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Abstract

Weconsideradaptiveregulationof thetemperaturefor exother-
mic chemicalreactors. Thesereactorsmay exhibit multiple
steadystates,andtherelevantoperatingpoint couldbeanun-
stableopen-loopequilibrium. The adaptive controller com-
binesthesocalled � -trackingapproachwith a feedbackwhich
obeysasaturation;it is simplein its design,doesnot invokean
observer, andcancopewith measurementnoise. Tracking is
achievedup to any pre-specifiedaccuracy, thechoiceof which
is left to thedesigner. Theclassof exothermicchemicalreac-
torsto which thecontrolleris applicableis considerablylarger
thantheclassesto which robust(non-adaptive)globalstabilis-
ers, previously studiedin the literature,canbe applied. The
adaptive control strategy doesnot requireany knowledgeof
thesystemsparametersanddoesnot invokeaninternalmodel.
It is only assumedthat thereferencetemperatureto betracked
is feasible.Theproblemof temperaturetrackingis solvedboth
locally, i.e. thetemperaturemustlie in a boundedinterval, and
globally.

1 Intr oduction

In this paper, we considerinput-constrainedadaptive control
for aclassof nonlinearsystemsarisingasmodelsfor controlled
exothermicchemicalreactors.Our objective is set-pointcon-
trol of temperature.Sincetherateof conversionshouldbeeco-
nomicallyprofitable,theset-pointis oftencloseto ahyperbolic
equilibriaof theopenloopsystem.

In chemicalengineering,an analysisof the dynamicsandthe
control of exothermiccontinuousstirred tank reactors(ExC-
STRs)originatedin thework by Aris andAdmudson[2]. More
recently, andof relevancehere,Viel etal. [10] proposedastate
feedbackcontroller including an observer which canglobally

stabilisethe temperatureof ExCSTRs. Thesecontrollersre-
quirefull orpartialknowledgeof thestateandsincesomestates
aredifficult to measurethesecontrollerscanbedifficult to re-
alize. Jadotet al. [8]. have derived adaptive dynamicoutput
feedbackcontrollersby modifyingstandardPI typecontrollers.
This controller, which also usesan anti-windup scheme,is
more complicatedthan our control strategy. Similar results
have beenobtainedby Alvarez-RamirezandFermat[1]. But
there,unlike our approach,the proposedcontrollerrequiresa
minimumphaseassumption.

We combineadaptive � -tracking, as introducedby Ilchmann
and Ryan [5], with the resultson non-adaptive global sta-
bilisation of ExCSTRsunder input constraintsachieved by
Viel et al. [9]. Here � standsfor an arbitrarily small but pre-
specifiedaccuracy of theboundedtrackingerror. Theadaptive
controllersintroducedin thispapergeneralise- in thesensethat
trackingis not achievedasymptoticallybut for arbitrarysmall
andprespecifiedaccuracy � - andextendtherobustglobalsta-
bilisation resultsobtainedin [9]: a considerablybiggerclass
of reactormodelsis allowed(e.g.conservationof massis not
necessaryfor themodelbut a dissipativity conditionsuffices),
“small” noisecorruptingthe temperaturemeasurementis tol-
erated,and parametersof the systemmodel are not invoked
in the controller. The presentapproachdiffers in an essential
way from the standard� -tracking approach,seefor example
[5]: Whilst in the latter work the difficult part lies in proving
theboundednessof theclosed-looptrajectories,for reactorsof
theform (1.1)thisboundednessis aconsequenceof theproper-
tiesof reactormodels.However, we encounternew difficulties
becauseof theinputsaturation.

