Equation (1.1) on the intervals (—oo,0] and [0,00), respectively,
with values in U. We call v~ and v partial solution connecting W, and X,
respectively, if

13



2 Main Ideas and Results

(i) v(0),77(0) € X;
(i) a(I'7),w() C Wi,
(iii) v (t) €5 Ve (0,00), 7 (1) ¢ 5 Vte (—00,0).

Here T~ and I'" are the corresponding orbits and are referred to as partial orbit
connecting W, with .

Let X;, i € {2,...,k}, be partial orbits connecting 3, and let T and T~ be partial
orbits connecting W . with 3. If the jumps between I'™ and X, between two consec-
utive partial orbits X; and X;41,1 =2, ..., k—1, and between X}, and I't are parallel
to Z, then we call Lypom := {(TT,T7), Xs,..., Xi} a k-homoclinic Lin orbit and
the corresponding solution Xpom = {(v",77),22,...,21} a k-homoclinic Lin
solution.

Again we denote the jumps addressed in the definition by ;. Let again [0, 7;] be
the domains of the corresponding partial solutions z;(+), i = 2,..., k, then ¢, reads

more detailed:

& i=77(0) — z2(0),

G=ai(r) —2a(0), i=2,...,k—1,

&k = w(7k) — 77 (0).
Note, that a k-homoclinic Lin orbit connects W, with itself, more precisely it
connects the a-limit set of I'" and the w-limit set of I'". If the jumps &, i =

1,...,k, are equal to zero the k-homoclinic Lin orbit is an actual k-homoclinic orbit
connecting the a-limit set of I'” and the w-limit set of T'".

Bifurcation equation for one-homoclinic orbits to the centre manifold

Within this thesis we are concerned with one-homoclinic orbits to the centre mani-
fold. In a first step we focus on one-homoclinic orbits to the equilibrium z. Here the
procedure resembles the first step of Lin’s method for hyperbolic equilibria (which
can be found in [San93] or [Kno04]). We prove that for each A there is a unique
one-homoclinic Lin solution X = {(7v*(\),7“(\))} to ¥, see Lemma [3.1.4. The
corresponding orbits I'*(A) and I'*(\) are subsets of W3 and W}, respectively, see
Figure 2.4, We have to take into account that, in contrast to the case of a hyper-
bolic equilibrium, solutions in the (un)stable manifold of the equilibrium have to be
characterised as solutions which are exponentially bounded for (negative) positive
time.

Solutions of the bifurcation equation

§A) =" (A)(0) = 7*(A)(0) =0 (2.4)

correspond to one-homoclinic orbits to the equilibrium.

The other one-homoclinic orbits to the centre manifold we find by means of one-
homoclinic Lin orbits to the centre manifold. Let Y be a certain two-dimensional

14



2.1 Adaptation of Lin’s method

Figure 2.4: One-homoclinic Lin orbit £9 = {(I'*,T%)} asymptotic to the equilib-
rium &

subspace of Z. Then, for each y,y. € Y and A € R? we prove the existence of one-
homoclinic Lin solutions Xpom = {(vT (v, v, A), v~ (v, 4., A)) }, see Lemma [3.2.3.
For that we consider the corresponding Lin orbit £, as perturbation of the one-
homoclinic Lin orbit £9, = {(T'*(\),['“()\))}. This is illustrated in Figure 2.5l It

hom
is worth to remark that this part has no classical pendant.

\
D .

Figure 2.5: One-homoclinic Lin orbit L, = {(I'*,I'7)} asymptotic to the cen-
tre manifold, where Ly, is considered as a perturbation of L9 == =
{1}

Solutions of the bifurcation equation

EWdys A =" us N0) = (why M) (0) =0

correspond to one-homoclinic orbits to the centre manifold. By distinguishing bases
£ can be read as a mapping R? x R% x R? — R3. In our analysis we reduce £ = 0
to a real valued equation. In the non-elementary case this reduction is due to the
setting y = y. =: y, which is necessary for £ = 0 . We define (for A = (A, \2))

~

goo(y’ /\17 /\2) = goo(y’ Y, (>‘17 >‘2)) )

15



2 Main Ideas and Results

where, with a distinguishing bases, é‘x’ can be seen as a mapping
£ RPXRXR =R, (g, M, A2) = £y, A1, do)
and get the following bifurcation equation

£y, A, A2) = 71 (1,5, (A, A2))(0) = 7 (1,9, (A1, A2))(0) = 0. (2.5)

Similar, in the elementary case after a A-dependent transformation we get the jump
in the form

éOO : R X R X RQ - R ) (yRay—Rv)‘) = éoo(yRay—Ra >\) )

where y, € YN FixR and y_, € Y°NFix (—R).

Bifurcation equation for symmetric one-periodic orbits

In the final part of this thesis we detect symmetric one-periodic orbits near a non-
elementary homoclinic orbit I'. For technical reasons we consider only vector fields
in R*.

We ensure the existence of symmetric one-periodic Lin orbits. In R* we have
that ¥ = ~(0) + Z, hence each partial orbit is a one-periodic Lin orbit. Thus,
our analysis reduces to the search of partial orbits. In difference to the case
of a hyperbolic equilibrium, we compose a partial orbit of three parts X+, X'
and X, that depend on w = (wt,w™), p, A and N. The symmetry requires
wt =w™ =: Q; hence w = (2,9). A corresponding symmetric one-periodic Lin so-
lution {(z*(Q,p,\, N),2"¢(Q, p, \, N), 2~ (2, p, \, N))} is given by Lemma [4.1.12.
So, we get a bifurcation equation

Eper (4,0, A, N) i= 2 (Q,p, A, N)(0) — 2~ (2, p, A\, N)(0) = 0.
Further, the symmetry implies
Eper (2,0, A\, N) € Fix(—R)N Z .

Because dim Z = 3, dim Fix (—R) = 2 and hence dim(Fix (—R) N Z) = 1 the jump
Eper can be read as a mapping

Cpor RV XRXREXN =R, (p, A\, N) = Eer(Q,p, A\, N) .

In order to solve &, = 0 we describe this equation as a “small perturbation” of
(2.5), see Figure 2.6, in the following form

~

fper(Qapa )‘7 N) = foo(y7)\17)‘2) +€T(y7Q7p’)\’N) =0 )

where y = y*(Q, p, \) such that the norm of &,(y, Q,p, A\, N) becomes “exponentially
small” for increasing N.

16



2.1 Adaptation of Lin’s method

F-i-

Figure 2.6: Symmetric one-periodic Lin orbit £ = {(X*, X! X7)} where L is
considered as a perturbation of Ly, = {(I'",I'7)}; O is a periodic
orbit in the centre manifold

We discuss f"o = 0 in terms of y and A, thus it would be favourable to express
) and p as functions of y and A\. Each point w on the trace of the centre-stable
manifold in ¥ is uniquely determined by y € Y and A: w(y, \). Then, for y # 0,
Le., w(y,\) ¢ W*, we define Q(y, \) as the “first-hit-time” of w(y, A) in ¥;,. under
the flow. Note, that Q(y, \) is determined modulo the time of first return to ¥,..
However, if w(y, A) € W* then ¢(t, w(y, A), \) stays in 3, for all (sufficiently large)
t. In order to extend Q(-,\) to y = 0 we introduce polar coordinates (p,?) in Y.
With that we define a “first-hit-time” Q*(p, 9, \) locally around (o, 4, ) = (0,0,0),
see Lemma [4.2.4. Further, p = p*(p, 9, \) is determined by the leaf M,, \ in which
w(y, A) is carried under the flow.

In our analysis we assume the jump é > to be in the form

£°((y1,92), Ms A2) = M+ (M) — 2 — v2

for y = (y1,y2) and some appropriate function ¢. In the new coordinates this finally
gives

)\1 + c(/\2> - Q2 +é7‘(g7797 )‘7N) =0

as the bifurcation equation for symmetric one-periodic orbits. Note, that éT is
defined only for small 9.
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2 Main Ideas and Results

2.2 Dynamical issues

In this section we present our main results concerning the dynamics in a neighbour-
hood of the primary homoclinic orbit I of Equation (1.1). Throughout we assume
the Hypotheses|(H1.1) —(H1.6) to be satisfied. We put emphasise on the dynamical
issues. The exact formulations of all statements and the genericity conditions, on
which our analysis relies, are given in Chapters|3 and 4.

We discuss in detail the one-homoclinic orbits to the centre manifold near I'. There-
by we distinguish the cases of an elementary and a non-elementary primary homo-
clinic orbit I' . Beyond it we discuss nearby symmetric one-periodic orbits. Here,
however, we confine to consider non-elementary primary homoclinic orbits T'.

2.2.1 One-homoclinic orbits to the centre manifold

Our first result concerns one-homoclinic orbits to the equilibrium.

Theorem 1 (compare with Theorem!|3.1.6) There is a curve crossing A = 0 in the
parameter plane corresponding to symmetric one-homoclinic orbits to the equilib-
TIUM.

First we assume that I" is non-elementary. In this case all bifurcating one-homoclinic
orbits to the centre manifold are symmetric, see Lemmal3.3.1. Therefore these orbits
are homoclinic to periodic orbits or to the equilibrium.

For further considerations we have to distinguish two cases. For a more geometrical
explanation of these cases we confine ourselves to R*, n = 1. However, all results
are true also in higher dimensions. First, we want to remark that W< N ¥ and
Wet N X are R-images of each other. So it suffices to consider W< N ¥. This
manifold can be seen as graph of a function h® : Fix R — R. Moreover, (for A = 0)
the tangent space of this manifold at v(0) coincides with Fix R. Hence the higher
order terms of h® determine the local shape of W NY (around v(0)). Generically
the Hessian D?he(y(0)) of h® is non-degenerate, therefore it is either definite (if
all its eigenvalues have the same sign) or indefinite (if the eigenvalues have different
signs).

Theorem 2 (compare with Theorem |3.3.4) Let I' be a non-elementary homoclinic
orbit and let D*h°*(y(0)) be (positive) definite. Then, near X = 0, there is a curve
¢ in the parameter plane (as depicted in Figure[2.7) such that for parameter values
above € there exists a one-parameter family of one-homoclinic orbits to the centre
manifold. For parameter values on € there exists one one-homoclinic orbit. Below
¢ no one-homoclinic orbit does exist.

All one-homoclinic orbits to the centre manifold are symmetric.

The bifurcation diagram presented in Figure 2.7 explains the situation more pre-
cisely. We describe this bifurcation diagram for n = 1. For further discussion we
refer to Section (3.3.1.11

18



2.2 Dynamical issues

A
DN CINED

) /Sg\ e 8\\ /;/(\ -
s N S Y

) )
( D) =, =)
¢

Figure 2.7: Bifurcation diagram corresponding to Theorem 2

The rectangles reflect the dynamics of one-homoclinic orbits at the parameter value
which is beneath the midpoint of the rectangle. The fine curves (within each
rectangle) display the periodic orbits within the centre manifold. The boldfaced
curves (or points) x§ are the projections (along stable fibres) of the intersection of
W N W N 2. Each intersection of x§ with an periodic orbit O represents a one-
homoclinic orbit asymptotic to O. In the case under consideration x§ is a closed
curve. While approaching € from above s shrinks down, degenerates into a point
(for A € €), and disappears for A below €.

Generically we may expect that x§ intersects a periodic orbit transversally, if it
intersects a periodic orbit at all. However, there are periodic orbits which have
(also) a non-transversal intersection with 5. This indicates a bifurcation of one-
homoclinic orbits to such a distinguished periodic orbit in the centre manifold.

Next we assume that D?h°(v(0)) is indefinite.

Theorem 3 (compare with Theorem 3.3.6) Let I" be a non-elementary homoclinic
orbit and let D*h<*(v(0)) be indefinite. Then, near A = 0, there exist infinitely many
one-homoclinic orbits to the centre manifold.

All one-homoclinic orbits to the centre manifold are symmetric.

The corresponding bifurcation diagram is depicted in Figure 2.8. It should be read
in the same way as the bifurcation diagram corresponding to Theorem [2.
However, we want to mention that here the curves s§ are no longer closed but
hyperbola-like. This implies the remarkable difference to the foregoing case that here
for each A there are (infinitely many) one-homoclinic orbits to the centre manifold.
(This is a consequence of the transversal intersection of W and Fix R.)
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Figure 2.8: Bifurcation diagram corresponding to Theorem [3

The curve € represents all those A for which W{* and W§* intersect non-transversally
within 3.

Now, we assume that I' is elementary, that means that within ¥ the centre-stable
manifold (and hence by symmetry also the centre-unstable manifold) intersects
Fix R transversally. Here we find both symmetric homoclinic orbits and hetero-
clinic orbits bifurcating from T'.

Theorem 4 (compare with Theorem [3.3.10) Let I' be an elementary homoclinic
orbit. Then, near A = 0, there exist a one-parameter family of symmetric and
two one-parameter families of non-symmetric one-homoclinic orbits to the centre
manifold. The two families of non-symmetric homoclinic orbits are R-images of
each other.

The corresponding bifurcation diagram is depicted in Figure 2.9. This diagram
should be read in the same way as the bifurcation diagram corresponding to Theo-
rem/|2. Here, the boldfaced black lines are associated to symmetric homoclinic orbits
to the centre manifold. For \; = 0, there exist connections of the equilibrium. The
grey lines (both, the dashed one as well as the solid one) correspond to the two fam-
ilies of non-symmetric one-homoclinic orbits to the centre manifold. For parameter
values A = (A1, Aj(A\1)) the grey lines intersect in the equilibrium. For those A there
exists a heteroclinic cycle involving the equilibrium. For more details we refer to

Section 3.3.2.
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A3(A1)

Figure 2.9: Bifurcation diagram corresponding to Theorem 4

2.2.2 Symmetric one-periodic orbits

We are looking for symmetric one-periodic orbits near a non-elementary homoclinic
orbit in R*. With Uy(0) as a neighbourhood of 0 in R we get the following result.

Theorem 5 (compare with Theorem[4.2.9) Let I be a non-elementary homoclinic
orbit and let D*h(v(0)) be (positive) definite. Then, near X = 0, there is a curve
¢ in the parameter plane (as depicted in Figure 2.10) such that for all parameter
values above € there exists Ny € N, such that there is a two-parameter family
{Oyn(N\) = ¥ € Uy(0), N € N, N > N,} of symmetric one-periodic orbits. The
difference of the periods of Oy n(X) and Oy n11(N) is approzimately 2m. If \ tends
to € then the period of the symmetric one-periodic orbits converges to infinity.

For parameter values on € as well as below symmetric one-periodic orbits does not
exist.

Above € there exists a family of infinitely many one-homoclinic orbits to the cen-
tre manifold (bold dotted lines), see Theorem To each ¥ € U(0) one of the
one-homoclinic orbits to the centre manifold is assigned. So, as depicted in Fig-
ure these one-homoclinic orbits are accompanied by a one-parameter family of
symmetric one-periodic orbits (bold solid lines) {Oy n(A) : N > N, }.

For parameter values on € there are only one-homoclinic orbits while below € neither
one-homoclinic nor symmetric one-periodic orbits exist.
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Figure 2.10: Bifurcation diagram corresponding to Theorem |5



3 The Existence of One-Homoclinic Orbits
to the Centre Manifold

Our aim is to clarify the occurrence of one-homoclinic orbits to the centre manifold.
Our considerations are based on the direct sum decomposition

R?"*? = span{f(7(0),0)} Y O Y" D Z, (3.1)

where span{f(7(0),0)} ® Y*® = T, W*®™ and Z is complementary to the sum
of the corresponding tangent spaces of the stable and unstable manifold T’ ) W* +
TyoyW*". Note that dimY* = dimY™" = n — 1 and dimZ = 3 (see Hypotheses
(H1.2) and|(H1.4)). Using this decomposition we define a cross section ¥ by

Y=~0)+{Y°'apY " Z}. (3.2)

As a first step in the investigation of one-homoclinic orbits, in Section (3.1 we prove
the existence of homoclinic Lin solutions {(7*,7")} tending to the equilibrium.
There, we obtain a first result concerning the occurrence of one-homoclinic orbits
to the centre manifold, more precisely, we find one-homoclinic orbits being asymp-
totic to the saddle-centre equilibrium. In Section (3.2 we search one-homoclinic
Lin solutions {(y",~v7)} tending to orbits within the centre manifold as perturba-
tions of {(7*,7")}. Solving the bifurcation equation v (0) — v~ (0) = 0 we detect
one-homoclinic orbits to the centre manifold within Section . Thereby we have
to distinguish the case of a non-elementary and an elementary primary homoclinic
orbit I'.

Note, that the procedure allows us to distinguish between orbits approaching the
equilibrium (in forward or backward time) and orbits connecting the periodic orbits
of the centre manifold.

3.1 One-homoclinic orbits to the equilibrium

The main objective of this section is the detection of one-homoclinic Lin orbits to
the equilibrium. This prepares the proof of the existence of one-homoclinic orbits
to the centre manifold.

Although we are looking for orbits homoclinic to a non-hyperbolic equilibrium we
can proceed in principle as in the case of a hyperbolic equilibrium. The main point
which makes life easy at this stage is that all orbits approaching the equilibrium are
contained in its (un)stable manifold. So we can restrict our considerations to one-
homoclinic Lin solutions X° = {(v*,7*)} of (1.1) where the corresponding orbits
I*®) are subsets of W5,
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As in the case of a hyperbolic equilibrium variational equations along solutions in
the (un)stable manifold will play an essential role. Here such an equation has no
longer an exponential dichotomy but an exponential trichotomy (see Section [A.2).
Using this fact we will show (see Lemma 3.1.4) that for each small A there is a unique
homoclinic Lin orbit {(I'*(A), (X))} to the equilibrium. With the corresponding
solutions v*(A)(+) and v*(A)(:) we derive a bifurcation equation £(A) = *(\)(0) —
Y*(A)(0) = 0 for the detection of one-homoclinic orbits to the equilibrium. The
subspace Z is 3-dimensional, hence the values of £(\) are 3-dimensional. Using
the reversibility of the system this equation can be reduced to a one-dimensional
equation. This is obvious in the 4-dimensional case where both the stable and
unstable manifold are one-dimensional. The traces of these manifolds in ¥ are the
points v*((X)(0). Due to the reversibility these points are R-images of each other.
Hence their difference is parallel to the one-dimensional space Fix (—R) N 3.

The further considerations are devoted to the precise analysis leading to the Lin
solutions X and to solutions of the bifurcation equation &(\) = 0.

In addition to (3.1) we demand

YW L span{f(7(0),0)}, (3-3)
Z L span{f(y(0),0)} Y @Y™ (3.4)

with respect to an R-invariant scalar product (-, -)z in R***2 | Such a scalar product
exists because {id, R} forms a finite group.

Due to the reversibility of the vector field and the symmetry of the equilibrium we
have RW?* = W". Since v(0) € Fix R this implies RT,q)W?* = T,yW* and from
it finally follows

RY® =Y (3.5)
Obviously, if n* € Y* then n* + Ryt € FixR N (Y* @ Y") and n* — Rp*™ €
Fix (—R) N (Y* @& Y*). Hence:

Lemma 3.1.1 There are (n—1)-dimensional subspaces of both Fix R and Fix (—R)
contained i Y°* O Y™, [

Because of (H1.1) and |(H 1.3) we have span{f(7(0),0)} C Fix(—R). Then a con-
sequence of (3.4) and (3.5) is

RZ=17. (3.6)
Further, counting dimensions, Lemma(3.1.1 and (3.6) give the next assertion.

Lemma 3.1.2 The space Z is a direct sum of a one-dimensional subspace of
Fix (—R) and a two-dimensional subspace of Fix R . |

As an immediate consequence of the latter two lemmas, Rv(0) = v(0) and we
obtain:

Corollary 3.1.3 The cross section X contains Fix R. |
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Now we are prepared to construct the Lin solutions {(+*,~7*)}, which are solutions
of (1.1) on R* and R, respectively, satisfying

(P3.1) (i) The orbits of v*®) are near I';
(ii

)
i) 77(0),v"(0) € X

(iii) ~°(0) € W*, ~%(0) € W*;
) *(0) —~*(0) € Z.

We consider v*(") as perturbations of 7. For that we define functions v*(-) on R*
by

(iv

V) =~@)+ovt(t), teRt and A“(t)=~(@)+v (t), teR. (3.7)

In order to formulate an equivalent problem for v* we first observe that on R* the
perturbations v* have to satisfy

0 =Dy f(~(t),0)v+ h(t,v,\), (3.8)
where h(t,v, ) = f(y(t) +v,\) — f(7(t),0) — Dy f(~(t),0)v. We know
h(t,0,0) =0 and Dyh(t,0,0)=0. (3.9)

Moreover the reversibility of f and the symmetry of the homoclinic orbit I imply

RDy f((t),0) = =D1 f(y(~t),0)R  and
(3.10)

Rh(t,z,\) = —h(—t, Rz, \) .

This means Equation (3.8) is reversible.

In the case of a hyperbolic equilibrium the usual way to solve (3.8) is to rewrite
it as a fixed point equation in the space of continuous bounded functions (see for
instance [Van92|, [Kno97]). Here, in principle, we tread the same path. But due
to the centre part of the considered system stable and unstable manifold are no
longer characterised by solutions staying bounded as t or —t, respectively, tends to
infinity, but by solutions which are exponentially bounded. This forms the reason
for solving (3.8) in spaces VZ of exponentially bounded functions. To be able to
define these spaces we consider the variational equation along

o= Dif(7(t),0) . (3.11)

Let ®(-,-) be the corresponding transition matrix. This variational equation is a
reversible non-autonomous linear equation, that means,

RO(t,s) = ®(—t,—s)R. (3.12)
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Proof of (3.12): Let ¢(t) :== R®(t,s)¢ and ¢(t) := ®(—t, —s)RE for £ € R*H2,
Equation (3.11) is solved by ®(t,s), thus by (3.10) both ¢(-) and ¢é(-) solve the
initial value problem Y (t) = —D; f(v(—t),0)Y(t), Y(s) = RE. |

From the deliberations in Section [A.2, Lemma [A.2.11, we know that (3.11) has
exponential trichotomies on R™ and R~. That is, there are continuous projections
PE(t), PE(t) and P*(t) satisfying id = P(t) + P(t) + PE(t),t € R* and

S
commuting with the transition matrix ®(-,-), i.e.,

®(t,s)PE(s) = PE(L)D(t,8), i = s,u,c. (3.13)

Let p be the leading unstable eigenvalue as introduced in|(H 1.2). For any « and «.
with g > a > a, >0 and t > s > 0 it holds

1@(t, ) PF(s)]| < Kemt=), ||@(s, ) PY ()| < Kem(=9),
(3.14)
(¢, 8) P (s)|| < Ket=9), || @(s,t) B (t)]| < Keoe(=).

Notice here, that due to the reversibility of f the constants a, and «, in Defini-
tion A.2.8 satisfy —a, = «,,, and thus we obtain the above estimates by the setting
ay, =: Q.

Similar expressions hold for P, (t), i = s,u,c. Due to the reversibility the projec-
tions corresponding to the exponential trichotomy on R~ can be defined by

P-(t) = RPH(—t)R, P-(t)=RPH—t)R, P-(t)=RP'(~t)R. (3.15)

In accordance with Lemma A.2.11
im PS+(O) = T,Y(O)WS .

We are free to choose
ker PF(0)=Z @Y™,
Indeed T yW* and Z @ Y* are complementary. Because of (3.5), (3.6) and
im P, (0) = TyoW" and kerP, (0)=Z®Y*".

Due to P (t) and P, (—t) are well-defined for all ¢t € R*.

For a € (ae, o) we define

Va = {v € C°([0,00), R*"*2) = sup;5g e™[Jo(t)]| =: [lv]la < oo}, (316)
- 3.16
Va = {v € C%(=00,0], R*"*2) : sup,ge™[Jv(t)[| =: ||v]la < oo}

and rewrite (3.8) into a fixed point equation in Vi (see (3.18) below). Further,
by (3.7), Problem (P 3.1) reads as follows: The functions v*(-) and v~ (-) have to
satisfy
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3.1 One-homoclinic orbits to the equilibrium

) vt ()| gens> are small for all t € RF;

) vH(0),v(0)eY BY"® Z;

(i) v¥(t) € V5, 07(t) € Va s

) v (0) = ( )eZ.

The equivalence of (P 3.2)(iii) and |(P 3.1)(iii) becomes clear by the following con-

siderations: Obviously, v(-) restricted on [0, 00) is in V", and restricted on (—oo, 0]
it is in V. If v* € V| too, then by v* = v+ v+ and v* = v+ v~ we can conclude
¢ € Vi and 4% € V. That means for some constants C' > 0

| 7*(6) < Ce < Cett | t € R* ;
| v(8) |< Ce < Cert |t e R-

and hence I'*™ lie within the (un)stable manifold.

Consequently, the original task of finding solutions of the system (1.1) fulfilling
(P 3.1) has been turned into the problem of determining solutions of the “non-linear”
variational equation satisfying (P 3.2).

The procedure in attacking this problem is parallel to the hyperbolic case (see
[Van92], [San93] or [Kno97]). So we restrict to sketch the course of action and
concentrate on working out the differences caused by the centre part. Usually one
starts with a “linearised” equation (see (3.17) below). By means of the knowledge of
exponentially bounded solutions of this equation the Problem ((3.8),(P 3.2)) can be
rewritten into an operator equation (see (3.18) below). Application of the Implicit
Function Theorem and a further reduction process (see (3.21) - (3.23)) eventually
provide the wanted v™(=) and hence 4*®) (see Lemma3.1.4).

Now, as described, we consider first the “linearised equation”

0= Dif((t),0)v+g(t), (3.17)
where ¢(t) € VZ. The functions L*(-, g) defined by

Lt (t,g) = f ®(t, s)Pf(s)g(s)ds — [ ®(t,s)(id — P} (s))g(s)ds,
L~ *—ft ~(s)g( ds—i—f O(t,s)(id — P, (s))g(s)ds

are solutions of (3.17) on R*. Moreover we have L*(-,g) € V;=. This can be seen
as follows (we will execute it exemplarily for “+7): The norm of L*(¢,g) can be
estimated by

IL*(t, g)Il < ||/0 O(t, )P (s)g(s)ds||
+ ||/ P(t, s) (s)ds| + ||/ (t,s)PF(s)g(s)ds|.
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

We show that the right-hand side of the forgoing term is exponentially bounded,
for that we consider first || [[“®(¢t, s)P."(s)g(s)ds||. We use (3.14) for s > t > 0,
a. < @ < a and further g € V4", which gives [|g(s)|| < e %||g||Z. Then

1750t )P ()g(s)ds]) < Koemlg]lf fi el ds < K, e

where K. = K||g||2 (@ — a.)~" > 0. For that reason, in contrast to the procedure in
the case of homoclinic orbits to hyperbolic equilibria, we are looking for solutions

of (3.17) within V5.
Similar to the above estimation we find

Hfo (t,s) P (s)g(s)ds|| < Kye %t ,

1™ @(t, s) P (s)g(s)ds|| < Kyeot.

Thus, with g(t) € V5, we get the exponential bounded solutions of (3.17) in the
form ®(t,0)n= 4+ L=(t,g). Here n* € T,yW* and 1~ € Tyo)W*", respectively.

Now we return to Equation (3.8). Replacing in (3.17) the inhomogeneous part g(t)
by h(t,v,\) provides that solutions v* € V£ of (3.8) are exactly the solutions of

vE() = (¢, 0)n™ + LE(t, h(t,vE,\)) (3.18)

if only h(-,v%(-),\) € V2= Indeed, using the definition of & and Taylor expansion
of f we find

1A, v, W< K floll* + KAy @l + [loll) - (3.19)
Hence v* € VZ implies h(-,v* (), \) € V&
As a consequence of the right-hand side of (considered exemplarily for
“+7) is a map

TyoyW*5(0) x R? x ViF — V.

We know that (n*,A,v") = (0,0,0) is a solution of (3.18) and Dyh(t,0,0) = 0.
Therefore we can solve (3.18) for v = v (™, A) by the Implicit Function Theorem
(for n™, |\| sufficiently Small) and get |[vT(ntT, N2 — 0as (n™,\) — (0,0).
Thus, Problem ((3.8)( (iii)) has been solved. It remains to consider
(P3. 2)( i),(iv). By (3. 18) we obtam

v (nT, A\)(0) = (id — P}(0)) [;° @ h(s, vt (n™, N\)(s),\)ds,
(3.20)
o= (7, N)(0) = 7 + (id — P7(0)) [°, ®(0, 8)h(s, v (97, A)(s), s,

with n* € T,W* = im P;(0) and 1~ € TyoW" = im P, (0). For solutions
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3.1 One-homoclinic orbits to the equilibrium

vE(nE, \)(+) additionally satisfying (P 3.2)(ii) we get

vt N 0) = 07 FynT )+ 2T (07N,

(3.21)
v, A0) = 07 Fysn M)+ (A
~N Y= Y=
ey eys 4
Further, condition (P 3.2)(iv) requires
=y A, T =y A) (3.22)

From (3.20) and (3.21) we get

yu(nt N + 24 (77, 0) = =(id = PH0)) [;7 (0, s)h(s,v* (7", A)(s), Mds ,

ys(7 N) + 27 (7, A) = (id = P (0) [° ®(0,8)h(s, 0™ (17, A)(s), A)ds.
So, with follows:
y(0,0)=0,  5,(0,00=0,  2z7(0,00=0, 27(0,0)=0,
Dy1ys(0,0) =0, D1y,(0,0) =0, D;z"(0,0)=0, D;z=(0,0)=0.
Hence, by the Implicit Function Theorem we can solve (3.22) for
" =n"(A) and 7" =5 (A). (3.23)

Thus, we get functions v*(n*()\), \) solving Equation (3.8) and satisfying Prob-
lem|(P 3.2), By we can formulate

Lemma 3.1.4 For each sufficiently small A € R? there is a unique one-homoclinic
Lin solution {(v*(X),v“(\))} tending to the equilibrium.
Moreover, the mappings v*(-) : R> — C(RT,R") and v*(-) : R* — C(R™,R") are
C" smooth.
Proof In accordance with (3.7) we define
=) +v (" (), A)@), teRT;

At + o (N, tER.