We considertheclassof systems�	�
����� ������	�
��������
������ �"!$# 	&% ')(*	�
���,+��-
����� .0/1� � 	�
������2�3
���� � (54��3
����6�879
����0� : (1.1)

where,for ;5<>= and ;5?A@8<B= , theconstantsandvariables
denote



	�
��� - concentrationsof the ; chemicalspecies,	C% ' <ED�F GIH - constantfeedconcentrations,�J�K# LNMO�NPQPNPQ�2LQRS+ <ED9F&T R - stoichiometricmatrix,. <UD R GIH - coefficientsof theexothermicity,! ?WV - dilution rate,4 ?XV - heat transferrate betweenheatexchangerand
reactor,�3
��� - temperatureof thereactor,

andthefunction�Y
[Z\�QZ]�_^ D F G&Ha` Dcb Hed D R G&H is locally Lipschitz
with �Y
 V ���)�f� V for all � ?gV (1.2)

andrepresentsthe reactionkinetics. Note that the volumeof
thecultureis constantsincetheinflow rateandoutflow rateare
equal.

Thefollowing structuralassumptionsof (1.1)areassumed.

(A1) D Fih Mb H is positively invariantunder(1.1) for any bounded
andlocally integrable7�
�Z � ^ D GIHjd D G&H .

(A2) Thereexists k><lD9F b H suchthat k /3L0mon V for all columnsL M �QPQPNP��2L R of thestoichiometricmatrix � .

(A3) For � � ?pV thereexist Vrq � q � � q � , st?pV ,Vjq 7 q 7 , suchthat Vjq 7 � suq 4O��().�/)�Y
�	����$� q 7v( s
for all 
	w���)� <yxz { ` # � � �_+ ,

where z { ^|�~}�	 <lD F b H��� k / 	 qrk / 	 % '&� �
and xz { denotesits closure. The assumption(A1) is “natu-
ral” for reactors– concentrationsandtemperatureshouldnot
becomezero once they are positive. In Section2 we show
that the specialform of a singlereactionreactor(2.1), so that; �X� , satisfiesthis assumptionautomatically. For reactors
with higher multiple coupledreactions,sufficient conditions
for (A1) are given in termsof specificrates(seee.g. Propo-
sition 6 in IlchmannandWeirig [6]). If (1.1) satisfiesthe law
of conservationof mass,thenthereexists somek�<�D9F b H , so
that k /wL0mv� V for all thecolumnvectorsLQm in thestoichiomet-
ric matrix � , andso in particular(A2) is satisfied.This result
canalreadybe foundimplicitly in thestandardmonographby
Gavalas[4], andit is alsoassumed.However, if � doesnotrep-
resenttheexactstoichiometricrelationshipsbetweenthediffer-
entspecies,thenthemodeldoesnotsatisfytheconservationof
mass,but it might still be realistic sinceall “essential”reac-
tionsareobeyed.For this approach,which wastakenin Bastin
andDochain[3], [6] developedtheconceptof ‘non-cyclic pro-
cesses’,which ensuresdissipativity of mass.Non-cyclic pro-
cessessatisfy(A2), andthereforein thispaperweassume(A2)
asa relaxationof the conservationof massassumption.Note
that by continuity of �Y
[Z\�QZ]� , (A3) is a consequenceof the fol-
lowing weakerassumption:


�U�C��� For � � ?tV thereexist V ng7 q 7 , suchthat,V nr7 q 4�� � (�. / �Y
�	���� � � q 7 for all 	 < z { .
Our reasonsfor workingwith (A3) aretwo-fold: Theintroduc-
tion of s makestheexpositionin theproofsclearer;in someof
theresultswe needto useexplicit knowledgeof # � � �_+ sothat
(A3) holdsfor somes . (A � � ) is simplya feasibilityassumption
arisingbecauseof thesaturationof thenon-negativeinput 79
[Z]�
at 7 and 7 . Theassumption(A � � ) coincideswith (H3) in [9].

The control objective is to regulatethe temperature�3
���� to-
wardsa prespecifiedneighbourhoodof a givenreferencetem-
perature � � . Theactualerror���
�����W� � (��3
���
maybecorruptedby noise ; 
[Z]� , sothatthemeasurederrorbe-
comes ��
���>��� � (���
������ ; 
�����P
Thenoisesignal ; 
�Z ��^ D G&H d D is a boundedandcontinuous
function.

The control objective will be achieved by the so called � -
tracker, i.e.��
������ � � (*�3
����� ; 
�����79
������ sat� � � �N� ��� 
���Y��
����-��7 � � ��� 
������ k�� 
2� ��
����Q�i( � ����� if � ��
����N� ?A�V � if � ��
����N��n �

� ������������������� 
(1.3)

where¡9¢y£ , � � k � � 
 V � ?WV aredesignparameters,7 � < 
�7 � 7¤�
is a constantoffset,and

sat� � � �N� 
¥¦�5^]� §¨ © 7 � if ¥ q 7¥¤� if ¥ < # 7 � 7&+7�� if ¥ ? 7�P
Note the simplicity of the adaptive � -tracker. It consistsof
a proportionalerror feedbackwith saturation,and the time-
varyingproportionalgain � 
[Z]� is determinedadaptively by the
errormeasurementalone.

We also considera non-adaptive versionof (1.3) where the
feedbacklaw is replacedby79
����>� sat� � � �Q� ��� � ��
����1��7 � � � (1.4)

for some� � ?ªV . Althoughthis non-adaptivestrategy is pos-
sibly conservative since � � needsto be sufficiently large, it is
useful becauseit simplifies (1.3). Note that we give explicit
lowerboundsfor � � in termsof weaksystemsdata.

Finally, we consider(1.3) but with a socalled « -modification
of thegainadaptation,i.e., for some« � � � ?tV ,�� 
����� ( « # � 
����v( � � +� k � 
2� ��
����Q�i( � � � � if � ��
����N� ?W�V � if � ��
����N�Yn � .

(1.5)



Theadvantageof (1.3)over(1.4)is thatthegainis foundadap-
tively. However, temporarydisturbanceswill clearlyleadto an
increasein thegain.Whilst thishighergainwill producefaster
rejectionof thedisturbance,to retainthis highergain,as(1.3)
would,whenthetemporarydisturbanceshavepassedis notsat-
isfactory. The « -modification(1.5)hastheeffectof decreasing
thegainbacktowards� � .
Throughoutthe paperwe assumethat the saturationbounds,
theoffset,thetemperaturesetpoint,and � satisfyV nt7 q 7 � q 7�� VjqW�lq �W(*� � �Veq � q � � q �1P (1.6)

For the proofsof the resultsin Sections2, 3 and4 seeIlch-
mannet al. [7].

2 Local ¬ -setpoint control – singlereaction

In this section,we considera first order exothermicchemical
reactorand regulationof its temperatureby � -tracking with-
out noisecorruptingthe output measurement,i.e. ; 
�Z �� V .
An applicationof the � -tracker(1.3)will forcethetemperature�3
���� towardsa � -strip aroundthe setpoint� � . Thedynamics
of a first orderexothermicreactionmaybedescribedby mass
andenergy balancesof the reactionprocess.Specifically, we
assumea modelfor a singlereactionof theform��¦
����®� (°¯ � �3
���� � �Y
����®� !°# �O% '1(*�Y
�����+�±�
����®� ¯v���3
����2�¤�Y
����²( !�±�
������-
����®� .�¯ � �3
���� � �Y
����²( 4��3
����6�³79
�����P

� ���  (2.1)

Here . ?´V denotestheexothermicityof a reactionµ ( d·¶ ,� % ' is theconstantfeedrate,andthereactionkineticsaregiven
by a locally Lipschitz function ¯�
�Z �¸^ D G&H d D GIH with¯�
 V �o� V . A typically exampleof ¯�
�Z � is the Arrheniuslaw¯�
��)�$��¯ H ��¹5º»½¼ , where ¯ H is a constantfactor, ¾ is theacti-
vationenergy, and ¿ is theJouleconstant.

Thefunction ¯�
�Z � andthepositive constants! , 4 and . areun-
known.