Obviously, the solutions v*(A)(-) and v*(\)(-) are as stated in the above Lemma. W
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

As a first result concerning the existence of one-homoclinic orbits to the centre man-
ifold we find special one-homoclinic orbits, which are asymptotic to the equilibrium
Z = 0. For that we solve the bifurcation equation which now reads

§(A) =7 (A)(0) =7*(A)(0) = 0. (3.24)
Lemma [3.1.4 implies v°(0)(-) = v(-), t € R and v*(0)(-) = 7(-), t € R™. Hence
£(0) = 0. (3.25)

As an immediate consequence of the reversibility (see (3.10), (3.15) and (3.12)) and
the uniqueness of the solution of the operator equation (3.18) we get

Lemma 3.1.5 The solutions v¥ of the fived point Equation (3.18) satisfy
Ro*(n, A)(t) = v (B, A)(—t) and R~ (n, A)(t) = v (R, A)(—1).
This lemma and (3.21) give
Ry.(n",\) = ys(Rn".\), (3.26)
Rzt(nt,\) = 2z (Rn*,\). (3.27)

Solving system (3.22) by means of the Implicit Function Theorem, the property
(3.26) will be transferred to the solving functions and thus

" (A) =Ry (A). (3.28)

For the details of this conclusion we refer to [Kno97|. Finally, putting things together
we get
Ry*(A)(0) = 7*(A)(0) (3.29)
and eventually
REN) = —€) - (3.30)
The decomposition of Z (see Lemma and £(\) C Fix R yield that we can
consider ¢ as a mapping R? — R after introducing a basis in Z N Fix (= R) .

Our assumption (H 1.5) translates into
(H3.1)  DEO) £0,

which we will use henceforth. Then the following theorem holds true:

Theorem 3.1.6 Assume (H3.1). Then, locally around X = 0 there is a smooth
curve € in the parameter plane such that exactly for A\ € € there exist one-homoclinic
orbits to the equilibrium. Moreover, these homoclinic orbits are symmetric.

Proof The statement of the theorem is an immediate consequence of applying the
Implicit Function Theorem to £(A) = 0 (see (3.25) and Hypothesis (H3.1)). The
symmetry follows from Equation (3.29)). |
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3.2 One-homoclinic Lin orbits to the centre manifold

Assume ((H3.1). Let A = (Ay, Ay) such that D, ,£(0) # 0. Then the curve € can be
understood as the graph of a function Aj(A2). Thus there is a transformation such
that € = {(0, A2)}. This transformation can be chosen such that

) = A1 (3.31)

3.2 One-homoclinic Lin orbits to the centre manifold

Now we will compute all one-homoclinic Lin solutions X = {(y*,~v7)} to the centre
manifold. The procedure for the detection of these Lin solutions is in principle the
same as in Section [3.1. Here we have to adapt (P 3.1)(iii) to the fact that a homo-
clinic orbit to the centre manifold lies simultaneously in W* and W§*. This is be-
cause the centre-(un)stable manifold of the equilibrium coincides with the (un)stable
manifold of the centre manifold. Further, we consider the one-homoclinic Lin orbits
to the centre manifold as perturbations of {(T'*(\),T%(\)} and discuss the arising
variational equations along the solutions in the (un)stable manifold of the centre
manifold. These equations again have an exponential trichotomy. We find uniquely
determined one-homoclinic Lin solutions X = {(v" (v}, vy, A\), v (v, y., A))} for
small A\ and small y=. The yF are located in a certain two-dimensional subspace of
Z.

The next considerations are devoted to the precise analysis leading to the Lin solu-
tions X. To facilitate our analysis we assume

(H3.2) WS C X

Here X)C\S(C“) denote the centre-(un)stable eigenspaces of D; f(0, A). This hypothesis
is not a restriction because, for each small A € R?, there is a transformation which
flattens Wiy, \ and Wit | simultaneously in a ball Bs around the equilibrium. This
transformation is described in Section (3.4.

We begin our discussion with considering the relative position of both centre sta-
ble manifold W and centre unstable manifold W to each other and centre sta-
ble manifold and Fix R. First, we observe that the tangent spaces of W and
W intersect at least in a 2-dimensional space because both tangent spaces are
(n + 2)-dimensional. On the other hand, (H1.4) averts that the dimension of this
intersection can be greater than three. We can make similar considerations for
the intersection of T’ )W/ with Fix R: The dimension of the spaces require that
the dimension of their intersection is at least one. The reversibility effects that
the dimension of their intersection cannot be greater than two: RW = W and
7(0) € Fix R provide T, yW* N Fix R C ToyW* N T, 0)W*. Because the vector
field at (0) is contained in T%yW* N T} )W N Fix (—R) it follows

dim (T,0)W* N Fix R) + 1 < dim (T, )W N Ty W) < 3 . (3.32)
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

Taking into account |(H 1.6) we arrive at
dim (T,Y(O)WCS N TW(O) Wcu) =3. (333)

The last equation implies that the intersection of 77 )W N T, W** and v(0) — X
is two-dimensional.

For our further considerations we refine the direct sum decomposition (3.1). In
particular we decompose Z into two subspaces: Z =Y°® Z. For that we construct
a particular R-invariant scalar product in such a way that the new decomposition of
R2"+2 s still orthogonal. Note, that this construction is based on statements within
Appendix [A.1. However, we want to emphasise that our previous results are true
for any R-invariant scalar product. So all previous results remain untouched in the
course of the following construction.

Let Y be the complement of span{f(7(0),0)} within TW N T, W with
respect to an R-invariant scalar product:

span{ f(7(0),0)} ® Y = T, )W N Ty W , (3.34)
which implies
RY®=Y*. (3.35)

Assumption (H1.4) implies YN (span{ f(7(0),0)} & Y* @ Y*) = {0}. This justifies
the direct sum span{f(7(0),0)} ® Y* @& Y* @ Y°. Finally, let Z be any R-invariant
complement of the latter direct sum in R?"+2:

R2+2 = span{ f(7(0),0)} ®Y* @Y @Y P Z , (3.36)
RZ =7 . (3.37)
Note, that due to (3.33)
dimY®=2 and dimZ=1.

Let < -,- > be an R-invariant scalar product such that the R-invariant subspaces
span{ f(7(0),0)}, Y*®Y* Y and Z are in pairs perpendicular. Then in accordance
with (3.1) we define

Z=Y'® 7. (3.38)

From (3.32) we get that there are two possibilities concerning the relative position
of T(oy)W* and Fix R:

dim (TyyW* NFix R) = 2 ; (3.39)
dim (T W NFix R) = 1 . (3.40)

Note, that (3.39) corresponds to the case of a non-elementary primary homoclinic
orbit I' and (3.40) to the case of an elementary one.
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3.2 One-homoclinic Lin orbits to the centre manifold

Now, we turn to the detection of one-homoclinic Lin solutions X = {(v",77)}
tending to the centre manifold. Let Bs(0) be a ball around x = 0 with radius J in
which the centre-(un)stable manifolds are flat, and let 7" > 0 be as large such that
Y(T') € Bs/»(0). With that notation the demands on 4" and v~ read:

(P3.3) (i) The orbits of 4* are near I';

)
(i) ~"(0),77(0) €
(iii) A™(T) e WEN Bs(0) and ~ (=T) € W N Bs(0);
(v) 7*(0) () € 7.

Note that we can choose € > 0 such that for all A, [A\| < € and all z, ||z —~v(0)]| < ¢,
it holds o(T,z, \) € Bs/2(y(T')). Here (-, -, A) is the flow of the vector field f(-, ).
This guarantees that (T, z,\) € Bs(0).

Actually we look for the solutions y*(-) and v~ (-) as perturbations of v*(A)(-) and
Y (N)(+), respectively:

)=~ N)(t) + vt (t), teRT,
T = 1)) + ot (0 o
Y =)+ (t), teR™.
Therefore the functions v+ are solutions of
0 =Dif(v*(N)@), v+ h(t,v,\), telf =1[0,1],
SO OO N+ At ), tE I = [0.T] i

0= Dif(* (N (&), N + h(t, v, ), te L= [-T,0],

where h(t,v,A) = f(y*™(A)(t) +v,2) = f(*(N)(E), A) = Dif (v (A)(¢), A)v. The
properties can be rewritten in terms of v* as follows
(P3.4) (i) |JoE(t)||gen+e are small for all t € IF;
(i) v*(0),v (0)eY ®aY"D Z;
) vH(T) € WfsﬂB%(O) and v=(=T) € Wf“ﬂBg(O);
(iv) v*(0) —v~(0) € Z.

(iii

We want to remark that the conditions (P 3.3)(iii) and |(P 3.4)(iii) are equivalent
because in B;(0) W* and W are flat.
In order to solve ( , (P 3.4)) we use that the equations

o = Dif ("™ (\)(t), M (3.43)

have exponential trichotomies on Rt and R™, respectively. This is clear by the
statements of Section A.2land [(P 3.1)(iii). Let PE(t,\), PE(t,\) and PE(t,)\) be
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

the corresponding projections and let us denote the transition matrix of (3.43) by
d*(t,s,\). Then

OE(t, 5, \)PE(s,\) = PE(t, \)dF(t,5,)\), i = u,s,c, (3.44)
and moreover
LooyoWR =im PE(EA) - ThupyoW3 =1im PR(EA),
TpoqyoW3 =m PL(E ), TuoyoWR" =1m FP (1) .
To define these projections completely we set further:
ker PF(0,\) =Y" @Y @ Z, kerPy(0,\)=Y*@Y'®Z,

ker PH0,\) =Y*® Z, ker Po(0,\)=Y*® Z.

Indeed, T W and Y @ 7 are complementary, as well as T\ W and

YaZ (see for a comparable consideration). These determinations are in
accordance with Appendix|A.2. Note further, that all projections depend smoothly
on A.

Obviously
ker P (0,\) C ker P(0, \) .

In accordance with the explanations in|A.2 we may define
F(0,A) := PL(0,A) = PF(0,A)
P7(0,A) :=P_(0,A\) — P, (0,\) .
In particular for A = 0 we have:
im P;(0,0) = T,yW* = span{f(7(0),0)} @ Y*, ker P}(0,0)=Y“@Y*® Z,
im P (0,0) = TyoyW* = span{ f(7(0),0)} ®Y*® Y, ker P£(0,0) =Y"® Z .
In the same way we find
im P, (0,0) = Ty oyW" = span{ f(7(0),0)} ® Y", ker P/(0,0) =Y*®Y°® Z
im P, (0,0) = Ty W = span{f(7(0),0)} @ Y* @Y, ker PL(0,0)=Y* & Z .

Therefore we have
im P (0,0) = im P, (0,0) = Y*. (3.45)
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3.2 One-homoclinic Lin orbits to the centre manifold

Note that the projections P;7(0,0) and P, (0,0) coincide with those defined in Sec-

tion 3.1t
Pf(0,0) =P (0), P,(0,0)=P,(0).

Let us consider (3.42). For the term h we find
h(t,0,A) =0 and Dyh(t,0,A) =0. (3.46)
Similar to our results in Section (3.1 we first discuss the “linearised equations” (3.42):
0= Dif(y*(N(E), v +g(t), telf,
0= Dif(y"(A) @), Nv+g(t), telr,

(3.47)

where g(-) € C°(IF,R?*"*2). We find that
LT(t, g, \) == fot DT (1,5, \)PL(s,\)g(s)ds — ftT DT (t,5,\)(id — PL(s,\))g(s)ds,
L (t,g,\) i= — [ & (t, 5, \) P, Ng(s)ds + [*.®(t,5,\)(id — P (s,\))g(s)ds

are solutions of , which are of course bounded on any compact interval. There-
fore any solution of (3.47) can be written in the form

vE(t) = ®F(t,0, )= + LE(t,g,\), te€lF. (3.48)

Remark 3.2.1 Indeed the integral [~ ®*(t,s,\)(id — P(s, A))g(s)ds is conver-
gent, but the limit lim;_, f(f Ot (t, 5, \) Pl (s,\)g(s)ds does not exist. An analogous
assertion is true for the integrals appearing in the representation of L™. O

Next we determine n* such that v* represented by (3.48) satisfy |(P3.4). First,
(P 3.4)(ii) and the representation of L* imply that n* € Y* @ Y* @ Z. Further,
because of |(H 3.2) the demand (P 3.4)(iii) is equal to

vH(T) € T T)WfsﬂBa(O) =im PL(T,\) N Bs(0)
’ (3.49)
v (=T) e Ty W/\CuﬁBg(O):imPC;(—T,)\)ﬁBg(O) :
Thus we ask for conditions such that
(id — PL(T,\)vH(T) =0 and (id— P_(=T,\)v=(=T)=0. (3.50)

Exemplarily, we consider (id — PL(T, \))v™(T') (having in mind and (3.48))

(itd — PL(T, \))v™(T)

= (id — PL(T, \))®™(T,0, \)n™ + (id — PL(T, \)) f OT(T, 5, \)PL(s,\)g(s)ds

= &F(T,0,\)(id — PL(0,\))nt + (id — PE(T,\)PL(T, \) [ ®F(T, 5, \)g(s)ds
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

and conclude that (3.50) is satisfied if and only if

nt € ker (id — P£(0, X)) = im PL(0,A) = Ths 0y )Wy5*  and
n~ € ker (id — P,(0,)\)) = im P_,(0,\) = Tyu(xyo) W5 .
Summarising the above facts we have to demand

ntfeY'aY'd Z)N Ty )Wy and
nm €YY "D Z)N ThupnoWs" .

We can describe 3 N Wi* locally around 7°(A)(0) as graph of a function h®(-,\),
more precisely X N W = ~v%(A)(0) + graph h**(-, \). Here
hcs('7 )\) YpY® — YY@ Z, hcs(o’ )\) =0, l)lhcs(o7 0) =0. (351)

Then the graph of the map D12(0, A)(+) describes (Y@Y* @Y @ 2Z) N (0 W5
Analogously, we find h¢* such that its derivative describes (Y* @Y @ Y*@® Z)N
TouayWi*. Thus n* have the form

=0ty A) = vl + ys +Dih®(0, M) (v, vs)
~— =~ N ~ v
eye eys eyuaz

(3.52)
=0 Yo Yus ) = Yo + Yu + D10, N) (Ve Yu) -
~ =~ ~ 2
EYC EY“ GYS@Z

Therefore

’U+(t) :(I)+(t707)\)77+(y2_>y87>‘)+L+(taga)‘)7 tEI;: )
v (t) = 7(t,0, 0" (v yu, A) + L7 (8 g, N), tE Iy
solve (3.47), (P 3.4)(i)-(iii).

Now we discuss the non-linear problem (3.42), (P3.4). Replacing g¢(-) with
h(-,v%(+),\) we find all solutions of by solving the fixed point equations

<
+
—~
~
~—
I

O (t, 0, T (yF ys, A) + LT (&, h (-, 0T (), A), N, tell,
v (t) =D (6,0, )0 (v s Yu, A) + L (&, h(-, 07 (), A),A), teln.

(3.53)

We solve these equations by the Implicit Function Theorem. For this we consider
the right-hand sides of these equations as maps

Vex Vs x R2 x CO([;’R27L+2) N OO(I;’R27L+2) ’
Yex Y xR?x CVUI;,R*?) — C1;,R*2) .
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3.2 One-homoclinic Lin orbits to the centre manifold

We know that (v, ys, \,v") = (0,0,0,0) and (y.,yu, A\,v~) = (0,0,0,0) are so-
lutions of these equations. Similar to Section [3.1] all assumptions of the Implicit
Function Theorem are met. Invoking this theorem we can solve Equation for

vt = ®+(y2_7y57 )‘)()7 Vo= @_(yc??ym )‘)() (354)

The solving functions ¢ and 9~ depend smoothly on yf, ys and A and y_, v,
and A, respectively. Hence, for sufficiently small (yf, ys, ) and (y., y., ) we have
07 (ye v, A(T) € Bs(0) and 07 (y,, yu, A)(=T) € Bs(0).

The functions 9* solve , (P 3.4)(i)-(iii). So it remains to ensure condition (iv)
in Problem (P 3.4). For this we consider

0 (L ys, N O0) = 0"yl v, N)

_(Zd - PC'Z(O, )‘)) foT (I)+<07 8y )‘)h(sa 'fﬁ_(y:_v Ys, )‘) (5)7 )‘)ds>
(3.55)

ﬁ_(yc_’ Ys, A)(O) = n_(yc_aysa )‘)
+(id — P (0,0)) [° @7 (0,5, \)A(s,07 (47, ys, A)(5), \)ds.

In accordance with the direct sum decomposition (3.36) and (3.52) there are func-
tions ", y; and z* such that

(Y yss N 0) = vh + ys +ul (vl us N+ 2Tl ys ),
=~ —

~/

v~

€ye  evs ey y
(3.56)
0" (Yo Y, N)(0) = yo + Y F s We Y A) T2 (Yo s Yus A) -
—~ =~ X ~ 4 ~ 4
cye cyu €Yy ez
Hence v* satisfy |(P 3.4)(iv) if
Ys = Y; (Yo Y, ) and  yu =y, (U, s, A). (3.57)

Lemma 3.2.2
(i) y;(0,0,0) =0, 5(0,0,0) = 0.
(i1) Doy (0,0,0) =0, Dyyt(0,0,0) = 0.

Proof We have gained 9% via the Implicit Function Theorem from (3.53). From
that we know 07(0,0,0)(0) = 0 and 97(0,0,0)(0) = 0. Now (4) of the lemma follows
from (3.56).

Plugging (3.52) and (3.54) in (3.53) yields
(Y Y5, A)0) =y +ys + Dih™(0, ) (5, ys) + L0, (v (5, 45, A) (1), ), A) -
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

Note that D;h%(0,0) = 0. Moreover, because of Dyh(t,0,\) =0 we have
0
0Ys

Therefore Dy07(0,0,0)(0) = ¢d. On the other hand, differentiating the representa-
tion of o which is given in (3.56)) yields Doy, (0,0,0) = 0.
A similar consideration gives Doy (0,0,0) = 0. |

L*(0,h(-,v%(0,0,0)(:),0),0) =0 .

Due to the above lemma we can solve (3.57) for
s = Ys(yye , A) and gy =gyl Y., N) (3.58)
by the Implicit Function Theorem. Combining this with (3.54) we get

U+ = U+(y2_7yc_7/\) = @+<y2_7y5(y2_7yc_’)\>’)\>’

v = v*(yér,y,?,/\) = @7<yciayu(y:rayciv)‘>’)‘)

(3.59)

Summarising our results achieved up to now we can formulate the following lemma:

Lemma 3.2.3 Assume . For yf,y- € Y° and A\ € R?, sufficiently small,
there is a unique one-homoclinic Lin solution {(v* (v, v, N), v~ (yF,y., A)} to the
centre manifold.

Moreover, the mappings y=(-,-,-) : Y¢ x Y x R? — C(R*,R") are as smooth as the
vector field.

Proof With 'Y+(y2_,yc_,)\)(> = 75(/\)() + v+(y2_’yc_7/\)(> and 7_(y;r,yc_, A)() =
YN () + v (yf, v, A)(+) the assertions of the lemma follows from the above con-
siderations. [

By solving the bifurcation equation
v, A) =70y . M(0) =7 (e, A)(0) =0 (3.60)
we compute one-homoclinic orbits to the centre manifold. So £ is a smooth map-
ping
XY x Y xR — Z.
Because of the representations v (0) = v*(A\)(0) + v*(0) and v~ (0) = v*(\)(0) +
v~ (0) (see (3.41)) we have

E°(wdye s A) = EN) + 0"l ye, M(0) — vy, we, A)(0).
Together with (3.56) this can be written as

EWys N = 6N+ (wh —wo) + 2w us(wd e ), A)

_Z_(yc_7yu(y2_7yc_7>\)7 )\)
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3.3 Discussion of the bifurcation equation

3.3 Discussion of the bifurcation equation

Now, we will compute all one-homoclinic orbits to the centre manifold as solutions
of the bifurcation equation v (y,y.,A)(0) — v (v ,y.,A)(0) = 0. In our con-
siderations we have to distinguish elementary and non-elementary primary homo-
clinic orbits. In both cases the reversibility allows to reduce the three-dimensional
equation to a one-dimensional one.

The next considerations are devoted to the precise analysis leading to solutions of
the bifurcation equation.

3.3.1 The non-elementary case

Now we want to discuss the bifurcation equation £ = 0 for the case of a non-
elementary primary homoclinic orbit I'. That is:

(H3.3) W intersects Fix R non-transversally at v(0).

This hypothesis is equivalent to (3.39). Together with the definition and properties
of Y¢, which are presented in Section 3.2, we get

Y¢C FixR.
So, with Lemma 3.1.2 we obtain also
Z C Fix (—R) .

For the discussion of the bifurcation equation we consider (3.61). In the case under
consideration y — y. is the Fix R-component of £ (yl,y., \), recall that £()) €
Fix (—R) (see (3.30)). Hence

Wy, N =0 = yl=y, .
Altogether
EW5 Y, N =0 = €% A ha) = € (s e V) = 0. (3.62)
Moreover the representation (3.61) of £ provides
£°(ye, M1, A2) € Fix (—R) N Z. (3.63)

Essentially, after introducing appropriate coordinates, é‘x’ can be seen as a smooth
mapping R2 X R x R — R, (ye, A1, A2) — £%°(Ye, A1, A2) with

£€°(0,0,0) =0, D1£>(0,0,0) = 0. (3.64)

Before discussing the structure of the solution set of the bifurcation equation we
prove that all orbits corresponding to £* = 0 are symmetric ones.
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Lemma 3.3.1 Assume (H5.2) and |(H35.3). Let y. and X = (A1, A2) be such that

£%°(Yes A1, A2) = 0. Further let x(y., A)(+) be the corresponding solution of (1.1)) with
orbit O(ye, A). Then O(ye, A) is symmetric.

Proof Clearly we have

Z(Ye; A)(0) = 7" (Ye, Yer A)(0) = 77 (Yer Ye, A)(0) (3.65)

In order to prove the symmetry of the solutions of the bifurcation equation we show
that v (y., A)(0) € Fix R. That means, by (3.65) we have to show that

Ry (Ye, Yo, A)(0) =77 (Yes Y, A)(0) (3.66)

This is equivalent to

Ry*(A)(0) + Bu™ (e, s (e, A), A)(0) = 7 (A)(0) + 07 (Y, yu(ye; A); A)(0) -

With (3.29) it remains to show Rv™ (ye, Ys(Ye, A)s A)(0) = 07 (Ye, Yu(Ye, A), A)(0). Sim-
ilar to Lemma/3.1.5 we find

RO (ye, ys (Y, A), A)(0) = 0™ (Rye, Rys(ye, A), A)(0). (3.67)

Finally, the symmetry of the system (3.57) will be transferred to its solving functions
3.58)):

Rys(Ye, A) = yu(Rye, A).
Now y. € Fix R completes the proof. [ |

Corollary 3.3.2 Let O(y., A) be an orbit according to é"o(yc, A1, A2) = 0. Then
O(Ye, A) is a homoclinic orbit to the equilibrium or to a periodic orbit in W .

Proof Due to the symmetry of the orbit it holds a(O(y., A)) = Rw(O(y., \)),
where o and w are the a- and w-limit set, respectively. On the other hand it is clear
that the w-limit set either is the equilibrium or it coincides with one of the periodic
orbits filling the (local) centre manifold. Finally the symmetry of these orbits gives
the result. |

For discussing the bifurcation equation foo = 0 we will presume several further
assumptions. There the geometrical meaning of the parameters \;, Ay (which was
explained in Section (1)) will be reflected. First we assume

(H3.4)  Dy£(0,0,0) # 0.
This assumption underpins, in accordance with Hypothesis|(H 3.1) and , that

A1 is responsible for the drift of the stable and unstable manifold. By assuming

(H3.4) we can solve £ = 0 for A} = X1 (ye, Xo) near (ye, A, A2) = (0,0, 0). Hence

~

Soo(yca )\17 )\2) =0+ )\1 = Ai(yca )\2) (368)
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3.3 Discussion of the bifurcation equation

Lemma 3.3.3 \;(0,0) =0, D;\i(0,0) =0, and D5X;(0,0) =0, for all k > 1.

Proof The first two statements, Aj(0,0) = 0 and D;Aj(0,0) = 0, follow directly
from (3.68)) and (3.64).

The parameter \; describes, independently on Ay, the splitting of the stable and
unstable manifolds W* and W*, see (3.31). For A; = 0 both manifolds intersect each
other. So, for Ay = 0 and for any Ay we have at least one solution of the bifurcation
equation é"o(yc, 0, A2) = 0, namely a solution corresponding to the intersection of
the stable and unstable manifold of the equilibrium. Such a solution corresponds to

Ui = U+(%7%7 /\1 - 07 /\2)(0) = 0

From (3.56) and (3.59) we see that v™(yc,ye, A1 = 0,A2)(0) = 0 implies y. = 0.
Altogether this means £*(0,0, A\2) = 0. Then (3.68) provides Aj(0,A\y) = 0. This
eventually implies that D5A;(0,0) = 0, for all k > 1. [

So it makes sense to assume

H3.5 D?)X:(0,0) is non-singular.
( 1M g

Assumption (H 3.5) says that W and W have quadratic tangency. The second
derivative D?X;(0,0) can be seen as a 2 x 2-matrix. In the further discussion we
distinguish the cases that D\;(0,0) is definite (both eigenvalues have the same
sign) and D?);(0,0) is indefinite (the eigenvalues have different signs).

Now, we consider the structure of the solution set of the bifurcation equation
£ = 0. A more detailed interpretation of the dynamical consequences is given
in Section 3.3.1.1] below. First we assume that DIX;(0,0) is definite.

Theorem 3.3.4 Assume|(H3.2) —|(H3.5). Further let DiX;(0,0) be positive defi-
nite. Then there is a curve € in the (Ao, A\1)-plane, where € is graph of a function
¢: A= A = ¢(A\2) having a mazimum at (A, Ag) = (0,0) such that:

For each sufficiently small X = (Ay, Ay) with Ay > ¢(Xg) there is a closed curve ky
in Y such that for each y. € ky there is a symmetric one-homoclinic orbit O(y,, \)
asymptotic to the centre manifold. The mapping y. — O(ye, A) is injective. The
curve ky contracts as A tends to € - degenerates to a point for A € € and disappears
for X below €, i.e., A\ < ¢(\a).

All one-homoclinic orbits to the centre manifold near I' are assigned to an element
of kx. So, for \ below € there are no such homoclinic orbits.

Proof Near I' all one-homoclinic orbits to the centre manifold are related to so-
lutions of the bifurcation equation (3.60). Due to (3.68) the bifurcation equation is
equivalent to

Al = )‘T(yw /\2)

So for given A = (A1, A2) we study the level set k) = {y. : A\t = Aj(Ye, Ao} of
Ai(+, A2). Exactly the elements y. € k) correlate with homoclinic orbits O(ye, A).
The symmetry of the orbits O(y,., A) has been proved by Lemma 3.3.1.
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

Because of [(H 3.5)| the equation Dj\}(ye, A2) = 0 can be solved for y. = y¢(\) near
(Ye: A2) = (0,0). We define

C: )\2 = C()\Q) = )\T(yg()\g), )\2)

From the derivation of y¢(-) we see that y¢(0) = 0. Together with Lemma([3.3.3 this
provides ¢(0) = 0 and D¢(0) = 0.

Because D?X\%(0,0) is positive definite, the function Aj(:, \2) has a minimum in
yS(A2). So the level set k) of Aj(-, A2) is a closed curve for A above the curve €, or
it consists of just one point for A € &€, respectively. Finally, x, is empty for A below
the curve €.

Recall that rx—(,,) is non-empty. Therefore ¢(Ay) < 0 for all As. [

For the visualisation in a bifurcation diagram we refer to Figure

Remark 3.3.5 We obtain qualitatively the same results if D?\;(0,0) is negative
definite. 0

We now turn to the case that D?\;(0,0) is indefinite.

Theorem 3.3.6 Assume|(H3.2) - (H3.5). Moreover we assume that DIX;(0,0) is
indefinite. Then for each sufficiently small X there are two curves k), k3 in Y such
that exactly for y. € k3 U K3 there is a one-homoclinic orbit O(y., \) to the centre
manifold. The orbits O(y., \) are symmetric.

Furthermore there is a smooth curve € in the (Aa, A\1)-plane which is tangent to the
Ao-azis at (A1, A2) = (0,0): for X € € the curves k) and K3 intersect transversally;
for X & € the curves k%, i = 1,2, are hyperbola-like and do not intersect.

Proof The proof runs completely parallel to that one of Theorem [3.3.4 Only the
indefiniteness of DIA;(0,0) gives another structure of the level sets of Aj(-, Ay). W

For the visualisation in a bifurcation diagram we refer to Figure|3.4.