For theclassof systems(1.1), thefeasibility assumption(A3)
becomes:
��a�&�]�\� Thereexist sW?ÀV and Vrq � q � � q � suchthat,Vgq 7 � sWq 4���(�.�¯�
�$��� q 7�( s for all 
��Á�2�$� <# V ���O% 'Á+ ` # � � �_+ .
We show that the � -tracker (1.3) with ; 
[Z]�E V is universal
for theclassof systems(2.1)satisfying(A � � � ) in thesensethat
the closed-loopsystem(1.3), (2.1) hasboundedtrajectories,
thegainadaptationconvergesto afinite limit and,mostimpor-
tantly, the temperatureconvergesto a � -neighbourhoodof the
setpoint� � . This resultis achievedlocally in thesensethatthe
initial temperaturemust lie inside 
 V � �S� anda condition im-
posedon the initial gain in termsof thefeasibility assumption
ensuresthat 
 V � �°� is positively invariant:

Theorem2.1. Suppose(1.6)and(A � � � ). Definez Â�Ã Ä ^]�Å}I
��Á��±I�Q�N� ?gV �± ?tV ���S�l± q � % '¤� P
Thentheapplicationof the � -tracker(1.3)with ; 
�Z �� V to any
system(2.1)yields,for any initial data����
 V �0�±�
 V �2� < z_Æ2Ã Ä � �3
 V � < 
 V � �°���� 
 V � ¢ # 7 � (*7 +ÇY# �t(*� � +�� (2.2)

a closed-loopsystemwith uniquesolution� ��
�Z �0�±�
[Z]������
[Z]��� � 
[Z]� � ^ D G&H ( d z_Æ Ã Ä ` 
 V � �°� ` D b H
on thewholetimeaxis D G&H and,moreover,

(i) ÈÊÉ\ËÌÍ-Î � 
����a� � Î <JD G&H , i.e. the gain adaptationcon-
verges,

(ii) ÈÊÉ\ËÌÍ-Î5Ï É�Ð[ÑCÒ � � � (Ó�3
����N�|��# V � � +ÕÔ*� V , i.e. thetemperature�3
���� tendsto the � -neighbourhoodof thesetpoint� � . Ö
The non-adaptive controller suggestedin [9] for the system
(2.1)hastheform7�
���>� Ð2×iÑ0� � � �Q�QÒ � � 
�� � (��3
�����w�r4O�3
����(5.0¯�
��3
�������Y
���[Ô9P
Here � � ¢pV needsto be sufficiently large, the controllerre-
quiresexplicit knowledgeof thereactionkineticsandthe fea-
sibility assumption(A � � � ) is assumed.Note that the � -tracker
doesnot requireany knowledgeof the typically uncertainre-
action kinetics nor any other systemparameters,and that a
sufficiently large gain is found adaptively. Note that we only
achieve � -trackingwhilst in [9] asymptotictrackingof theset-
point � � is achieved.However, �B?gV canbechosenarbitrarily
smallandsincethereis usuallyuncertaintyin themeasurement
anyway, � -setpointcontrolis appropriate.

3 Local tracking – multiple reactions

In this section, the local tracking result in Theorem2.1 is
extendedto multiple reactions,i.e. reactorsof the form (1.1)
satisfying (A1)–(A3). Significantly we also allow for noise
corruptingthemeasurement.

Theorem3.1. Suppose(1.6), (A1)–(A3), and the continuous
noisesatisfiesÐ2Ø¦ÙÌ G&H_Ú � ; 
���Q�|Ût��^�Ü ; Ü Î qÝËeÉÊÞ } �W(�� � � � Çi� � P (3.1)

Thentheapplicationof the � -tracker (1.3) to any system(1.1)
yields,for any initial data	�
 V � < z { �ß��
 V � < 
 V � �°���� 
 V � ¢ # 7 � (*7 +ÇY# �g(*� � (AÜ ; Ü Î +,� (3.2)

a closed-loopsystemwith uniquesolution�	�
[Z]���2�3
[Z]��� � 
[Z]���y^ D G&H ( d z { ` 
 V � �°� ` Dcb H
definedon thewholetimeaxis D G&H and,moreover,



(i) È\ÉÊËÌÍ-Î � 
���6� � Î <´D G&H , i.e. the gain adaptationcon-
verges,

(ii) È\ÉÊËÌÍ-Î Ï É�Ð�Ñ Ò � � � (��3
����N�|�e# V � � �àÜ ; Ü Î + Ô � V , i.e. the

temperature��
���� tendsto the # � ��Ü ; Ü Î + -stripá � � (W# � �yÜ ; Ü Î +,�¦� � �y# � �yÜ ; Ü Î +\â as � dXã . Ö
Notethattheonly informationneededfor the � -trackerto work
is sufficiently largeinitial conditionof thegainparameter� 
 V �
in termsof the upperfeasibility bound � and Ü ; Ü Î . This is
not a restrictionsince Ü ; Ü Î is known andin thelocal casewe
assume�3
 V � q � , sothatknowledgeof � is needed.

4 Global tracking – multiple reactions

Themain resultof theprevioussection,Theorem3.1,hasthe
shortcomingthat it is local in thesensethat theinitial temper-
aturemust lie inside 
 V � �°� . This shortcomingcan,underad-
versetemporarydisturbancesto thereaction,leadto aproblem
of thermalrunaway in that thereactiondynamicsareattracted
to anotherstable,but undesirable,equilibrium.Seethesimula-
tionsin Figure1. Dueto thegiveninput saturations,it maybe
impossibleto reducethetemperatureof thereactionfrom such
equilibria by control of the temperaturealone. This problem
alreadyarisesin the non-adaptive case,seethe exampleand
simulationsin [9]. To overcomethis problemin [9] an addi-
tional input actionis introducedwhich hasa cooling effect if
thetemperatureis too large.For examplein thesinglereaction
case,they considerthemodel��¦
����®� (°¯ � �3
���� � �Y
����®� !°# äI
���9(*��
���,+�±�
����®� ¯ � �3
���� � �Y
����²( !�±�
������-
����®� .�¯ � �3
���� � �Y
����²( 4��3
����6�³79
������

� ���  (4.1)

andsettheadditionalinput äI
�Z � toäI
����� � �å% '¦� if ��
���� < 
 V � �°�V � if ��
���� < # �1� ã �0P (4.2)

The effect of (4.2) is that, whenever �3
��� ¢ � , then
��¦
���Un(S!f�Y
���� andhence�Y
[Z]� decreases.If �3
��� ¢ � is maintained,

theneventually �Y
��� is smallenoughto yield adecreasein tem-
perature.

It is not clear to us whether the resulting discontinuous
closed-loopsystemhasasolution.Ourapproachreplaces(4.2)
by a simplepiecewiselinearcontrol for äI
�Z � which connectsV
and �O% ' . A similar approachworksfor multiple reactionsif we
specifythemodelasfollows.

Thestateis dividedinto two substates	�MÁ
���� and 	&æ½
���� , sothat
all reactantsare collectedin 	�M . Applying a permutationto
(1.1)yieldsasystemof theform�	 M 
���®� � M � � 	�
������2�3
���� � � !°# 	C% 'M (�	 M 
���,+�	Iæç
���®� � æ �¤��	�
������2�3
����2�è� !°# 	C% 'æ (�	Iæç
���,+��-
���®� .�/-�¤��	�
������2�3
����2�é( 4���
����6�³7�
�����

where � M <êD�ë\F ¹ R_ì T R , � æ <ÅD R T R , 	C% 'M <êD F ¹ RG&H ,	&% 'æ <íD R G&H . Since 	�M representsthe reactantsof the chemi-
cal reactor, it follows thateachentryof � M is non-positive,i.e.� M <>D ëÊF ¹ R ì T Rî H . Theassumption(1.2)on thereactionkinet-
icsmustbestrengthenedfor multiple reactionsasfollows:

(A4) Thereexistsacontinuousfunction ï 
�Z � ^ z { d D G&H such
that, Ü0�Y
�	w�2�$�QÜ>n ï 
�	I�Y� for all 
�	����$� < z { `D b H , and ÈÊÉ\Ëuð ÍEñð�ï 
	I��� V uniformly for any

�	 <ED9F GIH
with

�	Im�� V for someòf< Ú £ �QPQPNP�� ; Û .
Note that (A4) encompassesthe following classof systems
consideredin [9].. / �Y
�	����$�>� Ró m\ô M .�m�¯�m�
�$�Yõ9mö
�	I�
whereeach .�m ?÷V , eachfunction �ùød ¯�mö
��$� is positive,
boundedandgloballyLipschitz,andeachfunction 	Eød õ m 
�	¤�
is non-negativeandvanishesif any componentof 	 is zero.

Theconstantconcentrationof reactantsin the feedflow 	C% 'M is
replacedby a feedbackterm ä¤
 � 
[Z]�[��
[Z]��� . The overall model
thenbecomes�	¤Mi
����®� � M ����	�
����0���3
����� �"!$# ä¤
 � 
���[��
����2�v(*	¤Mç
�����+�	&æ�
����®� � æ ����	�
����0���3
����� �"!$# 	&% 'æ (*	&æ½
�����+��-
����®� .�/1� � 	�
����0���3
��� � (*4��3
���6�87�
����P � � 

(4.3)

In orderto reducethegradientof theexothermicreactionwhen
the temperatureis too large,soasto producea cooling effect
on thesystem,motivatedby (4.2)we choose,for arbitrary úe<
 V �27 � (*7 � , a continuousand 
 ; ( @ � -dimensionaläI
�Z � given
by

ä¤
 � �O�*� §¨ © V if � � < 
�( ã �27 (*7 � +# � ���Ó7 � (*7 +å	C% 'M Ç ú � if � � < 
�7 (*7 � ��7 (*7 � � ú �	&% 'M � if � � < # 7 (�7 � � ú � ã ��P
(4.4)

Thiscoolingactionby ä¤
[Z]� couldbedrivenby theerrorinstead
of � � . But since� � is usedin thecontrolactionanywayandis
moresensitive,we use(4.4).
We arenow in a positionto statethemainresultof this paper.

Theorem4.1. (Adaptive trackingin thepresenceof noise.)
Suppose(1.6), (A1)–(A4), andthat thecontinuousnoisesatis-
fies Ð�Ø¦ÙÌ G&H Ú � ; 
���Q�|ÛW��^�Ü ; Ü Î qX� Çi�¦P (4.5)

Thentheapplicationof the � -tracker(1.3)combinedwith (4.4)
to any system(4.3) yields, for any initial data 	�
 V � < z {

,� 
 V � ?WV , a closed-loopsystemwith uniquesolution� 	�
�Z �0���3
�Z �0� � 
�Z � � ^ D GIH ( d z { ` D æ b H
definedon thewholetimeaxis D G&H and,moreover,



(i) È\ÉÊËÌÍ-Î � 
���Ó� � Î <ûD GIH , i.e. the gain adaptationcon-
verges,

(ii) È\ÉÊËÌÍ-Î Ï É�Ð�ÑYÒ � � � (��3
����N�|�e# V � � �àÜ ; Ü Î +ÕÔü� V , i.e. the

temperature��
���� tends

to the # � �´Ü ; Ü Î + -strip
á � � (W# � �´Ü ; Ü Î +,�¦� � �y# � �Ü ; Ü Î + â as � dXã . Ö

The following Theorem 4.2 shows that tracking can be
achieved by the non-adaptive feedback(1.4), if the constant
gain parameter� � is sufficiently large (dependingon the fea-
sibility bounds).This feedbackis simplerthan(19) in [9] and
anexplicit lowerboundfor thegainin termsof crudesystem’s
datais given.