3.3.1.1 Bifurcation scenario

We want to explain the consequences of the Theorems [3.3.4] and [3.3.6] for the dy-
namics more closely. We will do that only for the R*-case, i.e. n = 1. Although the
results for n > 1 are the same, the arguments are easier in the case we want to look
at.

We start by considering the centre-stable manifold W{* as stable manifold of the
(local) centre manifold. So we can see W5 as the union of the stable fibres M, y,
with base points z in W, ,:

Wfs — U Mx,)\-

C
erloc,A

These fibres are one-dimensional (R*-case) and depend smoothly on z € Wigen-
Especially we have M,—o = W3. So, for sufficiently small = these fibres intersect
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3.3 Discussion of the bifurcation equation

the cross section X transversally, that means M, y N consists of exactly one point.
The union of these points is nothing else but the trace of W{* within 3. This
trace can again be represented as graph of a function h§® defined on Y (see (3.51
and have in mind that dimY”® = 0). So we have a one-to-one relation between
Y and (Uerﬁ,c,A M, ) N 3. Moreover, let P be a periodic orbit in W, then

(Uzep Men) MY forms a closed curve in W§* N 3.

Let, as defined in the proof of Theorem [3.3.4] k) = {y. : A1 = A\{(ye, A2)} . Then
h$?(ky) is a curve in W N X, (In the case under consideration we have even
h$¥ (k) = 0.) Projecting this curve along the stable fibres in Wy, gives a curve
rS. The projection is depicted in Figure[3.1. Indeed, such a projection is of class

C*=1 if the vector field is in C*, see [SSTC9S].

Figure 3.1: Projection along stable fibres

Now, exactly those periodic orbits in W, \ which are intersected by £ are the limit
sets of one-homoclinic orbits to the centre manifold. This is due to the invariance
of the fibres, which asserts that for each x € Wy, |

o(t, My, A) C Mgz, t>0,

where ¢(t,-, A) denotes the flow, see Figure Hence, if z € Wy, , belongs to a
periodic orbit then each point in M, , will be “transported” to this orbit under the
flow.

Under the assumptions of Theorem [3.3.4 x5 is a closed curve for those A = (A1, \2)
with Ay > ¢(Ag); & shrinks down as A tends to €, merges to a point for A € € and
disappears as A; becomes less than ¢(\2). The position of § (bold lines) in W is
depicted in Figure(3.3. In order to retrace the presented bifurcation diagram, realise
that K{, . 18 a closed curve surrounding 7*(A)(0) within W§* N X. Consequently
Ky >00) 1S & closed curve encircling the equilibrium 2 = 0. The rest of the bifurcation
diagram presented in Figure 3.3/stems from the fact that £§ moves continuously by
changing A\, and that § contains the equilibrium if and only if A; = 0.
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

Figure 3.2: Invariance of the stable fibres

Note, that we have no further information concerning the exact shape of x§. How-
ever we want to mention that different intersection points of x§ with one periodic
orbit correspond to different homoclinic orbits to this periodic orbit. From the bifur-
cation diagram one may expect bifurcations of homoclinic orbits to a (distinguished)
periodic orbit while moving x§. But those bifurcations are beyond the scope of this
thesis.

oo,

= \>\\

\\f ,/ /

Figure 3.3: Bifurcation diagram corresponding to Theorem [3.3.4.

Analogously to the above considerations we can discuss the consequences for the
dynamics under the assumptions of Theorem|[3.3.6. Projection of x} along the stable
fibres gives curves KJ&C in W¢_ of the same structure as 5. The relative position of
these curves is depicted in Figure 3.4l
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3.3 Discussion of the bifurcation equation

Figure 3.4: Bifurcation diagram corresponding to Theorem 3.3.6.

3.3.2 The elementary case

We assume that the primary homoclinic orbit I' is elementary:

(H3.6) W® intersects Fix R transversally at v(0).

This hypothesis is equivalent to (3.40). Together with the definition and properties
of Y¢, which are presented in Section (3.2, we get

dim(Y* N Fix R) = 1.

Hence Y¢ is spanned by a one-dimensional subspace of Fix R and a one-dimensional
subspace of Fix (—R). With Lemma [3.1.2] we obtain

7 C FixR .

For discussing the bifurcation equation £ (y.", y., A) = 0 we assort the components
of €< (see (3.61)) regarding their affiliation to Fix R and Fix (—R), respectively.
For that reason we decompose

Yo =Yn TV h (3.69)
with y£ € YN Fix R and y*, € Y°N Fix(—R). Plugging (3.69) into the repre-

sentation (3.61) we can regard all functions as functions of (v, y5, v, y—5, A). To
denote these functions we add a “ = ” to the original symbol of these functions.
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3 The Existence of One-Homoclinic Orbits to the Centre Manifold

In accordance with the direct sum decomposition (3.36) we see immediately that
&yt yn,yte, y ., A) = 0 is equivalent to

Yt =Yp = VYr

AN (TR TS VAN Ty IS (TR T VAR T ) I V8
é()‘> + yj_R — Y r= 0.

Because of £(A) = A\; (see Remark [3.31]) the last equation can be solved for y—, =
yT. + A, A transformation 7" in Fix (—R) NY*

Y_p = T(yfR, A1) = yfR + A1/2

gives
ij - y—R + )\1/2

This way we arrive again at a reduced bifurcation equation

éoo(yRa Y-_r, )‘) = 2+(yR7 YryY-r — )\1/27 Y-r + )\1/27 )\)

_27(93791%7?/—13 - A1/27y_1{ + )\1/2, )\) = O

(3.70)

Essentially foo can be seen as a smooth mapping fOO ‘R xR x R? - R with

£°(0,0,0) =0, D;£2(0,0,0)=0,i=1,2. (3.71)

Moreover we have

Lemma 3.3.7 Assume|(H3.1),|(H3.2) and (H3.6). The function £ is odd with
respect to Y_g, i.€.,

éoo(ylh Y_r, )\) = _éoo(va —Y_r, )\) .

Proof Similar to the proof of the symmetry properties (3.26) and (3.27) we get

Ry, (v ys N) = ys (Ry, Rys, N), Rz (y,ys, A) = 27 (Ry., Ry, A) . (3.72)
Exploiting this during the solving mechanism we find
Ryu(y:_a Ye s >‘) = QS(Rycz_a Ryj, )‘) :
This way we obtain:
R(ng(yRa Yr, y—R_)\l/27 y—R+)\1/27 )\)—57(?Jm Yr, y—R_)‘l/27 y—R+)\1/27 A))

=2 (Yr YroY-r—AM/2,Y_rFA1/2,X) = 27 (Yr, Yrs Y- —A1/2, Y-+ A1 /2, N).

On the other hand both T and z~ are elements of Fix R. This together with the
definition of £ (see (3.70)) provides the lemma. |
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3.3 Discussion of the bifurcation equation

Lemma|3.3.7 says that

~

§*(yr,0,A) = 0. (3.73)

Lemma 3.3.8 Assume (H3.1),(H3.2) and|(H 3.6). Eractly the orbits O(yr,y_r =
0,\) corresponding to solutions (yr,y_r = 0,A) of £ =0 are symmetric.

Proof The principle set up is as in the proof of Lemmal[3.3.1. So it remains to show
Rot(yl, ys(yl,y, A), M) (0) = v~ (v, vy, v, A), A)(0). Using relations similar to
3.67) and (3.72) we see that the above equation is equivalent to

U_(yR - yj—R? yU(yR - ij7 Yr — yj—R7 )‘)7 /\)(O)
(3.74)

=0 (Yn + Y s Yu(Ur + U0 yn + y 0 A), A)(0)

Of course this is true if y*, = —y~,. By the definition of y_ this is equivalent to
y_r = 0. On the other hand: The representation (3.56) of v~ tells that the Y-
component of v~ (y., yu(yS, v, A), A)(0) is y.. So (3.74) implies y*, = —y~, and
hence y_, = 0. [ |

Remark 3.3.9 In the original coordinates, before performing the A-dependent trans-
formation T', y_ = 0 corresponds to y—, = A\1/2, y=, = —A\1/2. O

Because of (3.73) there is a smooth function
w TRXxRXxRxR— R, (yR, —Y_r, )\1, )\2) — w(yRa —Y_r, )\1, )\2)

with

~

§OO<yR7 Y_r, )‘) - y—Rlp(yR? Y_r, )‘17 )‘2> . (375)

The function 9 is even with respect to y_g: V(Yr, Y_r, A1, A2) = V(Yr, —Y_r, A1, A2).

From follows
$(0,0,0,0) = 0. (3.76)

We assume

(H3.7)  Dy(0,0,0,0) # 0.

Hence the equation ¢ = 0 can be solved for vy, = y5(y_r, A1, Aa2).

Altogether, for fixed A the set of zeros of éoo consists of two intersecting curves,
Ksym = {Y_r = 0} and Kasym = {Un = Y5(y_r, A1, A2) }. The curve kg, is related
to symmetric one-homoclinic orbits to the centre manifold, c¢f. Lemma [3.3.8, while
Kasym corresponds to two families of non-symmetric one-homoclinic orbits to the
centre manifold, which are R-images of each other. We summarise our results as
follows:
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Theorem 3.3.10 Assume (H3.1), (H5.2), ((H3.6) and (H3.7). Moreover let
E(N) = A\1. Then for sufficiently small X € R? there exist exactly one one-parameter
family of symmetric and exactly two one-parameter families of non-symmetric one-
homoclinic orbits to the centre manifold. The two families of non-symmetric homo-
clinic orbits are R-images of each other.

Finally we discuss one-homoclinic orbits to the centre manifold which involve the
equilibrium. Those are either homoclinic orbits to the equilibrium or heteroclinic
cycles between the equilibrium and a periodic orbit in the centre manifold. Such
cycles consist of a heteroclinic orbit lying in the intersection of the stable manifold of
the equilibrium and the unstable manifold of some periodic orbit, and its R-image.
So it is sufficient to determine one-homoclinic orbits to the centre manifold lying in
the stable manifold of the equilibrium. Those orbits correspond to solutions of

E(yr,ys . N) =0, v (yf,y-, M) (0) =0; (3.77)

the second equation, v (y, y., A)(0) = 0, guarantees that the orbit is in W*.
In our further considerations we restrict to R* (n = 1). Because in that case
dimY® = dimY* = 0 the formulas (3.56) to (3.59) provide that actually v+ does
not depend on y, . So we can view v (yl, y., A\)(t) as a function 07 (yF, X)(¢).

Lemma 3.3.11 o7 (y1, A\)(0) = 0 if and only if y+ = 0.

Proof Let 0 (yf,A)(0) = 0. Then (3.56) implies that y = 0.

On the other hand for each X the functions o*(\)(t) = 0 solve (3.42)[(P3.4). So,
in particular there is a y such that o%(\)(t) = 0(y;, \)(¢). This implies that for
all A we have 0 = 07(\)(0) = 0(yS, A\)(0). And again from (3.56) we conclude that
yr = 0. Altogether 0(0,\)(0) = 0. [

Therefore in R* the System (3.77) reduces to
£*(0,9.,A) = 0.
More detailed this equation reads, see (3.61),
M —vy, —z (y.,\)=0. (3.78)

Exploiting the affiliation of the single terms on the right-hand side in the last equa-
tion to the subspaces of the direct sum decomposition (3.36), we find that (3.78) is
equivalent to

M=y, and z (y.,\) =0. (3.79)

Taking also into consideration that y = 0 we find for the coordinates y, and y_g
that y, = 0, y_r = A1 /2 and thus we get

€200, A1/2,0) = A1 /20(0, A1 /2, A1, M) = 0. (3.80)
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The solutions A = (0, Ag) of this equation correspond to homoclinic orbits to the
equilibrium. Therefore heteroclinic cycles between the equilibrium and a periodic
orbit in W, exist for parameter values which satisty

1/}(07 /\1/27 )\17 )\2) - O

Lemma 3.3.12 Assume ((H3.1), (H3.2), (H3.6), |(H3.7), Ds(0,0,0,0) # 0,
£(A\) = Ay and n = 1. Then there is a mapping Ny : R — R, A\ — A5(\y) with
A5(0) = 0 such that for all parameter values (A1, Aa) = (A1 # 0, A5(\1)) there is a
heteroclinic cycle between the equilibrium and a periodic orbit in W .

Proof Under the assumptions of the lemma the equation (0, A\1/2, A1, A2) = 0
can be solved for Ay = A5(\). [

3.3.2.1 Bifurcation scenario

To describe the bifurcation scenario we proceed as in Section|3.3.1.1l For that reason
we restrict again to the R*-case.

Let stgym = h®(Ksym, A) and stueym = h(Kasym,A); the mapping h® has been
defined in (3.51). Figure 3.5 depicts the curves x and ».

YC

E

Figure 3.5: The intersection of the centre-stable and the centre-unstable manifold
in X seym and »gsym

WCU

Projecting the curve sy, C W NW{* along stable fibres into the centre manifold
yields a curve xg,,,. Each intersection of 5, with an orbit in the centre manifold is
related to a symmetric homoclinic orbit to the centre manifold. From the dynamical

point of view we distinguish whether g, ,, intersects the equilibrium or not, see
Figure [3.6.
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sym sym

(a) (b)

Figure 3.6: The intersection of g, with an orbit in W corresponds to a symmetric
homoclinic orbit to exclusively periodic orbits (a), or to all periodic
orbits and to the equilibrium (b)

Next we consider s,,,. First we remark that this curve is R-symmetric (but not
located in Fix R). The projection of s, along stable fibres into W¢ gives a curve
Kgsym intersecting all those orbits in W¢ being approached (forward in time) by a
non-symmetric homoclinic orbit to the centre manifold. Analogously we get the
curve Rkg,,, C W€ by projecting s,sm along unstable fibres (this is due to the
R-symmetry of ,5,,,). So each p € sy, belongs to an orbit connecting (in general
different) orbits in the centre manifold. However, we cannot read from the curves
Kasym Which orbits in the centre manifold are connected by a heteroclinic orbit.
But together with its R-image any heteroclinic orbit forms a symmetric heteroclinic
cycle. For possible positions of g, and its R-image within the centre manifold
we refer to Figure [3.7. In particular these curves can intersect in the equilibrium,
see Figure 3.7(b). In this case there is a symmetric heteroclinic cycle connecting

the equilibrium and an orbit in W*°.

Kasym \_— . Kasym
$O) =
Rt S g o
() (b)
Figure 3.7: Relative positions of the projected curves kg, Rrg,,, and the equi-

librium

While changing A we get different situations with respect to the relative position of
the projected curves and the orbits of the centre manifold (see Figure . These
situations arise as combinations of the cases depicted in Figure 3.6 and Figure [3.7.
Particular scenarios are those, where the equilibrium lies on x5, or kg, .. and

Rk, : These correspond to symmetric homoclinic orbits to the equilibrium x for

asym*
Xy =0 (z € KS,,) or a heteroclinic cycle connecting the equilibrium with an orbit

sym
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in We (& € ke, ).

asym

Figure 3.8: Bifurcation diagram corresponding to Theorem/3.3.10/and Lemma/3.3.12

3.4 Transformation flattening centre-stable and
centre-unstable manifolds

We will perform global transformations 7* mapping for all X locally (around & = 0)
the stable, unstable, centre-stable and centre-unstable manifold simultaneously in
the corresponding subspaces of & = D;f(0,0)z. To ensure that the transformed
vector field T2 f(x, \) = DT’\(TA_l(:c))f(T’\_l(x),)\) is again reversible we will
construct a 7» commuting with R. The whole procedure will be done in two steps:
In the first step we create a local transformation 7;), acting on an R-invariant ball
Bj; around 4 = 0 with radius §. In the second step we globalise 7;)\, by means of an
appropriate cut-off function.

In order to construct 7,2\, we first flatten the centre manifold. This will be done by

means of a transformation 7). Let X¢ i = s,u,c,cs, cu, be the stable, unstable,
centre, centre-stable and centre-unstable subspace of & = D; f(0,0)x, respectively.
The reversibility implies, see Appendix|A.1,

RX®=X¢, RX®=X" RX®=X (3.81)
Parallel to (3.81) we have
RVVZ?)C,)\ = VVI(;C,)\J RVVISOC,)\ = I/quéc,)\ﬂ RI/VI?C,A = I/Vlf)ié,)\‘ (382>
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The local manifolds Wy, Wi, and W\ can be understood as graphs of appro-
priate functions:

Wiger = {(xe, hS(xe)), e € X, ||2e]| small}, A : X — X° @ XY,
Witen = {(zs, h3(xs)), xs € X, ||xs] small}, A5 : X°* — X XY,

Wi\ = {(xy, K (xy)), xy € XY, ||2y|| small}, AY: X" — X X°.

Then (3.81) and (3.82) imply
RhS = hS\R, Rh = h\R. (3.83)
We define a transformation
TA: By C R™™2 L R™M2 g o4 he(x,) + b (@) + h'(za) .
This diffeomorphism maps X into Wi, ,, X* into W ., and X* into W ,. Due to
(3.83) the transformation 7;* commutes with R and 7\ (W*) = XN B;, i = ¢, s, u.

Now we assume that we have already performed the transformation 7,"*. For the
manifolds under consideration we keep the original notations. We obtain for all A

hS(x.) =0, hi(xs) =0, hi(z,)=0.

As above we may read the local manifolds W2, and WS as graphs of mappings
he: X X® — X" and h®™ : X X* — X?, respectively, satisfying

RAS® = hS"R. (3.84)

Lemma 3.4.1 Let Wi, = X“N Bs. Then
h e =0, bl =0 and Ay =0, AJ|yx. =0.

Proof Because of Wy .\ = Wi, N WL, for each z. € Wy, C X° there are
zs € X® and x,, € X" such that z. = x.+ x5+ h§* (x. + x5) = T+ 2y + W (e + 24).
Because of X*® & X @ X¢ = R*2 there is r, = x, = 0 and h$¥(z.) = h{(z.) = 0.
We have (0,2°, h§*(z®)) € W, On the other hand (0,2%,0) € W* C W*. Hence
(0,2%, hE(2®°)) = (0,2°,0) and therefore h§*(z®) = 0. In the same way we find
RS (z*) = 0. |

Next we define transformations 7;* which flatten the (local) centre-stable and centre-
unstable manifolds simultaneously:

T, Bs NR*™ 2 o R g a4 hS (2, + 5) + W (ze + 7).

Indeed, 73 is a local diffeomorphism commuting with R (see (3.84)). Note that
the transformations 7;) leave the manifolds W¢ = X¢ W = X* and W = X
untouched. This is an immediate consequence of Lemma[3.4.1. However, the main
property of 7.} is established in the following corollary:
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3.4 Transformation flattening centre-stable and centre-unstable manifolds

Corollary 3.4.2 Let W, , = XN Bs. Then TN X' N Bs) = Wi, i = cs, cu.

Proof Lemma [3.4.1] provides T;)(wc + 25) = xc + 25 + h§* (2. + x,) € W, and
TN e+ 1) = e + T + W (e + 1) € Wige - [ ]

Finally
T)\ - /TQ)\_l ° /]~1>\_1

loc *
is the desired local transformation.

On the way of globalising 7;), we first notice that 7;), has the form 7, = id + T,
with D7*(0) = 0. Let x be a C*®-cut-off function with x(z) =1 for ||z|| < 1 and

x(x) = 0 for [|z|| > 2. We may assume that y is R-invariant, see Appendix [A.1.

With
Xg(@) = x (?%T)

we can globalise 7, to 7> as follows:

T(a) i x+ x;(x)TMz) , € By,

x , otherwise .

The map 77 is a global transformation commuting with R and accomplishing the
desired flattening. The regularity of DT follows from sup,e, [ Dx;(z)7*(z)| — 0,
as 0 — 0, similar to considerations in [Van89].
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4 The Existence of Symmetric One-Periodic
Orbits

In this chapter we study symmetric one-periodic orbits near the primary homoclinic
orbit I'. Throughout we assume our standing Hypotheses (H1.1)1(H1.6). (As usual
within this thesis we do not mention this assumptions in our assertions.) Further-
more we restrict our considerations to R*. That means, we assume

(H4.1) f[f:R*xR*—>R*.

This implies that the cross section ¥ coincides with the “jump direction” Z. Thus,
the existence of symmetric one-periodic Lin orbits is equivalent to the existence
of symmetric partial orbits connecting 3 with itself. Note further, that in R* our
approach is also applicable for the detection of k-periodic Lin orbits (k € N). But
within this thesis we do not deal with this issue.

One of the main problems in constructing the Lin orbits is the description of the flow
near the centre manifold. For that purpose we make several assumptions regarding
the dynamics locally around the equilibrium, see Hypotheses (H4.2) and (H4.3)!

In Section we prove the existence of symmetric one-periodic Lin solutions X =
{(x*,2'°¢,27)} and provide estimates which are useful in the discussion of the bi-
furcation equation 27 (0) — 2~ (0)=0. This discussion is done in Section There
we assume that the primary homoclinic orbit I' is non-elementary, i.e., we assume
(H3.3) and consider the bifurcation equation as a perturbation of the one for one-
homoclinic Lin orbits to the centre manifold.

4.1 Symmetric one-periodic Lin orbits

This section is devoted to the detection of symmetric one-periodic Lin orbits £ =
{X} of Equation (1.1). As described in Section 2.1 a periodic Lin orbit £ = {X}
consists of three parts: X = (X, Xl¢ X 7).

Due to the restriction to R* the jump of each partial orbit, see Definition [2.1.1,
is always in Z-direction. That means, every partial orbit is a one-periodic Lin
orbit. For that reason the detection of symmetric one-periodic orbits reduces to the
construction of X'¢: We obtain the orbit X* by integrating backward in time from
the starting point x'°¢(0) of X' until reaching ¥ the first time. Similarly, X~ can
be achieved from the endpoint z/°¢(T") of X'*¢ by forward integration.

In order to construct X'¢ we proceed as follows: Let ¥;,. be a local cross-section
of the flow containing the origin of the phase space R*. That means, that any
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4 The Existence of Symmetric One-Periodic Orbits

Eloc

Figure 4.1: The construction of symmetric one-periodic Lin orbits in R*

orbit, except the equilibrium, intersects Y. transversally. Let further 2 € R* be
sufficiently large. Then we define manifolds 31 as the forward evolution of ¥ at the
time {2 and ¥~ as the backward evolution of 3 at the time —(:

TP =p(Q,2,0) and X7 = p(—Q, 3 N).

We search orbits X !¢ connecting ¥ N 3, and X~ N Xy, We call xl"c(-) a local
solution.
Although, in a strict sense, we cannot address ¥;,. as a Poincaré section, we will use
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4.1 Symmetric one-periodic Lin orbits

this notion, since we adapt the classical concept (see [Ama95], [Irw80]) and setting
up a return map on >, defined by a smooth return time. Then we describe the
local orbit X'¢ by means of this return map. There we prescribe the number N of
“windings along the centre manifold”.

For each local solution z'¢(-), defined on [0, 7], we find global solutions x*(-) by
simply integrating the vector field as outlined above. Then, due to the definition
of X1 the solution z7(+) is defined on [0,] and satisfies 27(0) € ¥ and 21 (Q2) =
2'°¢(0). Similarly, 7 (+) is defined on [, 0] with 2~ (=) = 2¢(T) and 2~ (0) € .
The entire procedure is illustrated in Figure

Finally, using assertions from [Den88], we develop useful estimates for the symmetric
one-periodic Lin orbits.

4.1.1 Existence

The following considerations result in a precise definition of the Poincaré section
Yioe and a corresponding return map II based on the definition of a smooth return
time.
Let X3, X} and X§ be the stable, unstable and centre eigenspace, respectively, of
D, f(0, ). For A = 0 we omit the index and write only X*, X" and X°. Let further
X¢ = X5 @ X g, where X§ and X¢, are the intersections of X¢ with Fix R and
Fix (—R), respectively. Then, R? can be decomposed
RI=X®X"®X;,0Xp. (4.1)

For more detailed remarks concerning these subspaces see Section /A.1l Henceforth,
we make the following assumption.

(H4.2) Let A € R? be sufficiently small. Then
X3=X°, Xy =X", X;=X° and Wj. ,CX° Wj.,CX".
Furthermore, locally around zero, the subspace
XM= X" X" (4.2)

is invariant with respect to the flow of (1.1).

The first assumption of (H4.2)|is not a restriction because, for each small A € R?,
there is a transformation (described in Section[3.4), which leads to such a situation.
Further, a generalised Hartman-Grobman-Theorem (see [Van89]) ensures the exis-
tence of a C° manifold that contains the stable and the unstable manifold of the
equilibrium and is invariant with respect to the flow of Equation (1.1) for A = 0. In
(H4.2) we assume the C" smoothness of this manifold.

Let U(0) C R* be a neighbourhood of the equilibrium. Then, as depicted in Fig-
ure we define X, by

Yioe = (X" @ X5) N U(0) (4.3)
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4 The Existence of Symmetric One-Periodic Orbits

Figure 4.2: Position of the Poincaré section ¥,

Next we show the existence of a smooth return time ¢* with respect to X;,. and
consequently the existence of a smooth return map.

Lemma 4.1.1 Assume|(H4.1) and (H4.2). Then, for all sufficiently small x € 3,
and X\ € Ay there exists a C" smooth function t+ : Y. X Ag — R such that
o(tt,x, ) € Dige.

Proof We view the flow ¢ as

Ot (), A) 1 X5 x X x X§ x Xep — R

Let 7 > 7 and choose an open set W C ¥,,. such that for all (2%, 2%, 2%) € W we
have: ¢(t, (2%, 2%, 2%,0),A) C U(0) for all t € [—7,7] and A € Ay. We define a
function
F:(—n,1)xWxA — X
(t, (%, 2", x%),\) +— Pop(t (z° 2" 1%,0),\)

where P projects R* on X¢ r along ¥;,.. Because the cross-section %, contains the
invariant manifold X" N U(0) we obtain

F(t,(2°,2",0),A\) =0.

Hence there is a function H : (—7,7) x W x Ay — X, such that F' can be written
as
F(t, (z%, 2", 2%),\) = aRH(t, (2%, 2%, 2F), \) .

Now, we consider

H(t, (x®, 2", 2%),\) =0. (4.4)

Our aim is to solve for t = t7((x*, 2", 2%), \) near (7, (0,0,0),0) =: (7,0,0).
Thus we have to show

H(r,0,0)=0, (4.5)
DH(7,0,0) £0 . (4.6)
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4.1 Symmetric one-periodic Lin orbits

Obviously we have
D, F(r,0,0) = H(r,0,0)
DD, F(r,0,0) = D,H(x,0,0) .
Thus, in order to prove (4.5) and (4.6) we show
P o Dyep(m,0,0) =0, (4.7)
P o DiDyep(m,0,0) # 0. (4.8)

To check (4.7) and (4.8) we observe that chRga(-,O,()) solves the equation © =
D, f(0,0)z and we get

__ _D1f(0,0)t
Diep(t,0,0) = P70 D, 0(0,0,0) . (4.9)
With

-1 0 0 O

1 0 0

le(0,0):

0O 0 1

0O 0 —1 0

(see with A = 1) Equation (4.9) reads

e 0 0 0
0 et 0 0
Dqe 0(t,0,0) = Dqe 0(0,0,0) . (4.10)
0 0 cost sint

0 0 —sint cost
With D, (0, (0,0, 2%,0),0) = (0,0,1, 0)" for all 2% € R we have in particular
_ T

This equation and (4.10) for t = 7 yield D,e (7, 0,0) = (0,0, —1,0)". This gives
(4.7). Further we get D;D.e (7, 0,0) = (0,0,0, 1)" which proves (4.8).

Thus, by the Implicit Function Theorem we can solve (4.4) for t = t*((2%, 2%, 2%), \)
near (m,0,0). Further, the Implicit Function Theorem implies that ¢* is C" smooth.
Hence ¢t is the desired return time. [ |

With the smooth return time ¢* we define a return map

H(>/\) Eloc - Eloc
z = ot (z, ), z,\) = (z,\).
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4 The Existence of Symmetric One-Periodic Orbits

Note that each periodic orbit in WY intersects ¥, twice. Since we want to work in
the frame of “common” Poincaré maps we define

IT := I12 (4.12)

as the Poincaré map. Of course, this map is C” smooth, too.

Solving (4.4) near (—m,0,0) we find parallel to the above considerations

Lemma 4.1.2 Assume|(H 4.1) and|(H4.2). Then, for all sufficiently small x € 3,
and AN € Ay there is a C" smooth return time t= : X, X Ag — R~ such that
ot z,\) € Xype and

—t7 (2, 2", 2%), \) =t~ ((Rx®, Rx", 2%), \) . (4.13)

Proof It remains to show (4.13)): Invoking the R-reversibility of the flow ¢, easy
computations yield

H(—t,(Ra2®, Rz", %), \) = RH(t, (2°, 2", 2%), A) .

Thus, the uniqueness of t=(-, \) (see proof of Lemmal4.1.1) implies (4.13). |

It makes sense to define

Hil("/\) : Zloc - Eloc
v o= et (2 A) 2 N) = 7 (2, )
and
M !.=12.
As a direct consequence of (4.13) we get

RI(z,\) = II"Y(Rz, \) Vr € S . (4.14)

Now, instead of looking for local solutions x'°¢(-) of (1.1), we are searching solutions
z(+) on Xy, of the discrete problem

2(n+ 1) = (2(n), \) . (4.15)

Due to Equation (4.15) is R-reversible (see Section[A.1).