Theorem4.2. (Non-adaptive tracking in the presenceof
noise.)
Suppose(1.6),(A1)–(A4), (4.5),and� � ¢ � � ^]� Ëu×Áý�þ 7o(*7 �� (Ó�CÜ ; Ü Î � 7 � (*7� (5�&Ü ; Ü Î : P (4.6)

Thentheapplicationof thenon-adaptiveoutputfeedback79
����>� sat� � � �N� ��� � �½
���1��7 � � ���
����>�X� � (*�3
����� ; 
����� (4.7)

combinedwith (4.4) to any system(4.3) yields, for any initial
data 	�
 V � < z { , � 
 V � ?tV , aclosed-loopsystemwith aunique
solution ��	�
�Z �0���3
�Z �2�A^ D GIH ( d z { ` Dcb H
on thewholetimeaxis D G&H and,moreover, thereexistsa finite
time � M ¢ �[� suchthat��
���� < 
[( � � � � for all � ¢ � M P (4.8)Ö
Onecouldaskwhy to useanadaptivefeedbackcontrollerwhen
onecould usea constantgain feedbackcontroller. Indeed,in
order to apply the global � -tracker with adaptive � 
�Z � in the
presenceof outputnoise; 
�Z � weneedto know � and � , whilst
knowing is conservativeandthegainfoundadaptively maybe
muchsmaller. Notealsothatif ; 
[Z]�c V , then(4.5)holdstriv-
ially sothattheadaptivegainfeedbackcontroller(1.3)applies
without restrictionwhilst theconstantgainfeedbackcontroller
(4.7) would still needto verify that � � ¢ � � . If the system
is subjectedto transientdisturbanceswhich violate (4.5), then
theconstantgainfeedbackcontroller(4.7)wouldnotapply. On
theotherhand,usingthe � tracker (1.3) would clearly leadto
largegainparameterswhich,since

�� 
���� ¢tV , wouldberetained
asthe transientdisturbancepass. Suchhighervaluesof gain
tendto producea poor control actionwhich switchesrapidly
betweenthe saturationbounds.This possibility of large tran-
sientdisturbancesleadingto unnecessarilylargegainparame-
tersmotivatesthefollowing « -modificationof thegainadapta-
tion in (1.3).

Theorem4.3. (Adaptive trackingwith « -modificationin the
presenceof noise.)
Suppose(1.6), (A1)–(A4), (4.5), ¡c¢K£ , « � � � kr?�V , and � � ¢� � as definedin (4.6). Then the applicationof the adaptive
outputfeedback��
���� � � � (��3
����� ; 
�����79
����²� sat� � � �N� � � 
���Y��
����3��7 � �i��� 
����� ( « # � 
����v( � � +� k � 
2� ��
����Q�i( � ���2� if � ��
����N� ?W�V � if � ��
����N�Yn � .

(4.9)

combinedwith (4.4), to any system(4.3) yields,for any initial
data 	�
 V � < z { , � 
 V � ?´V , a closed-loopsystemwith unique
solution � 	�
�Z �0���3
�Z �0� � 
�Z � � ^ D GIH ( d z { ` D æ b H
on thewholetimeaxis D G&H and,moreover,

(i) ÈÊÉ\ËÌÍ-Î � 
����c� � � ,
(ii) thereexists a finite time �[� ¢üV suchthat � � � (r�3
���Q� <# V � � ��Ü ; Ü Î + for all � ¢ �[� ,

i.e. after finite time �[� the temperature�3
���� stays,for all� ¢ �[� , within the # � �yÜ ; Ü Î + -stripá � � (t# � ��Ü ; Ü Î +��¦� � ��# � ��Ü ; Ü Î +Êâ . Ö
5 Simulations