Let henceforth Ag be a neighbourhood of 0 in R* and X7, X}., X§ . and X,

be neighbourhoods of 0 in X*, X", X and X¢j, respectively, such that in particular
RX], = X}, with X[ := X}, + X}, For Xp® 4+ Xp, (with X7, = X500+ X% g o)

loc loc loc loc loc® loc loc
we write ijc(cu) We assume these neighbourhoods and Y, to be as small as

necessary for the following considerations.
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4.1 Symmetric one-periodic Lin orbits

D? X}

D? x {(p, \)} foe Mpx x {A}
—
b('v )

|- AO AO

lll (07 (p’ )\)) X (Oapa )‘)

: X}c%,loc : XIC%JOC

1 ]

D2 X (ch%,loc X Ao) Eloc X AO = Xl}éc X ch:i,loc X AO

Figure 4.3: The foliation of ¥;,. x Ag

As defined in [HPS77] a C” foliation (r > 0) of an m-dimensional manifold M with
leaves of dimension [ is a disjoint decomposition of M into [-dimensional injectively
immersed connected submanifolds (leaves) such that M is covered by C" charts

h:D'x D"t — M

and h(D',y) is contained in the leaf through (0, 7). Here D' and D™! denote disks
in R! and R™7!, respectively.

In the following we assume a smooth foliation of ;. x Ag. There we use the
notations D? and D? for disks in R? and R3, respectively.

(H4.3) Thereis a C" foliation of ¥,. x Ag with leaves ./\;lp)\. That means, there
is a C" chart

h:D?*x D> — ¥ x A

such that h(D?, y) is contained in the leave through h(0,y). We assume
that b can be chosen such that D* = X§, . x Ag and h(0, ) = id.

Further, the leaves M,y have the form
'/\;lpﬂ/\ - Mp)\ >< {A} )

where M,y C ¥, is a II(+, A) invariant manifold and contains the fixed
point p of II(-, \). Further,
RM, =M,z .

For fixed p and A Hypothesis [(H4.3) yields the C” smoothness of M, . Conse-
quently, M, is a C" manifold, too.

For each A € Ag the set Xp . consists of hyperbolic fixed points p of the Poincaré
map II(-;\). The non-zero fixed points correspond to periodic orbits in the centre
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4 The Existence of Symmetric One-Periodic Orbits

manifold of (1.1). Applying a generalised Hartman-Grobman-Theorem for maps
(see [KP90]) to (4.15), for each A\ € Aq there is a C° foliation of Y. The leaves
of this foliation are two-dimensional and invariant with respect to II(-,A). (See
for the discussion of an analogous problem for vector fields.) By the above
hypothesis even the C" smoothness of such a foliation is supposed. Note, that as
we will explain in Section |5, the smoothness of this foliation can be guaranteed for
an important class of systems.

The following two lemmas state that the leaves M, \ and the stable and unstable
manifolds therein can be described by smooth functions.

Lemma 4.1.3 Assume |(H4.1)1(H4.3). Then, for p € Xf,,. and X € Ay, My,
can be locally described as graph of a C” smooth function ha(-,p, A) + X', — X&.
That means,

loc

Moy = {(@" hpa(2",p, N), 2" e X2}
Further, hp(-,-,-) : Xfoo X XG0 X Ao — X§ is C" smooth.

. loc

Proof For fixed A € Ay we consider h(-, (-, A)) =: (-, ). Then Hypothesis|(H4.3)
gives

ha(-, ) : D? x Xf10c = Sioe X {A}  with ha(D?,p) C Mpa x {A} .

Further, the family {bx(-,-), A € Ao} is of class C". Let by = (b7 b, \) with
hi(&,p) € X}, and (&, p) € X 10c for all (&, p) € D? x X 1oe- (Here we read Y,
as Yige = X[, X X 00-) Further let without loss of generality ho(0,0) = (0,0,0).

loc
The invariant manifold My contains the stable and unstable manifold of z = 0.

Hence, the tangent space of Mg in 2 = 0 coincides with the subspace X" containing

X}.. From that we conclude the non-singularity of D1h}(0,0). The smoothness of

the family {h,(-,-), X € Ao} gives then that D;h%(0,0) is non singular, too.

Thus, due to the Inverse Mapping Theorem, for each p there is a C” smooth map
5;() : Xlii)c - D2

such that é‘;(b’/{(é’,p)) = £ Further, £*(-,-) defined by &*(2",p) := 5;(xh) is of class
C". The map ﬁM(é,p, A) = hf\(ﬁg(h’;(ﬁ,p)),p) describes M,y x {A} and hence the
desired map can be defined by

ha(x" p, A) = b5(&(2"), p) -
The C" smoothness of this map is clear by construction. |

Let Wy (p) and Wy i(p) be the stable and unstable manifold of p € XF . with
respect to II(-,\). We can consider them as the intersection of the leaf M, \ and
the centre-(un)stable manifold W*):

Wity (@) = Mys W (4.16)
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4.1 Symmetric one-periodic Lin orbits

loc

Lemma 4.1.4 Assume|(H4.1)1(H4.3). Then, forp € X§,,, and X € Ay, Wi (®)
and Wiy, (p) can be locally described as graph of C™ smooth functions hij(-,p, \) :
Xp.— X" x X§ and hi(-,p, A) : Xt — X® x X5, respectively. That means,

Wity () = (@ i @ p,2)), 2t € XL}

loc

Further, hi™ (-, X2 X 100 X Mg — X" 5 X5, is C" smooth.

: loc

Proof It is well-known that Wi* is locally the graph of a C" function A®(-, \) :
(X[, x X*) — X°, where

loc loc
Dizexyh®™(0,0) =0 VA€ Ay (4.17)

and (-, )+ (X[, x X}1.) x Ag — X* is of class C".

Let p and A be fixed. Due to Lemma[4.1.3 the manifold M,, 5 is the graph of a C"
function ha(-, p, A) @ (X5, x X)) — X§, where

D(IS7I7‘)hM (0, O, O) - 0 (418)

and Aag(c, ) 0 (X X Xjoe) X XG0 X Ao — XF s of class C". Equation (4.18) is

due to the fact that the tangent space of Mg in x = 0 coincides with X* @& X*.
Because of Wi (p) is characterised by
2r=0, 2% =hum((z®,2),p,A), 2°=h"(((z%,2%R),2"),\) .

For that reason we consider the system

‘rcR - hM(<$S7xu)7p7)‘> = il/\/l(xs7xu7p7/\)7
(4.19)

= h(((2,0),2%),0) = h(x", 2%, \) .

Obviously, (z°, 2%, 2%,p,\) = (0,0,0,0,0) is a solution of (4.19). Further, by the
Implicit Function Theorem (4.17) and (4.18) imply that we can solve (4.19) for

($s7 JJ%) = (378? x?%)(xuan )‘) :
Therefore, we can define the desired function hf; by
R (z p, N) = (A (x®, 2%(2, p, A), A), ha(z5 (2%, p, N), 2%, p, N)) € X° x X§, .
The proof for Wlfl(.7 N (p) runs completely parallel to the above explanations. [ |

Recall, that in order to find solutions of Equation (1.1) we search for solutions of
Equation (4.15). For that purpose, for fixed p € Xg,,. and A € Ay, we construct
curves C* and C~ which are within M, , transversal to the stable manifold Wy, (p)
and the unstable manifold Wf{(,’ N (p), respectively. By application of a A\-lemma we
will conclude the existence of solutions 2/°¢(-) of (4.15) connecting these two curves.

63



4 The Existence of Symmetric One-Periodic Orbits

T5(\) C X*

-~
-----

Figure 4.4: Construction of C*(£2,p, \)

First, we explain how to get the curve C* (see Figure for illustration).

Let © € R* be such that 7°(\)(2) € .., where 7°(A) belongs to the homoclinic
Lin solution {(v*(\),7*()\))} found in Section Consider the forward evolution
of the cross section ¥ along the orbit I'*(\) C W at time €2 and define

SHQN) = (9, Ve, A) (4.20)

where (¢, -, \) denotes the flow of and Vi is a small neighbourhood of *(\)(0)
in ¥. We will show that the intersection of ¥ (2, \) and M, , is a smooth curve
C* which is transversal to Wy ) (p) within M, . Further, this curve depends
smoothly on €, p and A. Preparing a corresponding lemma (see Lemma [4.1.6) we
summarise some assertions about X1 (€2, A).

Lemma 4.1.5 Assume |(H4.1):(H4.3). Let Qo € RY be sufficiently large and
U(Qo) be a neighbourhood of Qg in RT. Then, for Q € U(Qy) and X € Ay, (2, \)
can be locally described as graph of a C™ smooth function hs(-,Q,\) © X% — X°.
That means,

SHA) = {2 he (27, Q,N)), =™ e X},
Further, hy,(-,-, ) : X% x U(Qp) x Ng — X* is C" smooth.

loc

Proof For fixed Q and A let us first identify Vs with R? (and in particular v*(\)(0)
with 0). Further, let us write ©(£2,&,\) (with € € V) as

P(2,6,0) = (RS, €,0), B (0,6, 0)) € X x X°

Obviously ¢(£2, V5;,0) ) Wi and thus (see (H4.2)) o(Q, Vs, 0) thyq,) X°.
This yields the non-singularity of D¢h('(€2,0,0).
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4.1 Symmetric one-periodic Lin orbits

Now, the proof can follow the same line as in the proof of Lemma 4.1.3. That
means, by the Inverse Mapping Theorem we find a C" function

ELN() : X — R = Ty

such that £*(2, A)(h$'(Q,6,A)) = & and £*(+,-)(+) is of class C".
With that we can define the function hg(-,-, ) by

B (2, N) = BE (9, €5(2, \) (z™), A) -

Now we can prove

Lemma 4.1.6 Assume |(H4.1):(H4.3). Let Qo € Rt be sufficiently large, p €
Xf1oe and X € Ng. Then, there exists a neighbourhood U(S2) C R™ of Qg such that
for all Q € U()

SN NM,n = CT(Q,p, N) (4.21)

is the image of a C" smooth function c¢*(,p, \)(+) : X}, — X* x X§.

Moreover, the function c¢*(-,-,-)() : U(Q) X Xf 00 X Mo x Xfi, — X* x X§ is C7

smooth.

Proof Within this proof we follow the same ideas as in the proof of Lemma 4.1.4.
Lemma|4.1.3 and Lemma 4.1.5 give functions

loc

h/E(', Q, )\) . (XU X X%,ZOC X XER,lOC) — XS and

A (e, py A) o (XE . x X[

loc

) — Xk

whose graphs describe the manifolds £* (2, A) and M, , for fixed 2, p and A\. We
further know that
hs(-, ) (X}

loc

X XI%JOC X XiR,loc) X U(QO) X AO — X?® and

h/\/t(" ) ) : (Xlsoc x X

loc

C C
) X X% 1oe X Mo — X5

are of class C".
Because of its definition in (4.21) C* (€, p, \) is characterised by

'IC—R - 07 xs = hz(($u7$%7$iR)797 )\)7 x(]:% = h/\/l((xsv:vu)vpa )\) .

For that reason we consider the system

z®* = he((a",2%,0),Q,)) = hx(z" 2%, QN ,
(4.22)

:CCR = h./\/l((xsaxu)ap7)‘) = hM(xS7xu7p7)\)'
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XS
M A

Figure 4.5: Transversal intersection of C* (€2, p, A) and Wy ,(p) in 57 within M,, y

By construction it is clear that there is a solution

(xs’ $u7 wﬁ%a QOapa >‘> = (x:@y’ x:a x’cy’ QOa 07 0)

of (4.22). This solution corresponds to the point v(£2y) € X1 (€,0) N M.
Furthermore, v(€2) € X, and X, C Moy give X;,, C T} q,)Mop. This yields

loc loc

Dy (22, 2%,0,0) = 0.

’y? ’y?
Therefore we can solve (4.22) by the Implicit Function Theorem for (z% 2%) =
(2, x2%) (", 2, p, ). So we can define the desired function ¢*(-,-,-) by
T (Q,p, A)(xv) =
(ﬁg(x“,mﬁ{(x“,Q,p, A), LA, (25 (2%, Q,p, A), 2%, p, A) € X5 x X5 .

As shown in Figure[4.5/and proved in the following lemma the curve C* (€, p, \) and
the stable manifold Wy ), (p) intersect transversally within M,, .

Lemma 4.1.7 Assume (H4.1):(H4.3). Let Q € R" be sufficiently large, p € X5,
and X € Ng. Then within M, »

C+(Qap7 /\) m’y+ WF[(,A) (p) )

with 37 = 31(Q, p, \) near ().
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4.1 Symmetric one-periodic Lin orbits

Proof First, we observe that
This is clear due to I' = W* = Wﬁ(.’o)(O) (locally around zero), CT(€,0,0) C
E+<Q,O) and E+(Q,O) rhv(Q) I

Because of Lemma 4.1.4/and Lemmal4.1.6, Wy, (p) and C* (£, p, A) can be under-
stood as C" perturbations of Wy (0) and C*(£,0,0), respectively. Transversal
intersections persist under smooth perturbations (see [Hir76]). Thus, from (4.23)
we conclude C*(82,p, A) thy Wiy ,(p), with 7 near v(€2). |

The same type of construction can be performed to gain a curve C~. We consider
the manifold
YT (Q2,A) == o(—Q, RVy, \) . (4.24)

The property Rp(t, z,\) = o(—t, Rx, \) (see ) and the definitions of 3 (€2, \)
and X7 (2, \) (see and (4.24)) imply

REF(Q,0) = () . (4.25)

We define
C(,p,N) =X (LA NM,,. (4.26)

Then we find analogously to the above argumentation

Corollary 4.1.8 Assume (H4.1):(H4.3). Let Q € RT be sufficiently large, p €
X}c%,loc and \ € AO-

Then, there exists a neighbourhood U(§y) C R of Qg such that for all Q € U()
C=(Q,p, ) is the image of a C" smooth function ¢ (Q,p, \)(-) : U(0) — R*, where
U(0) is a neighbourhood of zero in R.

Moreover, the function ¢ (-,-,-)(-) : U(Q) X X 0. X Ao x U(0) — R* is of class
cr.

Further, we have that within M, »

Ci(vau >\) m:}/_ Wﬁ(,)\)(p> )
with 4~ =5 (Q, p, A) near v(—).

Within M, , we are in a situation which allows us to apply a A-lemma for maps
with hyperbolic fixed point as formulated for instance in [PAM82], [Wig90], [Den88]
and [Rob95|.

Here, we quote the A-lemma from [Wig90]: Consider a C" diffeomorphism (r > 1)
f : R* — R? having a hyperbolic fixed point = 0. Let W*(0) and W*(0) denote
the stable and unstable manifold of this fixed point. Let ¢ € W*(0) \ {0} and x be
a curve intersecting W#*(0) transversally at g. We denote the connected component
of ¥ (k) N U to which §V(q) belongs by . Here U denotes a neighbourhood of 0
in R%. Then we have
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4 The Existence of Symmetric One-Periodic Orbits

Lemma 4.1.9 (A-lemma [Wig90]) Let U be sufficiently small. Then for each
e > 0 there exists a positive integer Ny such that for N > Ny the connected compo-
nent kY is C' e-close to W*(0) N U.

Note, that the phrase C' e-close implies that tangent vectors of k' are e-close to
tangent vectors of W*(0) N U.

Using the A-lemma we find orbits of (4.15) connecting C* (€2, p, A) and C~ (£, p, )
as stated in the following lemma.

Lemma 4.1.10 Assume |(H4.1):(H4.3). Let Q@ € R" and N € N be suffi-
ciently large. Further, let p € Xg,,. and A € Ag. Then, there is a unique orbit
Z¢(Q, p, A\, N) connecting the curves C*(2,p,\) and C~(Q,p, \) in N steps.

The orbit Z'°¢(Q2,p, \, N) is symmetric.

Proof Let U(p) be a sufficiently small neighbourhood of p in R* and let € > 0 be
given. Let the pair (N, N7) with sufficiently large N*, N~ € N be given. For fixed
A € Ay, we denote the connected component of IV (C*(€2, p, \), \) which contains
V" (3, \) by Chi(Q,p,A). Similarly, we define C~,_(Q,p,\) as the connected
component of II7V" (C~(Q, p, A), ) which contains TI=" (37, ).

Then, the A-lemma yields that within U(p) the curve Ci, (2, p,\) is C* e-close to
Wi (p) and can therefore be considered as a C'! perturbation of Wi (p). Sim-
ilarly, we get the curve C—,_ (2, p,A) as a C* perturbation of Wit (p). (For an
illustration see Figure[4.6.)

Coy-(Qp,A) CITY(C7(Q,p, M), )

CH(Q,p,N)
C=(Qp, N\

| Z(Qp, A\, N+ N7)

IV (7%, A)

Cha(Q,p, \) CTIN'(CH(Q,p, \), \)

Figure 4.6: The existence of a unique orbit Z¢(Q,p, A\, N) connecting C*(£2,p, \)
and C~ (2, p, A) for given N (N =N*+ N7).
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4.1 Symmetric one-periodic Lin orbits

Obviously, stable manifold Wy ,/(p) and unstable manifold Wiy ) (p) intersect

transversally in p. This transversal intersection persists under C' perturbation
(see [Hir76]). Thus, we can conclude that within U(p)

C]t[+ <Q>p7 )‘> N C:N, (vaa >‘) = {$C} )
where z¢ € M, . (Recall that M, , is II(-, \) invariant.)

Let N* + N~ =: N, then z¢ corresponds to an orbit Z°¢(Q,p, A\, N) of
connecting CT(2,p, ) and C~(Q,p,\) in N steps. In fact for a given sufficiently
large N € N each pair (N*, N7) with N*+ N~ = N gives the same orbit Z'¢. This
can be seen as follows. Let (N;", Ny) and (N7, N, ) be different pairs of natural
numbers such that N;” + Ny = N + Ny = N. Then, without loss of generality,
there is a number d > 0 such that N;" +d = N, and hence Ny +d = Ny .

Let {z}} = C;;F(Q,p, A)N C:Nf (2,p,\) and {23} = C;;(Q,p, A)N C:N; (Q,p, A).
We consider

%(z}) € C;1++d

(Qp, ) NC - (2p,A) = Cr(Qp, ) NCT_(Q,p, M) = {ag} .

—N+d

Hence, 11%(z}) = x2 and therefore z}; and z% belong to one and the same orbit
Zloc(')'

It remains to prove the symmetry of the orbit Z!¢. We consider C*(2,p,\) =
M, NEE(Q, ). Then with (4.25) and the R-invariance of M,, , assumed in|(H4.3)

we get
RCH(,p,\) =C™(Q,p,)) . (4.27)

Let Z¢(Q, p, A\, N) be the uniquely determined orbit of (4.15) which connects CT (€2, p, \)
and C~ (2, p,A) in N steps. Then, due to the R-reversibility of Equation (4.15)
RZ"¢(Q,p, \, N) is an orbit of (4.15), too. Furthermore, because of RZ"%(Q,p,\,N)
connects CT (2, p, A) and C~ (€2, p, \) in N steps. Hence, the uniqueness of Z¢(Q2, p, A\, N)
gives

RZZOC(Q7P7 )\7 N) - ZZOC<Q7p7 )\7 N) 9
which means that Z'°¢(Q, p, A\, N) is symmetric. [ |

Let 21¢(Q, p, A\, N)(-) be the solution corresponding to Z"¢(Q, p, A\, N) which is de-
fined on {0,1,..., N} and satisfies

Zloc(ij’ )‘7 N) (0) € C+(Q7pv )‘) and hence

2¢(Q,p, \, N)(N) € C~(,p, \) .

Then we get the following lemma.

Lemma 4.1.11 Assume |(H4.1)(H4.3). Let both N € N and Qo € R* be suffi-
ciently large. Then, there exists a neighbourhood U(Qy) C RT of Qg such that

Zloc('v R N)(O) . U(QO) X ch%,loc X Ao — Yjoe

is of class C".
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4 The Existence of Symmetric One-Periodic Orbits

Proof Let N € N and a decomposition N = N* 4+ N—, with N* € N and N, N*
sufficiently large, be given.

In order to show the assertion of the lemma we proof that the intersection point of
the connected components of CT (€, p, \) and C~ (€2, p, \) depends smoothly on 2, p
and A. Then, the smoothness of the Poincaré map yields the smoothness assertion
of the above lemma.

First, we show that C;\’H(Q, p,A) can be written as graph of a C” function
(LN X — X x X

where ¢, (.-, -) is of class C". We can write Cy, (2, p, A) as

Chi(Qp,A) = {IV7((2% e (Q,p, \)(2%), \), 2" € X}
{fIN+(:L’“,Q,p, A), x¥ € ngc} .

Here ¢ (92, p, \)(+) is the function introduced in Lemma4.1.6
Let TINV' (-, Q,p, N = (N (-, Q,p, A), IV (+, Q, p, N)) with TIV' (2, Q,p, \) €
X and IV (2%, Q. p, ) € X* x X for all 2 € X . Because 1mHN+(-,QO,O,O)

loc*

is a C! perturbatlon of Wi 0)(0) = Wy, = Xji,. we have that D, IV (0,0, 0,0)

loc
is non-singular. Thus, by the Inverse Mapping Theorem we find a C" function

g*(vav )‘)() : Xl%c - Xlch)c

such that (€, p, A)(IIV (2%, Q, p, \)) = x*. Further, £*(-,-,-)(-) is of class C". So
we get

Cho(@p ) = {(@ TV (& (Q,p, NIV (2", Q,p, M), 2, p, N)), 2 € Xt }
= {(2", ey (2, Q,p,N)), 2" € Xji.}
By similar arguments we find a C" function
-0 N Xy, — X" x X5

which describes C~,,_(€2,p, A) and where ¢__(-,-,-,-) is of class C".

Now, we can describe the intersection point of the connected components of
C*(Q p,A) and C(Q,p, \) in the following way. Let cEJr = (ext,ens) such that

(@, Q,p,A) € X° and (2%, Q,p, \) € X§ for all 2* € X, In an analogous

loc*

way we decompose ¢~ = (¢ y-, ¢ y-) and g = (a:évs, :cévu a:]cv ), where
{ch } - C (Qapa )‘> N C:N— (Q,p, >\) : (428)
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4.1 Symmetric one-periodic Lin orbits

So the following system describes z2

r° = opi(at, Qp,N),
at = (2%, p, A), (4.29)
cN+( AL, A) = (2%, A) .
Let us consider first
2t =i (@, Q,p, ), 1t =y (2°,Q,p,A) . (4.30)

Due to Lemma [4.1.10 there is a solution (2%, 2% Q,p,\) = (xévs 75" Q,0,0) of

(4.30).
Further, it is known that ;. (Q0,0,0) Mzy C-x- (€0, 0,0) within Moy. Hence, the
direct sum of the tangent spaces of C*(Q,0,0) and C~(Q,0,0) in (Zp"°, 70", 7o)

equals X* @ X" and we can conclude that

+,8 (=N,u
1 —Ducyi (7", $2,0,0) . .
is non-singular .

— Dyt (T2,0,0,0) 1

Thus, by the Implicit Function Theorem, (4.30) can be solved for (z° z%) =
(%, 2")*(2, p, ), where (2, 2")*(-,-,-) is of class C".
The curves Ci, (2, p,A) and C—,_ (Q,p,\) intersect in exactly one point (see

Lemma[4.1.10). That is why ¢y ( Q0 A), 4, A) = - (25 (2, p, ), 2, p, )
is automatically satisfied. That means, we found a solution of (4.29)

(xsj*(Q)]% A)a (Q p7 )‘) CN+( u*<Q p7 )‘)797])7 )‘)) = xév(vaa )‘)

where 2 (-, -, ) is of class C". |

We can ensure the existence of local solutions z'¢(Q, p, A, N)(-) of suspended
in 2'¢(Q, p, A\, N)(+) under the conditions (H1.1){(H1.6), (H4.1)4(H4.3). A simple
integration process (as described in the beginning of this section) yields global so-
lutions 7 (Q, p, A\, N)(-) and 27 (2, p, A\, N)(-). Hypothesis implies that the
partial solution

{L‘(Q,p, )‘7 N)() = ({L‘+(Q,p7 >‘7 N)()v xloc(g’p7 )‘7 N)()? f_(Q,p, >‘7 N)())

is a one-periodic Lin solution. Further, we know that this Lin solution depends
smoothly on €, p and .

We close this section with the following lemma, which summarise the result.
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4 The Existence of Symmetric One-Periodic Orbits

Lemma 4.1.12 Assume (H4.1) —|(H4.3). Let p € X§,,. and X € Ag. Further,
let both N € N and Qy € RT be sufficiently large. Then, there exists a neigh-
bourhood U(g) C RT of Qo such that for all Q € U(p) there is a unique one-
periodic symmetric Lin orbit L(Q,p, \, N) = {X(Q,p,\, N)} of Equation (1.1),
where X (2, p, A\, N) is composed of three orbits X T(Q, p, A\, N), X¢(Q,p,\, N) and
X (Q,p, A\, N).

Let X(,p,\, N) = {(z7(,p, A\, N), 2'¢(Q,p, \, N), 2= (2, p, \, N))} be the corre-

sponding one-periodic symmetric Lin solution. Then

2¢(-, - - N)(0) : U(Qy) x X 10 X Mg = R?

15 of class C".

4.1.2 Estimates

In the following we provide estimates for the local solutions of Equation (4.15) which
are useful for solving the bifurcation equation for the detection of symmetric one-
periodic orbits.

We consider the restriction II(-,p, \) := II(:, )\)|MpA of the Poincaré map to the
invariant leaf M, y: ’

z(n+1) =1(z(n),p,\) . (4.31)

By construction, each p € Xg,,. is a hyperbolic fixed point of II(-,p, A\) with the
stable and the unstable manifold Wy (p) and Wiy (p), respectively. For A = 0
and p = 0 these manifolds coincide with the stable manifold W* and the unstable
manifold W*" of £ = 0 with respect to the flow of (1.1). Each leaf M, \ can be
identified with R?. So, we henceforth interpret Equation (4.31) as a system in R?
ie., TI(-,p, A) : R? — R2. Due to the reversibility of TI(-, p, A) we have

o(DI1(0,p, \) = {v(p,\) "L vip, )}, 1<wv(p ), v(-)eC". (4.32)

The solution 2¢(Q, p, A\, N)(-) of lies within the leaf M, 5. So, it is a solution
of (4.31). The goal of our further analysis is to prove estimates of 2!°¢ as stated
in Lemma [4.1.15 below. For that we consider z/°¢ as so-called Shilnikov solutions,
see |[Den88|. We note that this approach allows a generalisation of the following
analysis to higher dimensions.

Using the notation ¢ := (p, \) € X§ . xAg =: ©, a C" transformation 7 (p, A) brings
us into the setup of [Den88|. This transformation is defined on a neighbourhood of
(21,22) = 0 in R? and brings Equation (4.31)) in the form

21(n+1) =v(0) 21 (n) + gi(21(n), 22(n), 0),
zo(n + 1) = v(0)2e(n) + g2(21(n), 22(n), 0),

(4.33)
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4.1 Symmetric one-periodic Lin orbits

where the functions g; and g, are of class C" and satisfy
91(0,22,0) =0 V(0,22) €U, # €O,
g2(21,0,0) =0 V(2,0) €U, €06, (4.34)
D(z,20)91(0,0,0) =0, D, 2,)92(0,0,0) =0 VO €O.

Note, that for each 8 € © the stable and the unstable manifold can be written as
{(#1,22) E R xR : 2, =0} and {(z1,22) € R x R: z; = 0}, respectively.

We now consider solutions of (4.33) that connect the hyperplanes z; = £ and z5 = 7
for given £, € R in a given time N € N. Such solutions are known as Shilnikov
solutions. Applying the theory worked out in [Den88]| (see Theorem 8.1 and the
remarks in Section 9 therein) we find the following assertion.

Lemma 4.1.13 There exists a constant C' > 0 such that for every given N € N
and sufficiently small £, n and 0 Equation (4.33) with (4.32) and (4.34) has a
unique Shilnikov solution (z1,22)(&,1,0, N)(-) : [0,n9] — U(0) C R2. That means,
21(&,m,0,N)(0) = & and 29(&,m,0,N)(N) = n, where ng depends on N, &, n and 6
and ng > N. Here U(0) is a small neighbourhood of zero in R?.

Moreover, (z1,29)(+, -+, -)(-) is of class C" and satisfies for 0 < n < N and 1 <
v(0) <v(f), and i =1,2

(i) 218,80, N)(n)[|[< Cv(0)™", || 22(&,m,6,N)(n) < Cv(0)"N),
(ii) || Dic,yz1(&m,0, N)(n) [< Cw(0)™", || Dig,»22(& .0, N)(n) |[< Cw(0) "N,
(iii) || Dyz1(€,m,0, N)(n) | < Co(0)™", || Dyza(€,m, 0, N)(n) |< Cw(0)").

Let, as described in [Den88|, D be the graph of a smooth function A of 2z in a small
neighbourhood of zero. We refer to D as a one-dimensional disc. The disc D is said
to be C™ if h(-) is of class C". Let Dy := ¢™(D,0) N U(0) (where ¢"(-,0) denotes
the flow of (4.33)).

Using Lemma 4.1.13 one can prove a discrete version of Corollary 3.2 in |[DenS&8|.
The proof runs completely parallel to the one in [Den88]. Nevertheless, we present
the proof of the Lemma because we will use assertions of it in our further analysis.

Corollary 4.1.14 (A\-Lemma) Let 0 € O, and let D be a one-dimensional disc of
class C". Then Dy is the graph of a C" function hy defined on U(0), where U(0)

is a neighbourhood of 0 in R. Moreover, there exist constants ng > 0, v(0) > 1 and
C > 0 such that all derivatives of hx up to order r are bounded by Cv(0)~ for all
N Z ng.

Proof The proof of the above assertion is illustrated in Figure We describe
the disc D by

D ={(21,2): 21 = 21(h(29), 29,0,0)(0), 2o = 29(h(23), 23,6,0)(0), 2J small}.
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4 The Existence of Symmetric One-Periodic Orbits

Then Dy has the form

Dy ={(21,22) : 21 = zl(h(zg),zg,0,0)(N), 29 = zz(h(zg),zg,G,O)(N), zg small} .

zZ1
(21 (h(zg)v Zg7 0, 0)(0)7 22(h(zg)7 287 6,0)(0)

D = graph{h}

h(=0) P

(21(h(29), 23, 6,0)(N), 22 (h(29), 29, 6,0)(N)) =
(21(A(23), 2,0, N)(N), z2(h(23), 23, 6,0)(N))
28 T\t 22

Tz = 2a(h(29), 22,6, 0) ()

Figure 4.7: Illustration of the proof of the A\-Lemma

We rewrite this description by
Dy =1{(z1,22) 1 21 = 21(h(29), 20,0, N)(N), 22 = 29(h(23), 25,6,0)(N), 25 small} .
Now, Lemma [4.1.13 implies

I 21(A(23), 22,60, N)(N) [|[< Cw(0)™" (4.35)

provided that 32(-) := 22(h(-),-,0,0)(N) is a diffecomorphism from a small neigh-
bourhood U.,, of 2, = 0 onto itself. Further, 3, and all of its derivatives up to order
r have to be uniformly bounded in N and 25 € U,,. That this condition is satisfied
can be shown as discussed in [Den8§|.

With that, Dy can be expressed as the graph of a C" function over the unstable
manifold. For sufficiently large N this function is C" exponentially small bounded
by Cv(0)~" (where C is independent on N). |

In the same way as in Lemma[4.1.13 (ii) and (iii) we get for ¢ = 1,2

| Die,yz1(h(23), 22,0, N)(N) [|< Cv(0)~" (4.36)
| Dyz1(h(29), 22,0, N)(N) |< Co(0)™", (4.37)

Recall, that 7 (p, \) is the transformation leading to (4.33). Using the Mean Value
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Theorem we find constants L(p, \) such that
1T, (T (p, M) ("°(,p, A, N))) |l
= [ 77" (p, (T (p, M) ("(Q2,p, X, N))) = T (p, M(T (p, A)(0)) |
< L) 1 T(p, A (Qp, A N)) |

This shows that we get qualitatively the same estimates for || 2/°¢(2,p, A\, N) || as
for || 7 (p, \)(2"°(€2, p, A\, N)) ||. In the same way we can consider derivatives of z!°
and its 7 (p, A) image. So, in our further analysis we do not need to distinguish the
solution 2'°¢(Q, p, A\, N) and its 7 (p, \) image.

Further, we do not distinguish between the curves C*(€, p, \) and its 7 (p, \) images.

Lemma 4.1.15 Assume |(H4.1) —|(H4.3). Let both @ € R* and N € N be suffi-
ciently large, p € X5 ,,. and A € Ag. Let further

zloc(Q’p7 A, N)() = (Zioc<Qapu A, N)()? ZéOC<va7 A, N)())

be the unique solution of (4.31]) which connects the curves CT(Q, p, A) and C~ (2, p, \)
in N steps. Then we have fori=1,2

(i) |l 2°(Q,p, A, N)(N) ||< Cv(0)7F,
(ii) || Do2y"(Q,p, A, N)(N) [|< Cw(0) ™,

(iii) || Dizloo(,p, \, N)(N) |[< Co(0)™,  for 1< i6) < v(0).

Proof

(i) Recall that, 37(2,p,A) = CT(Q,p,\) N Wit (p). As depicted in Figure [4.8,
CT(Q,p, \) is a smooth curve intersecting the z;-axes (that means the stable man-
ifold) transversally in 31(Q,p,\). Thus, CT(Q,p,\) is the graph of a C" func-
tion AT (Q,p,A\)(:) : U,(0) € R — U,(0) C R (where U.,(0) are neighbour-
hoods of zero in R for i = 1,2). So, C*(2,p,A) is a C” disc D. We define
Dy :=1Y(D,0) = TIV(CT (2, p, \), ). With that we have 2°¢(2,p, A\, N)(N) € Dy.
Therefore, 22°¢(Q, p, \, N)(N) can be estimated analogously to (4.35), and the as-
sertion of the Lemma follows.

(ii) This estimate follows with (4.36). For that realise that in the present context
the derivative of h™ with respect to 2 remains bounded.

(iii) This estimate follows with (4.37) (in the present context we have 6 = (p, \)),
and (see (ii), note that also the derivative of h* with respect to p remains
bounded). ]

Now, we use the above lemma to provide the mentioned estimates, which we will
use to discuss the bifurcation equation for symmetric periodic orbits.

1)



4 The Existence of Symmetric One-Periodic Orbits

Z1
(z1 (bt (28), ng 0, 0)(0)».22(h+(zg)7 287 6,0)(0))

Ct =D = graph{h™}

Kt (29) 3

(2{°¢(N), 25°(N)) =
(Zl(th(ZS)v 22,0, N)(N)v Zz(h+(2’8), zgv 0, 0)(N))

T
29 = ZQ(]’LJF(ZS), ng 0, 0)(N)

Figure 4.8: Using Deng’s A-Lemma to obtain estimates for the local solutions

Recall, that 57(Q,p,A) = C7(,p,A) N Wiy, (p). For a moment we omit the
arguments €2, p and A\. The smooth curve C~ crossing the zs-axes (that means the
unstable manifold) transversally in 4~ can be described as graph of a C" function
h=:U,(0) CR — U,(0) C R. Then we can write

Z(N) = (2(N), 25°(N)) = (2"(N), ™ (z"(N))) and 5~ = (0,h7(0)) .

Further, Lemma/4.1.15(i), the C" smoothness of A~ (-) and the Mean Value Theorem
applied to h™ yield

Ih=(0) = h=(zr"*(N)) I Cr(p, )7 . (4.38)
Finally, Lemma[4.1.15(i), (4.38) give
I2¢(Qp, A NY(N) =37 (Qp, ) | = || (20(N), B (217°(N))) = (0,h7(0)) |

< COv(p,\)™N = Ce PN |

with p(p, A) := Inv(p,\) > 0. Similarly, with Lemma [4.1.15(ii),(iii), and f(p, \) :=
Ino(p,A) > 0 we get

H Dé(zloc(ﬂ,p’ )‘7 N)(N> o ’?_<Q;p, A)) HS Ce_“(pvk)N ,

(4.39)
| Di(=¢(Q,p, A, N)(N) = 5~ (Q,p, V) ||< Ce rleIN
i =1,2. By a similar discussion we get for i =0, 1,2
| D& (219, p, A, N)(0) — 7+ (Q,p, \)) || < CemrAN | |
(4.40

| D(2°(€2, p, A, N)(0) — 7H(Q,p, \)) || < Ce PPN

So, we finish this section with the following lemma.
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Lemma 4.1.16 Assume (H4.1) — (H4.3). Let both Q € R" and N € N be suf-
fictently large, p € Xg,,. and A € Ng. Then, there exists N-independent positive
constants C and i(p, \) such that for i =0,1,2

| Diy(2 (% p, A, N)Y(0) — (=2, 74 (2 p, A), \)) ||< CeAPIN
| DE (@t (2, p, A N)(0) — o(—Q,3H (2, p, ), A)) || CePPIN
| Diy(z= (2, p, A, N)(0) — (2,5 (2, p, A), A)) ||< Ce FeIN
| Di(x (2,0, A, N)(0) — o(2,5(Q,p,A), A)) || < Cem#PIN

Proof Due to the smoothness of the flow ¢ of (1.1) and

p(=Q,27(2,p, A, N)(0), A) = 2°(Q,p, A, N)(N)

p(Q,27(2,p, A, N)(0), A) = 2°(Q,p, A, N)(0)

the estimates follow directly from (4.39) and (4.40). [

4.2 Discussion of the bifurcation equation

Within this section we solve the bifurcation equation for symmetric one-periodic
orbits near the non-elementary primary homoclinic orbit I' in R* So the main
assumptions are (H3.3) and |(H4.1)|

Let both @ € R* and N € N be sufficiently large, p € Xg,,. and
A € Ag.  We assume further and Then, as stated in
Lemma[4.1.12] there exists a symmetric one-periodic Lin solution X (2, p, A\, N) =
{(x™(Q,p, \, N), 2¢(Q, p, \, N), 2~ (Q,p, \, N))}. With that the bifurcation equa-

tion for symmetric one-periodic orbits has the form

Eper (0 p, A, N) := 27 (Q,p, \, N)(0) — 2 (2, p, A\, N)(0) =0 . (4.41)

An illustration of the meaning of this bifurcation equation is given by Figure

The symmetry of the Lin solution X(9,p, A\, N) means Rz (Q,p, A\, N)(0) =
x= (2, p, A, N)(0). This proves

Lemma 4.2.1 Assume (H4.1) - (H4.3). Let both Q € R* and N € N be suffi-
ciently large, further p € Xg,,. and A € Ag. Then

SpeT(Qap7 )‘7 N) € Fix (_R) :

Hence, recalling that in R* dim(X N Fix(—R)) = 1, Equation (4.41) is one-
dimensional.
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4 The Existence of Symmetric One-Periodic Orbits

4.2.1 Preparations
Let y € Y* be sufficiently small and A € Ag. Then, under Hypothesis (H3.2), due

to Lemma [3.2.3 there exists a uniquely determined one-homoclinic (symmetric) Lin
solution asymptotic to the centre manifold

{67, A7 ()} = {07 (W0, 0,77 (4,9, M)} (4.42)
Due to Equation (3.66) we have
By ™ (y, A)(0) =7~ (y,A)(0) - (4.43)

It turns out that it is of advantage to consider Equation (4.41) as perturbation of
the reduced bifurcation equation for one-homoclinic orbits to the centre manifold

(see Section [3.3.1] and Figure 2.6)

£y, A, A2) =7 (1, M) (0) =7 (1, A)(0) =0, A= (A, \a) .

In order to do that, our first aim is to define an appropriate y € Y¢ in dependence
on (2,p,A) € RT x X% 10e X Ao More precisely, that means we will define a mapping
(Q,p, A) — y*(£2,p, \) that implies that the norm of

E(Q A N) = Eper(,p, A, N) — €25 (Q,, M), At Ag)

becomes “exponentially small” for increasing N.

Let A € Ao, p € X§,. and a sufficiently large 2 € R™ be given. The manifolds
(62, A) and Wiy (p) intersect transversally in a point 7 (€2, p, A) (see (4.21) and

Lemma [4.1.7):
ST N Wiy () = {7 (Q,p, M)} (4.44)

So, the point 47 (€, p, A) lies in the centre-stable manifold of z = 0 and due to the
definition of X7(2, \) it is clear that

P(=0LAT(Qp, ), A) e WEND.

Hence, with the description of W§* N Y on page there exists a unique y € Y*
such that

(=2, 7720, 0), ) =7 (M(0) +y +h(y, A) - (4.45)
So we can define a mapping determining this y by
(Qapa )‘) = y*(Q7p7 )\) = PYC(QO(_Qu ;VF(Q’pJ )‘)7 )‘) - VS(A)(O)) ) (446)

where Py« is the projection of Z7 = Y @ Z on Y*© along Z. The smoothness of
the mapping defined in (4.46]) follows from the smoothness of ¥7(-,-,-), and the
smoothness of the flow ¢ of (1.1). The next lemma shows that the defined mapping
has the desired property. Here, see (4.42) for the definition of 4= (y, ).
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Lemma 4.2.2 Assume|(H3.2),|(H3.3) and (H4.1) -|(H4.3). Let both Q € Rt and
N € N be sufficiently large, p € Xg,,. and A € Ao. Then, there exist N-independent
positive constants C' and fi(p, \) such that fori=0,1,2

| Diy(z(% p, A, N)(0) — 45 (5 (2, p, A), A)(0)) ||< CePPIN |
| D (2, p, A, N)(0) — 7= (y(2,p, ), A)(0)) || < CeFPAN
Proof Let 37(Q,p, \) be defined as in (4.44) and let further
(77 (Q2.p, A} =S (A N Wy (p) -

From the definitions and properties of the manifolds X*(€, \) and Wﬁ((”))\) (p) within
Section 4.1 we get
Ry (Q,p,N) =7 (2, N) . (4.47)

Recalling the description of v (y, A)(0) by (3.41) and (3.56) we have

Yy (2,0, M), A)(0) = ¥ (A)(0) +y* (2 p, A) + 27 (¥*(Q2,p, M), A)

e WENY.

On the other hand , (4.45) and (4.46) yield
(=2, 77 (2,0, A),A) = Y (N0) + 37 (2,p, A) + (Y (2, p, M), A)
e WeEny.

Because both points 7+ (y*(Q, p, ), A)(0) and p(—Q, 77 (2, p, A), ) of WFNY have
the same Y“- component we conclude

7+(y*(Q,p, )‘)7 /\)(0) = 90(_97 ’?+(Qap7 /\)7 /\) :
So, by the reversibility of the flow and with (4.43) and (4.47) we obtain
72,2, A), A (0) = (2,57 (2,0, A), A)

and the lemma follows as a direct consequence of Lemma|4.1.16. [

Our considerations show that &, can be written as

~

gper(ﬂapa /\7 N) = ém(y*<97p, )\), /\1, )\2) + gT(Q7p7 )\’ N)
where || & (Q,p. A, N) |[< CemrnO,

In order to use results from Section|3.3.1/it would be favourable to express €2 and p
as functions of y and A in such a way that y*(Q2(y, A),p(y, \)) = y. Let

H(y,A) =" (A\)(0) +y + h®(y, A) , (4.48)
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4 The Existence of Symmetric One-Periodic Orbits

where h® is defined as on page [36. By definition H®(y,\) € W{* N X. Then
roughly speaking there exists (0 € R* such that Q(y,\) € U(Q) is the “first-hit-
time” of H(y, A) under the flow. Here U(f2) denotes a neighbourhood of { in R*.
Further, p(y, A) is determined by the leaf M,, y in which H*(y, A) attains ¥,.. One
of the main obstacles is that ©(0, A) is not uniquely determined. (H (0, A) belongs
to the stable manifold. So, for all sufficiently large ¢ it follows that ¢(t, H**(0, A), A)
belongs to ,..) For that reason we resort to introducing polar coordinates (o, 1)
in Y¢. This approach finally gives functions Q*(p, ¥, A) and p*(o,9, A). Note, that
due to the above mentioned non-uniqueness of Q(y, A), Q*(0, 9, \) #Z Q*(0,0, \).

For fixed sufficiently large €2y we consider the map
©(Q,+,0) : W NE — Xpoe ® Xy,
with dim(W* N 3) = 2 and dim ¥, = 3. Then Dyp(,7(0),0) is a map
Dyp(20,7(0),0) : Tyoy(W* NE) = Eioe @ X5 .

Note further that in R* 70 (W= N X) = Y°. Because Dap(Qp,7(0),0)(Y°) is
two-dimensional we have

dim (D2 (€20,7(0), 0)(Y) N Zioe) = 1.

Let Y

loc

define

(Q0) C Dap(Q0,7(0),0)(Y) N34, be a one-dimensional linear manifold. We

Y(Q0) = (Datp(€20,7(0),0)) ' (Viee(Q0)) C Y. (4.49)
Let span{g;, 92} = Y such that || g; ||= 1,7 = 1,2, and

span{gi} = Y5() -

Then y € Y can be decomposed with respect to the basis {91, 72}

y =y + v’ .

Remark 4.2.3 The basis {1,792} depends on the choice of y. Further, due to
(4.49), there are w; € R*, 7 € N, and w; =~ 27, such that

k
DQSO(Qkus(O)a 0)(@1) - Eloc 5 Qk = QO + Zwi . (450)
=1

O

We represent (y',4y?) € R? by means of polar coordinates (g,9) € R*:

y' =pcos? and y® = psind.
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4.2 Discussion of the bifurcation equation

Note, that we explicitly allow o to be negative. Further, by construction we have
in particular

Y5(Q) ={(0,9) : 9 =0, 0 €R}. (4.51)
Altogether y can be seen as a smooth function
y(-,): RxR — Y¢
(4.52)
(0,79) +— pcosIy + osindy, .

With the smooth function H¢(-,-) : Y x Ay — R* defined in (4.48) and the above

definition of y(-,-) we can prove the following lemma.

Lemma 4.2.4 Assume (H3.2), |(H3.3) and |(H4.1) — |(H4.3). Then, there are
positive numbers €, and £y such that there exists a C" smooth function (-, -,-) :
(=€, €p) X (—€4,E9) X Ng — R satisfying

e (0,9, ), H(y(0,0),A), ) € Zjoe -

Proof Let €2y be sufficiently large and let {2 be as introduced in . We define
a smooth function

F: Rt xRxRxA — X
(€, 0,0,A) — Pop(, H*(y(o, V), A), A) ,

where P is the projection on X¢, along X" & X%. In order to get the function Q*
we consider

F(Q,0,9,X)=0.

Because of y(0,9) = 0, H*(0,\) = v*(A)(0) € W§ and ¢(Q2,7°(A)(0), \) € W5 1oe =
X3 1oe = Xipe C Yioe we have

loc
F(£,0,9,A) =0.
Thus, there exists a function H : RT x R x R x Ag — X¢, such that
F(Q,0,9,\) = 0H(Q, 0,9, \) .
Next we show that there is a £ € N such that the equation
H(Q,0,9,A) =0

can be solved near (£,0,0,0) by means of the Implicit Function Theorem. For
that we show

H($%,0,0,0) =0, (4.53)
D1 H(S,,0,0,0) # 0 (4.54)
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4 The Existence of Symmetric One-Periodic Orbits

for some suitable k£ € N.

For all £ € N we have

H(Q1,,0,0,0) = DyF(,0,0,0)

= Po (2 ¢((0) +u(0.0) + h(y(0.0),0),0))

0=0

and

55 P, 7(0) +y(e,0) + h*(y(e,0),0),0)

0=0

= DQQO(Qka 7(0)+y(07 0)+hcs(y(07 0)7 0), 0) (Dly(07 0)+D1hcs(y<07 O>’ O)Dly(07 0))

= Dap(4,7(0), 0)(41) -
The latter equality follows from
D1h%(y(0,0),0) = D1h%(0,0) =0 and Dyy(0,0) =7 .
Hence
H(£2%,0,0,0) =P o Dap(:, v(0),0)(71) (4.55)

and thus (4.53) follows by (4.50). So, it remains to prove (4.54). With (4.55) we
find that
D1 H(£2%,0,0,0) =P o Dy Dyp(Q2,7(0),0)(91) -

Exploiting that ¢ is the flow of the vector field f gives

Dy Dap(€2,7(0),0)(91) = D1f(v(€2),0)Daip(€2,7(0), 0)(41) - (4.56)
Hence in order to prove we have to show
P o Dy f(v(S%), 0) Dap(2, 7(0),0)(91) # 0 . (4.57)

Let Dy f(7(€2),0) = (ai;(£2))ij=1...4. Further, because of (4.53) and (4.55) we can

write

Dop(Q%,7(0),0)(91) =: (a:l(Qk),x2(Qk),x3(Qk),0)T . (4.58)
Thus (4.57) reads
3
> (u)2? () £ 0. (4.59)
Equation (4.56) means that Dyp(£2,7(0),0)(y;) satisfies
=D f(7(Q),0)x . (4.60)

The corresponding transition matrix is ®(-,-). From the considerations in|A.2| we
know that this equation has an exponential trichotomy on R* (¢, = 0) with con-
stants —a, = a,, =: a and a,. Note, that due to Remark |A.2.5/any a and «, with
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4.2 Discussion of the bifurcation equation

0 < a. < a < p can be chosen. (Recall, that —u and p are the leading eigenvalues
of the stable and the unstable spectrum of Dy f(0,0), respectively.) The projections
P*(t), defined in Section [3.1, are associated to this exponential trichotomy. In ac-
cordance with the considerations on page 34 we are free to choose these projections
such that im P (0) = Y. So, due to §; € Y we have

71 € im P(0) . (4.61)

Furthermore, taking notice of (3.14), there is a positive constant K such that
| ®(t,s)PH(s) [|< Ke*™9 Va, € (0,a), t>5>0, (4.62)
| ®(t,s)PH(s) |< Ke @9 Va, € (0,a), s>t>0. (4.63)

Let Q. denote the spectral projection corresponding to & = Dy f(0,0)x, with
im@Q. = X°. (4.64)

Note, that (). is an associated projection to the exponential trichotomy of & =
D1£(0,0)x. Then, LemmalA.2.10 yields that there are positive constants C; and 7,
such that

| PF(t) — Q. [|< Cre™ . (4.65)

Keeping . fixed, due to Remark [A.2.5 we can choose G4, € (0,«) as a constant
corresponding to the exponential trichotomy of (4.60) such that

Ge < - (4.66)
;" (see (3.13)) and

Because & commutes with P

Dap(Q2,7(0),0)(91) = (2, 0)D2p(0,7(0),0) (1) = D(, 0)dn

(4.67)
= O, 0)PF(0)g1 = P () (s, 0) 1 -
From that we get with || 9; ||= 1 and (4.62)
| 2(2, 0)g1 [I<]| (., 0)PF(0) [|< Kee™ (4.68)
Further, (4.58) and (4.67) yield
O, 0)51 = (' (W), 22(), 22 (%), 0) " (4.69)
and hence due to (4.64)
Qe® (%, 0)51 = (0,0,2°(%),0) " . (4.70)

Recall that (4.67) in particular says
P (%) (%, 0)51 = (%, 0)3: -
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4 The Existence of Symmetric One-Periodic Orbits

From (4.69) and (4.70) we obtain
P (%) ®(, 0)d1 — Qu® (%, 0)51 = (2 (%), 2%(%),0,0) . (4.71)
Hence with (4.65) and (4.68) we find that there is a constant C5 such that
| (2" (%), 22(2%),0,0) " [|< Coeldem7e)% (4.72)

This implies A
|2 ()|, 127 ()| < Caelde7e)% (4.73)

In what follows we give a lower estimate for [23(Q)|. The linear mapping
Ly := PH(Q)®(,, 0) : im PF(0) — im PF(Qy)
is invertible, L' = ®(0, Q)P (Q). Basic linear functional analysis tells

1 ~ A
oy o sl L |- (4.74)
k

Because of (4.63) we have
| (0, %) P () [|€ Ke*®™  Va, € (0,a)
and thus using || 91 ||= 1 and (4.74) we get
e <] ()0 0031 ||
The latter estimate in combination with (4.70)—(4.73) implies
|23 ()| > Cae ™ (4.75)

for some constant Cj.

For sufficiently large 2 the linearisation D; f(v(£2),0) is close to Dy f(0,0). Then,
in particular, for each ¢ > 0 there exists Q € RT such that for all Q with Q > Q we
have

|CL4j<Q)| <e€ fOI'j S {1,2,4} and ’CL43(Q) — 1| <e€. (476)

So, with (4.73), (4.75) and (4.76]), we get

Z ag; ()2 () = E’/41(Qk)x1(ﬂk) + a42(Qk>x2(Qk2+?43(Qk>xB<QkZ

e

’7:1 Sc"le(é‘c*’Yc)Qk 2056*0%9]@

for a suitable constants Cy, C5. Hence, with (4.66) and «, > 0, (4.59)) follows for
sufficiently large k € N.

Finally we define Q= (2. The foregoing considerations show that we can solve
H($, 0,9,\) =0 near (£2,0,0,0) for Q = Q*(o,3, \). [
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4.2 Discussion of the bifurcation equation

Furthermore we get

Lemma 4.2.5 Assume |(H3.2), |(H3.3) and |(H4.1) —|(H4.3). Then, for ¢, and
€y gwen by Lemma {.2.4, there is a C" smooth function p*(-,-,-) : (—£,,€,) X
(—€9,€9) X Ao — XF, ), such that

Y (y(0,9), (2 (0,9, N)) € Mp(o0 01

Proof For each small (o,9) € R? there is a y = y(p, ) as defined in (4.52). From
Lemma 4.2.4 we get

Y (y(e, ), M) (2 (0,9, A))
= o(2*(0,9,1),7" (y(0,9),A)(0),\)
= 0(2(0,9,1),7*(AN)(0) +y(0,9) + h**(y(0,9),A), A) € Xiqc -

The section X, is smoothly foliated into leaves M, \. So, there exists p € X% 1o
such that

Y (y(0,9), M) (0,9, X)) € My .

This defines the stated smooth correspondence (g, 9, A) — p*(o,9, A). The smooth-
ness is clear due to the smoothness of y*(-,-), y(+,-), Q*(-,-, ) and of the foliation
of ¥y into leaves M, 5. [ |

—Q,7%(Q,p,N),\) =
A(0) +y+h=(y,A) =
Y (Y™ (92,0, 2), A)(0)

Figure 4.9: For Q = Q*(p, 9, ) and p*(p, 9, A) it holds y = y*(2, p, \)

In Figure 4.9 we illustrate the meaning of the following lemma.

Lemma 4.2.6 Assume |(H3.2),(H3.3) and|(H4.1) —|(H4.3). Then, for all suffi-
ciently small (0,9) € R? and \ € Ay we have

y(0,9) =y (" (0,9, \), p (0,0, A), A) .
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Proof From Lemma[4.2.4] Lemma(4.2.5 and v*(\)(0) + y(o,?) + h*(y(0, ), \) €
W# it is clear that
P(2(0,0,2),7°(M)(0) +y(e,9) + h(y(e, V), A), A)
€ WI’SI(-,/\)(p*(Qﬂ 197 >‘)) n Z+(Q*(Qv 197 >‘)7 )‘) - {:}/—F(Q*(Q? 197 A)ﬂp*(@ 197 )‘)7 )‘>} :
On the other hand the definition of y* yields

@(_Q*(@ 797 >‘)7 :}/Jr(Q*(Qa 79) )‘)>p*(97 797 )‘)7 )‘)7 )‘)
=7 (A)(0) +y*(2°(0,9,A), 0" (0,9, ), A) + h(y* (2" (0,9, A), p* (0,9, A), A), A)

Hence

y(0.9) =y (2 (0,9, N),p" (0,9, A), \) .

4.2.2 Solutions

In what follows we consider the bifurcation equation for symmetric one-periodic
orbits as a perturbation of the reduced bifurcation equation for one-homoclinic
orbits £¥(y, A1, \a) = 0, see Section [3.3.1. Moreover we assume that > has the

form, see (3.68), A

E°(y, A\, 2) = A\ — Aj(y, A2) = 0.
This equation describes the complete bifurcation scenario for one-homoclinic orbits
to the centre manifold near a non-elementary homoclinic orbit, see also (4.77).
Lemma and Hypothesis ((H3.5) allow to apply a generalised Morse lemma,
[Nir01], to Aj. Thus there is a transformation which brings A} in the form

My, A2) = €(A2) + DI (y(A2), A2) (3, 9)

for some appropriate functions ¢(A2) and y(A2). Assuming the positive definiteness
of D?X1(0,0) (see (H3.5)) there is a further transformation which allows us to write

N ((y1,y2), he) =¢(Xo) +yi+v5 . v = (y1,92) -

In the new coordinates the curve {(—c¢(A2),A\2)} plays the same role as € =
{(c(A2),A2)} in the discussion of one-homoclinic orbits, see Theorem [3.3.4. For
that reason we assume that £ has the form

E°((y1,92), Ay Aa) = M+ c(Na) — i — v3 . (4.77)
Due to Lemma [4.2.6 and (4.77) we have
E (w1 (0 (0,9, 0, 0" (0,0, X), N), 3 (" (0,9, N), p™ (0,0, X), M), A1, Aa)
- )\1 + c()\2) - (y; 2(9*(Qa 197 )\)ap*(ga 197 )\)a )‘) - (?J;)Q(Q*(Qa 197 )\)ap*(g7 197 )\)a )‘)
= A1+ ¢(Ag) — (0cos 19)2 — (psin 19)2 = A1 F+¢(Ng) — 0.

These considerations motivate the following assumption
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(H 4’4) éoo(y*(Q*(Q7 197 A)ap*(g7 197 )\)7 )‘)7 /\17 AQ) - )\1 + C<)\2) - 92-
Recall that

~

Xy (20,9, M), 0" (0.0, A), A), A, Aa)
=7 (" (2 (0,0, A),p" (0,9, A), M), A)(0)
— 7 (W (2 (0,9, A), p" (0,9, X),A), A)(0) .

Then, under Hypothesis|(H 4.4)| we can write the bifurcation equation (4.41) in the
following form:

M +cho)—? +E(0,9,\N) =0, (4.78)
where we define
&(0. 9.\ N) == 2" (Q (0,7, \),p" (0,9, A), A, N)(0)
=Y (W (2 (0,9, N), (0,9, A), M), A)(0) — 2= (2 (0,9, A), (0,9, A), A, N)(0)
+ 77 (Y (2 (0,9, A),p" (0,9, A), A), \)(0)  (4.79)

We consider )
)\1+C()\2) = 02_57“(@7797)‘7]\]) =: f(@7797)‘7N) : (48())

Note, that due to the smoothness of all involved functions, the function F(-,-, -, N)
is of class C". Now, our aim is to show that there is a transformation in p depending
on 9, A and N such that the real valued function F reads in the new coordinates o

F(6,9,\, N) == 6> + & (9, \, N) .

Preparing the proof of the existence of the mentioned transformation we summarise
useful properties of &,.(g, 9, \, N).