Thesimulationsareperformedfor thesamereactionequations
asin [9]. A singlereactionis modelledwith theArrheniuslaw¯�
��$���J¯ H ��¹�ÿ��[/ . As in [9] thesystemparametersof (2.1)are
takento be¯ H ��� æ�� �9!�� £ P £ ��4 � £ P]����# ËeÉÊÞ ¹ M +,�¯�MS���	� V�V # 
)+����O% '3� £ # Ë��çÈ Ç È +��v.���� V� P]��# 
 È Ç Ë���È +�P

(5.1)

Theobjectiveis to regulatethetemperaturein aneighbourhood
of � � � �ç� �YP £ # 
)+ . It is easyto seethatthefeasibility assump-
tion (A � � � ) is satisfiedfor7 ���  �Y� 7a��� V �Y�ê� ����� V ��A� �ç�� P ��� # 
)+�� s ���YP (5.2)

Theparametersof the � -tracker (1.3)arechosenas7 � � ���çV �ê� � � ��� ��P £ # 
)+�� � �y�YP ���Y� ¡ ���YP (5.3)

Note that the toleratederror aroundthe referencetemperature
is lessthan1%. In thesimulationswe choose� 
 V � � £ � and
considerthe two initial conditions ��
 V �o� � � V and �3
 V �6���çV . As in [9], wechoose��
 V ��� V P V � and±�
 V �f� £ P V � for the
initial conditionsof thesinglereactor(2.1).

Adaptive � -tracker (1.3) with cooling action(4.4), appliedto
the singlereaction(2.1) in the presenceof noise: Figure1 il-
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Figure1: Closed-loopbehaviour of theadaptive � -tracker(1.3)
combinedwith cooling action (4.4) for global setpointcon-
trol with noisewith parameters(5.3)andnoisesignalgivenby
(5.4),appliedto thesinglereaction(4.1)with parameters(5.1),
(5.2), �3
 V �f� � � V (solid), �3
 V �v� ��çV (dotted).

lustratesthatthecontroller(1.3)combinedwith (4.4)cancope
with noisesignal: ; 
������ ££ � 4 M 
����P (5.4)

Here 4 M 
[Z]� is thefirst componentof theLorenzequation�4 M 
����� £åV # 4 æ 
���9(Ó4 M 
����,+,� 4 M 
 V ��� £�4Qæç
����� ���ç4OMO
����9(54Qæ½
����v(*4OMÁ
�����4��½
����0� 4Næç
 V ��� V�4��ç
����� 4OMÁ
���[4Qæ½
����v(��� 4��½
����0� 4��ç
 V ��� �
which has chaotic and but boundedsolutions. In this case� ; 
���Q� n £ P �½� for all � ¢ V . Hence, ; 
�Z � satisfies(4.5) for
thedatagivenin (5.2)and(5.3).Theerror � � (B�3
��� is forced
into the # � ��Ü ; Ü Î + -strip # (��&P �	�����&P �	�å+ despitethechaoticbe-
haviour of thenoiseterm(5.4). When �3
 V �c� ��çV theinput ä
is switchedoff, i.e. ä¤
 V � � V , andconsumptionof thereactant
is increased.This causesthe temperatureto drop, thereexists�[� ¢ V suchthat äI
���6���O% ' for all � ¢ �[� and � -tracking is
achieved. On the otherhand,if �3
 V �-� � � V , äI
�Z �jp�O% ' and
thereis noneedfor a coolingaction.

7 Conclusion

In thispaperwe haveapplied � –trackingtechniquesin theset-
pointcontrolof thetemperaturefor aclassof nonlinearsystems
arisingasmodelsin chemicalreactorcontrol. Their applica-
tion requiresonly limited informationconcerningthe system
and they also quite readily tolerateboundednoise. In many
respectsthey generalisethe controllersdevelopedby [9]. It
is worth noting that the minimum phaseassumptionsusually
neededfor � -trackingarenot neededhere.Instead,we exploit
thenaturalpropertyof chemicalreactorsthattheinternalstate,
i.e. theconcentrations,is bounded.
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