Corollary 4.2.7 Assume |(H5.2), (H3.3) and|(H4.1) —|(H4.3). Let both o € R
and ¥ € R be sufficiently small, N € N be sufficiently large and A € Ag. Then there
exist positive constants C and p*(0,9, ), such that

| &(0,0, A, N) || < Ce (@INN (4.81)
| Dié(0,0, A, N) ||< Ce# (@ IN (4.82)
| DY (0,9, A, N) ||< Gt (@ AN (4.83)

Proof Because Q*(-,-,) and p(-,-,-) are of class C", the above assertions follow

directly from Lemma4.2.2| (4.79) and p*(o, 9, A) := a(p* (0,9, A), A). [

Using Corollary |4.2.7 we get the following Lemma. Here, we will allow solutions of
(4.78) of the type (0,9, A\, N) = (0,9, A\,00). Due to (4.81]) these solutions corre-
spond to symmetric one-homoclinic orbits to the centre manifold.
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Lemma 4.2.8 Let .
‘7:(@7197)‘7]\]) = Q2 _67’(@7197)\7N> )

where ér(g, Y, A\, N) is a C” smooth real valued function satisfying (4.82) and (4.83).
Then, for sufficiently small ¥ € R, A € Ay and sufficiently large N € N there is a
function

Q*('v ) ) : (197>" N) = Q*(ﬁa )‘aN)

such that
Dy F(o" (9, \,N),0,\, N) =0.

The function o*(+,-, N) is C" smooth and there are positive constants C and (v, N,
such that o
| 0% (0, A\, N) [|< Ce MPNN (4.84)

Furthermore, there is a real valued C" smooth transformation A(-,9,\, N) defined
on a small neighbourhood of zero in R, such that

F(o,9,\,N) = F(o"(,\, N), 9, A\, N) + (A0 — 0*(9,\, N),9,\,N))* . (4.85)
Proof Within the first part of the proof we show that we can solve
D1 F(0,9,\,N) =0 (4.86)

for o = o* (¥, A\, N) near (0,0, 0, 00). This can be done by means of a procedure which
takes its pattern from the proof of the Implicit Function Theorem (see [Zei93]). For
that we construct a fixed point equation which is equivalent to (4.86). We will do
this similar to the discussion in [Kno04].

Equation (4.86) reads more detailed
20— D1&,(0,9,\,N) =0 .

We write this equation as a fixed point equation
. -
0= EDlé}(Q, 9\ N) =Z(0,0,\,N) . (4.87)

In the following we want to show that =(-,9, A\, N) is contractive on a ball around
zero. The definition of = and assertion (4.83) imply that there are positive numbers
€0y €9, €x and e such that for all p, ¥, A and N with || o [[< g,, || U ||[< €9, || A ||< €
and N > % we have

| Di2(0, 9, \,N) ||<c< 1. (4.88)

Invoking the mean value theorem we find
E(Q/, 797 )‘7 N) - E(QN7 197 )\7 N) - DIE<§7 197 )‘7 N)(Q/ - Q//) 9

with ¢ € (¢, 0”). With (4.88) this gives that the mapping Z(-, 9, A, N) is contractive
on the ball B(0,¢,) C R around 0 with radius ¢,.
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4.2 Discussion of the bifurcation equation

It remains to show that for A and ¢, both sufficiently small, and sufficiently large
N the mapping =(-, 9, A, N) maps the closed ball B(0,,) into itself. (Here B(0,¢,)
denotes the closure of B(0,¢,) C R.) Consider for o € B(0,¢,) and g € (0, o)

Z(0,9, A\, N) =Z(0,9,\, N) + D1Z(0,9, A\, N)p

which gives with

< || E(Oa'ﬂa)‘vN) || +C€Q‘

Because of (4.82) there are éy < ey, €y < €\ and éy < ey such that for all ¥ with
| 0 ]|< &y, A with || A ||< €y and all N with N > $

200,90, A, N) |< (1= c)e,
and hence the right-hand side of (4.89) is less than or equal to €,. Thus the above

assertion is proved.

Now, we can conclude by the Banach fixed point theorem that there is a unique
solution ¢ = p*(¥, A\, N) of Equation (4.87) and hence of Equation (4.86).
Applying the Implicit Function Theorem to the fixed point equation (4.87) at a
solution point (o*(J, A\, N), ¥, A\, N) of this equation gives that o = p*(-,-, N) is
differentiable.

Next we prove (4.84). For the solution o* (9, A\, N') of (4.87) the mean value theorem
and (4.88)) yield

[, AN) || = [ E(e" (9, A, N), 9, A, N) ||
< || Z(0" (0, A, N), 9, A, N) — Z(0,9, \, N) || + || 2(0,9, \, N) ||
< |l o (@A N) [+ [ E(0,9, A, N) ||

for some ¢ < 1 and hence

* 1 -

Now assertion (4.84) follows from (4.82).

In the last part of the proof we show the existence of the transformation A. Because
0* (9, A\, N) solves Equation (4.86) there is a real valued, smooth function g such that

f(Q? 197 A? N) == F(Q*<,l97 A’ N)7,l97 A’ N)
+glo— 0" (9, \,N),9,\, N)(o — 0" (9,\, N))?.
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4 The Existence of Symmetric One-Periodic Orbits

Assertion (4.83)) and
DYF(0,9,A\, N) =2 = Dié, (0,9, A, N)
show that D?F(0,0,0, N) > 0 for sufficiently large N and hence
9(0,0,0,N) > 0.
We define

D=

Ao, 9, A\, N) := (g(0,9,\,N))? 0

and get
Flo,9,\,N) = F(o*(9,\, N),9,\, N) + (A(o — 0" (¥, \, N), 0, \, N))* .
|

In order to find the symmetric one-periodic orbits we finally discuss the bifurcation
equation (4.80). We define
& (0, N) i= F(o* (0, A\, N),9,\,N)
(4.90)
0:=A(o— 0 (9, \,N),9,\,N) .

Invoking the above definitions and (4.85) the bifurcation equation (4.80) has the
form

A +c(hg) — &0, M N) = 2. (4.91)

Henceforth, let ¢ > 0, because only for these values there is a meaningful geometrical
interpretation of the bifurcation equation. Note further, that due to ,
and (4.84)), for sufficiently small ¥ € R and A € Ay we have

| gr(ﬁu AN)||—=0 for N — oo (4.92)

We want to remark that our considerations do not provide any information regarding
the sign of &.(V, A\, N).

Let us recall the bifurcation scenario concerning the existence of one-homoclinic
orbits to the centre manifold in the case of a non-elementary primary homoclinic
orbit T', where DI\%(0,0) is positive definite. This scenario is precisely described
within Section [3.3.1 The bifurcation equation has the form A\; + ¢(\o) = 4?2 + y2
(see (4.77)). So, the existence of one-homoclinic solutions depends on the sign of
A1+ ¢(A2). Obviously there are solutions only for A; +¢(A2) > 0. Because the graph
of (y1,y2) — y? + y5 forms a paraboloid we know the number of one-homoclinic
solutions: If A\; + ¢(X2) > 0 the level set A\; + c¢(\g) = y? + 3 is a closed curve
corresponding to infinitely many one-homoclinic orbits to the centre manifold. For
A1+ ¢(A2) = 0 there is only one such orbit.

Henceforth we further assume that for all sufficiently small ¥ € R, A\ € Ay and
sufficiently large N € N
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4.2 Discussion of the bifurcation equation

(H4.5) &0, \N)>0.
Let N € N be sufficiently large. If (A, A\2) € Ag be such that A; + ¢(A2) > 0 then

yields )
)\1 + C()\Q) — 57«(19, )\, N) >0.

This means, that there exists a positive number Ny € N such that for all N > N,
we find a ¢ € R such that the bifurcation equation is fulfilled.
Consider now (A1, Ag) € Ag with A\; + ¢(A2) < 0. Due to |(H4.5) we have

A+ (X)) —&E(9,MN) < 0.
This implies, that for those parameter values there are no solutions of the bifurcation

equation.

So, concerning the existence of symmetric one-periodic orbits we are able to make
the following statement. Here Uy(0) is a neighbourhood of zero in R. Recall, that
¢ is the graph of ¢ : Ay — A = ¢(Ag).

Theorem 4.2.9 Assume|(H3.2), (H3.3) and|(H4.1) — (H4.5). Then, for all pa-
rameter values A € Ay above €, i.e., \y > ¢(\y), there exists Ny € N, such that
there is a two-parameter family {Oy ny(\) : ¥ € Uy(0), N € N, N > Ny} of sym-
metric one-periodic orbits. The difference of the periods of Oy n(A\) and Oy ny1(N)
is approximately 2m. If X tends to € then the period of the symmetric one-periodic
orbits converges to infinity.

For parameter values on € as well as such values below this curve, i.e., Ay < ¢(\y),
symmetric one-periodic orbits do not exist.

In Figure the whole bifurcation scenario of a non-elementary homoclinic or-
bit concerning the occurrence of one-homoclinic orbits to the centre manifold and
symmetric one-periodic orbits is depicted: As stated in Theorem 3.3.4, for each pa-
rameter value above € there exists a family of infinitely many one-homoclinic orbits
O(y, ) to the centre manifold (bold dotted lines). As in Figure orbits of the
centre manifold (dotted lines) that have an intersection point with a bold dotted
line are limit set of a one-homoclinic orbit.

For fixed sufficiently small ¥ consider the subfamily {Oyn(A) : N > N,} (bold
solid lines). As N — oo the intersection points of the corresponding periodic orbits
and X converge to a point in X N W{* N W{* which belongs to a one-homoclinic
orbit. In this sense we may consider the addressed subfamily being attached to this
distinguished one-homoclinic orbit.

For parameter values on € there are only one-homoclinic orbits while below € there
are neither one-homoclinic orbits nor symmetric one-periodic orbits.

We close this section with some further remarks concerning the globalisation of the
(in terms of ) local picture of the bifurcation behaviour of (1.1). The restriction
of the two-parameter family of periodic orbits to parameter values ¥ near zero
originates from the definition of Q* in Lemma [4.2.4] p* in Lemma [4.2.5 and ¢* in
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Figure 4.10: Bifurcation diagram concerning the existence of one-homoclinic orbits
to the centre manifold and symmetric one-periodic orbits

Lemma 4.2.8. In the following discussion we give some ideas how to extend the
functions Q*, p* and p* to ¥ € [0,27). First we do that for Q*.

Corollary 4.2.10 Assume |(H3.2), (H3.3) and (H4.1) — (H4.3). Let é, and &y
be as in Lemma 4.2.4. Let further ¥ € R such that |9| < &y. Then there is a C"
smooth function Q2 : (—£€,,€,) X (¥ — 9,0 + Ey) X Ng — RT such that

g&(fl*(g,ﬁ, A), H®(y(0,7),\), \) € Zipe and Q*(Q,ﬁ,)\) = Q*(g,@, A) .

Proof First note, that for all (sufficiently small) 0 € (—&y,2y) there exists a
number 2y near €2y such that

YE(Q) = span{g:1(Q)} , where () := cosd g + sind gs
where

D290<QO7 /7(0)7 O)(gl (QO)) C Yioe -
Then, due to Remark 4.2.3 there are w;(Q) such that

k
DQQO(Q]C,’}/(()), 0)(@1(@0)) C Eloc N Qk = Qo -+ sz<§~20) . (493)
i=1
Now, proceeding as in the proof of Lemma 4.2.4] gives a uniquely deter-
mined function Q*(-,-,-) : (=£€,,&,) x (0 — &y,0 + &9) x Ay — R* such that
@(Q*<Qaﬁa )‘)7H08<y(ga 19)7)‘)7)\) € Eloc- _ 5 5 B
The uniqueness of the functions Q* and Q* gives Q*(p, 9, A) = Q*(0, 9, A). [ |
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4.2 Discussion of the bifurcation equation

In this way Q*(o,-, A\) can successively be extended to [0,27]. Consequently also
p*(0,, A) can be extended to [0, 27], see Lemmal4.2.5. The extension of p*(-, A\, N) to
[0, 27] can be achieved in principle by the same considerations as in Corollary|4.2.10.
Hence, for each one-homoclinic orbit to the centre manifold Oppm (0,7, A), with
¥ € [0, 27|, there is a corresponding one-parameter family {Oy y(A) : N > N,} of
symmetric one-periodic orbits.
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5 Discussion

Within this thesis we considered bifurcations from a homoclinic orbit I' to a saddle-
centre equilibrium z of the reversible system (1.1). More precisely, we assumed
that the linearisation of the vector field in = has a pair of simple purely imaginary
eigenvalues and real simple leading stable and unstable eigenvalues. Thus, due to the
Liapunov Centre Theorem, the equilibrium has a two-dimensional centre manifold
which is filled with symmetric periodic orbits, and hence it is uniquely determined.

Our issue is closely related to the work of Mielke, Holmes and O’Reilly, |IMHO92],
Koltsova and Lerman, [Ler91, KI.95, KI.96], and Champneys and Hérterich, [CHOO].
There the investigation of the dynamics near a homoclinic orbit to a saddle-centre
equilibrium is based of return maps. Whereas in this thesis we used Lin’s method
to describe the bifurcation behaviour of (1.1). We refer to Chapter 2] for a detailed
survey of the main ideas. Lin’s method was developed for the discussion of the
bifurcation scenario near heteroclinic cycles connecting hyperbolic equilibria. So,
our aim was to find out how far Lin’s method could be adapted to the present non-
hyperbolic case. Our considerations make clear which geometrical assumptions are
necessary for this approach.

Using Lin’s method we could prove the existence of one-homoclinic orbits to the
centre manifold in R?"*2 for n > 1. Notice, that the corresponding results are
published in [KKO03] and that our ideas have been applied successfully in [Wag02
and [WC02]. Furthermore, we detected symmetric one-periodic orbits in R*.

In the first part of this chapter we will address several problems which arose in the
course of our analysis. Then we make some bibliographical notes. In particular we
discuss the relation of our work to the one of Mielke, Holmes and O’Reilly, Koltsova
and Lerman and Champneys and Hérterich.

5.1 Open problems

The dynamics near a homoclinic orbit to a saddle-centre in reversible systems is
not satisfyingly described yet. A corresponding discussion could be ordered by the
codimension of the primary homoclinic orbit I'; T' is of codimension-one if W
and W intersect transversally, it is of codimension-two if these manifolds inter-
sect non-transversally. In the latter case one has to distinguish elementary and
non-elementary homoclinic orbits. Recall, that a homoclinic orbit is called non-
elementary if the intersection of W and Fix R is non-transversal, otherwise we
speak of an elementary homoclinic orbit.

In all cases the existence of k-homoclinic and k-periodic orbits as well as the oc-
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currence of shift dynamics is largely unsolved. Symmetric one-periodic and two-
homoclinic orbits have only been considered in R*, see Chapter 4 in this thesis and
CHOO0], respectively. A study of these objects in higher dimensions has still to be
done.

In Section we compare the dynamics investigated in this thesis with the one
in related Hamiltonian scenarios. Similar considerations for more complicated dy-
namics are still pending.

As already mentioned we adapted Lin’s method to our non-hyperbolic case. Some
of the restrictions we made during our considerations have technical reasons. We
explain this in the following.

The search for one-homoclinic orbits to the centre manifold, see Chapter 3] runs
to a large extent parallel to the corresponding procedure in the classical version of
Lin’s method. Here we had “merely” to take into account that the linearisation of
the system (1.1) has an exponential trichotomy.

In order to obtain symmetric one-periodic orbits we had to adapt Lin’s method
comprehensively, see Chapter 4l As the essential modification in comparison with
the original method we described the dynamics near z by a Poincaré map II. This
Poincaré map exists under assumption |(H4.2)] which ensures the existence of a
smooth locally invariant manifold that contains the stable and unstable manifold
of (1.1). A statement from Delshams and Lézaro, [DL05], implies that in R? this
assumption is fulfilled if the vector field is analytic. Indeed, their results show that
for each sufficiently small A\ there is an analytic transformation which brings
in normal form

i z¥ay(xix, (2%) + (2°5)% M)
i —z¥ ay(z°x", (25)% + (2% 5)% N)
T = = (5.1)
l’% xC—R a2(xs‘ru7 (x%)Q + (xC—R)Zv )‘)
:tc—R _‘,E(f'% CL?(xsxuv (x%)Z + (ZEC—R)Qa /\)
with z = (2°, 2%, 2%, 2% ) € X[, X X[, X X§ 1. X X p 1, and scalar valued functions

a; and ay satisfying a,(0,0,0) = —u and a2(0,0,0) = 1. Hence, X*@® X" is obviously
flow invariant.

We want to mention that the considerations in |[DL05| have been carried out for
single vector fields only. In our context it is obvious that the assumptions for the
normal form transformation are fulfilled for each A, but the smooth dependence of
the transformation on A\ has not been proved. Nevertheless, we use this normal form
to make clear that the assumption (H4.2) can be satisfied. However, it would be
desirable to have a A\-dependent version of the addressed normal form result.
Further, this normal form approach for proving the existence of the above mentioned
invariant hyperbolic manifold is inapplicable for C*-vector fields. To our knowledge
it is an open problem whether the existence of such an invariant manifold can be
concluded from the reversibility of a C*-vector field.
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5.1 Open problems

The Poincaré map defined in the thesis can be seen as an R-reversible map II(-, \) :
U(0) c R*! — R?*"* with dim Fix R = n+1 (and U(0) is a neighbourhood of 0).
The map I1(-, \) possesses a family of symmetric fixed points {p(¢), ¢ € R} C X5 ..
This family is related to the family of periodic orbits of the centre manifold. For
each small p € X[ . the linearisation D;II(p, A) has a simple eigenvalue one.

For the detection of periodic Lin orbits we used also assumption (H4.3), which
ensures the existence of a smooth foliation of R?*"*! into II- and R-invariant leaves
M, 5, p € X - The Poincaré map restricted to each such leaf is hyperbolic. Thus,
for the consideration of II(-, \)| M, e could use techniques which are applicable
to hyperbolic maps.

If the vector field is analytic we may assume that it is in normal form (5.1). Then
the assumption is satisfied because (%)% + (2° 5)? is a first integral of (5.1):
The manifolds

{("L‘S"’L‘u7x%’,7xc—R) S Xlsoc X quéc X X%,loc X XiR,loc : ("E%’,)2 + (‘/EC—R)2 - C} ’

where ¢ is a positive real number, are invariant with respect to the flow of (5.1).
Therefore, for each A € Ay (that means for each sufficiently small A € R?), the linear
manifolds

Mét = {(IS7IU7I§%7£U£R> S Xlsoc X qujjc X Xf%,loc X XiR,loc : xif = :t\/E7 'riR = 0}
are invariant with respect to I1(-, A) and we can define
My = X[t x {p} with pe X3,

as the desired manifold. Further, it is clear that

U xhox{p}x{\}

pe)(lc%,loc7 AGAO

is a smooth foliation of a neighbourhood of the origin in R?**! x R2. Finally, the
leaves M, are R-invariant, because p € X§,,, C Fix R and RX}!, = X]!

loc loc*

So, altogether the normal form (5.1) ensures both (H4.2) and (H4.3). Following
up our remarks concerning the normal form we want to pose the question for an
alternative approach for proving the existence of the mentioned smooth foliation.
Besides a procedure for constructing the partial orbits is conceivable which does
not rely on the Il-invariant hyperbolic leaves M, 5. Recall, that we considered the
hyperbolic map II(-, A)] M, 1O conclude to the existence of partial orbits by using

loc

a A\-lemma (which is only true near hyperbolic equilibria). So, the existence of the
hyperbolic leaves would be dispensable if we had a reversible A-lemma (for non-
hyperbolic equilibria) at our disposal. Recently we could take first steps towards
such a A-lemma, [KKWO06.

During the discussion of the existence of symmetric periodic orbits near I' we re-
stricted our considerations to vector fields in R*. In that case the cross-section 2
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Tt (ydyo, )

® (Y, ye, A)(0)

f%_ hom

Xi(Q’p’ A? N)

L= (yf,yo, )

Figure 5.1: Illustration of the bifurcation equations of two-homoclinic orbits to the
centre manifold

coincides with the direction Z of the jumps, more precisely ¥ = v(0) + Z. There-
fore each partial orbit is automatically a Lin orbit. This allows to give bifurcation
equations for k-homoclinic and k-periodic orbits for each k£ € N. For example, as
depicted in Figure/5.1, two-homoclinic orbits to the centre manifold are determined
by the bifurcation equations

é%—hom = 7+<y2_7yc_v )‘)(O) - x_(Q,p, A, N)(O) =0,
& hom =7 Wy, A)(0) =2 (2, p, A, N)(0) =0,

where v* are solutions corresponding to a one-homoclinic Lin orbit to the centre
manifold (see Lemma [3.1.4) and z* are parts of a solution corresponding to a
symmetric one-periodic Lin orbit (see Lemmal4.1.12). In case of a symmetric orbit
&3 hom and &3, are R-images of each other and consequently the corresponding
bifurcation equations reduce to a single equation.

In R?"*2 5 > 1, no longer any consecutive partial orbits build a Lin orbit. In
order to construct Lin orbits in this case we had to consider a hybrid system. This
system consists of a discrete system describing the dynamics in a neighbourhood
U of the equilibrium and a differential equation for the description of the solutions
near [" outside U. In this way one should be able to prove that for each (£, p, A\, N)
there is a unique symmetric one-periodic Lin orbit £(2,p, A, N). Then our results
concerning periodic orbits remain true in higher dimensions.

Similar hybrid systems are considered in [Rie06] for the case of a primary heteroclinic
cycle connecting a hyperbolic periodic orbit and a hyperbolic equilibrium.

In this thesis we discussed symmetric one-periodic orbits near a non-elementary
homoclinic orbit I' in R*. We considered the corresponding bifurcation equation as
perturbation of the bifurcation equation £>(y, A1, Ag) = 0 for one-homoclinic orbits
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to the centre manifold. The equation could be solved for Aj(+, ) : (y, A2) — A (y, A2),
with A7(0,0) = 0 and D;A\;(0,0) = 0. We assumed that D?X\;(0,0) is positive
definite. This finally allowed to assume, that for an appropriate function ¢(+) and
Y = (y1,y2), £ is given by

£° =M\ + (o) —y? — v,

The main argument is a generalised (that means parameter dependent) Morse
lemma, see [NirO1].

We did not discuss the case where DI\;(0,0) is indefinite. But here we could act
as described above discussing perturbations of A\; + ¢(X2) + 37 — y2. In a sim-
ilar manner, the case of an elementary homoclinic orbit I' could be discussed.
The corresponding bifurcation equation for one-homoclinic orbits has the form
éoo(y17y2,)\1,)\2) = yo1(y1,Y2, A1, A2), for an appropriate function 1) satisfying
1(0,0,0,0) = 0. Further we assumed D;1(0,0,0,0) # 0. Therefore, the lead-
ing term in the Taylor expansion of éoo is an indefinite quadratic form. So, again
applying the parameter dependent Morse lemma, we could assume éoo to be in the
form 1,y and discuss perturbations of 34, = 0 to gain periodic orbits.

5.2 Bibliographical notes

One aim of this section is to compare reversible and Hamiltonian dynamics. We
point out the differences in the underlying geometry. Thereby we discuss the possible
relative positions of the traces of the centre-stable manifold W ¢, the centre-unstable
manifold W and the fixed space Fix R within a cross-section ..

We summarise briefly the results of Mielke, Holmes and O’Reilly, Koltsova and
Lerman and Champneys and Harterich. Mielke, Holmes and O’Reilly, [MHO92],
considered a two-parameter unfolding of a homoclinic orbit to a saddle-centre in a
Hamiltonian system in R*, which is additionally reversible. Using a return map and
a special normal form they detected k-homoclinic orbits to the equilibrium. Fur-
ther, they concluded to the existence of horse shoes. Besides Koltsova and Lerman,
[Ler91, KL95, KL96|, made similar consideration in purely Hamiltonian systems.
In addition they found families of homoclinic orbits to periodic orbits in the centre
manifold. This could be done also in higher dimensions. Champneys and Hérterich,
CHO00], focussed on bifurcating two-homoclinic orbits to a saddle-centre equilib-
rium in purely reversible systems in R%. In R* one-homoclinic and two-homoclinic
orbits to the equilibrium cannot exist simultaneously because stable and unstable
manifolds to the equilibrium are one-dimensional. Note, that in reversible systems
the splitting of the stable and unstable manifolds (along a homoclinic orbit to a
saddle-centre) will be controlled by only one parameter. This is due to the fact
that the stable and unstable manifolds are R-images of each other. Consequently,
the stable and unstable manifolds (within ) can only split off in a direction which
is transversal to Fix R. In other words Champneys and Hérterich study a generic
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one-parameter unfolding of a homoclinic orbit to a saddle-centre.

In the following we discuss which geometrical scenarios admit an additional Hamil-
tonian structure of the vector field. In this case the stable and the unstable manifold
of the equilibrium lie in the same level set. By counting dimensions we see that the
splitting of these manifolds can be controlled by two parameters. (In other words,
in Hamiltonian systems a homoclinic orbit to a saddle-centre is a codimension-two
object, while in reversible systems it is of codimension one.) Further, due to the
structure of the centre manifold (Liapunov family of periodic orbits) the restriction
of the Hamiltonian H to this manifold has an extremum (say a minimum) in the
equilibrium z. Let H(z) = 0. Then H takes only non-negative values on both
W and WL This situation can be carried to a neighbourhood of v(0). So, the
traces of both W and W in X are located on the same side of the 2n-dimensional
submanifold {H = 0} NY of ¥. (We assume that H is non-singular along I".) Thus,
only in the elementary case we are in a situation which is comparable with the one
for Hamiltonian systems. Furthermore, these considerations show that in contrast
to the reversible case, a transverse intersection of W and W in v(0) is impossible;
the tangent spaces T7,)W and T’ W are subsets of T’ { H = 0}.

As already mentioned Koltsova and Lerman, [KL96|, focussed on one-homoclinic
orbits to the centre manifold. They proved that on each level of the Hamiltonian
H = ¢ with ¢ > 0, the unperturbed system contains four homoclinic orbits to a peri-
odic orbit in the centre manifold. Under perturbation these homoclinic orbits persist
in level sets bounded away from that where the saddle-centre is located. Notice,
that different orbits in the centre manifold are in different level sets of the Hamil-
tonian. In particular only for the critical parameter value there is a one-homoclinic
orbit to the equilibrium. It turns out that their results agree to a large extent with
our results obtained in the elementary case, see Theorem [3.3.10. There we found,
that correspondingly periodic orbits in the centre manifold are limit sets of four
homoclinic orbits to the centre manifold. We know that in each case two of them
are symmetric, and therefore they are homoclinic to this periodic orbit. The both
remaining homoclinic orbits are R-images of each other; they may connect different
periodic orbits of the centre manifold. Further, in contrast to the Hamiltonian case
in our case there is a line in the parameter plane for which one-homoclinic orbits
to the equilibrium occur. This difference stems from the fact that in reversible sys-
tems a transversal intersection of W and W is possible, while the Hamiltonian
structure prevents such a constellation.

We present a typical bifurcation scenario for one-homoclinic orbits to the centre
manifold in the case of a transversal intersection of W§* and W* as a part of the
following scenario. Let I' be elementary and the leading term of the function h®,
which describes W N X, be of third order. Indeed, W and W intersect non-
transversally in v(0), see Figure 5.2. But, the announced transversal intersection
appears in the unfolding of this situation. The corresponding analysis has not been
worked out within this thesis. However, we obtain a bifurcation diagram for one-
homoclinic orbits to the centre manifold as depicted in Figure 5.3. There (for the
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TyoWenNk =T, epW*nNX

weny

Figure 5.2: Intersection of W and W within X if the leading term of h® is of
third order

R%-case) the relative positions of W N and W N are drawn. The intersection
points of these manifolds (dotted lines) correspond to one-homoclinic orbits to the
centre manifold. Near A = 0, there exists exactly one one-parameter family of
symmetric one-homoclinic orbits to the centre manifold. For all parameter values
above IC additionally two one-parameter families of non-symmetric one-homoclinic
orbits to the centre manifold exist. In particular, the traces of W3 and Wy within
> are indicated by the black rhombuses. Then, for fixed Ay < 0, the lower line in
Figure [5.3] represents the typical bifurcation scenario in the case of a transversal
intersection.

With this thesis we supplement the considerations of Champneys and Hérterich
in [CHO0]. They proved the existence of families of two-homoclinic orbits to the
equilibrium. Thereby, they made an assumption, condition (H5) in [CHOO0], which
roughly speaking says that by varying the parameter the trace of the stable manifold
intersects the trace of W transversally. This transversality condition is fulfilled if
Wes and W intersect transversally — see last “line” in Figure 5.3. Let there Ay # 0
be fixed, then tracking the rhombus representing the stable manifold while moving
A1 through zero shows that condition (H5) of [CHO0] is satisfied. This transversality
condition is also fulfilled if I' is non-elementary. In this case the verification of this
non-zero speed condition can be read from Figure Therefore in these cases we
have (additionally to our results) families of two-homoclinic orbits to the equilibrium

as stated in [CHO0].

Condition (H5) in [CHO0] is incompatible with a Hamiltonian structure, see [CHOO
or explanations given above concerning Hamiltonian systems.

Homoclinic orbits to a saddle centre are often encountered in applications. So, first

numerical investigations of homoclinic orbits to a saddle-centre are known from
the study of the three-body problem, [DH65]. Further, the discussion of reversible
Hamiltonian systems with a saddle-centre is relevant in studies of certain water

wave equations, [AKS89, Mie91].

The discussion of purely reversible systems with a saddle-centre is important in
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5 Discussion

1

Figure 5.3: Bifurcation diagram for an elementary homoclinic orbit I', where the
leading term of h® is of third order, concerning the occurrence of one-
homoclinic orbits to the centre manifold

non-linear optics and water waves since homoclinic orbits to a saddle-centre de-
scribe embedded solitons in systems of partial differential equations representing
physical models. Except for special cases their existence has been studied only nu-
merically. However, in [WYO06] an analytical approach based on an idea similar to
that one of the Melnikov method is presented. Within the context of travelling wave
equations homoclinic orbits to periodic orbits of the centre manifold are of interest
because they correspond to quasi-solitons in the governing partial differential equa-
tion, [KCBS02].

Saddle-centre equilibria can occur during local bifurcations of equilibria, as dis-
cussed in [Wag03]|. There bifurcations of a homoclinic orbit in a reversible system
with an equilibrium with double, non-semisimple eigenvalue 0 and stable and un-
stable eigenvalues are considered. The theory is related to a model system which
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5.2 Bibliographical notes

stems from a problem in non-linear optics.

Finally, we want to mention that there are papers of Bernard, Grotta Ragazzo
and Salomao, [GrR97, BGRS03|, where families of Hamiltonian systems on a 4-
dimensional symplectic manifold possessing a homoclinic orbit asymptotic to a
saddle-centre equilibrium are considered. Among other objects they proved the
existence of families of periodic orbits and homoclinic orbits which are asymptotic
to periodic orbits in the centre manifold
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A Appendix

In this chapter we present a collection of important, general results used in this
thesis. First we present a collection of results about reversible systems. There are
various introductions to this subject, hence our presentation here is short and is only
included to keep the thesis self-contained. We concentrate on results that have been
of immediate use for the analysis. We often omit proofs and refer to the literature.
Further we introduce the notion of exponential trichotomies. This is closely related
to exponential dichotomies introduced by Coppel in [Cop78|. We give a slight
generalisation of Coppel’s definition and prove a corresponding roughness theorem.
We apply this assertion to define a roughness theorem for exponential trichotomies.
With that it becomes clear that variational equations of the type which we consider
within this thesis have exponential trichotomies.

A.1 Reversible systems

To a large extent the following explanations follow Vanderbauwhede and Fiedler
(see [VF92]). For further information about reversible systems we refer to [Dev76]

and [LRIR].

Let R be a linear involution on R™, that is a linear mapping satisfying R? = id. By
R two subspaces of R™ are distinguished:

FixR:={reR": Re =2} and Fix(—R):={re€R™:Rrx=—-zx}. (Al
We have the decomposition
R™ =Fix R® Fix (—R) .

Note, that %(Zd + R) is a projection which realises this decomposition. Restricting
s(id + R) to a subspace U C R™ we get

Lemma A.1.1 Let R be an involution on R™, and let U C R™ be an R-invariant
subspace. Then, the subspace U has a direct sum decomposition into subspaces of

Fix R and Fix (—R)
U=UfqoU ", URCFixR, U CFix(—R).

Proof Define P := 1(id + R)|U, then im P = U® and ker P = U~ £, [
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Lemma A.1.2 Let R be an involution on R™, and let W1, ..., W, be R-invariant
subspaces, i.e., RW; =W, fori e {1,... 1}, with Wi @ ... W, =R™. Then, there
is an R-invariant scalar product (-,-)r defined on R™, i.e., (Rx,Ry)r = (z,y)r
Va,y € U, such that

(wi,wj>R:0 Yw; € W;, w; EWj, 27517, 1,] € {1,,[} .
Proof Choose a scalar product (-,-) on R™ such that
(wi,wj) =0 VYw;, €eW;, w; € VV] . (AQ)

Then (-, -) defined by
<$,y>R = ('7 ) + (R> R)
is an R-invariant scalar product on U. Because of RW; = W; and (A.2)

<’LU¢,’LU]'>R: 0 le € Wi, w; S Wj .

R-reversibility of differential equations The equation
i=f(z), feCFR™), k>2, (A.3)
is said to be R-reversible if
Rf(z) = —f(Rzx), VreR™.
Then, the flow p(t,-) of (A.3) satisfies
Ro(t,z) = o(—t,Rx), Vte R Vx e dom(p(t,-)) . (A.4)

The reversibility of Equation yields that if X is an orbit of (A.3), then so is
RX. An orbit X is called symmetric if RX = X.

Furthermore, we find that an orbit X of an R-reversible system is symmetric if and
only if
XNFixR#0D.

More precisely, a symmetric orbit has either one or two intersection points with
Fix R. If an orbit has two intersection points with Fix R then this orbit is periodic.
Hence a symmetric homoclinic orbit intersects Fix R in exactly one point.

Let xy € R™ be a symmetric equilibrium of (A.3). Then we find that
RDf(xo) = =D f(zo)R . (A.5)

Let o(Df(xg)) denote the spectrum of D f(xq), then with pu € o(Df(xg)) we also
have —u € o(D f(zy)). If furthermore D f(xz¢) is non-singular then (A.5) implies

dim Fix R = dim Fix (—R) .

Note here, that xg not necessarily has to be hyperbolic.
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A.1 Reversible systems

Reversible systems with a saddle-centre equilibrium In accordance with the
main assumption of this thesis we consider the R-reversible equation (A.3) with
m = 2n + 2. Further, we assume the existence of an equilibrium z = 0 such that

o(Df(0)) = oc“Uc"Uo®
(A.6)

= {Za _7/} U {,ul =i, 2, 7:“71} U {_/Jﬁ 25, _/Jln}
with Ry, Ru; > 0, Ru < Ry, i =2,...,n.

Let X*, X" and X¢ be the generalised eigenspaces of D f(0) corresponding to ¢®, o*
and o¢, respectively. Note, that the stable and unstable eigenspaces, X* and X",
are R-images of each other. Moreover, the centre eigenspace is R-invariant:

RX°=X" and RX°= X°. (A.7)

Due to LemmalA.1.1, every R-invariant subspace of R?*"*2 can be decomposed into
a subspace of Fix R and a subspace of Fix (—R). Thus we can write

XoX'=Xro Xy, (A.8)
X =X50 X, (A.9)

where X2, X¢ C FixR and X", X, C Fix(—R). Let further {e,... e} be a
basis of X*. Then, {ef + Rej, i = 1,...,n} is a basis of Fix RN (X* & X") and
{e; — Reg, i =1,...,n} is a basis of Fix (—=R) N (X* @ X), and we get dim X} =
dim X", = n, and hence by counting dimensions dim X% = dim X¢, = 1.

Due to the above considerations we can choose the following basis in R?"+2:
S S S S (& &
{ef,....e;, Rei, ..., Re;), ex, e pt,

with ef € X°, i =1,...,n, e € X§ and e € X°,. In these coordinates R can
be identified with the matrix

0 @ 0 O
R— id 0 0 0
0 01 0
0 0 0 -1
Furthermore D f(0) has the form
-A 0 0 O
0 A 0 O
Df(0) = : A.10
jo=| 0 400 (.10
0 0 -1 0
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where A is the matrix representation of D f(0)|x« with respect to the above basis.

In the following we outline the definition of centre, centre-stable and centre-unstable
manifold of  and some useful properties. First, we restrict our considerations to a
neighbourhood of # in R?"*2 and define the local manifolds.
Following [Van&89| we call a manifold W} a local centre-stable manifold if the fol-
lowing conditions are satisfied:

(1) (t WCS) Wcs

loc locy

teR;

(i) T5Wige =

loc —

X X®.

Similarly, we can define a local centre-unstable manifold W%,
Let W be a local centre-stable manifold, then due to (A.4) and (A.7)

loc

IA/YlOC : RM/YlOC (A'll)

is a local centre-unstable manifold. With that a local centre manifold can be defined
by
Wiee = Wi N Wige . (A.12)

The behaviour in a neighbourhood of the equilibrium z is described by the Lia-
punov Centre Theorem (see [Dev76]). This theorem says that under the condition
(A.6) there exists a smooth, two-dimensional, invariant manifold containing . This
manifold consists of a nested, one-parameter family of symmetric periodic orbits.
Moreover, the periods of the closed orbits tend to 27 as the initial conditions tend
to .

The centre manifold contains all bounded orbits, so the Liapunov Centre Theorem
gives the uniqueness of the local centre manifold. Thus the local centre-stable
manifold and the centre-unstable manifold are uniquely determined, too.

The centre-stable and the centre-unstable manifold can be globalised by

We = o(t, W) and W = (t, WSt . A.13
loc (,0 loc

teR— teR+t

Equations (A.4), (A.11) -~ (A.13) imply
RWe =W and RWg, = Wg, |

RT,We = TpWe ¥g € We and RT,W¢, = Tp,We, Vg € WE, .

R-reversibility of discrete systems Let Il : R™ — R™ be a C" diffeomorphism.
Then the discrete system

z(n+1)=1(z(n)), neZ, (A.14)
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is called R-reversible with respect to a linear involution R on R™ if
RIl(x) = I (Rx) .
[terating this equation we obtain
RII"(z) =1I""(Rx) VneZ

as an analogue of Equation (A.4). Hence, with an orbit x(n) of (A.14), RX is an
orbit of (A.14), too. Again, if an orbit X satisfies RX = X then the orbit is called
symmetric.

Let xop € R™ be a symmetric fixed point of (A.14). Then obviously we have

RDII(xo) = DIT Y (z0)R . (A.15)

Let o(DII(x)) denote the spectrum of DII(zg), then with v € o(DII(zg)) we also
have v~! € o(DII(x)).

A.2 Exponential Trichotomies

In what follows we explain the concept of exponential trichotomies, which generalises
the idea of stable, centre and unstable subspaces to non-autonomous equations (see
[HL86] and [CL90]). Moreover, this notion is closely related to the one of exponential
dichotomies introduced by Coppel in [Cop78]. (For further information regarding
exponential dichotomies we refer to [Pal84].)

We start by giving a slight generalisation of Coppel’s definition of an exponential
dichotomy. Consider the linear differential equation

i=At)r, zeRF, (A.16)
with transition matrix ®(-, ).

Definition A.2.1 Equation (A.16), or the transition matriz ®, respectively, is said
to have an exponential dichotomy on [tg, c0) with constants a, B if there

exist projections P(t) on R*, t € [tg,00), and constants o and 3 with o < 3 and a
positive constant C' such that ®(t, 7)P (1) = P(t)®(t,7) for all t,T € [ty,0), and

[t 7)P(T)| < Cex7, t>7>t,
(A.17)
|®(7,t)(id — P(1)|| < CePT0 t>7>¢.

The projections are called associated to the exponential dichotomy.

If to = 0 we say that (A.16) has an exponential dichotomy on R*. In the same way
we define exponential dichotomies on (—oo,tg] or R™, respectively. In our further
explanations we confine to exponential dichotomies on [ty, 00). Note, that the only
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difference to Coppel’s notion is that we do not require sgn ov # sgn 3 (more precisely,
in the classical version one has o < 0 < 3). Further, we want to remark that the
projections P(t) are determined by P(tp).

For ¢ € im P(7) the norm of solution ®(¢,7){ can be estimated by

|2t Mgl < Ce gl (A-18)
Now let £ € im (id — P(7)). Then ¢ := ®(t,7)¢ € im (id — P(t)). With that we find
lell = 1@ (7, )(id — P()¢]| < Ce™ Ty = Ce”T0| (¢, T)é],

and hence

Sl < (e, el (419

In other words solutions of (A.16) starting at time 7 in im P(7) have an exponential
upper bound while solutions of (A.16) starting in im (¢d— P (7)) have an exponential
lower bound. (In the case a < 0 < 3 solutions starting in im P(7) approach zero
exponentially fast while solutions starting in im (id — P(7)) escape exponentially
fast.) These explanations show that for two families of associated projections P(t)
and Q(t) necessarily im P(t) = im Q(t). We shall even show, see Lemma A.2.2 and
Lemma [A.2.3| below, that any family of projections Q(t) := ®(¢,t9)Q(to)P(to,t)
with im Q(t9) = im P(ty) is associated to the exponential dichotomy.

The first estimate in (A.17) provides for ¢t = 7

[P < C, VYt >t (A.20)

That means that the family of projections which are associated to an exponential
dichotomy is bounded. From a more geometrical point of view this means that the
“angle” between the spaces im P(t) and im (id — P(t)) remains bounded away from
Zero.

The next two lemmas are formulated in [Cop78| for classical dichotomies.

Lemma A.2.2 Let A(t) € L(RF,R*). Assume that & = A(t)x with transition
matriz ® has an exponential dichotomy on [ty, 00) with constants «, B and associated
projections P(t). Let Q(ty) be a projection on R* with im P(ty) = im Q(to), and

define projections Q(t) = ®(t,t9)Q(to)®(to,t). Then there is a constant C' such
that ||P(t) — Q(t)|| < Cele=Alt=to),

Proof Again we denote the transition matrix of # = A(t)x by ®. Because of
im P(ty) = im Q(ty) we have

P(to) = Q(to) = P(to)(P(to) — Q(to))(id — P(to)).
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Therefore, using (A.17), we get

1P(t) — Q) = [[®( to)(P(to) — Q(to))(to, 1)
= [[®(¢,t0) P(to)(P(to) — Q(to))(id — P(t0))®(to, 1]
< [ @(t, o) P(to) | [ P(to) — Q(to)]| [I(id — P(to))P(to, )
= ||t t0) P(to)|| |1 P(t0) — Q(Lo) | [ @ (Lo, ) (id — P(1))]
< C[P(ty) — Q(to)[| el Pt10),
]

Lemma A.2.3 Let A(t) € L(RF,R*). Assume that & = A(t)x with transition
matriz ® has an exponential dichotomy on [tg, 00) with constants «, 3 and associ-
ated projections P(t). Let Q(ty) be a projection on RF with im P(ty) = im Q(t).
Then the projections Q(t) := ®(t, to)Q(to)P(to,t) are associated to the exponential
dichotomy.

Proof By the definition it is clear that the projections Q(t) commute with the
transition matrix ®. So it remains to verify the estimates (A.17).

First, note that due to (A.20) and LemmalA.2.2 the norm ||Q(t)|| remains bounded.
Further, by construction we have im P(t) = im Q(t). Therefore

Q(t)P(t) = P(t) and (id— Q(t))(id — P(t)) =id — Q(t).
Hence for all t > 7 > ¢,
[2(t, T)Q(T)| = (¢, 7)P(T)Q(7)[| < (|2, 7)P()[ [|Q(T)]-

Now, because of the estimate (A.17) for ||®(¢, 7)P(7)|| there is a constant C' such
that

18, Q)] < Cet7.
Similarly
|7, 1) (id — QU = [|®(7, £)(id — Q1)) (id — P(1))]]
= [Gd = Q(7))®(r, 1) (id — P(t))]-
Because of the estimate (A.17) for ||®(7,t)(id — P(t))|| there is a C' such that

1@ (7, 8)(id — Q(t))I| < Ce”0.
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Consider an autonomous equation
&=Ar, zecRF, (A.21)

where A € L(R*,R¥). Let the spectrum o(A) be composed of non-empty sets o*
and 0%; 0(A) = o' U o?. If there are constants «, 3 such that

Ru' <a< B < Ru?, vu' e, Vi e o?, (A.22)

then has an exponential dichotomy on R™ with constants «, 3. And vice
versa, if (A.21) has an exponential dichotomy on R* with constants «, 3, then there
exists a decomposition o0(A) = o' U o? of the spectrum of A such that (A.22) is
true. If in particular o < 0 < 3, then ¢! is the stable spectrum of A and o2 is the
unstable spectrum of A. Moreover, the projections P(t) can be chosen identically,
P(t) = P, where P is the spectral projection according to the given decomposition
of the spectrum of A. (Below we shall give a more detailed comment regarding the
freedom in choosing the projections P(t).)

One of the most important features of exponential dichotomies is the so-called
roughness property. Roughly speaking this means that exponential dichotomies
are preserved under perturbations. Here we restrict ourselves to perturbation of
autonomous systems.

Lemma A.2.4 Let A € L(R* R¥), and for t € [ty,0) let B(t) € L(R* RF). We
assume that & = Ax has an exponential dichotomy on [ty, 00) with constants o and
(3, and that there are positive constants Kg and ¢ such that

| B(t) [|[< Kpe™ . (A.23)

Then the equation
i=(A+B@t)x, xcRF, (A.24)

has an exponential dichotomy on [to, 00) with constants o and 3.

Proof We use ideas of Sandstede (see [San93]) and Knobloch (see [Kno99]) instead
of going along the lines of Coppel’s proof, where sgn a # sgn 3 was explicitly used,
see [Cop78, Lemma 4.1]. We want to remark that both Sandstede and Knobloch
considered equations with a hyperbolic equilibrium but their arguments also apply
to the case of a non-hyperbolic equilibrium. Nevertheless, here we give the full
proof, thereby working out the generalisation concerning the constants a and (5.

Let ®(+,-) and ®p(+,-) be the transition matrices of (A.21) and (A.24), respectively.
There exists a decomposition 0(A) = o' Uo? of the spectrum of A such that (A.22)
is fulfilled. Further, let () denote the corresponding spectral projection, where @
projects on the (generalised) eigenspace of o'.
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First we construct projections Qs(t) on RF which satisfy the first inequality in
(A.17). For that purpose we consider for n € im () the fixed point equation

a(t,7) = O, T+ [ Ot 5)QB(s)x(s, 7)ds
— [ 0(t,5)(id — Q) B(s)x(s, 7)ds (A.25)
= (T(z,m))(t,7)
in the Banach space

Sa == {z : [to, 00) X [tg,00) — R¥: sup e ||z(t,7)|gr < o0}
t>1>tg

with norm ||zlla = sup,s,sy, €7 79||z(¢, 7)|gr. Indeed, the Banach fixed point
theorem can be applied to prove that (A.25) has a unique fixed point z4(n)(-,-). For
that we exploit that for some constant K

[®(t,5)Q| < Ke*=9) t > s,
|®(t, 5)(id — Q)|| < Ke*=9), s>t (A.26)

lz(s, DI < [lzllaeC, s> 7.

Together with (A.23) these estimates show that T, maps S, into itself, and that (at
least for sufficiently large t) T is a contraction. At this point we want to mention
that this conclusion is true independently of the sign of «.

By construction z4(n)(-, 7) solves (A.24). On the other hand, if
I(?vf)) IL‘(t,T,f) = (I)B(th)(DB(Tu tO)Sv (A27)

belongs to S,, then it solves (A.25)). Let z(,;&) € S,. Then by the uniqueness of
the solutions of we have

x(t,73€) =z (QE)(¢, 7) -
With that projections Q,(7)(+) can be defined:
Qs(t): RF — R*
§ = z,(QE)(r,7) .
Note first that Q,(7)(-) is linear, because ,(n)(-, -) depends linearly on 1. Moreover,

Q¢ = Qxs(QE)(1,7), see (A.25), shows that QS(T)() is idempotent. Further, by

construction we have

o(QE)(t,7) = ®p(t, Tz (QE)(7, 7) = Pi(t, T)Qs (7). (A.28)
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Hence for z(-, ;&) defined in (A.27) we find
P( ) €S = a(r,TiE) = (o) = Ou(r)E €ImQy(r).  (A29)
In particular (setting 7 = ) that means that
2(,5€) €Sa = £€imQs(t) .
Then with (A.29) it follows
O p(t, 7)im Q4(7) = im Q4(1). (A.30)
Finally, (A.28) and the third estimate in (A.26) yield that for some positive K
| 5(t7)Qs(T) | < Kot t>7 >t (A.31)

With that we can construct projections P(t) that are associated to the exponential
dichotomy of . Consider the direct sum decompositions of R¥

R¥ = im Q,(t) & ®p(t, to) (ker Qs(to)) -
By P(t) we denote projections for which
im P(t) = im Q(t).
Of course P(t) commute with ®p:
P(t)®p(t,7) = ®p(t,7)P(7).
It remains to verify estimates (A.17). For that we consider the fixed point equation
x(r,t) = @(r,t)(id— Q)n+ ftz O(7,8)QB(s)x(s, t)ds
— [ ®(7, 5)(id — Q)B(s)x(s, t)ds (A.32)
= (Tulz, (id = Q)n))(7. 1)

in the Banach space

SP = {x: [ty,0) X [tg,00) = R¥ : sup e®||z(,t)||gr < o0}
t>1>tg

with norm [|z[? := sup,s,s, € 7||2(7,t)[|ge. In our further analysis we use the
estimates

[®(t,8)Q| < KePt=9) ¢ > s,
|®(t,5)(id — Q)|| < KePt=s) s>t (A.33)

(s, )] < [|l2[|%”C=0, &> s.
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Again the Banach fixed point theorem yields that for each n € im (id — Q) Equa-
tion (A.32) has a unique fixed point z,(n)(-,-), which also solves (A.24). Further,
it is again clear that

Qu1): RF — R*

§ = zu((id = Q))(r,7) .

are projections. From the fixed point equation (A.32) we read that im Qu(to) =
im (id — @); and similarly we read from (A.25) that ker Q4(tp) = im (id — Q). This
gives finally R R
im Qu(t) - (I)B(ta tO)(ker Qs(tO)) = ker P(t)
The function x,(n)(-, 7) is a solution of (A.24). Therefore
zu((id = Q)E)(t,7) = Pp(t, T)ay((id — Q)E)(r,7) = Pp(t, T)Qu(T)E.  (A34)
With this we conclude similar to (A.31) that for some positive IC,

I Pp(rQut) | < Km0, t27>1. (A.35)
Because of im P(t) = im Q,(t) and im (id — P(t)) = im Q,(t) we have for t > 7 > t,
Op(t, 7)P(r) = @p(t, 7)Qs(7)P(7),
(7, 1)(id — P(t)) = @p(r, )Qu(t)(id — P(1)).

If {|[P(t)||,t > to} is bounded then, due to (A.31) and (A.35), we find a positive
constant C' such that

|25t T)P(T)| < Cel"0, t=>7 21,

[5(r,t)(id = P()| < CePT0, t>7>14.

Then, see Definition|A.2.1} Equation (A.24) has an exponential dichotomy as stated
in the lemma.

We conclude the proof with the verification that {|[P(?)||,t > to} is indeed bounded.
For ¢ € R* we define &, := P(t)¢ and &, := (id — P(t))€. Since im P(t) = im Q,(t)
we have ) R

Then due to (A.25) we find

Pt)¢ = Q& — [ ®(t, s)(id — Q)B(s)xs(Q&) (s, t)ds
= Q€ — Q& — [ ®(t. 5)(id — Q) B(s)x5(Q&)(s,t)ds
= Q¢ — QQu(t)6u — [ O(t,5)(id — Q) B(s)xs(Q&,) (s, t)ds
= Q¢ = Quy((id — Q)&)(t,1) — [~ ©(t, 5)(id — Q) B(s)74(Q&,)(s, t)ds
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Now, exploiting (A.32) we get

( 5 Qg ft t S QB )xu((ld_ Q)§U>(87t)d8

(A.36)
— [ ®(t, 5)(id — Q)B(s)x5(Q&) (s, t)ds
Because of (A.28) and (A.34) it follows
P(t)¢ = Q¢ — [, ®(t,)QB(5)Pp(s,1)Qu(t)(id — P(t))¢ds (A37)

— [ @(t,5)(id — Q)B(s)®p(s,t)Qs(t) P(t)ds.

Next we estimate the integral terms in the last equation: By means of ,
and we find

1 f;, ®(t. $)QB(5)®p(s,1)Qu(t)(id — P(t))éds]|
< Joy KEpK,el =903 (1 || P(2)])[€]| ds.

Because of a — 8 < 0 we get

Iy, (¢, 9)QB(s)® (s, 1)Qu(t)(id — P(1))éds|

(A.38)
< (i KEpKye ™ ds+ [}, KKpKue > ds|P0)]) J1€])
In the same way, but this time exploiting (A.23), (A.31) and (A.33) we get
[ ®(t, ) (id — Q) B(s) (s, 1)Qs(t) P(t)éds]|
(A.39)
< ([ KKpKse=* ds| P(1)]]) lI€]I-
We choose ty large enough, such that K Kpmax{,, K, } ft ~%ds < 1. Finally,
combining (A.37) — (A.39) we get
> 1
1Pl <2 (10l + KKak [~ e5as) <210+ 5
to
|

Remark A.2.5 Let 0(A) = o' Uo? be the decomposition of the spectrum of A
as introduced at the beginning of the proof. Then & = Az and therefore also
& = (A + B(t))x has an exponential dichotomy with constants & and [ if

Ru' <a< B <Ru?, vu'eo!, Vu? e o

Moreover the corresponding mappings z, and x, do not depend on the choice of &
and (. O
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Next we will show that under the assumptions of Lemma [A.2.4 for any projections
P(t) which are associated to the exponential dichotomy of the perturbed equation
(A.24) the norm ||P(t) — Q|| tends exponentially fast to zero as ¢ tends to infinity.
Because of Lemma it remains to prove that this is true for the projections
constructed in Lemma A.2.4. It turns out that the exponential rate depends on the
spectral gap between o' and 2.

Lemma A.2.6 Assume the hypotheses of Lemma A.2.4. Let QQ be the spectral
projection of A associated to the exponential dichotomy of © = Ax, and let P(t) be
the projections in accordance with Lemma|A.2.4. Then there are positive constants
v and K such that ||P(t) — Q|| < Ke 7. In particular, any v > 0 with

a—B+7<0, Ryl <a—7v, Vuleco, y=56<0 (A.40)
s suitable.

Proof In order to estimate ||P(t) — Q|| we start from (A.36)

1P(6)6 = Q&I < | fy, ®(t, )QB(s)wu((id — Q)&u) (s, t) ds|

(A1)
ST @(t, )(id — Q) B(s)x5(QE:) (s, t) ds||.

For that purpose we estimate the integral terms in (A.41) exacting. Again we adapt

ideas from [San93].
From (A.32) we see that

Qu(n)(r,t) = [ ®(7,5)QB(s)zu(n)(s, ) ds
= [, ®(7,5)QB(s)Quu(n)(s,t) ds (A.42)
+ [ (7, )QB(s)(id — Q). (1) (s, t) ds.

Therefore we have

1Qzu(n)(r,t)|e?tTer™ < Pt (ftz 127, $)QIH[B(s) | |Qzu(n)(s, )| ds
+ [ 1207, $)QINIB()| | (id = Q) [Jzu(n) (s, )] d8> :

With (A.23) and (A.26)) it follows

1Qzu(n)(7,t)[|le? e < Pt <ftz KKpe*Te® |Quy(n)(s,t)| ds

b7 KEpe e (id — Q)| (). D)) ds )
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and by inserting a “factor one”

1Qzu(n) (7, 1) [|e™*= e
= eﬂ(t_T)e’yT <j:(; KKBGO‘(T_S)Q_(SS ||qu<n) (S, t)”eﬂ(t_s)e’ys e_ﬂ(t_s)e_ﬂys ds
4 7 K Eper ™ (id = Q)] v (n) (5, )Xt -9er* e H-0e s )

With (A.33) this yields

Q) (r, 1)t
< i K Epel@ P09 s (3up < o, [ Q) (5, 0e)  (A43)
+ 7 K Kpe5e=0c0-0% | (id — Q)| 2, ()] ds

In what follows we will keep t fixed and consider the last inequality for 7 < ¢t. First
we observe that

sup [|Qzy(n)(T, t)Heﬂ(t’T)eW < 0. (A.44)

to<t<t

Further, we remark that, because of (A.40), for sufficiently large ¢, (independently
on the choice of t > t)

T 1
/ K Kpgela=mr=s)=0s g < 5 (A.45)
to
With (A.43) and we estimate
SUPy<r <y |QEu(n)(7, 1) |70
< 3 (SUPy<rey SUPs <y [|Qru(n) (s, 1)[[72)e1?)
+supy <oy f KEpel* 00795 (id — Q)| [Jzu(n)||” ds.
Because of and v — 4§ < 0, see , this yields
sup [|Q.(n)(r, 1) [~ Te
to<7<
t
< 2/ KKpe® 79 |(id — Q)| [|lwu(n)|)” ds - (A.46)
to

Note, that the integral on the right-hand side in the last inequality remains bounded
as t — oo. This means, that there is a constant K" such that for all t > t,

t
/ KK pe@#69||(id — Q)| [a(m)||” ds < K.
to
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So, in particular for 7 = ¢ the estimate (A.46) reads
[Qua(m)(t,0)]] < e 12K

We want to emphasise that the last estimate is true for all n € R¥. So, with the
notation of we arrive at

Now, we turn towards the estimate of the second integral term in (A.41). In principle
these calculations run along the same lines as above. However the counterpart of
(A.44) calls for an additional argument. For this reason we present the detailed
estimates here, too.

In the same way as above, but this time exploiting (A.25), we find:

(id = Q)xs(n)(t,7) = — [ ®(t,s)(id — Q)B(s)xs(n)(s, 7) ds
= (ft (t,8)(id — Q)B(s)(id — Q)xs(n)(s, ) ds

+ [ @(t, s)(id — Q)B(s)Qxs(n)(s,7) ds) .
By means of and (A.33) we conclude

I(id — @)zs(n)(t, 7)]| e*T—Ve

< e et ([7 KKpel=2)e=%|(id — Q)xs(n)(s, 7)|| e®T=2er® (7975 s

/t O(t,5)QB(s)xy(n)(s,t)ds || < e 2K", VneR" (A.47)

to

+ 77 KKpelt=2e7%% Q|| ||zs(n) (s, ) || e~ em =975 ds) .
With (A.26) we get
1(id = Q)as(n)(t, 7) || e*T e
< ftoo KK geB-otn(t=s)p=ds g (SuPtOngtgs |(id — Q)x5(n) (s, 7)|| ea(T_s)eVS)
+ [ KK e t=0e0=0%| Q| [|las(n) o ds.

Again we find that for sufficiently large to (recall that ¢ > ty)

/oo KKBe(ﬂ,aJrfy)(t s) 755 ds < 1
t

[\D

Therefore
SUPy,<,<¢ || (id — Q)xs(n) (¢, 7)| ea(T=t) 7t
< L SUPerer SUP<rcrc, (id — Q) (n)(s, 7| 2

+ 5Dy <rey f, K Kpe IO Q [la(n) o ds.
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Now we keep 7 fixed. Then there is a constant ® such that

sup K KpeP=ot=90=05 0| ||24(n)||o ds < K°.
to<t<t Jt
Further we make clear that sup, -, [|(id — Q)z4(n)(t,7)|| e*" e < co: For this
we rewrite e®(" et = @M =1e17 Because of (A.40) and Remark[A.2.5 (set here

& = o — ) this supremum is indeed finite. Now, we can continue in the same way
as for the estimate of Qx,. First we find

sup ||(id — Q)zs(n)(t, )| 2T Ve < 2K7,

to<t<t

and for t = 7 we get finally, again independently on the choice of n

’ / O(t,5)(id — Q)B(s)xs(n) (s, t)ds || < e "2K° . (A.48)
t
So, (A.41), and (A.48) result in the lemma. [ |

Corollary A.2.7 Assume the hypotheses of Lemmal|A.2.4. Let Q) and P(t) be pro-
jections associated to the exponential dichotomy with constants o, B of the equation

@ = Ax and & = (A+ B(t))x, respectively. Then there are positive constants C' and
v such that | P(t) — Q|| < Ce 7(t=t0),

Proof The proof results from the combination of Lemma|A.2.6 and Lemma/|A.2.2.
|

Next we define exponential trichotomies as introduced in [HL&6].

Definition A.2.8 Let the map A : [tg,00) — L(R¥, R*) be continuous. Equation
(A.16), © = A(t)x, or the transition matriz ®, is said to have an exponential
trichotomy on [ty, ) if there exist projections Py(t), P.(t) and P,(t), with Py(t)+
P.(t) 4+ P,(t) =id, t € [tg,00), and constants g < —a. < 0 < a, < o, and K >0
such that

O(t, 7)P,(1) = P(t)®(t,7), i=s,¢ u,

and
[B(t, 7) Po(r)|| < K= [ @(t, 7)Po(7)|| < Ke*T), > 7 >,

|®(t, T)P.(T)|| < Ke @t=7) || ®(t, 7)Py(7)|| < Ke®t=7) 7>t >t,.

If to = 0 we say that Equation (A.16) has an exponential trichotomy on RT.
Of course an analogous definition can be made for an exponential trichotomy on

(=00, to] or R™, respectively. However, here we will restrict our explanations to the
[to, 00) /R T-case.

The existence of an exponential trichotomy for ® means that a solution z(-) of
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(A.16) starting in im P(7) decays with an exponential rate of at least a (as
t — o0). If, on the other hand, z(t) € im P,(¢) then x(7) increases with an ex-
ponential rate of at least o, (as 7 — 00). This can easily be seen by considering
x(t) = ®(t, 7)Py(7)P(7,t)x(t). Finally, if (1) € im P.(7) then z(¢) does not decay
faster than e~®! and simultaneously it does not increase faster than e®!, see also
the equivalent of (A.18) and (A.19).

Thus, in this sense, the images of P;(t), P.(t) and P,(t) can be seen as stable, centre
and unstable subspaces at time ¢ corresponding to the non-autonomous equation
(A.16). Note, that only the images of P,(t) and Ps(t) 4+ P.(t) =: P.s(t) are uniquely
determined; in other words only the stable and centre-stable subspaces are fixed.

Now, let A € L(R* R¥) with spectrum o(A4) = 0° U 0 U o, where

o ={Ae€a(A):R(\) <0},
oc¢={ e€d(A): R\ =0},
o' ={re€a(A): R\ >0}.

If o%,0° 0" # (), then the equation # = Az has an exponential trichotomy on both
R* and R™. The next lemma is a roughness theorem for exponential trichotomies.

Lemma A.2.9 Let A € L(R*,R¥), and for allt € [ty,00) let B(t) € L(R*, R¥). We
assume that © = Ax has an exponential trichotomy on [ty, 00) with constants ay, o,
and v, and that there are positive constants Kp and § such that || B(t) ||< Kge .
The equation & = (A + B(t))z has an exponential trichotomy on [ty, 00) with the
same constants a, a. and oy,.

Proof Theidea is to define the projections Ps(t) and P.s(t) by means of generalised
exponential dichotomies of the equation under consideration.

Equation has, in accordance with LemmalA.2.4 two exponential dichotomies:
one with constants o = s, § = —a, and associated projections Ps(t) and another
one with constants o = «, § = «, and associated projections P.(t). Because of
as < a. we have im Py(t) C im P.(t).

Further, Lemma A.2.3/allows us to choose the kernels of these projections such that
ker P.s(0) C ker Ps(0). This property is carried to ¢ > 0 by the transition matrix.
This yields that P(t) and P.s(t) commute and therefore P.(t) := P.s(t) — Ps(t) is a
projection.

Hence, Equation @ = (A + B(t))z has an exponential trichotomy with projections
Py(t), P.(t) and P,(t) := id — P.s(t) and constants ay, a, and a,. [

Applying Corollary to estimate || Ps(t) — Q|| and || (Ps(t) + P.(t)) — (Qs + Q.||

we obtain

Lemma A.2.10 Assume the hypotheses of Lemmal|A.2.9. Let Qs, Q. and Ps(t)
and P.(t) be projections that are associated to the exponential trichotomy of © = Ax
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and & = (A+ B(t))x, respectively. Then there are positive constants Cs, s and C.,
Ve such that | Py(t) — Q|| < Cee™t10) and || P.(t) — Q.|| < Coelt=t0),

We consider an equation # = f(x, A) having a saddle-centre equilibrium = = 0 and
corresponding (un)stable manifold W;(u) and centre-(un)stable manifold Wfs(w).
Let 9(-) be a solution of & = f(z, \) with ¢(7) € W. Then the following property
holds:

Lemma A.2.11 The variational equation along 1,

&= Dif(y(t), N,

has an exponential trichotomy on R™ with projections Py(t, \), P,(t,\) and P.(t,\).
Moreover im Py(t, \) = TyyW53 and im (Ps(t, A) + P.(t, X)) = Ty W5*.

Proof The first observation for proving the lemma is that the differential equation

(A.2.11) can be written as
i = Dy F(0,\a + (D1 F((8), A) — Dy f(0, V). (A.19)

Moreover, taking into account f € C? we use the mean value theorem to show that
the second term on the right-hand side of (A.49) tends exponentially fast to zero
(for t — o00). We can apply Lemma [A.2.9 to this equation and find that (A.49)
has an exponential trichotomy with projections Py(¢,\), P.(t,\) and P,(t,\) and
constants oy, . and «,.

Finally, by construction we have (Ps(t,\) + P.(t,\)) = P.s(t, ). Once having this
we find that the images of Ps(t, \) and P (t, \) are just the tangent spaces Ty Wy
and Ty W5?, respectively. The proof runs parallel to the one in [Scha95| for the
case of a hyperbolic equilibrium. [ |

In a similar way we find that variational equations along solutions in the unstable
manifold have exponential trichotomies on R™.
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List of Notations

A= (A, \9) parameter of Equation (1.1)

f(A) vector field of Equation (1.1)

o(t, -, \) flow of Equation (1.1)

R linear involution; a linear map satisfying R? = id

Fix R, Fix (—R) Equation (A.1)

x saddle-centre, Hypothesis (H1.2)

~(+) homoclinic solution approaching the equilibrium z, Hypothe-
sis|(H1.3)

r homoclinic orbit to z: I' = {7(¢) : t € R}, Hypothesis (H1.3)

Both of the following notations are used in this thesis depend-
ing on what is more convenient.

DZ‘-j f partial derivative of f with respect to the ¥ variable of order
J

Dg f partial derivative of f with respect to the variable x; of order
J

o(A) spectrum of A

] leading unstable eigenvalue of D f(x,0), Hypothesis (H 1.2)

— leading stable eigenvalue of Dy f(x,0), Hypothesis (H 1.2)

R(w) real part of the complex number g

o, ot strong stable and strong unstable spectrum of D f(z,0)

U neighbourhood of I' U {2}

123



List of Notations

X,

C C
XR? —R

Wz’

T,W'

Ys, Y, Z, Y, Z

by

Xom = {(7* ")}

Lhom = {(I°,1%)}

hom

Xhom = {(v",77)}

Lhom = {(I",T7)}

X = {($+7$loc7$—)}
L = {(X+,XZOC,X_)}

YN ()
IRV
Yy, M)
T (yd,y2, M)
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The following notations of the generalised eigenspaces and the
invariant manifolds may possess subscripts A and loc. Those
indicates the dependence on A\ or emphasise the local charac-
ter; the absence of \ is equivalent to A = 0.

1 = s,c,u, generalised eigenspace of the stable, centre and
unstable eigenvalue, respectively, of Dy f(z,0)

hyperbolic subspace, Equation (4.2)
Equation (4.1)

1 = s,c,u,cs, cu, stable, centre, unstable, centre-stable and
centre-unstable manifold, respectively

1 = s,c,u,cs, cu, tangent spaces of the stable, centre, unsta-
ble, centre-stable and centre-unstable manifold, respectively

subspaces related to a direct sum decomposition of R?*"+2,
Equation (3.1) and Equation (3.38

transversal intersection of I' in (0), Equation (3.2)

one-homoclinic Lin solution tending to the equilibrium, Defi-
nition 2.1.6

one-homoclinic Lin orbit to the equilibrium, Definition

one-homoclinic Lin solution tending to the centre manifold,
Definition 2.1.6

one-homoclinic Lin orbit to the centre manifold, Defini-

tion
one-periodic Lin solution, Definition[2.1.2 and page[13
one-periodic Lin orbit, Definition 2.1.2] and page [13

parts of X Lemma(3.1.4
parts of LY associated to Lemma [3.1.4

parts of Xpom, Lemma |3.2.3
parts of L., associated to Lemma 3.2.3



Ii(Q7p7 Aa N)()7
xloc(Q’pv /\7 N)()
)

Xi(Q’p, )\7 N )
Xloe(Q,p, \, N

£(N)
E°(yd ya s A)
éoo(yc’ )\la )\2)

fpe’l"(Q7p7 )\7 N)
(0,9, \, N)

O(t,s)
P(t)

PE(t,5,\)

PE(t,N)

List of Notations

parts of X', Lemma |4.1.12

parts of £, Lemma 4.1.12

jump of the one-homoclinic Lin orbits to the equilibrium,

(3.24)
jump of the one-homoclinic Lin orbits to the centre manifold,

(3.60)

jump of the one-homoclinic Lin orbits to the centre manifold
for y. := yF =y., (3.62)
jump of the symmetric one-periodic Lin orbits, (4.41)

Equation (4.79)

transition matrix of the variational equation along v(-) (3.11)

1 = s,c,u, associated projections of the exponential tri-
chotomies of Equation (3.11)

transition matrix of the variational equation along ~*)(.)

(3.43)

1 = s,c,u,cs, cu, associated projections of the exponential
trichotomies of Equation (3.43

constants satisfying u > a > a,. > 0

spaces of exponentially bounded functions defined for a €
(o, ) in Equation (3.16

small neighbourhood of 0 in R?

Equation (3.51) and page [36]

Poincaré section, Equation

Poincaré map, Equation (4.12)

fixed points of the Poincaré map II(-, \), page [61]

leaf of the C" foliation of ¥,. given in Hypothesis |(H 4.3)
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List of Notations

Wiy (@)
CH(p,A)

C=(2,p,\)
QN
YT(Q2,0)
(2, p, A)
(2 p, )
0,0

(217 Z2)(€7 7, 67 N)()

Ty A ()
y(e)
(0,9)
y(-,°)
Q*(.’., )
p*()
0" ()
A(- 9, A, N)
c.(0,\,N)
0

M,y M,
a(l), w(l)
id

()

ML
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Equation (4.16
Equation (4.21

Equation (4.26])

Equation (4.20)
Equation (4.24

Lemmal|4.1.7
Corollary [4.1.8

page [72

Shilnikov solution connecting the hyperplanes z;
n for given £, € R in a given time N € N, Lemma 4.1.13

Equation (4.42

Equation (4.46)

polar coordinates, page
Equation (4.52

Lemma 4.2.4]

Lemma [4.2.5|
Lemma|4.2.8

Lemma

Equation (4.90)
Equation (4.90

transversal intersection of M; and M in ¢

o and w set of the orbit I

identity map

scalar product

orthogonal complement of M with respect to (-, )

transposed of a

=¢and zp =



List of Notations

L(R™ R™) space of linear mappings R" — R™
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Einleitung

Seit ldngerer Zeit besteht starkes Interesse an homoklinen Orbits und ihrem Bifur-
kationsverhalten in gewohnlichen Differentialgleichungen. Homokline Orbits sind
von mathematischer Bedeutung, da sie hiufig organisierende Zentren fiir die Dy-
namik in ihrer Umgebung darstellen. Oft werden Homoklinen durch komplizierte
Objekte wie k-Homoklinen und k-periodische Orbits begleitet, oder es tritt Shift-
dynamik in ihrer N&dhe auf. Bei k-Homoklinen und k-periodischen Orbits han-
delt es sich um Orbits, die einen Transversalschnitt zur Homokline k-mal schnei-
den. Desweiteren treten Homoklinen in Modellgleichungen auf. So finden sie zum
Beispiel Anwendung als solitdre Wellenlosung partieller Differentialgleichungen. Die
partielle Differentialgleichung wird durch einen Wellenansatz zu einer gewhnlichen
Differentialgleichung reduziert, Homklinen dieser Gleichung korrespondieren dann
zu Solitonen der Ausgangsgleichung.

In Anwendungen spielen Hamiltonsche oder reversible dynamische Systeme eine
grofle Rolle. So sind zum Beispiel die Bewegungsgleichungen mechanischer Systeme
ohne Reibung Hamiltonsch und oftmals zusétzlich reversibel. Jedoch existieren auch
rein reversible Systeme, wie Beispiele aus der nichtlinearen Optik zeigen. Hamil-
tonsche und reversible Systeme besitzen vor allem hinsichtlich des Auftretens von
Homoklinen oder periodischen Orbits viele Gemeinsamkeiten, [Cha98, LR9IS]. In
letzter Zeit gibt es jedoch auch Untersuchungen, die Unterschiede in der kompli-
zierteren Dynamik, wie zum Beispiel Shiftdynamik, aufzeigen, [HK06]. Insgesamt
ist es von groflem Interesse, Hamiltonsche und reversible Systeme auf Unterschiede
und Gemeinsamkeiten zu untersuchen.

Frithere Studien beschéftigten sich mit Homoklinen an hyperbolische Gleich-
gewichtslagen (GGL). In den letzten Jahren jedoch finden sich immer mehr Arbeiten
zu nicht-hyperbolischen GGL. Im allgemeinen erwartet man in diesem Fall auch Bi-
furkationen der GGL, wie zum Beispiel bei der Sattel-Knoten-Bifurkation, [Sch&7,
Sch93, HL&6, Lin96]. Unter bestimmten Bedingungen sind nicht-hyperbolische GGL
robust, so bleiben zum Beispiel GGL vom Sattel-Zentrums-Typ (das zugehorige
Spektrum besitzt ein Paar rein imaginirer Eigenwerte, wihrend die Realteile der
restlichen Eigenwerte ungleich Null sind) in Hamiltonschen oder reversiblen Syste-
men unter Storung erhalten. In beiden Arten von Systemen ist die Zentrumsmannig-
faltigkeit der GGl mit einer Familie periodischer Orbits ausgefiillt, [AM67, Dev76].

In dieser Arbeit beschéftigen wir uns mit dem Bifurkationsverhalten von Homo-
klinen an ein Sattel-Zentrum in reversiblen Systemen. Hinsichtlich dieser Prob-
lematik sind die Arbeiten von Mielke, Holmes und O’Reilly, [MHO92|, sowie
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Koltsova und Lerman, [Ler91, KL95, KL96] von groflem Interesse. Mielke,
Holmes und O’Reilly untersuchten reversible Hamiltonsche Systeme im R*, die eine
Kodimension-zwei Homokline an ein Sattel-Zentrum besitzen. Dabei konnten sie die
Existenz von k-homoklinen Orbits zur GGL und Shiftdynamik nachweisen. Koltsova
und Lerman stellten dhnliche Betrachtungen in rein Hamiltonschen Systemen an.
iiber die Ergebnisse von Mielke u.a. hinaus zeigten sie das Auftreten von Homokli-
nen an Orbits der Zentrumsmannigfaltigkeit. Alle Autoren nutzen in starkem Mafle
die Hamiltonstruktur der Systeme aus. Dies wirft die Frage nach einer Betrachtung
rein reversibler Systeme auf, [Cha98]. Dazu lieferten Champneys und Hérterich,
CHO0], erste Antworten. Sie untersuchten das Auftreten 2-homokliner Orbits in
eciner 1-parametrigen Familie rein reversibler Vektorfelder im R*.

In allen genannten Arbeiten, [MHO92, Ler91, KL95, KL96, CHO00], basierte die
Analysis auf der Konstruktion von Riickkehrabbildungen.

Problemstellung

In dieser Arbeit greifen wir die Frage nach der Dynamik in rein reversiblen Sys-
temen auf. Wir betrachten einen Kodimension-zwei homoklinen Orbit I' an eine
Sattel-Zentrums-GGL in einem reversiblen System im R*'*2. Wir richten unser
Augenmerk auf 1-homokline und 1-periodische Orbits. Im Gegensatz zu den Ar-
beiten [MHO92, Ler91, KL95, KL96, CHOO] nutzen wir fiir unsere Betrachtungen
Lins Methode, [Lin90]. Diese Methode wurde von Lin urspriinglich fiir die Analyse
verbindender Orbits zu hyperbolischen GGL entwickelt. Auch Weiterentwicklungen
anderer Autoren, [VF92, San93, Kno97|, basierten auf der Annahme hyperbolischer
GGL. Daher ist ein weiteres Ziel unserer Arbeit, Lins Methode an die Problematik
nicht-hyperbolischer GGL anzupassen.

Wir betrachten ein System
&= f(z,\), zeR™? NcR?, (A.50)

mit f in C" und zugehorigem Fluss ¢(t, -, A). Wir setzen voraus, dass das System
reversibel ist, d.h. es existiert eine lineare Involution R (R? = id) und

(H 1.1) Rf(z,\) = — f(Rz,\).

(Im Anhang der Arbeit haben wir wichtige Begriffe und Resultate fiir reversible
Systeme zusammengetragen.)
Fiir A = 0 besitze das System (A.50) ein Sattel-Zentrum z:

(H1.2) f(2,0) =0 mit o(D;f(z,0)) ={L£i} U{Lu}Uo®™ U™,

wobei € R einfach ist; o bezeichnet das Spektrum von D f(z,0), ¢ und o“*
das streng stabile bzw. instabile Spektrum.

Diese Voraussetzungen bewirken, dass die zentrumsstabile Mannigfaltigkeit W und
die zentrumsinstabile Mannigfaltigkeit W eindeutig bestimmt sind. Weiter setzen
wir die Existenz einer symmetrischen Homokline voraus:

(H 1.3) Fiir A = 0 existiert ein symmetrischer homokliner Orbit I' := {7(¢) : t €
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R} zum Sattel-Zentrum x mit Rv(0) = ~(0).

Um Degeneriertheiten zwischen der stabilen Mannigfaltigkeit W* und W<
auszuschliefen, fordern wir

(H 1.4) dim (TW(O)WS N T,Y(O)Wcu) = 1.
Durch folgende Bedingung sichern wir, dass eine typische Familie betrachtet wird.

(H 1.5) {W$, A€ U(0)} und der Fixraum Fix R von R schneiden sich transver-
sal.

Hier bezeichnet U(0) C R? eine Umgebung der Null im Parameterraum. Wir
beschrénken uns auf den Fall

(H 1.6) W und W schneiden sich nicht-transversal in v(0).

Anpassung von Lins Methode

Seien ¥ ein transversaler Schnitt zu I' in (0) und Z, mit v(0) + Z C X, ein Unter-
raum transversal zu T, ) W* + T o) W™

R2n+2 =/ (TW(O)WS + T,Y(O)Wu) .

Wegen (H 1.4) gilt dim Z = 3.

Die im Folgenden definierten Begriffe sind der Frage nach 1-Homoklinen bzw. 1-
periodischen Orbits angepasst. In der Arbeit wurde die Definition dieser Begriffe
allgemeiner gefasst, so dass mit diesem Ansatz auch k-Homoklinen und k-periodische
Orbits erfasst werden.

Wir bezeichnen einen Orbit X := {z(t) : t € [0,7]} als partiellen Orbit, der %
verbindet, wenn gilt:

(i) z(0),z(7) € &
(i) 2(t) ¢S Vte (0,7).

Die zugehorige Losung x(+) nennen wir partielle Losung. Ist zusétzlich die Sprungbe-
dingung
E=x(1)—x(0)e Z

erfiillt, so sprechen wir von einer I-periodischen Lin-Losung X := {x} (mit zuge-
horigem I-periodischem Lin-Orbit £ := {X}). Losungen von

€ = a(r)—(0) = 0.

korrespondieren zu 1-periodischen Orbits.

Wir suchen (symmetrische) partielle Orbits X in der Form X = (X*, X' X~). Die
Orbits X+ und X~ folgen dem Orbit I' zwischen 3 und einer kleinen Umgebung um
#. Der Orbit X' folgt dem Fluss in der Zentrumsmannigfaltigkeit. Die zugehorigen
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Losungen zt(+), 2/¢(+) und 2~ (+) sind auf [0, Q], [0, Q] bzw. [, 0] definiert und
erfiillen die folgenden Bedingungen:

r7(0), z7(0) €2, 27(Q)=2"0), 27 (—Q) = 2(Ql) .

Fiir die Konstruktion des lokalen Orbits X' beschreiben wir den lokalen Fluss in
der N#he von z durch eine Riickkehrabbildung II(-, A) beziiglich eines Transver-
salschnittes ¥;,.. Wir setzen voraus, dass Y. glatt in II(-, \)-invariante Blétter
M., \ gebléttert ist. Eingeschrénkt auf M, \ besitzt die Riickkehrabbildung II(-, \)
einen hyperbolischen Fixpunkt p. Fiir hinreichend grofies 2 € R* schneiden sich
die Spuren C* (2, p, A\) und C~(Q, p, A) von ¢(£2, 3, X) bzw. ¢(—Q, X, \) in M, , mit
der (lokalen) stabilen bzw. instabilen Mannigfaltigkeit von p transversal. Ein Ar-
gument, welches auf einem A-Lemma (fiir hyperbolische Fixpunkte) beruht, liefert
fiir jedes hinreichend groe N € N ein Orbitsegment (bez. der Riickkehrabbildung),
welches C™ und C~ in N Schritten verbindet. Dieses Orbitsegment korrespondiert
zum gesuchten lokalen Orbit X'¢(Q2,p, A\, N). Dabei ist N die Anzahl der “Win-
dungen um #”. Da die Kurven C* und C~ R-Bilder voneinander sind, ist X'*¢ ein
symmetrischer Orbit.

In der Arbeit beschrinken wir uns auf Vektorfelder im R*. In diesem Falle gilt
¥ = 7(0) + Z und somit ist jeder partielle Orbit auch 1-periodischer Lin-Orbit.
Daher erhalten wir X*(2, p, \, N) durch einen einfachen Integrationsprozess. Die
angegebene Konstruktion liefert somit einen symmetrischen periodischen Lin-Orbit
L(2,p,\,N).

In dhnlicher Art und Weise werden partielle Losungen und Orbits definiert, die >
und die lokale Zentrumsmannigfaltigkeit W<, von @ verbinden. Dabei werden I'*
und '™ partielle Orbits, die ¥ mit der Zentrumsmannigfaltigkeit verbinden, genannt,
wenn die zugehorigen Losungen 4+ () und 47 (+), die folgenden Bedingungen erfiillen:

(i) v (0),77(0) € &
(ii) a(I7),w('") C Wi
(iii) vH(t) ¢ D Vte (0,00), 7 ()¢5 Ve (—o0,0).

Mit a(I'") und w(I'") bezeichnen wir die a- bzw. w-Grenzmenge von I'™ bzw. I'*.
Gilt die Sprungbedingung

£ =7"0)-7(0)€Z,
so bezeichnen wir Ly, := {(I't,T'7)} als 1-homoklinen Lin-Orbits zur Zentrums-

mannigfaltigkeit und Xy,op, := {(y",v7)} als 1-homokline Lin-Lisung zur Zentrums-
mannigfaltigkeit. Losungen von

korrespondieren zu 1-Homoklinen zur Zentrumsmannigfaltigkeit.
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Bei der Suche nach 1-homoklinen Orbits zur Zentrumsmannigfaltigkeit weisen
wir in einem ersten Schritt nach, dass fiir jedes A eine eindeutig bestimmte
Lin-Losung XY = {(7*(A\),7“(\))} zu @ existiert. Weiter kénnen wir zeigen,
dass fiir alle yf,y. € Y° und A € R? eine 1-homokline Lin-Losung Xyom =
{(vT(yl,y-, N, v (v, y-, N\))} existiert, wobei Y ein 2-dimensionaler Unterraum
von Z ist. Dabei betrachten wir X}, als Stérung von X,(l)om. Das bedeutet, wir
betrachten Variationsgleichungen entlang ~+* bzw. ~*. Im Anhang der Arbeit
zeigen wir, dass diese Gleichungen exponentielle Trichotomien besitzen. Diesen

Fakt nutzen wir wesentlich in unserer Analysis aus.

Resultate

Existenz 1-homokliner Orbits zur Zentrumsmannigfaltigkeit: Losungen der
Bifurkationsgleichung

§(A) = 7> (A)(0) =7*(A)(0) = 0

fithren zu 1-homoklinen Orbits zur GGL. Wir zeigen, dass in der Parameterebene
eine Kurve durch A = 0 existiert, die zu symmetrischen 1-homoklinen Orbits zu z
gehort.

Losungen der Bifurkationsgleichung

sy, ) =7 (v, M)0) = (1, v, A)(0) =0

korrespondieren zu 1-Homoklinen zur Zentrumsmannigfaltigkeit. Bei der Diskus-
sion dieser Verzweigungsgleichung unterscheiden wir beziiglich der relativen Lage
von W und Fix R. So nennen wir einen symmetrischen homoklinen Orbit I' nicht-
elementar, wenn sich W und Fix R nicht-transversal schneiden. Anderenfalls nen-
nen wir den homoklinen Orbit elementar.

Sei I' nicht-elementar. Dann sind alle 1-Homoklinen zur Zentrumsmannigfaltigkeit
symmetrisch. Innerhalb unserer Betrachtungen unterscheiden wir wiederum zwei
Fille. Im R* gibt es eine einfache geometrische Interpretation. Wir beschreiben die
zentrumsstabile Mannigfaltigkeit als Graph einer Funktion h®. Generisch ist die
Hessematrix D?h¢ dieser Funktion nicht-degeneriert, daher ist sie entweder positiv
(bzw. negativ) definit oder indefinit.

Ist D?h® definit, existiert eine parabelférmige Kurve C in der Parameterebene, so
dass fiir Parameterwerte auf einer Seite von C eine 1-parametrige Familie 1-homo-
kliner Orbits zur Zentrumsmannigfaltigkeit existiert. Diese Familie degeneriert fiir
A = 0 zu einem Punkt und verschwindet, wenn die Kurve iiberschritten wird. Ist
hingegen D?h° indefinit, so existiert fiir jeden Parameter eine 1-parametrige-Familie
von 1-homoklinen Orbits zur Zentrumsmannigfaltigkeit.

Betrachten wir eine elementare Homokline I', so finden wir fiir jeden Parameter-
wert eine 1-parametrige Familie symmetrischer 1-homokliner Orbits und zwei 1-pa-
rametrige Familien nicht-symmetrischer 1-homokliner Orbits zur Zentrumsmannig-
faltigkeit. Die zwei Familien nicht-symmetrischer Orbits sind R-Bilder voneinander.
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Existenz symmetrischer 1-periodischer Orbits: Das Auftreten symmetrischer
1-periodischer Orbits untersuchen wir im Falle einer nicht-elementaren Homokline
I". Dabei beschrinken wir uns auf Vektorfelder im R*. Untersuchungen der Bifurka-
tionsgleichung

Eper (0 p, A\, N) := 2 (Q,p, A, N)(0) — 2 (2, p, \, N)(0) =0

ergeben, dass nur fiir Parameterwerte auf einer Seite der oben angegebenen Kurve
C symmetrische 1-periodische Orbits existieren. Diese Orbits treten als eine 2-pa-
rametrige Familie {Oy n(\) : (¥, N) € R x N} auf.

Diese Aussage kann so interpretiert werden, dass jede 1-Homokline zur Zentrums-
mannigfaltigkeit von einer 1-parametrigen Familie von symmetrischen 1-periodi-
schen Orbits begleitet wird. Der Familienparameter ist der diskrete Parameter V.
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